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YUSUKE KAWAMOTO

Suppose X is a simply connected mod p H-space such that
the mod p cohomology H*(X;Z/p) is finitely generated as an
algebra. Our first result shows that if X is an A, -space, then
X is the total space of a principal A, -fibration with base a
finite A, -space and fiber a finite product of CP*°s. As an
application of the first result, it is shown that if X is a quasi
Cp-space, then X is homotopy equivalent to a finite product
of CP*°s.

1. Introduction.

The theory of H-spaces is a generalization of the homotopy theory of Lie
groups, and it has been investigated as one of the most important objects of
study in algebraic topology. It is useful to consider the H-spaces at a prime
by using the completion of Bousfield-Kan [2]. Given a prime p, an H-space
which is completed at p is called a mod p H-space. In this paper, homotopy
equivalence means mod p homotopy equivalence and cohomology is mod p
cohomology unless otherwise specified.

In recent decades, many theorems have been proved about mod p finite
H-spaces (cf. [6], [12] and [17]), which suggest that they are similar to Lie
groups. In this paper, we study mod p H-spaces which need not be finite, but
whose cohomology rings are finitely generated. It is known that the three-
connected cover G(3) of a Lie group G is such an H-space. Another example
is the infinite dimensional complex projective space CP*°. Recently, Broto
and Crespo [3] and [4] have obtained remarkable results about mod p H-
spaces with finitely generated cohomology. It follows from their results that
such an H-space is the total space of a principal H-fibration with base a
mod p finite H-space and fiber a product of CP*s. One of the purposes
of this paper is to generalize their results to the case of higher homotopy
associative mod p H-spaces with finitely generated cohomology.

Stasheff [22] introduced the notion of the higher homotopy associativity
of H-spaces as a series of intermediate stages between H-spaces and loop
spaces. An As-space is an H-space with a multiplication My : X x X —
X, and an As-space is a homotopy associative H-space. Now we denote
My (z,y) = xy for 7,y € X. Let X be an Ag-space, and let M3 : [ x X3 — X
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be a map satisfying that M3(0, x,y, z) = (zy)z and M3(1,z,y,z) = z(yz) for
z,y,z € X. By using the map M3, we can define a map My : Slx X4 - X
such that My(t,z,y, z,w) is the pentagon in Figure 1.

((zy)2)w

(z(y2)) (zy)(zw)

z((yz)w z(y(zw))
Figure 1. Ay-form on X.

X is said to be an Ay-space if there exists a map My : D? x X* — X with
My|g1xa = My. In general, an H-space X is called an A,-space if there
exists an Ap-form {M; : D72 x X' — X }o<;<, satisfying some conditions.
Figure 2 denotes the As-form on X (see §2). Furthermore, an A,.-space has
the homotopy type of a loop space. Similarly, an A,-map is defined as an
H-map between A,-spaces preserving the A, -forms (see §2). An H-fibration
consisting of A,-spaces and A,-maps is called an A,-fibration.

Our first result is stated as follows:

Theorem A. If X is a simply connected A, -space such that the mod p
cohomology H*(X;Z/p) is finitely generated as an algebra, then we have a
simply connected finite A,-space Y and a principal A, -fibration

F X Y,
where the fiber F' is the direct product of a finite number of CP*s.

The above theorem is regarded as a generalization of [3, Thm. 1.1] and
[4, Thm. 1.1] since H-space is the same as Ag-space. From Theorem A,
it is possible to reduce a problem about A,-spaces with finitely generated
cohomology to the case of finite A,-spaces. In this paper, Theorem A is
used to study the higher homotopy commutativity of H-spaces with finitely
generated cohomology. In the case of p = 2, Slack has shown the following
result:

Theorem 1.1 ([21, Thm. 0.1]). If X is a simply connected homotopy com-
mutative mod 2 H-space such that the mod 2 cohomology H*(X;7Z/2) is
finitely generated as an algebra, then X is homotopy equivalent to a finite
product of CP*s.

