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Let U and V be vector spaces over a field F. Linear op-
erators Ty,..., T, : U — V are locally linearly dependent
if hu,... ,T,u are linearly dependent for every u € U. We
extend and unify known results on locally linearly dependent
operators and present two applications of these new results,
one in algebra and one in functional analysis.

1. Introduction.

Let T be a linear operator defined on a complex vector space X and let n
be a positive integer. Kaplansky [4] proved that T is algebraic of degree at
most n if and only if for every x € X the vectors z, Tz, ... ,T"x are linearly
dependent. One consequence of Kaplansky’s result is that if X is a Banach
space and T': X — X a bounded linear operator, then 7' is algebraic if and
only if for every € X there exists a positive integer n (depending on x)
such that z,Tx,... ,T"z are linearly dependent.

Let U and V be vector spaces over a field F. Linear operators 17, ... ,T), :
U — V are locally linearly dependent if Tiu, ... ,T,u are linearly dependent
for every u € U. In view of Kaplansky’s result it is natural to study the
global consequences of local dependence. Amitsur [1] proved that for every
n-tuple of locally linearly dependent operators 11,...,7T, : U — V there
exist scalars aq,...,an,, not all zero, such that S = a1} + ... + a1y

satisfies .
rank S < <n—2|— ) —1.

Aupetit [2, p. 87] proved that if U and V are complex vector spaces then S
can be chosen so that
rank S <n — 1.

It is easy to see that this estimate is sharp (see [3]). Bresar and Semrl [3]
extended Aupetit’s result to the case where F is an arbitrary infinite field.
We will show that the same conclusion holds also for finite fields.

For technical reasons it is sometimes convenient to deal with the linear
spaces spanned by n-tuples of locally linearly dependent operators. For
linear spaces U and V over a field F we denote by L(U,V) the set of all
linear operators from U into V. In case U =V we write L(U) = L(U,U). A
subspace S C L(U,V) is locally linearly dependent if for every u € U there
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exists a nonzero S € S such that Su = 0. In Section 2 we prove that if S
is an n-dimensional locally linearly dependent subspace of £(U,V') then S
contains a nonzero operator of rank at most n — 1. When F has at least
n+2 elements we give a stronger result: If S contains an operator of rank at
least n, then & must contain a nonzero operator of rank at most n — 2. We
also show that if F is infinite and S C L(U) is a locally linearly dependent
n-dimensional space of pairwise commuting operators, then S contains a
nonzero square-zero operator of rank at most n — 1.

Let X and Y be (real or complex) Banach spaces. We denote by B(X,Y)
and Bpr(X,Y') the set of all linear bounded operators from X into Y and the
set of all linear bounded finite rank operators from X into Y, respectively.
If S € B(X,Y) is a linear subspace then we write Sp = S N Bp(X,Y)
and we say that a linear subspace is nontrivial if it contains nonzero ele-
ments. Miiller [7] extended the second part of Kaplansky’s result on locally
algebraic operators by proving that if S C B(X,Y) is a locally linearly de-
pendent space of countable dimension then S is nontrivial. Bresar and
Semrl [3] provided a short proof of this statement. Larson [5] proved that
if § C B(X,Y) is a locally linearly dependent subspace of countable dimen-
sion satisfying a certain “finite dimensional support” condition then Sp is
nontrivial and locally linearly dependent. We will unify and extend these
results.

It turns out that some of the results in Section 2 do not depend on the
linearity of the space S but rather on S being an algebraic set. We briefly
remark on these nonlinear extensions in Section 3.

We believe that problems concerning locally linearly dependent operators
are interesting by themselves. However, they are also important because of
applications. Amitsur studied them in order to obtain results on rings satis-
fying generalized polynomial identities [1]. Larson’s motivation for studying
them were problems concerning reflexivity and linear interpolation [5], while
Bresar and Semrl used the results on locally linearly dependent operators to
characterize commuting pairs of continuous derivations d, g of a Banach al-
gebra A with the property that (dg)(x) is quasi-nilpotent for every = € A [3].
In the last section our new results will be applied to obtain an improvment of
Amitsur’s result on rings satisfying generalized polynomial identities and to
get a shorter proof of the above mentioned result on derivations. Recall that
a linear mapping d : A — A is called a derivation if d(zy) = zd(y) + d(z)y
for all z,y € A.

Let us fix the notation. If A is any finite set then |A| denotes its cardinal-
ity. For a nonzero vector u belonging to a vector space U we denote by [u]
the one-dimensional space spanned by u. Finally, PU = {[u] : w € U\ {0} }
denotes the projective space of U.
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2. Locally linearly dependent operators.

We begin this section with a statement which will help us reduce some prob-
lems concerning locally linearly dependent operators to the finite-dimensio-
nal case.

Proposition 2.1. Let U and V be vector spaces over a field F, S an n-di-
mensional subspace of L(U,V'), and k a positive integer. Then there exists
a positive integer t < (kﬂlz*l) and rank k idempotents Py,... , P, € L(U)
and Q1,...,Q¢ € L(V) such that every T € S of rank at least k satisfies
rank (Q;TP;) = k for some i, 1 <i <t.

