ON THE PROBABILITY OF GENERATING FINITE
GROUPS WITH A UNIQUE MINIMAL NORMAL
SUBGROUP

ANDREA LUCCHINI AND FIORENZA MORINI

Volume 203 No. 2 April 2002






PACIFIC JOURNAL OF MATHEMATICS
Vol. 203, No. 2, 2002
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Assume that a finite group G has a unique minimal nor-
mal subgroup, say IN. We prove that if the order of NN is
large enough then the following is true: If d randomly chosen
elements generate G modulo IN, then these elements almost
certainly generate G itself.

1. Introduction.

For any finite group G, let d(G) be the smallest cardinality of a generating
set of G and let ¢ (d) denote the number of d-basis, that is, ordered d-tuples
(g1,---,9q) of elements of G that generate G. The number Pg(d) = ﬁg—(‘;‘”
gives the probability that d randomly chosen elements of G generate G.
Suppose that N is a normal subgroup of G with d(G/N) < d and choose
g1, --.,9qsuch that G = (g1, ..., g4, N). It was noticed by Gaschiitz [10] that
the cardinality of the set Qg 4, = {(n1,...,n4) € N | (gin1,...,g4na) =

o : . _ _9c(d)
G} is independent on the choice of g1, ..., gq; namely |Qg, 4| = ¢G7N(d).
Let Pg n(d) = Pold) . ___dc(d) . this number is the probability that a

T Pgn(d) T ég/n(d)|N]E
d-tuple generates (G, given that it generates G modulo N. By the previous
remark Pg n(d) is also the probability that, given g,...,gq generating G
modulo N, d randomly chosen elements nq, ..., ng of NV satisfy the condition

G= <gln17' o agdnd>'

In the last years many results have been proved about the probability
of generating finite simple groups. By a classical result of Dixon [9] two
elements chosen at random from the symmetric group Sym(n) will almost
certainly generate a subgroup containing the alternating group Alt(n). Kan-
tor and Lubotzky [14] proved an analogous result for classical groups and
for small exceptional groups. Liebeck and Shalev [15] finished the proof of
the following theorem: If S is a finite nonabelian simple group and G is an
almost simple group with S < G < Aut S, then the probability P(G) that
two randomly chosen elements of G generate a subgroup containing S tends
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to 1 as |S| — oo. From the proof of this theorem it can be easily deduced a
stronger result (see Proposition 2.7):
i P, 2 1 S .
o8, Plsin ) 5(2) = 1 28 |5] = o0
Note that the previous sentence can be viewed as a slight generalisation of

the theorem of Liebeck and Shalev about the asymptotic behaviour of P(G);

. . . P
indeed P(G) coincides with the average »_(, 1 cq2 %25(2)

In this paper we want to study Pg n(d) in the more general case when
N is the unique minimal normal subgroup of G. The main result is the

following.

Theorem 1.1. Assume that a finite group G has a unique minimal normal
subgroup N and that d > d(G). Then Pgn(d) — 1 as [N| — oc.

In [17] it was proved that if G is a noncyclic finite group with a unique
minimal normal subgroup N, then d(G) = max{2,d(G/N)}. Combining
this result with the previous theorem we deduce:

Corollary 1.2. There exists an absolute constant ~y such that if G is a
noncyclic finite group with a unique minimal normal subgroup N and d >

d
max{2,d(G/N)}, then ¢i71§ )5 2 1IN

Our interest in computing ¢f;71\(;21) for a finite group G with a unique

minimal normal subgroup N is motivated by the following considerations.
Let Gy = G/N and for any positive integer ¢ define Gy = {(g1,...,9¢) €
Gt ‘ g1 = -+ = g mod N}. In [8] it is proved that for any nontrivial
finite group H there exist a finite group G with a unique minimal normal
subgroup and an integer ¢ such that G; is an epimorphic image of H and
d(H) = d(Gt) > d(G¢—1). Hence results on the generation of groups Gy allow
us to prove more general results on the generation of finite groups. On the
other hand to compute d(G) we need to know ¢¢(d)/pc/n(d) ([8] Theorem
2.7) and this can be bounded using Corollary 1.2.