Here we note that Broto-Crespo [3, Cor. 1.5] gave another proof of The-
orem 1.1. On the other hand, the odd prime version of Theorem 1.1 does
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not hold. In fact, it was shown by Iriye-Kono [9, Thm. 1.3] that for an odd
prime p, any connected mod p H-space possesses a multiplication which is
homotopy commutative. Furthermore, one may expect that a simply con-
nected homotopy commutative mod p loop space with finitely generated
cohomology has the homotopy type of a product of CP*s. However, we
see that by McGibbon [18, Thm. 2], Sp(2) for p = 3 and S for p > 5 are
counterexamples.

To describe an odd prime version of Theorem 1.1, we need to generalize
the homotopy commutativity of H-spaces to the higher ones. Such notions
were first considered by Sugawara [24] and Williams [25] in the case of loop
spaces. Later Hemmi [8] introduced the higher homotopy commutativity of
H-spaces. Let X be an A,-space, and let P;(X) denote the i-th projective
space of X for 1 < i <n. A quasi C),-form on X is defined by a system of
maps {\; : (XX)? — P;(X)}1<i<n satisfying some conditions (see §3). An
Ap-space which has a quasi Cy,-form is called a quasi Cy,-space. In [8, Thm.
1.1], Hemmi has shown that if X is a simply connected finite quasi C)-space,
then X is contractible (see Theorem 3.3). Now we generalize his result to
the case of quasi Cp-spaces with finitely generated cohomology.

Theorem B. If X is a simply connected quasi C,-space such that the
mod p cohomology H*(X;7Z/p) is finitely generated as an algebra, then X
is homotopy equivalent to a finite product of CP*s.

Theorem B was first conjectured by Slack [21, pp. 4-5], and was suggested
to the author by Lin. In the above theorem, it is impossible to relax the
condition of quasi Cp-space to quasi Cp,_i-space. In fact, by [8, Thm. 2.4],
the odd dimensional sphere §%"~! is a quasi Cp—1-space for any n > 1. Now
we note that Theorem B implies Theorem 1.1 since a homotopy commutative
H-space is a quasi Ca-space by [8, Prop. 2.3] (see also [23, Thm. 13.6]).
Furthermore, in the case that X is a loop space, by [8, Thm. 2.2], quasi
Cp-space is the same condition as Cj-space in the sense of Williams [25,
Def. 5] (see also [20, Thm. 3.2]), and so Theorem B implies [14, Thm. C].
In particular, since the loop space of an H-space is a quasi C),-space for all
n > 1, we have the following result (see also [15] and [16]):

Theorem 1.2 ([13, Thm. A]). Let X be a simply connected mod p H-space
with finitely generated mod p cohomology. If X has the homotopy type of the

loop space of an H-space, then X is homotopy equivalent to a finite product
of CP*s.

This paper is organized as follows: In §2, we recall the nullification functor
and the colocalization functor introduced by Dror Farjoun [5]. It is shown
that those homotopy functors preserve the higher homotopy associativity
of H-spaces (see Theorem 2.1). §3 is devoted to the proofs of Theorem A
and Theorem B. First we recall the results of Broto and Crespo [3] and
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[4] about H-spaces with finitely generated cohomology. By combining their
results with Theorem 2.1 obtained in §2, we can prove Theorem A. To
prove Theorem B, we show that the nullification functor Lpz/, with respect
to BZ/p preserves a quasi Cp-form (see Theorem 3.5). As a consequence of
Theorem A and Theorem 3.5, we obtain the proof of Theorem B.

The content of the paper was first presented in JAMI conference on ho-
motopy theory at Johns Hopkins University in March 2000. The author is
grateful to the organizers for their kind invitation and hospitality. I would
also like to thank Jim Stasheff for many helpful comments on the man-
uscript of the paper. Furthermore, I wish to express my appreciation to
Yutaka Hemmi and Jim Lin for many discussions about the higher homo-
topy commutativity of H-spaces. In particular, Theorem B was suggested
to me by Jim Lin. Finally, I am grateful to Takao Matumoto and Mitsunori
Imaoka for their encouragements.