Proof. Let {uq}aecr and {vg}ges be fixed Hamel bases of U and V, respec-
tively. Operators in £(U, V) will be identified with matrices with respect
to these two bases. To each subset Iy C I with |Ij] = k we can asso-
ciate an idempotent whose range is span {uq}tacr, and whose null space
is span {ua faer\1,- S0, to prove our statement, it suffices to find subsets
L,.... I, I, Ji,...,J; C J, each of cardinality k, such that for every
T € S of rank at least k we have det T'[J;|1;] # 0 for some i, 1 <1 < ¢. Here
T'[J;|1;] denotes the k x k submatrix of T" determined by J; x I;.

The subsets {I;};_; and {J;}}_, are constructed inductively as follows:
Suppose {I;}\_, and {J;}\_, have already been chosen. If for any T' € S
with rank 7" > k there exists an 4, 1 < ¢ <, such that det T'[J;|[;] # 0 then
let t = [. Otherwise there is an Tj4; € S with rank at least k& such that
det Tj41[Ji|;] = 0 for all e = 1,... ,I. We can find I;;; C I and Ji41 C J,
both of cardinality k, such that det Tj1[J;41|l14+1] # 0.

Let S1,...,S, be a basis of S and define for every positive integer | < ¢
(apriori ¢t might be infinite) a homogeneous polynomial f; of degree k by

fl(xla cee 7xn) = det (Z .riSi[J”[l]) .

i=1

Let a; = (ay1, - - . , a;,) be coordinates of T; with respect to the basis {51, ...,
Sn}, thatis, T; = > | a;;S;. It follows from our inductive construction that
filag) #0,1 <1 <t, and fi(ay) = 0 whenever I’ > [. Consequently, the
polynomials { f;}I_, are linearly independent: If S Aufi = 0 is a nontrivial
linear dependence and " = max{l : A\; # 0} then

t
0= Nfilar) = v fur(ar) #0,
=1

a contradiction. Since the dimension of the space of all homogenous poly-

nomials of degree k in n variables is (k+Z_1), we have t < (k+z_1) as de-

sired. N
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We now prove that every n-dimensional locally linearly dependent space
contains a nonzero operator of rank at most n — 1. In fact, we will prove a
slightly stronger result. An n-dimensional subspace S C L(U, V) is locally
linearly dependent if dim Su = dim{Su : S € S} <n —1 for every u € U.
We say that S C L(U,V) is c-locally linearly dependent if dimSu < n — ¢
for every u € U.

Theorem 2.2. Let U and V be vector spaces over a field F and let n,c
be positive integers with ¢ < n — 1. If S C L(U,V) is a c-locally linearly
dependent subspace of dimension n then there exists a nonzero S € S such
that rank S < n — c.

Proof. In the case that [ is an infinite field the proof is a direct adaptation of
the argument for the ¢ = 1 case due to Bresar and Semrl [3]. By induction
we may assume that dimSu = n — ¢ for some v € U. So, there exists
0 # S € § such that Su = 0. We will complete the proof of this case by
showing that the range of S is contained in Su. Suppose to the contrary
that Sv € Su for some v € U. Let S be an (n — ¢)-dimensional subspace
of § such that S;ju = Su. Then, by [3, Lemma 2.1] we can find a nonzero
scalar o such that

dimSi(u+av) =n—c and Sv ¢ Si(u+ av).
Then S(u + av) = aSv ¢ Si(u + av), and consequently, dim S(u + av) >
n —c+ 1, a contradiction.
Assume now that F is a finite field and U is finite dimensional. Denote
|F| = q and dimU = m. Let
Z ={([u],[S]) € PU x PS : Su = 0}.

On one hand, for every u € U we have dim{S € § : Su = 0} > ¢ hence

¢ —1
)= HIS]: Su=0}> |PU|"—.
[u]ePU q

On the other hand, let r = min{rank S : S € S\ {0}}. Then the null space

of every nonzero S € § is at most (m — r)-dimensional therefore
qm—r -1
1Z21=")_ Hlul : Su=0} < |PS|"———.
[S]EPS q

m—r__

Comparing these two inequalities we obtain (¢™—1)(¢°—1) < (¢"—1)(g
1). If m = dimU < n — ¢ then rankS < n — ¢ for all S € S. Otherwise
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m > n — c+ 1 hence
(" —1)(¢° - 1)

qm—r > qm—r _1>

= g — 1
_ @ =D( -1 gt -1

- qurcfl -1 q" — 1

> (qm — 1)(qc — l)qm—i-c—n—l > (q _ 1)qm+c—n—1 > qm—i—c—n—l.

- qm+c— 1 _ 1

It follows that » < n — c.

It remains to consider the case that F is a finite field and U an infinite
dimensional vector space. Assume that rank S > n — ¢+ 1 for all nonzero
operators S € §. Applying Proposition 2.1 with k = n — ¢+ 1 we obtain
finitely many idempotents Pi,..., P, € L(U) of rank n — ¢ + 1 such that
for every nonzero S € S there exists an i, 1 < i < ¢, such that rank SP; =
n—c+1. Let U =3f_, PU and for S € S let ' € L(U’, V) denote the
restriction of S to U’. It follows that S’ = {S’ : S € S} is an n-dimensional
c-locally linearly dependent subspace of L(U',V) and rank S’ > n —c+1
for all nonzero S’ € &', contradicting the finite-dimensional case. O

For a subspace § C L(U, V) we denote by Sg the space of all finite rank
operators in . Larson [5, Proposition 2.3] proved that if S is finite di-
mensional locally linearly dependent, then Sg is a nontrivial locally linearly
dependent subspace. Combining this with Theorem 2.2 we get the following
result.