An example of how Corollary 1.2 can be applied to solve questions about
the generation of finite groups is described in Section 3. Suppose that p and
q are distinct primes, let P be a nontrivial p-group, @) a nontrivial ¢g-group
and assume that d(Q) < d(P) = d. By [16] Theorem C, any finite group
H containing P and @ and generated by them can be generated by d + 2
elements. Moreover from the results in [4] it can be easily deduced that
d(P1Q) = d+ 1. Let PII Q be the profinite free product of P and @,
i.e., the completion of the free product P * ) in the profinite topology, and
let dt(P II Q) be the smallest cardinality of a topological generating set for
PIQ; dt(PIIQ) = maxy d(H) where H runs over the set of finite epimorphic
images of P * @) so, by the previous remarks, d + 1 < dt(PI1 Q) < d + 2.
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It remains open the question to determine the exact value of dt(P I1 Q). In
this paper we solve this problem when d is large enough, proving:

Theorem 1.3. Let v be the constant which appears in Corollary 1.2. Sup-
pose that p and q are two distinct primes, P is a nontrivial finite p-group,
Q is a nontrivial finite q-group. If max{d(P),d(Q)} > 1 — logs~, then
dt(P 11 Q) = max{d(P),d(Q)} + 1.

This follows from:

Theorem 1.4. Let v be the constant which appears in Corollary 1.2. Sup-
pose that d > 1 — logs~y and that p and q are two distinct primes. If P s
a p-group, Q is q-group, and P and Q) can be generated by d elements then
d(H) <d+1 for any finite group H generated by P and Q.

2. Proof of Theorem 1.1.

Suppose that G is a finite group with a unique minimal normal subgroup,

dc(d)
N and let d(G) < d. We have to prove that m — 1 as |[N| — oc.

We first recall a result due to Gaschiitz [10]:

Proposition 2.1. Let U be a normal subgroup of a finite group H and let
hi,...,hm € H be such that H = (hy,...,hpn,U). If d(H) < m, then there
exist elements ui, ..., uy of U such that H = (hiui,..., hpuy). More-
over the cardinality of the set Qpn,  p., = {(u1,...,uy) € U™ | H =
(hiu1, ..., hyum)} is independent of the choice of hy, ..., hy and it is equal

b (m)

0 du/u(m)’

We choose d elements g1, ..., g4 generating GG, and consider the set =
Qgygy = {(n1,...,nq) € N| {g1n1,...,ganq) = G}. Our aim is to show
that A2, = —2cld__ 1 45 |IN| — oo.

IN[* ™ ¢ N (d)|N|*
Suppose that N is abelian. If N lies in the Frattini subgroup, then

¢<§c/;]5() = |N |d Otherwise N has a complement, K say. The kernel

of the action of K on N is a normal subgroup of G, so by the unique-
ness of N that kernel must be trivial, the action must be faithful. So,

by [13] Theorem B, |H!'(K,N)| < \N]g If G is cyclic then G=N has

prime order and ¢G(d) = N9 - 1. If G is noncychc then d > 2 and,
by [11], f?}\(]dd) = |N|d IN||HY(K,N)| > |N|? - |N\ . In both the cases
P (d)

ba/n(d)|N|4 — 1as |N| — co.

For the remaining part of this section we assume that N is a nonabelian
minimal normal subgroup of G, so N = 5™, where S is a nonabelian simple
group; furthermore, the hypothesis that N is the unique minimal normal
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subgroup of G implies that G < Aut S™ = Aut S1Sym(n) (the wreath prod-
uct of Aut S with the symmetric group of degree n). So the elements of G are
of the kind g = (hq,...,hy)o, with h; € Aut S and o € Sym(n). The map
7w : G — Sym(n) which sends g = (hq,...,hy)o to o is a homomorphism;
since N is a minimal normal subgroup of G, G is a transitive subgroup of
Sym(n). Let I' = (Aut )" be the base of the wreath product Aut S?Sym(n)
and let m; : I' — Aut S be the projection on the ¢-th factor. Moreover for
any 1 < ¢ < n denote with S; the subset of S® = N consisting of the ele-
ments x = (z1,...,2,) with z; =1 for each j # i. Set N; = Ng(S;) and let
¢; : N; — Aut S be the map induced by the conjugation action of N; on S.