2. Nullification functor and colocalization functor.

Dror Farjoun [5] introduced the nullification functor and the colocalization
functor with respect to spaces. Let S, denote the category of pointed spaces
having the homotopy types of CW-complexes, and let A € S,. A space X €
S, is called A-null if the pointed mapping space Map, (A, X) is contractible.
By Dror Farjoun [5, Thm. 1.A.3], we have the A-nullification functor Ly :
S« — Si. Given a space X, the A-nullification L 4(X) is A-null, and we have
the natural map ¢x : X — L4(X). By [5, Thm. 1.C.1], ¢x is homotopically
universal, that is, for any A-null space Z and a map ¢ : X — Z, there
exists a map ¢ : L4(X) — Z unique up to homotopy such that (px ~ (.
Furthermore, it is known by [5, p. 18] that the natural map ¢x induces a
homotopy equivalence

(2.1) (¢x)" : Map, (La(X), Z) — Map, (X, Z)

for an A-null space Z.
Let X,Y € Si. Amap f:Y — X is called an A-equivalence if the
induced map

f* : Ma‘p*<A7 Y) - Ma‘p*<A7 X)

is a homotopy equivalence. In [5, Prop. 2.B.1], Dror Farjoun constructed
the A-colocalization functor CW, : S, — S,. Given a space X, we have
the natural map ¢¥x : CWyu(X) — X which is an A-equivalence. By [5,
Thm. 2.B.3], the natural map 1y is homotopically universal among all A-
equivalences, that is, for any A-equivalence £ : Y — X, there exists a map
€ : CW4(X) — Y unique up to homotopy such that £€ ~ 1 x. If the natural
A-equivalence 9x : CWy(X) — X is a homotopy equivalence, then X is
called an A-cellular space.
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To prove Theorem A, we show that those homotopy functors L4 and CW4
preserve the higher homotopy associativity of H-spaces (see Theorem 2.1).
Now we recall the definitions of an A,-space and an A,-map introduced by
Stasheff [22] and Iwase-Mimura [11], respectively.

Stasheff [22] introduced the notion of the higher homotopy associativity
of H-spaces. To describe an A,-form on an H-space, he defined a special
complex K; which is homeomorphic to the (i —2)-dimensional disk for ¢ > 2.
Let L; = OK; denote the boundary of the complex K;. Then L; is the union
of (i(i — 1)/2 — 1)-faces Ky(r,s) forr,s > 2, 1 <k <r,r+s=1i+1,
and the face Kj(r,s) is homeomorphic to K, x K, by the face operator
Ok(rys) : Ky x Ky — Kg(r, s).

An A,,-form on X consists of a system of maps {M; : K; x X' — X }oci<y,
satisfying the following conditions:

(2.2) Ms(x, %) = Ma(x,2) = x,

that is, My : X2 — X is a multiplication with unit, where Ky x X? =
{*} x X? is identified with X2.

(2.3) M;(O(r,s)(p,0), 21, ... ,x;)

= M (p,x1,. .. Tp—1, Ms(0,Tp, - Thps—1)s Thsy - -+ 5 Ti)
for (p,0) € K, x K.
(2.4) Mi(T,21, ... %1% X1, .., T5)
=M 1(5§(T), T, Tj—1, Tj1, .- 5 Ti),

where s; : K; — K;_1 denotes the degeneracy map for 1 < j < (see [22,
I Prop. 3]). A space X together with an A,-form is called an A,-space. If
X has a system of maps {M; : K; x X’ — X };>9 such that {M; }a<i<, is an
Ap-form on X for any n > 2, then X is called an A,-space.