Corollary 2.3. Let U and V be vector spaces over a field F. If S C L(U,V)
is a locally linearly dependent finite dimensional subspace then there exists
a nonzero S € S such that rank S < dimSp — 1.

Theorem 2.2 can be improved for sufficiently large fields. For simplicity
we only consider the ¢ =1 case.

Theorem 2.4. Let n be a positive integer and let F be a field with at least
n + 2 elements. Suppose that U and V are vector spaces over F and S C
L(U,V) is an n-dimensional locally linearly dependent space of operators. If
S contains an operator of rank at least n then there is a nonzero S € S such
that rank S <n — 2.

Proof. By an application of Proposition 2.1 we may assume that U and V
are finite dimensional. We will identify U with F™, V' with FP, and L(U,V)
with M (F), the space of all p x m matrices. There is no loss of generality
in assuming that m > n.

To illustrate our approach we first give a simple proof of the theorem for
an algebraically closed field F. Consider the projective algebraic variety

Z = {([u],[S]) € PU x S : Su =0}
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and let 7y, o denote the projections of Z into PU and PS respectively. Since
S is locally linearly dependent the projection 7y is surjective, hence

(1) dim Z > dim PU.
Let Zjy be an irreducible component of Z of maximal dimension then
(2) dim Z = dim Zy = dim m2(Zp) + min{dim 75 *([S]) : [S] € m2(Z0)}
= dim m2(Zp) + dim PU — max{rank S : [S] € m2(Zp)}.
Combining (1) and (2) we obtain
max{rank S : [S] € m2(Zp)} < dimma(Zp).

If m2(Zy) = PS then max{rank S : S € S} < dimPS = n — 1, contradicting
our assumptions. Therefore, m2(Zy) # PS, hence

max{rank S : [S] € m2(Zp)} < dimm2(Zp) < n — 2.

The proof of Theorem 2.4 for general infinite fields uses a similiar idea:
We will show that if S contains an operator of rank > n then both U; =
Urankssn P(ker S) and Uz = U,.ks—n_1 P(ker S) are contained in proper
algebraic subsets of PU. Since F is infinite it will follow that there exists a
[u] € PU — (U; UUy). Let 0 # S € S such that Su = 0 then rankS < n — 2.

We need some preliminaries.

Claim 1. Let ¢ = (z1,...,2n), ¥y = (Y1,--- ,Ym—n) be variables and let
fst(@), 1 <s<m, 1<t <m-—n, be homogeneous polynomials of the same

degree. Then there exists a nonzero homogeneous polynomial P(z1,. .. , zm)
such that

m—n m—n
(3) P (Z flt(l')yta ceey Z fmt(l‘)yt> =0.

t=1 t=1
Proof. Introduce new variables £ = (&1,... ,&n—n—1) and for 1 < i < m let
Fi(z,y) = 00" fu(@)ye, Gilx,€) = X105 fu@)& + fim-n(z). Since
Gi(z,8),... ,Gp(x,§) are polynomials in m — 1 variables there exists a
nonzero polynomial R(z1,...,2m) = > 7427 (where v = (71,...,7m),

27 = 2]t 20 such that R(Gi(z,€),...,Gn(z,€)) = 0. Write |y| =
Yot v and let N = max{|y| : ry # 0}. By substituting & = v;/yYm—n for
1 <i<m-—n-—1Iitis easy to check that P(z1,...,2m) = EM:N ry 27
satisfies P(Fy(x,y),..., Fn(z,y)) =0.

Claim 2. Let ¢ = (z1,...,%n), Y = (Y1, -+ s Ym—n+1) be variables and let
fst(), 1 < s <m, 1 <t <m-—n+1, be homogeneous polynomials of
the same degree. Then for any nonzero homogenous polynomial g(x) there
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exists a nonzero homogeneous polynomial Q(z) € Flz1,... , zm] such that

m—n-+1 m—n-+1
(4) Q( > ful@ye... Y fmt<a>yt> =0
t=1 t=1

for any a € F" which satisfies g(a) = 0.

Proof. Introduce new variables £ = (&1,... ,&n—n) and for 1 < i < m let
Fi(z,y) = E::n:_lmrl fit(@)ye, Gi(x, &) = D07 fir(@)& + fim—nt1(z). Since
Gi(z,8),... ,Gn(x,£), g(x) are m+1 polynomials in m variables there exist
polynomials Qo(2),...,Qk(z) € F[z1,...,2n], not all of them zero, such

that Z?:o Qi(G1(x,8), ... ,Gm(x,8))g(x)" = 0. Since g(z) is homogenous
and nonzero we may assume that all the @;’s are homogenous and Qo(z) #
0. As in Claim 1 it can be checked that Qo(Fi(a,y),...,Fn(a,y)) = 0
whenever g(a) = 0. O

For an integer ¢, 1 < ¢t < min{p,m}, we define 4, = {(I,J) : I C
{1,...,p},J C{1,... ,m},|I| = |J| = t}. Let Si,...,S, be a basis of S
and denote S(x) = S(z1,... ,2,) = > 1y %iS;.

Claim 3. For any (I,J) € A, there exists a nonzero homogeneous form
Prj(z) € Flz1,..., 2zm] such that if a € F" and u € F™ satisfy S(a)u = 0
then

(5) Pry(Au) =0
where A = det S(a)[I|.J].