If w= (ny,...,ng) is an element of N we denote by H,, the subgroup
(g1n1, ..., ganq) of G. We will make a frequent use of the following remarks:

Lemma 2.2. Given a subgroup H of G, let Qy = {w € N? | H, < H}.
Then |Qu| < |H N N4

Proof. Suppose that w = (ny,...,ng) and w = (7, ...,ny) are two elements
of Qg. Then (g;n;) " (gimi) = ni_lﬁi e HNN for 1 <i<d.

Lemma 2.3. Suppose that My and Ma are two different mazimal subgroups
of G. If Mi "N = Ms N N then either My > N or My NN = 1.

Proof. If MiyNN = MsNN then M1NN is a normal subgroup of (M7, Ms) =
G; by the minimality of N either M\ "N =N or M\iNN = 1.

To prove the theorem we need some preliminary results, concerning the
cardinality of the following subsets of N¢:

Q1 = {we NY| (N, NHy,)p > S},

Q = {weN'| H,NN =1},

Q = {weN' | H,NT =1},

Q4 = {weN?|H,+#G and (H,NN)m, =S},
Qs = {weNY|HyNN#1and (H,NN)m #S}.

To study these subsets we need the following results, which depend on
the classification of finite simple groups:

Proposition 2.4 (Borovik, Pyber and Shalev, Theorem 1.4 [3]). There
exists an absolute constant ¢ > 0 such that a finite group H has at most
|H|¢ mazimal solvable subgroups.

Proposition 2.5 (Babai, Goodman and Pyber, Prop. 2.10 [2]). There ex-
ists an absolute constant o < 1 such that, for any nonabelian finite simple
group S, every solvable subgroup of S has order at most |S|“.

Proposition 2.6. If S is a finite nonabelian simple group then | Out S| <

V1S].
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Proof. Compare the values of |S| and | Out S| given in [6] Tables 5 and 6.

Proposition 2.7. If S is a finite nonabelian simple group then there exists
a positive constant cs such that P<S7h1’h2)75(2) > ¢s for every pair of elements
hi,he in Aut S. Moreover ¢ — 1 as |S| — oo.

Proof. By [7] Theorem 1, for any hj, hy € AutS there are s1,s9 € S with
(h1, ha, S) = (h1s1, hasa); hence Pigp, noy,5(2) > 0. Therefore
Cs = hl,hgleigutsp<s,h1,h2>,s(2) > 0.

It remains to prove that ¢; — 1 as |S| — oo. Given a pair (hq, ha) of elements
of Aut S, consider the subgroup G = (S, hy, ha) of Aut S. Let M be the set
of subgroups of G which are maximal with respect to not containing S; by
[14] and [15]

Z |G : M|™? tends to 0 as |S| — co.

MeM
On the other hand it follows from a result due to Gaschiitz ([11], Satz 1)
that

Pos(2)>1— > |G: M|
MeM*

where M?* is the set of maximal subgroups of G not containing S. As

M*C M
Pos(2)=1— > |G:M[?>1- ) |G:M[?
MeM* MeM

hence Pg 5(2) — 1 as |S]| — oo.
Now we can start to study the subsets ;, 1 <1 <5.

Lemma 2.8. Let o and ¢ be the constants which appear in the statements
of Proposition 2.4 and Proposition 2.5; then

(a) [Q] < min{|NJ,|S]%| Aut S|¢|N|Held-D+15*y
3
(b) 193] < |N|z.