Figure 2. As-form on X.
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It is natural to consider the notion of the higher homotopy associativity
of maps between A,-spaces. Such notions were first considered by Sugawara
[24, §2] and Stasheff [23, Def. 11.9] under some restricted situations. The
full generality was described by Iwase-Mimura [11]. To construct an A,-
form of a map, they defined a special complex I'; which is homeomorphic to
the (i — 1)-dimensional disk for i > 1. Let A; = dT'; denote the boundary of
the complex I';. Then A; is the union of the following (i(i —1)/2 42!~ —1)-
faces:

Tk(r,s) for1<k<r,1<r<i—1,r+s=i-+1,
L(tsr,...,ry) for2<t<i,r;>1,ri+---+r =i,
and the faces I'y(r, s) and I'(¢;r1, ... , ) are homeomorphic to I', x K and

Ky xT'y, x---xTIY,, respectively. The homeomorphisms dg(r,s) : I'y x Kg —
Ti(r,s) and 6(¢t;r1, ... 1) Ky x Ty X oo x Ty — D(t; 7, ..., 1) are called
the face operators on I';. Furthermore, we have the degeneracy operations
dj : I'; = I'j_y for 1 < j <i satisfying certain conditions (see [11, (2-d)]).

From the construction of I';, there exists a homeomorphism (; : I x K; —
I'; such that Cz({l} X Kz) = Fl(l,i), Cz({()} x K;)=T(i;1,... ,1) and

GUIxL)y= |J Telms)u | TEr,....m),
(k,r,s)€d; (t5r1y..e )€Y,

where ®; = {(k,r,s) |1 <k <r, 2<r<i—1, r+s =i+ 1} and
U, ={(t;r1,...,m¢) |2<t<i—1,r; >1, i+ 41, =i}. By using the
homeomorphism (;, we identify the complex I'; with I x K.

Let X and Y be A,-spaces, and let ¢ : X — Y be a map. Then we have
the An—forms {Ml : Kl X XZ — X}Qgign and {Nz : Kz X YZ — Y}Qgign on
X and Y, respectively. An A,-form on the map ¢ : X — Y is a system of
maps {F; : T; x X' — Y }1<;<y, satisfying the following conditions:

(2.5) Fi=¢:X —Y,
where I'; x X = {*} x X is identified with X.
(2.6)  Fi(0r(r,s)(p,0),x1,... ,2;)
=F.(p,x1,... ,xp—1, Ms(0, Xy ... ,Thys—1), Thtsy--- »Ti)

for (p,o) € 'y x K.
(2.7)  Fi(0(t;71, o s me)(TyPly e v s s PE)s XLy v e 5 T)

= N7, Fry (p15%15 oo s Tpy)y e oy By (T pory 141y - -+ 5 i)
for (1,p1,...,pt) € Kg x Ty x o x Ty
(2.8) Fi(y, 21,00 @1, %, @1, - oo 5 T5)

=Fi_1(dj(7), 21, .., Tj—1,Tjg1,- -, Ti)

for 1 <j <i.
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¢((zy)2) $(z(y2))
P(zy)o(z o(x)d(y2)
(¢(z)o(y))¢(2) P(z)(¢(y)9(2))

Figure 3. Asz-form on ¢.

(x((y=)w)) $((2(y2))w)
$(x(y(zw) (((zy)2)w)
3(y2)w) dla(yzpe())
P(z)(y(zw o((z}) (zw) P((zy)z)p(w)
6(@) (6 (=) (u) (6(2)d(y2))d(w)

() ($(y) (2w, ¢<x/y&<zw) (¢(zy)(2))d(w)
() ((6(y) (2l F(p(y)(2)))d(w)
(@(]ool%)  JBlan)ta)é(w))

() (3(y)(6(2)d(w) (6(2)$(y))b(2))b(w)
(6(2)0(y))(6(2)d(w))

Figure 4. Ay-form on ¢.

Figure 3 and Figure 4 denote the As-form and the Ag-form on ¢, re-
spectively. A map together with an A,-form is called an A,-map. From
the definition, we see that an As-map and an As-map are an H-map and
an H-map preserving the homotopy associativity of H-spaces, respectively.
Furthermore, an A.-map is homotopic to a loop map, and we have the
induced map between classifying spaces (see [12, §6.4]).