Proof. We may assume that [ = {1,... ,n}, J={m—-n+1,... ,m}. By
Cramer’s rule for any m—n+1 < ¢ < m there exist homogenous polynomials
fij(x) , 1 < j < m—mn, of degree n such that for any a € F” and u € ker S(a)

(6) det S(a)[I|Ju; = Z fii(a

By defining f;;(x) = 0;;det S(z)[I|J] for 1 < 4,5 < m — n, Equation (6)
becomes valid for all 1 < i < m. According to Claim 1 there exists a nonzero
homogenous polynomial P(zy,... ,z,) which satisfies (3). Combining (6)
and (3) it follows that P(det S(a)[I|J]u) = 0 whenever S(a)u = 0. O

Claim 4. For every nonzero homogenous polynomial g(x) € Flz1,... ,xy]
and every (I',J') € Ap—1 there exists a nonzero homogeneous form Q[/J (2)
€ Flz1,... ,2m] such that if a € F", u € F™ satisfy g(a) =0 and S(a)u =0
then

(7) Q]/J/()\u) =0
where X\ = det S(a)[I'|J'].
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Proof. Let I' ={1,... ,n—1} , J ={m—-n+2,... ,m}. As in Claim 3
there exist homogenous polynomials f;j(z) ,1<i<m,1<j<m-n+1
of degree n — 1 such that if a € F" , u € F™ satisfy S(a)u = 0 then for all
1<:1<m

m—n-+1
(8) det S(a)[I'|.J"Ju; = Z fiila
By Claim 2 there exists a homogenous polynomial Q(z1, ... , z;,) which satis-

fies (4) if g(a) = 0. Combining (8) and (4) it follows that Q(det S(a)[I’|J|u)
= 0 whenever S(a)u =0 and g(a) = 0. O

Now we are ready to prove the Theorem for infinite fields. Let {Pr;(z) :
(I,J) € A} be the forms determined by Claim 3. Suppose that rank Sy > n
for some Sy € S. Then there exists an (Ip, Jy) € A, such that rank So[Zy|Jo]
= n. Let g(x) = det(S(z)[Lo|Jo]). Clearly, g(x) is a nonzero homoge-
nous form in Flzy,...,x,]. Let {Qpy(z) : (I',J') € A,_1} be the forms
determined by Claim 4 and the above g(z). For any homogenous form
R(z) € Flz1,... ,2p] let V(R) = {[u] € PU : R(u) = 0} denote the projec-
tive zero set of R(z).

Let 0 # a € F". If rank S(a) > n then there exists an (I,J) € A, such
that det(S(a)[I|J]) # 0. Hence, by (5), Prj(u) = 0 for any u which satisfies
S(a)u = 0. It follows that

(9) U PkerS(a) C | V(Pw).
{a€F™ :rank S(a)>n} (I,J)eAn

If on the other hand rank S(a) = n — 1 then there exists an (I’,J') €
Ap—1 such that det(S(a)[I'|J']) # 0. Since g(a) = 0 it follows by (7) that
Qpy(u) =0 for any u € ker S(a). Therefore

(10) U PkerS(a))c | J  V(Qun).
{a€F" :rank S(a)=n—1} I",JYeAn-1
Let
= I Pu» I @Qrr».
(I,J)EA, (I',J€EAn—1

Combining (9) and (10) we obtain
U P(ker S(a)) C V(R).
{a€F™ :rank S(a)>n—1}

Since R(z) is a nonzero homogenous form and F is infinite there exists a
[u] € PU\ V(R). Let 0 # a € F™ be an n-tuple such that S(a)u = 0. Then
rank S(a) <n — 2.



LOCALLY LINEARLY DEPENDENT OPERATORS 449
It remains to consider the finite field case. Let F be the field with ¢
elements, ¢ > n + 2. Let
Z ={([ul],[a]) € PU x PF" : S(a)u =0}

and suppose ag € F" satisfies rank S(ag) > n. Since S is locally linearly
dependent we have

q" -1
2= 3 | : S@u=0}|> PUj=L .

1
[u]ePU

Let r = min{rankS : S € S\ {0}}, let (lp,Jo) € A, be such that
rank S(ao)[lo|Jo] = n, and let g(z) = det(S(x)[lo|Jo]). Clearly, if a € F"
satisfies rank S(a) < n — 1 then g(a) = 0. Therefore

Zl= ) [P(kerS(a))| =

[a]€PF™
> IP(ker S(a))| + > IP(ker S(a))| <
{[a] : rank S(a)<n—1} {[a] : rank S(a)>n}
. m—r g —1
{la] : g(a) =0} T— +|PF!7q_1 :

We need the following simple upper bound (see e.g., Theorem 6.15 in [6]).

Proposition 2.5. Assume that |[F| = q. If h(x1,... ,2x) € Flz1,... ,zi] is
a nonzero homogenous form of degree d' > 1 then

o] € BF* < h(@) =0} < & &1

qg—1
Now g(z) is homogenous of degree n and satisfies g(ap) # 0. Combin-

ing Proposition 2.5 (with h = g , k = n and d’ = n) with the previous
inequalities we obtain

m _ 1 n—l_l m—r _q n_1 gm " _1

<|z<n? 1 + I 1

q—1 q—1 q—1 g—1 q-1
It follows that
mor 1~ @ =1(g=1)—(¢" - (""" ~1)

>
¢ n(g"~! —1) B
qm—i-l _ 2qm _ qm—n—H (q _ 2) R
’I’Lq”fl o n =49
hencer <n-—2. O

Theorem 2.2 with ¢ = 1 can be improved also in the case that I is an
infinite field and S consists of pairwise commuting matrices.
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Theorem 2.6. Let U be a vector space over an infinite field F and let n be a
positive integer. If S C L(U) is an n-dimensional locally linearly dependent
subspace of pairwise commuting matrices then there exists a nonzero S € §
such that S? =0 and rank S <n — 1.