Proof. a) First of all, we observe that by Lemma 2.2 for each complement
H of N there is at most a unique w € N¢ such that H, = H, thus the
cardinality of 23 can be bounded by the number of complements of N in G.

Denote K = Sy x -+ x S, and notice that Ng(K) is isomorphic to a
subgroup of Aut Sx (AutS?Sym(n — 1)) and Ng(K)/K to a subgroup of
Aut S x (Out S Sym(n —1)).

To estimate the cardinality of the set of complements of N in G we apply
the following result, proved by Gross and Kovacs ([12] Corollary 4.4) and
by Aschbacher and Scott ([1] Theorem 2): G splits over N if and only if
Ng(K)/K splits over N/K = S and there is a one-to-one correspondence
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between the coniugacy classes of complements of N in G and of N/K in
Na(K)/K.

Suppose that Ng(K)/K splits over N/K. It is well-known that the num-
ber of complements of N/K in Ng(K)/K equals the cardinality of the set
Der(Y, N/K) of derivations from a complement Y of N/K in Ng(K)/K to
N/K. Since 6 € Der(Y, N/K) is uniquely determined from the knowledge
of ¥2,...,yd with (y1,...,ys) = Y, we obtain that | Der(Y, N/K)| < |S|4Y)
Therefore our aim is now to bound d(Y').

First of all, we notice that ¥ < OutSx (OutS¢Sym(n —1)) and, in
particular, there is an homomorphism 7 from Y to Sym(n — 1) with ker 7 <
(Out S)". Now d(Y) < d(Y7)+ d(ker7). It turns out to be d(Y7) <n —1,
since every subgroup of Sym(n — 1) can be generated by n — 1 elements,
and d(ker7) < 3n because any subgroup of OutS can be generated by
3 elements [7]. Thus, d(Y) < 4n — 1 and, consequently, | Der(Y, N/K)| <
|S|4=1 < |N|*. Therefore, by the theorem of Gross and Kovécs, Aschbacher
and Scott, the coniugacy classes of complements of N in G are at most |N|*.

It is clear that every complement X of N in G has index |N| and so there
are at most | V| coniugates of X in G. Using these facts we conclude that the
number of complements of N in G is at most |N|® and hence |[Qs] < |N|°.

To obtain the second bound of |Q22]| we will use again the theorem proved
by Gross and Kovécs, Aschbacher and Scott, but in this case we will estimate
the number of complements of N/K = S in Ng(K)/K as follows.

Define t = n(d — 1) 4 1; since d(G) < d and |G : Ng(K)| = n, from the
Nielsen-Schreier Theorem we deduce d(Ng(K)) < t. A permutation group
of degree s > 3 can be generated by [5] elements, where [5] denotes the
integer part of § (this is a theorem by P.M. Neumann, announced in [18]; a
proof has been published in [5]). In particular, since Ng(K)m < Sym(n—1),

d(Ng(K)m) < [5]. Note that K < Ng(K) Nkern and that w is
a normal subgroup of ( ) with d (%) = d(Ng(K)m) < [5].
Take aq, ... , o[z generating % modulo W Since d(Ng(K)/K)
< d(Ng(K )) < t, by Proposition 2.1, there exist f31,...,0; € w
such that (K) = <a1ﬂ1, .. ,a[%}ﬁ[%],ﬂ[%]ﬂ . ,ﬁt>. Let u=1t— [%

(

take Y1 = ﬁ[%]-f—l;-..’ w = ﬁt’ Vut+1 = Oél/gla'--,')/t — a[%]/@[%}
(71, ...,7) and 7; € N (K)Nker 7

] an
K>_

Kmkem for every i < u.