In the proof of Theorem A, we need the following result:

Theorem 2.1. Let A, X € S,. Then we have the following:

(1) If X is an Ay-space, then the A-nullification LA(X) is an A, -space
and the natural map ¢x : X — LA(X) is an A,-map.

(2) If X is an A,-space, then the A-colocalization CW4(X) is an Ay,-space
and the natural map ¥x : CWy(X) — X is an A,-map.
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A functor F': S, — S, is called continuous if the map

defined by Ap(g) = F(g) is continuous when the compact-open topology
are assigned to those mapping spaces. Let (Z/p)o denote the p-completion
functor of Bousfield-Kan [2]. It is shown by Iwase [10, Thm. 3.7] that
(Z/p)so is a continuous functor. He used the result to show that (Z/p)s
strictly preserves the higher homotopy associativity of H-spaces (see [10,
Cor. 3.10]). Since the continuity of L4 and CW 4 are proved by Dror Far-
joun [5, Thm. 1.A.3, Thm. 2.B.3], we also use a similar way to the proof
of [10, Thm. 3.7, Cor. 3.10] to prove Theorem 2.1. But we need to argue
more precisely than [10] since L4 and CWy are in general homotopy func-
tors. Theorem 2.1 shows that L4 and CW 4 preserve the higher homotopy
associativity of H-spaces up to homotopy.

Kawamoto [14, Thm. 2.14] has shown that the nullification functor L4
preserves the higher homotopy commutativity in the sense of Williams [25]
of loop spaces. Since the proof of Theorem 2.1(1) is similar to the one of
[14, Thm. 2.14], we give an outline of the proof.

Proof of Theorem 2.1(1). Since X is an A,-space, there is a system of maps
{M; : K; x X* - X}a<i<n satisfying Conditions (2.2)-(2.4). By using
induction on i, we construct A,-forms {N; : K; x L(X)" — L4(X)}o<i<n
and {F; : T; x X* — La(X)}1<i<n on La(X) and ¢x satisfying Conditions
(2.2)-(2.4) and (2.5)-(2.8), which implies the required conclusion.

First we put F}; = ¢x : X — La(X), where I'y x X is identified with
X. Next we identify Ko x La(X)? and I'y x X2 with L(X)? and I x
X2, respectively. By [5, 1.A.8 e.4], there is a homotopy equivalence = :
La(X)? — La(X?) with 7(¢x)% ~ dx2. If we define a map Ny : La(X)2 —

L4(X) by the composite Ny = La(Ms)y, then Na(¢x)? ~ ¢xMs. Since
NQLijX ~ ¢x, we have by (2.1) that Ngl,j ~ 17,(x) for j = 1,2, where
tj + La(X) — La(X)? denotes the inclusion on the j-th factor. From the
homotopy extension property, there is a map Ny : La(X)? — La(X) with
Navj = 1p,(x) for j = 1,2 and No(¢x)? ~ ¢xMs. Here we can choose a
homotopy Fy : I x X2 — La(X) such that Fy(t,z,*) = Fy(t,*,x) = ¢px(z),
Folgorxx2 = Na(¢x)? and Falg1yx2 = dx Mo.

By the inductive hypothesis, we have systems of maps {N; : K; x L4(X)’
— Y}nggi—l and {F} : Fj X Xj — LA(X)}lgjgi—l satisfying Conditions
(2.2)-(2.4) and (2.5)-(2.8). Now we put that S; = I x (L; x X*UK; x X1 U
{1} x K; x X" and T; = (¢ x 1x:)(S;) € I'; x X?, where X! denotes the
i-fold fat wedge of X given by

XU = {(zy,... ,2;) e X" | xj = * for some 1 < j < i}.
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Let E; : T; — L4(X) be the map defined by