Remarks. The special case when [F is the field of complex numbers was
proved in [2, p. 87]. This result is important for applications (see the next
section). In fact, we will need, and therefore we will prove, a slightly stronger
statement as follows: Assume that Si,...,S5, : U — U are locally linearly
dependent operators satisfying S;5; = 5;5;, 1 <4,7 < n. Suppose also that
S1,...,8p—1 are not locally linearly dependent. Then there exists scalars
Qai,...,0,n_1 such that S = o151+ ... + ap_15,_1 + Sy is of square zero
and rank S <n — 1.

Proof. We can find v € U such that Sju,...,S,_1u are linearly inde-

pendent. Then there exist scalars aq,...,a,—1 such that Su = (@151 +
e Op—1Sp-1 + Sp)u = 0. As in the proof of Theorem 2.2 we show that
the range of S is contained in the linear span of Syu,...,S,_1u. Let

v € U be any vector. Then there exist G1,...,0,_1 € F such that Sv =
G1S1u+. ..+ Bh_15._1u. It follows that S2y = S(ﬁ151+. . .—i—ﬁn,lSn,l)u =
(6151 + ...+ Br—1Sn-1)Su = 0. This completes the proof. O

We will conclude this section by unifying and extending the results of
Larson [5, Theorem 3.2] and Miiller [7, Theorem 1].

Theorem 2.7. Let X and Y be Banach spaces and let S C B(X,Y) be a
locally linearly dependent linear space of countable dimension. Then Sr has
a nontrivial finite dimensional locally linearly dependent subspace.

Remark. Larson obtained this result under an additional “finite dimen-
sional support” assumption on Sp. The above theorem is also an essential
improvment of Miiller’s result. Namely, the conclusion of the result of Miiller
is that S contains a nonzero finite rank operator. His result gives no infor-
mation how large is the space Sp nor what is the minimal rank of nonzero
operators from §. Our result implies that either S contains an operator of
a small rank or the dimension of Sr is large. More precisely, if the minimal
nonzero rank of operators from § is n, then Sr is at least (n+1)-dimensional.
This follows directly from Theorems 2.2 and 2.7.

Proof. Let {S : k = 1,2,...} be a basis of S and denote by F,, the set
of all vectors x € X such that Siz,...,S,x are linearly dependent. Then
Us Fn = X.

If {z,,} is a sequence in F,, converging to z, then x € F,,. For suppose
that for each m, of*,... ,a]' are scalars, not all zero, such that o[ S1z,, +
...F+arSpz,, = 0. Divide these scalars by the one with the largest absolute
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value. We can thus assume that each one of them has absolute value at most
1 and one of them has absolute value equal to 1. Then a subsequence of the

sequence of n-tuples {(af*,...,a)} converges to an n-tuple (aq,...,an);
it is not the zero n-tuple since at least one of «,... ,a, has modulus 1.
Re-label so that {(af’,... ,ap")} is such a subsequence. Then a1 Siz+ ...+

apSpr = limpy, oo (" S12m + - -+ + &' Spz) = 0.

Thus, each F,, is closed and by the Baire category theorem there exists
a positive integer k such that Fj contains an open ball, say {x € X
||z — xo|| < e}. We will show that F = X. Assume on the contrary that
there exists y € X such that Siy,...,Sky are linearly independent. Then
the vectors S1(y + axg),...,Sk(y + axg) are linearly independent for all
but finitely many scalars o. Hence, Si(xo + (1/a)y), ..., Sk(xo + (1/a)y)
are linearly independent for all but finitely many nonzero scalars «. This is
impossible since Fj contains {z € X : ||z — xz¢|| < €}. Hence, we have a
desired relation Fp, = X.

So, the linear span of {S1,...,Sk} is a locally linearly dependent space.
We already know that then {Si,...,Sk}r is nontrivial and locally linearly
dependent [5, Proposition 2.3]. This completes the proof. O

3. Nonlinear locally linearly dependent sets of operators.

The methods of the previous section can be applied to some nonlinear sets
of operators that are locally linearly dependent. We will only consider the
finite-dimensional case, so operators will be identified with matrices. Let
P, q,n be positive integers and W = F" the n-dimensional coordinate space.
Let = (x1,... ,xy,) be a vector of variables and suppose S(z) = (si;(x))
is a p x ¢ matrix of homogenous polynomials s;;(x) € Flz1, ... ,x,] of fixed
degree d. The set S = {S(a) : a € W} is called an (n, d)-family in M, ,(F).
S is locally linearly dependent if for any u € F¢ there exists a nonzero a € W
such that S(a)u = 0.

Theorem 3.1. Suppose S C My q(F) is a locally linearly dependent (n,d)-
family and |F| > dn + 2. Then either there exists an 0 # a € W such that
rank S(a) <n—2 orrank S(a) =n—1 for all0 #a € W.

If d =1 then S is a linear space of matrices. This special case coincides
with the finite-dimensional case of Theorem 2.4. The proof of the general
case goes through in almost the same way. Theorem 2.2 can be similarly
extended to this more general nonlinear setting.