Now assume that Ng(K)/K splits over N/K. For any complement Y of
N/K in Ng(K)/K there is a map 4 : {y1,...,1} — N/K = S such that
Y = (vl vy)). Consider the subgroup Y = (v199, ..., 770)
of Y if we identify N (K)/K with a subgroup of Aut Sx (Out SZSym(n 1)),
we have Y < Aut S x (Out S)"~!; in particular the elements 7;’s, 1 < i < u,
can be written in the form v; = (hl, k;) with h; € Aut S and k; € (Out Syn—1.
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moreover, if x; € S is the image of +; under J, %-'y? = (h;x;, k;). Let p; and
p2 be the projections of Y onto Aut S and (Out S)"~!, respectively. Since
the third term (Out S)®) of the derived series of Out S is trivial, it turns out
to be 17(3) < SNY =1 and, as consequence, }7(3) = 1. Notice also that }7(3)
is isomorphic to v® p1 = (hix1,..., huaju>(3); this implies that the elements
Z1,...,%, must be chosen in such a way as to make (hjxi,...,h,2y) a
solvable subgroup of Aut.S. Hence the next step is to estimate the number
of the suitable choices for z1,...,x, € S. Of course, hix1,..., hyx, must
belong to R, a maximal solvable subgroup of AutS. By Proposition 2.4,
Aut S has at most | Aut S|¢ maximal solvable subgroups. Moreover, fixed
a maximal solvable subgroup R of Aut S, the number of (z1,...,xz,) € S“
such that (hiz1,...,hyxy) € R* is at most |[R N S|* and such number can
be bounded by |S|*" using Proposition 2.5.

At this point we can state that the number of the choices for the suitable
elements z1,...,x, of S is at most |S|*"| Aut S|°.

Finally, since it is possible to choice 7, i > u, in at most |S| different
ways the complements of S in Ng(K)/K are at most

|S|eu=utt] Aut S|°, where au —u+t < n(a(d — 1) + 15%) + a.

At this point of the proof we can repeat the same arguments used for the
first bound of |23] and conclude that

Q2] < |N[[SMEEDT59) 519 Aut S|¢ < [N]HEDH5% 519 Aut §|°.

b) Notice that if GNT > N then, for any w € N, GNT' = H,NNT =
N(I'NnHy,) > N, hence H, NT # 1. But then Q3 # () implies GNT = N
and Q3 = {w € N%| H, N N = 1}. Therefore, the cardinality of 3 can be
bounded estimating again the number of complements of N in G. Precisely,
we can repeat the same arguments used above to prove || < |[N|>. But
in this case because of GNI' = N any complement of N/K in Ng(K)/K
turns out to be isomorphic to a subgroup of Sym(n — 1) and, in particular,
d(Y) < [5]. Tt follows | Der(Y, N/K)| < |S|Z and arguing from analogy with
the previous case we deduce that

Q3] < [N||S|% < |N|2.
Lemma 2.9. |y < |N|%+%,

Proof. Let w € Q4. Notice that H, N N is a normal subgroup of H,, and
G = (Hy)7 is a transitive subgroup of Sym(n); this implies (H,N)m; = S
for each 1 < ¢ < n. But then, there exists a maximal subgroup M of G
containing H,, such that (M N N)m; = S for every 1 < i < n. This means
that M NN = [[gcq DB, where @ is an imprimitive system of G and,
for every block B € &, Dp is a full diagonal subgroup of HjeB S; (that is,
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if B = {i1,...,i,}, there exists ¥ = (p9,...,0,) € (AutS)"~! such that
Dp = {($7x¢2?--'awa) ‘ S S} < Sil X X SZT)

In the following, we will denote with D the set {[[ 5. D | ® an imprim-
itive system of Gr}. By Lemma 2.2 if M is a maximal subgroup of G with
M NN =U € D then the number of w € N¢ with H,, < M is at most |U|%.
Moreover, by Lemma 2.3, for every U € D there exists at most a unique
maximal subgroup M of G satisfying M N N = U. Therefore

Q< ) (U

UeD

so we have to estimate > ;. [U|%

Using again that Gm acts transitively on {1,...,n}, every element U =
Dp, x ---x Dp, of D can be uniquely determined only from the knowledge
of B = By, the block which contains 1, and ¥y, ..., ¥;. Note that |U| = |S|*
and ¥; € (Aut S)IBI-1 1 <i <t Ast =2 < 5 and, by Proposition 2.6,

[B]
| Aut S| < |S|?