E;(ok(r,s)(p,0),x1,... ;)

- FT(p)$17 oo 3 Th—1, MS(O-a Ly 7$k+s—1)7$k)+87 [ 7$i)7
Ei(0(t;r1, - sm)(TyPLy e e s PL)y 1y e, X5)
= Ni(7, Fr (p1,x1y oo sy )y oo s By (T pory 141y -+ 5 i)

for (k,r,s) € ®; and (t;r1,...,71¢) € ¥y,

Ei(’}/,l‘l,... ,ﬂj‘jfl,*,$j+1,... ,:L'i)
= l'*l(dj(/y)ﬂmla"' s Lj—1,Lj+15- - - 71"1')

foryel;and 1 <j <4, and

Ei(Q(l,T),xl,... ,SCZ') = ¢X(Mi(7,$1,... ,331))

for 7 € K;. From the homotopy extension property, there exists a map
E;, : T'; x Xt — LA(X) with Ei|Ti = FE;. Let Q; : K; x Xt — LA(X) be
the map given by Qi(7,z1,... ,x;) = E;(0, 7,21, ... ,;). By using a similar
argument to the proof of [14, Thm. 2.14], we can construct a map Nj :
K; x La(X)? — L4(X) which satisfies (2.2)-(2.4) and N;(1g, % (¢x)%) ~ Q;
rel L; x X*. By using the same argument as the proof of [14, Thm. 2.14]
again, we have a map Fj : I'; x X* — L 4(X) satisfying Conditions (2.5)-(2.8),
which implies the required conclusion. This completes the proof. O

In the case of the colocalization functor CW 4, we can prove Theorem 2.1(2)
by using a similar argument to the proof of Theorem 2.1(1), and so we omit
the proof. In the proof, we need the following result instead of [14, Prop.
2.3]:

Proposition 2.2. Let A, X € S, and let x : CWy(X) — X denote the
natural map. Then we have the following homotopy equivalences:

(29)  (x)s : Map, (CWA(X), CWA(X)) — Map, (CWa(X)", X),

(2.10)  (¢x)« : Map, (CWa(X)®, CW4(X)) — Map, (CWa(X)", X)

for i > 1, where Z") denotes the i-fold smash product of a space Z.
From the proof of [5, Thm. 2.E.1], we have the following lemma:

Lemma 2.3. Let A€ S,. If f:Y — X is an A-equivalence and W is an
A-cellular space, then the induced map

fe : Map, (W, Y) — Map, (W, X)

is a homotopy equivalence.
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Proof of Proposition 2.2. By Lemma 2.3, the induced map
(thx )+ : Map, (W, CW4(X)) — Map, (W, X)

is a homotopy equivalence for an A-cellular space W. Then it is sufficient
to show that CW4(X)" and CW4(X)® are A-cellular. If B and C are
A-cellular, then by [5, Cor. 2.D.17], B x C is A-cellular. Since BV C is
represented as a homotopy colimit space, by [5, Def. 2.D.1], BV C is A-
cellular, and by using [5, Def. 2.D.1] again, so is B A C. From these facts,
we have the required conclusion. This completes the proof. O

Let S™ denote the m-dimensional sphere for m > 1. From the definition,
one can see that a space X is S™-null if and only if m;(X) = 0 for i >
m, and a map f : X — Y is S™-equivalence if and only if the induced
homomorphism f, : m(X) — m(Y) is an isomorphism for ¢ > m (see
[5, 1.A.1.1, 2.D.2.6]). Furthermore, it is shown by Dror Farjoun [5, 1.E.1,
2.A.3.1] that the S™-nullification Lgm(X) is the (m — 1)-th stage X,,—1
of the Postnikov system of X, and the S™-colocalization CWgm (X) is the
(m — 1)-connected cover X (m — 1) of X. Then as direct consequences of
Theorem 2.1, we have the following results:

Corollary 2.4. If X is an A,-space, then the m-th stage X,, of the Post-
nikov system is an Ap-space and the natural projection p,, : X — X, is an
A, -map.