4. Applications.

The aim of this section is to illustrate applicability of the results of Section 2
in algebra and functional analysis. We start by an improvment of Amitsur’s
result on rings satisfying generalized polynomial identities [1].
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Theorem 4.1. Let R be a primitive ring considered as a dense ring of linear
transformations on a vector space V over a division ring D with the cen-
ter C. Let R be a C-algebra satisfying a nontrivial generalized polynomial
identity of degree k which includes n C-independent elements (including 1).
Then R contains a finite rank transformation and D is finite over C with

(D:C) < 4n! (n—1+nm>2.

Remark. Amitsur proved this result with a weaker estimate
1 k12
o0z ()1 i)

Proof. We have proved that if T7,... , T, are locally linearly dependent op-
erators between vector spaces over a field [F, then there exists a nontrivial
linear combination of these operators of rank at most n —1. The same result
with essentially the same proof holds true if F is any infinite division ring.
As every finite division ring ring is commutative, this statement holds for all
division rings FF. In fact, we can extend this as follows: Let U and V be left
vector spaces over a division ring [F, Vj a finite-dimensional subspace of V/,
and let linear operators 11,...,7T, : U — V be locally linearly dependent
modulo Vj. Then there exist aq,... ,a, € F, not all zero, such that

rank (o Th + ...+ o, T,) < dimVy+n — 1.

To verify this extension one simply considers locally linearly dependent op-
erators QT1,...,QT, : U — V/V,. Here, of course, Q : V. — V/Vj is the
quotient map.

Amitsur proved this statement with the above estimate replaced by a
weaker one

1
rank (171 + ... + o, Tp,) < dim Vj + (n—l— ) —-1.

2
To prove the theorem one has to follow step by step the proof of Amitsur
applying our better estimate instead of the Amitsur’s one. O

Our next application is to give a shorter and simpler proof of the char-
acterization of commuting pairs d, g of continuous derivations of a Banach
algebra such that dg(x) is quasi-nilpotent for every z € A. An interested
reader can find some remarks on the background of this problem in [3,
p. 1259].

Theorem 4.2. Let A be a complex Banach algebra and d,g : A — A be
continuous derivations. If d and g commute, then the following are equiva-
lent.
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(i) dg(zx) is quasi-nilpotent for every x € A.

(ii) dg(z)? lies in the radical of A for every x € A.

(iii) if ™ is a continuous irreducible representation of A on a Banach space
X, then there exist linear operators A and B on X such that w(d(z)) =
[m(x),A], 7(g9(x)) = [r(x),B], © € A, AB = BA = 0, and either
A?2 =0 or B2=0, unless td =0 or mg = 0.

Proof. This result has already been proved in [3]. We will just sketch the
first few steps of the proof since they are the same as in [3]. First one
can observe that the only nontrivial implication is (i) = (iii). Assume,
therefore, that (i) holds and that 7 is a continuous irreducible representation
of A on a Banach space X. Then B = 7(A) C B(X) is a dense algebra of
bounded linear operators on X. Define D, G : B — B by D(n(z)) = n(d(z)),
G(n(z)) = m(g(z)). It turns out that these maps are well-defined and that
there exist a commuting pair of linear operators A and B on X such that
D(S) =[S, A] and G(S) =[S, B] for all S € B. Note that D(S) =[S, A — )]
for any scalar operator A, and that a derivation c¢D, where c is any nonzero
complex number, satisfies the same assumption as D. Therefore, whenever
it will be suitable, we will replace A by A — X or cA, and, of course, we will
do the same with B. Let us also point out that D and G, and consequently
A and B, appear symmetrically.

So, our basic assumption is that DG(S) = [[S, B, 4] is quasi-nilpotent for
every S € B and we have to prove that there exist scalars A and p such that
(A—X)(B—p) = 0 and either (A—X)%2 =0 or (B —pu)? = 0. In [3] this part
of the proof was long, involving tedious computations. Having new results
on locally linearly dependent operators we can now present a much simpler
and shorter proof. It will be broken up into a series of steps. Two of them
go through in exactly the same way as in [3]. We will include them for the
sake of completness. If f is a linear (not necessarily bounded) functional on
X and z € X we denote by z ® f a rank one operator (z ® f)z = f(2)z,
z € X. Note that every rank one operator on X can be written in this form.

Step 4.3. Let Y be a subspace of X invariant under both A and B and
assume that the restrictions of A and B to'Y satisfy Ay = Bjy. Then there
exists a complex number X\ such that (A — )\)‘QY =0.

Proof. Suppose there exists y € Y such that y, Ay, and A%y are linearly
independent. Then, since B is a dense subalgebra of B(X), we can find S € B
such that Sy = SAy = 0 and SA%y = y. It follows that [[S, B], Aly = v
contradicting the fact that [[S, B], A] is quasi-nilpotent. So, for every y € Y’
the vectors y, Ay, and A%y are linearly dependent. By Kaplansky’s theorem
on locally algebraic operators we have either Ay = Al + N for some scalar
A and some square-zero operator N, or Ay = AP + u(I — P) for some
scalars A, g, A # p, and some idempotent P ¢ {0,I}. Here, I denotes
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the identity operator on Y. In the first case the desired conclusion follows
trivially. In the second case there is no loss of generality in assuming that
Ay = Bjy = P. Take a nonzero z from the range of P and a nonzero y from
the null space of P. Then we can find S € B such that Sx = y and Sy = .
Consequently, [[S, B], A](z + y) =  + y. This contradiction shows that the
second possibility cannot occur. This completes the proof of Step 4.3. [

Step 4.4. Let Y be a two-dimensional subspace of X invariant under both
A and B. Then there exist scalars A and p such that (A—N\)jy (B — )y =0

and either (A — )‘)|2Y =0 or (B - ,u)‘zy =0.