Z Ul* = Z \Sl%\AutS]"_ﬁ < Z‘S‘%dJr%n _ Z‘N‘%+%‘
B 5 —

ueD

oz
A

The different choices for B are at most 2"~ and 2"~! < (60%)" <|S

|N|% So we conclude

4] < DD INIEFE < 20 NjEE < VjER,
B

Lemma 2.10. |Q| > c,|N|%.

Proof. Define Ay = {(n1,12) € N2 | (Nig,n,,gn0) (S1)) 01 > S}.

Of course, || > |A1||N|?~2, therefore the proof is concluded if we will
show that |Aj| > ¢s|N|?. Let g1 = (a1,...,an)p and g2 = (B1,..., B0
with p,o € Sym(n) and «;,3; € AutS. Consider p and o as products of
disjoint cycles (including cycles of length 1) and consider in particular the
cycles (r1,...,r) and (s1,...,8,) with 71 = s1 = 1 of p and o respectively.

Suppose n1 = (x1,...,2,) € N and ny = (y1,...,yn) € N, and define
g1 = g1m1 and gy = gang. It turns out to be g}, g% € N1, (g})¢1 = hizy and
(§3)¢1 = hoy1 with hy = oy Try 0ty . Ty Qryy Do = B YsoBso - - - Ysy Bsy -

We notice that in order to find (n1,n2) € Ay, we can choose g, ..., T,
and yo,...,y, arbitrarily, while x1,y; must be selected in such a way as
to make (hix1, hoy1) = (h1,h2,S) > S. By Proposition 2.7 there exist at
least cs|S|? ways to choose the elements x1,y; € S, so we conclude that
] > | NP2,

Lemma 2.11. O\ (Q3UQ4) C Q.
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Proof. Suppose that w € Q1 \ (Q3U Qy). As w € Q1 \ Qs, (Hy NT)my is
a nontrivial subgroup of Aut S normalized by (N1 N Hy,)$1 > S, therefore
(Hy N N)m = S; on the other hand w ¢ Q4, so H,, = G.

Lemma 2.12. % — 1 as |S| — oc.
Proof. By Lemmas 2.8, 2.9, 2.10 and 2.11
O 10— 1081 = Q] IN]E|N|[EFH
Co — _
[N~ N4 - N N
Since d > 2, by Proposition 2.7 we conclude
|2 1 1

> g — — — > Cs —
INIEZ N N T 8]

— 1 as |S| — oo.

We have to prove that \B\Tld — 1 when |N| = |S|" — oo. By the previous
lemma this is true if |S| — oco. It remains to discuss the case when |S] is

bounded, say |S| < p, and n — oo.

Lemma 2.13. Let € and p be two positive real numbers. There exists ni

such that if n > ny and |S| < p then ‘IJ%TO\l <.

Proof. By Lemma 2.8 and Proposition 2.6, and noticing that |[S| > 60, we
deduce

[Qaf _ S]] Aut S|e|N|HFemDE
Nji = | V|

<'uo¢+ ‘N’(l a)(——d)

a—l—@
< M—
- 60(1_0[)((1_7)”

and this bound tends to 0 as n tends to infinity, since d > 2.

Lemma 2.14. Let € and p be two positive real numbers. There exists na

such that if n > ng and |S| < p then ‘|JS\27<|5J1 <g

Proof. Denote by M the set of all maximal subgroups of G such that
1 < (MNN)m < S. For each w € Qj, there exists a maximal subgroup
M € M such that H,, < M. By Lemma 2.2, selected M € M, the elements
w of N? such that H,, < M are at most |[M N N|%, so it follows

Q5] < > [MAN|

MeM
Define H = (M N N)my. For any 1 < i < n, G contains an element of the
form (a4, ..., an;)o with 1o = i. Since G = M N, there are x1;,...,Zn; in
S such that (a1;214, . - ., ni%ni)o € M and this implies