Corollary 2.5. If X is an Ay-space, then the m-connected cover X(m) is
an Ap-space and the natural inclusion iy, : X {(m) — X is an A,-map.

Remark 2.6. By using a result of Stasheff [22, IT Cor. 10.6], we have a
similar result to Corollary 2.4 (see [22, II Thm. 6.2]). His result implies that
we can choose A,-forms on X and X,,, so that the projection p,,, : X — X,
is an Ap-homomorphism, where A,-homomorphism is a map between A,-
spaces strictly preserving the A,-forms (see [22, II Def. 4.1]). Corollary 2.4
has the advantage in that we need not change the given A,-form on X.

3. Proofs of Theorem A and Theorem B.

In this section, we give the proofs of Theorem A and Theorem B. First we
prove Theorem A by combining Theorem 2.1 with the results of Broto and
Crespo about H-spaces with finitely generated cohomology. Next we show
that the BZ/p-nullification functor Lpgy /p breserves a quasi Cp-form on an
Ap-space (see Theorem 3.5). By using Theorem A and Theorem 3.5, we
prove Theorem B.

Lin [17] posed a question whether a simply connected H-space whose
mod p cohomology is finitely generated as an algebra has the same mod
p cohomology as a product of CP>®s with three-connected covers of finite
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H-spaces and finite H-spaces (see [17, p. 1105]). Broto and Crespo [3] and
[4] answered positively the question as follows:

Theorem 3.1 ([3, Thm. 1.1], [4, Thm. 1.1]). Let p be a prime. If X is a
simply connected mod p H-space such that the mod p cohomology H*(X;7Z/p)
is finitely generated as an algebra, then we have a simply connected mod p
finite H-space Y and a principal H-fibration

(3.1) F—.x L.y

)

where the fiber F is the direct product of a finite number of CP*s.

In [3] and [4], they also remarked the next fact without the proof (see [3,
p. 354]). Since it is an essential point in the proof of Theorem A, we will
explain the proof in detail.

Proposition 3.2. Suppose that X satisfies the same conditions as Theo-
rem 3.1. Then we have the following homotopy commutative diagram of
fibrations:

«

F x -° Y

|- | |~
CWhz,/p (X) x, x X Lpzp(X),

where the top horizontal sequence is the principal H-fibration (3.1).

Proof. By a result of Dwyer-Wilkerson [7, Thm. 9.3], we have that
Map, (BZ/p>,Y’) is contractible since Y is a mod p finite H-space. Then
a: F — X is a BZ/p®-equivalence. By using the universality of the natural
map Yy : CWpz po(X) — X, we have a map & : CWpyz /e (X) — F with
af ~ Px. Since F is BZ/p™>-cellular, by Lemma 2.3, there exists a map
v F — CWpgg pe (X) with ¢xy =~ a. By using Lemma 2.3 again, we have
a bijection

(Vx)x 2 [CWpz pee (X), CWiz jpee (X)] — [CWhz/pee (X), X],

which implies that v >~ 1oy, oo (X)) Similarly, we have £+ ~ 1 by using
a bijection ay : [F,F] — [F,X], and thus v : ' — CWpg/e(X) is a
homotopy equivalence.

By Miller [19, Thm. A], Y is BZ/p-null, and so the natural map ¢y :
Y — Lpz,,(Y) is a homotopy equivalence. By a result of Dror Farjoun 5,
Cor. 3.D.3], the BZ/p-nullification functor Lpgz,, preserves the fibration
(3.1). Furthermore, by [1, Remark 9.5], Lpz,,(F') is contractible, which
implies that Lpgz,,(8) : Lpz/p(X) — Lpz/p(Y) is a homotopy equivalence.
Let 6 = Lpz,(8) *éy : Y — Lpgz,(X), where Lpgz,,(8)™ : Lpz,(Y) —
Lpz,/p(X) denotes the homotopy inverse of Lgy/,(3). Then ¢ is a homotopy
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equivalence with d¢x ~ 3, and we have the required conclusion. This
completes the proof. O