Proof. The conclusion follows directly if A}y is a scalar operator. If not,
then because Bjy commutes with A}y, we have By = aAy + I for some
scalars o and 3. So, we may assume that Ay = B}y and complete the proof
using Step 4.3. U

Step 4.5. Let Y be a subspace of X invariant under both A and B and
assume that A‘Qy = 0. Then there exists a scalar X such that Ay (B—\)y =
0.

Proof. It is easy to see that all we have to do is to prove that ABy belongs
to the linear span of Ay for every y € Y. Assume that this is not true for a
certain y € Y. Then we can find S € B satisfying SAy = 0 and SABy = —y,
yielding [[S, B], A]JAy = Ay. We have Ay # 0 since otherwise ABy = BAy
would be 0, too. This contradiction completes the proof. O

Step 4.6. Let Y be a subspace of X invariant under both A and B. If

ABjy =0 then either A|2Y =0 or B‘QY =0.

Proof. Assume first that there are z,y € Y such that A%z and B?y are
linearly independent. Then there is an S € B such that SA%z = —y, SB%y =
—x, SAz €Y, and SBy € Y. But then [[S, B], A|(Ax+ By) = Az +By # 0
since 0 # A%z = A(Axz + By). Therefore, such x and y cannot exist. That
is, A%z and B2y are dependent for any x,y € Y. If neither A% nor B? is
zero on Y, then there is w € Y such that A?Y = B?Y = span{w}. Note
that there is y € Y such that A%y = \w # 0 and B?y = pw # 0. However,
picking S € B such that Sw =y, SAy € Y, and SBy € Y, we arrive at
[[S, B, A]?Ay = AuAy. With this contradiction the proof of this step is
completed. O

Step 4.7. Let Y be a subspace of X invariant under both A and B. If
AB)y = I then there exist a nonzero scalar A and a square-zero operator
M :Y —Y such that Ay = AN+ M and By = %I— %M Here, I denotes
the identity operator on Y .

Proof. If there exists y € Y such that y, Ay, and A%y are linearly indepen-
dent then we can find S € B such that Sy = SA%y = 0 and SAy = Ay.
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It follows that [[S, B], A]Ay = 2Ay, a contradiction. By Kaplansky’s theo-
rem on locally algebraic operators Ay is algebraic of degree at most two.
If Ay = Al + M with M a square-zero (possibly zero) operator, then the
desired conclusion follows directly from the equation ABjy- = I. In the re-
maining case we have A = aP + (I — P) for some scalars o # 3, o, 3 # 0,
and some idempotent P:Y — Y, P #0,I. Then B=a 'P + 3 (I — P)
and we can find linearly independent vectors x and y belonging to the range
of P and I — P, respectively, and S € B such that Sx = y and Sy = =.
It follows that = 4 y belongs to the eigenspace of [[S, B], A] corresponding
&2+52
af

to the nonzero eigenvalue <2 — ) This contradiction completes the

proof of this step. O

Step 4.8. Assume that the operators A, B, and I are locally linearly de-
pendent. Then there exist scalars \ and p such that (A—X)(B—p) =0 and
either (A —X)?2 =0 or (B—p)?=0.

Proof. If the dimension of the linear span of A, B, I is 1 or 2 then we can
assume with no loss of generality that either A = B, or A =0, or B = 0. So,
in this case we are done by Step 4.3. Step 4.4 gives the desired conclusion
if dimX < 2. It remains to consider the case that A, B, I are linearly
independent and dim X > 2. Then, by Theorem 2.4 there exist scalars
a, 3,7 such that A + 6B + vI = F is of rank one. Note that we can
assume with no loss of generality that v = 0.

Assume first that one of scalars «, 3, say «, is zero. Then B is of rank
one. If it is square-zero, then we complete the proof using Step 4.5. If not,
then after multiplying by an approprite constant, we can assume that B is
an idempotent of rank one. As A commutes with B it leaves the null space
and the range of B invariant. Hence, the one-dimensional range of B is
contained in an eigenspace of A corresponding to an eigenvalue A. It follows
that (A —\)B = 0, and hence, the desired conclusion follows from Step 4.6.

It remains to consider the case that both a and (3 are nonzero. In this
case we may assume that A = B+ 2z ® f for some z € X and some linear
functional f on X. The null space of f is invariant for both A and B
because A and B commute. The restrictions of A and B to this common
invariant subspace coincide, and so, by Step 4.3, we may assume that both
these restrictions are square-zero. Let u € X be a vector such that X is a
direct sum of the null space of f and the linear span of u and define a linear
operator T': X — X such that Tu = 0 and the restriction of T to the null
space of f coincides with the restriction of A to this subspace. Then T2 = 0,
the range of T is contained in the null space of f, and A =T 4+ 2 ® f and
B=T+y® f for some z,y € X. Applying AB = BA we get

Ty + f(y)r =Tz + f(2)y.
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Multiplying by T we arrive at

fy) Tz = f(x)Ty.

We will consider three cases. If f(z) = f(y) = 0, then clearly A’B =
AB? = 0. In case that there was x € X such that ABx # 0 we would have
S € B satisfying SABx = x, which would further imply [[S, B]A]ABx =
ABtz, a contradiction. Therefore, AB = 0 in this case and one can complete
the proof using Step 4.6.