(M A N)m; = (M 0 N)my)®i®1 = (Ho ),
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Set X = (MNN)my x -+ x (MNN)m,; since MNN < X and M normalizes
X, we have M < M X < G. Therefore, by the maximality of M, it turns
out to be
MNN=H x H¥2%12 x ... x H¥n%ln
By Lemma 2.3, if M1, My € M with My # My then M1 NN # My N N. It
follows
‘95’ < Z ‘H w FO2T12 o L Halnxln‘d
H7x127"'7x1n
where H runs in the set of proper subgroups of S and z1;, 2 < i < n, is a

coset representative of Ng(H“') in S. Hence x1; can be chosen in at most
|S: Ng(H®)| < |S: H| different ways and

n—1

|H|n71 ’
H<S
In particular
n(d—1)+1
2] _ 3 [HI\" .
[N~ 5]
H<S
Notice that H < S and so || S|‘ . Moreover, since |S| < p, the number of

subgroups of S can be bounded by an integer 0 (i.e., 6 = 2#). At this point
we can conclude that

€25 4

IN|d = 2n(d-1)+1

and such bound tends to 0 as n tends to infinity, since d > 2.

Lemma 2.15. Let € and p be two positive real numbers. There exists ns

such that if n > ng and |S| < u then ‘|JS\]7‘|1(L <g

Proof. This is an immediate consequence of Lemma 2.9.

Now we can complete the proof of our theorem. We are assuming that
N = S" for a suitable nonabelian simple group S and a suitable integer n.
We have to show that if € is a fixed positive real number then there exists

an integer v such that % >1—€if [IN| >

By Lemma 2.12 there exists u such that “Q|| > 1—€if |S| > u. For these
choices of € and p take ni, ng and nz as in Lemmas 2.13, 2.14, 2.15 and let
v = pmax{rinenst Quppose |N| = [S|™ > v. If |S| > p then |EV||d 1—¢€by
the definition of u. Otherwise it must be n > max{ni,na,ng}. In that case,
since N\ (Q2UQ4UQs5) C Q, applying Lemmas 2.13, 2.14, 2.15 we deduce

1] Q2] Q] Q]
e = TN TN TN ST
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3. Proof of Theorem 1.4.

To prove Theorem 1.4 we apply the same arguments that have already been
used to prove Theorem 9 in [16]; so we give only a sketch of the proof,
omitting some details that can be found in [16].

Suppose that H is a minimal counterexample. There exist a finite group
G with a unique minimal normal subgroup N and an integer t > 2 such that
H = Gy; moreover N is nonabelian. Let C' = Cayi(G/N) denote the group
of those automorphisms of G that act trivially on G/N. By [8] Theorem 2.7
and Corollary 1.2, d(G;) > d + 1 implies

dald+1) _ yIN[
Cléan(d+1) = [C]

By hypothesis G; = (P,Q) and P = (a1,...,aq), Q@ = (B1,...,84). De-
note by m : G* — G the projection onto the first factor and let a; = oy,
bj = Bjmi,1 < 4,57 < d. Let A be the set of elements (z1,..., 24, Y1, ..., Ya)
in G%@ such that (z1,...,24,91,.-.,94) = G, {x1,...,74) is a p-group,
(Y1,--.,Yd) is a g-group, z; = a; mod N and y; =b; mod N,1 <i,j <d.
As it is noted in Section 2 of [16], G; = (P, Q) implies ¢ < %. By the proof
of [16] Lemma 6, |A| < |N||N|g_1|N||N|g_l. The normal subgroup N is a

direct product of isomorphic nonabelian simple groups, so |N| is divided by

(1) t>

at least three different primes and by 4; in particular |[N|,|N|, < @ We
deduce
’ N|d+1
2 t< ————.
) =510

Comparing (1) and (2) we conclude v < 3%1 which is false since d >

1 —logs 7.
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