If f(xr) =0 and f(y) # 0 then T'x = 0 which yields AB = 0 and we are
done.

In the remaining case that both f(z) and f(y) are nonzero, we may assume
with no loss of generality that f(z) = 1. From the above equations we get
Ty = f(y)Tz, and consequently, (f(y) —1)Tz = y— f(y)x. Now, if f(y) =1
then Tx = Ty, and consequently, x = y. Thus, A = B, and the desired
conclusion follows from Step 4.3. So, assume that f(y) # 1. Then Tz, and
hence Ty, belong to the linear span of x and ¥y, which is then obviously
invariant under both A and B. Let us first consider the case that Tz is
nonzero. Since T2 = 0, the vectors x and Tz are linearly independent.
Thus, the linear span of x and y is the same as the linear span of z and
Tx. Since ATx = BTz = 0, Step 4.4 implies that the restriction of A? or
B2, say A2, to the linear span of z and ¥ is zero. We already know that the
restriction of A2 to the null space of f is zero. So, A2 = 0 and we complete
the proof in this case using Step 4.5. We will show that the remaining case,
that Tx = 0 and hence Ty = 0, cannot occur. Namely, in this case x and
y would be linearly dependent. The operators A and B would have matrix

representations
1 0 a 0
MR

with respect to the decomposition of X into the direct sum of the linear
span of z and the null space of f. Here, A’ is the restriction of A to the
null space of f and « is a nonzero scalar. Take any nonzero z in the null
space of f such that A’z = 0. Then the linear span of z and z is invariant
under both A and B. The restrictions of (4 — A\)? and (B — u)? to this
two-dimensional subspace are both nonzero for any choice of scalars A and
. This contradiction with Step 4.4 completes the proof. (|

Step 4.9. If AB = N is a square-zero operator then there exist scalars A
and pi such that (A—\)(B—u) = 0 and either (A—\)? =0 or (B—u)? = 0.

Proof. The null space of N is invariant under both A and B and the re-
striction of AB to this subspace is the zero operator. So, by Step 4.6 one
of the restrictions of A or B to the null space of N, say the restriction of
A, is square-zero. It follows that A3B = A%(AB) = 0. Next we will see
that A2B = 0. If not, then we would have an z € X with A?Bz # 0
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and S € B such that SA2Bxz = Ax. But then [[S, B], A]JA2Bxz = A%Bz, a
contradiction. The next step is to prove that there is a scalar A\ such that
AB = MAB?. To this end it is enough to show that ABz belongs to the
linear span of AB?z for every z € X. Assume this is not true for a given
z € X. Then we can find S € B such that SABx = x and SAB%xz = 0,
which further yields [[S, B], AJABx = ABz, a contradiction. Now, let z be
any vector from X. Then x = ABz + (x — ABx). We already know that
A?Bx = 0. Also, © — ABx belongs to the null space of N. The restriction
of A to this subspace is square-zero. So, A%z = 0. Applying Step 4.5 we
complete the proof. O

Now we are ready for the last step of the proof.

Step 4.10. If A, B, and I are not locally linearly dependent then there exist
scalars X and p such that (A — \)(B — p) = 0 and either (A —X\)? =0 or
(B —p)?=0.

Proof. The operators AB, A, B, and I are locally linearly dependent. In-
deed, if this were not true then there would exist x € X and S € B such
that SABx = z and SAz = SBx = Sz = 0, and so, [[S, B], AJx = z. By
Theorem 2.6 and a remark following it we know that there exist scalars «,
B, and v such that AB + aA + 8B + v = M is a square-zero operator of
finite rank. Replacing A by A + 8 and B by B + «a, and then multiplying
A by an appropriate constant, we get AB = N or AB = I + N with N
being square-zero with finite rank. In the first case we complete the proof
applying the previous step. So, assume that AB = I + N. Let N have a
matrix representation

with respect to a direct sum decomposition of X into two appropriate finite-
dimensional spaces X7, X2, and a subspace X3. The null space of N is
invariant for A and B and the restriction of AB to this subspace is the
identity operator. Applying Step 4.7 we can assume, after multiplying A
and B by appropriate constants, that the restriction of A to this subspace
is a sum of the identity and a square-zero operator, while B is a difference
of these two operators. Since A commutes with N we have

Al 0 0
A=Ay A, As
Ay 0 As

But

A, A
0 As
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is a sum of the identity and a square-zero operator. It follows that A;
is a sum of the identity and a square-zero operator, too. Consequently,
(A—1)* =0, and similarly, (B — I)* = 0.

So, we may assume that A* = B* = 0. We will first prove that for every
x € X the vector BA3z belongs to the linear span of A3x. Indeed, if this was
not true for some x then we would have S € B such that SBA3x = —A%x
and SA3x = 0 implying that [[S, B], A]A%z = A3z # 0. So, BA3 = \A3
for some scalar A. If A% # 0 then, since B is nilpotent, we necessarily have
A = 0. So, in this case BA3 = 0. But, of course, this is true also in the case
that A2 = 0. We will next prove that for every x € X the vector B2A%x
belongs to the linear span of BA%z. Indeed, if this was not true for some
x then we would have S € B such that SB?A%z = —ABx and SBA%?z =0
implying that [[S, B], A]BA%x = BA%x # 0. As before we conclude that
B?A? = 0 and we complete the proof using the previous step. O
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