Now we prove Theorem A as follows:

Proof of Theorem A. Let X be a simply connected A,-space such that the
mod p cohomology H*(X;7Z/p) is finitely generated as an algebra. By The-
orem 3.1 and Proposition 3.2, we have the following principal H-fibration:

ox LBZ/p(X)a

where CWpy /00 (X) is homotopy equivalent to a finite product of CP>s.
From Theorem 2.1, the above fibration is a principal A,-fibration, and we
have the required conclusion. This completes the proof of Theorem A. [J

CWhg e (X) 25 X

Next we proceed to the proof of Theorem B. Hemmi [8] introduced the
concept of a quasi C,-form on an A,-space. Let X be an A,-space in the
sense of Stasheff [22], and let P;(X) denote the i-th projective space of X
for 1 < i < n. From the construction of P;(X), we have the following cofiber
sequence:

P(X) 21 p(x) 2 (mx)®
for 1 < ¢ < n. To describe the definition of a quasi Cj,-form, let x; :
(LX) — (ZX)" and ¢; : X — (X£X)? be the inclusion maps given by
Ki(z1,...,@i—1) = (1, ... ,Tj—1, %)
and
€i(x) = (%,...,%,x)

for 2 < i < n. Let ¢ : (2X)" — (2X)® denote the natural projection
for 1 < < n. A quasi Cy-form on X is defined by a system of maps
{\i 1 (BX)" — Pi(X)}1<i<n satisfying the following conditions:

(3.2) M =1gx : XX — XX,

(33) )\ilii = Li—l>\i—1 for 2 < /) < n,

(3.4) Ni€ = Li—1--" U1 for 2 <1 <mn,

(3.5) PiNi < Z (7) Gi for1<i¢<n,
oEY;

where the action of the symmetric group ¥; on (XX )(i) is given by the
permutation of the coordinates, and the summation on the right hand side
is defined by using the natural co-H-structure on (XX)®. An A,-space
which has a quasi Cp-form is called a quasi C,,-space. Hemmi has shown
the following result:



HIGHER HOMOTOPY COMMUTATIVITY OF H-SPACES 157

Theorem 3.3 ([8, Thm. 1.1]). If X is a simply connected finite quasi Cp-
space, then X is contractible.

Remark 3.4. The above definition of a quasi Cy,-form is slightly weaker
than the original definition due to Hemmi. In fact, he defined a quasi C),-
form by a system of maps {t¢; : J;(¥£X) — Pi(X)}i<i<n satisfying some
conditions (see [8, Def. 2.1]), where J;(£X) denotes the i-th James reduced
product space of XX for 1 <i <n. Given a quasi Cy,-form {v; : J;(¥X) —
P;(X)}i<i<n in the sense of Hemmi, by composing v; with the natural pro-
jection m; : (XX)? — J;(XX), we have a system {); : (3X)* — Pi(X)}1<i<n
satisfying Conditions (3.2)-(3.5). Hemmi has shown Theorem 3.3 under the
assumption that X is a quasi C)-space in his definition. However, one can
see from his proof that our definition is also sufficient to prove Theorem 3.3.

Let X and Y be quasi C,-spaces which have the quasi C),-forms {)\;X :
(2X)! — Pi(X)}i<i<n and {\) : (2Y)? — Pi(Y)}i<i<n, respectively. If
¢: X — Y is an A,-map, then by Iwase-Mimura [11, Thm. 3.1], we have
the induced map P;(¢) : Pi(X) — Pi(Y) for 1 <i<n. Now ¢: X — Y is
called a quasi C),-map if the following diagram is homotopy commutative:

) X
(XX)" —— Pi(X)
(zqﬁ)ll lPi(qﬁ)

sy) 2 py)

for 1 <i<n.
In the proof of Theorem B, we need the following result:

Theorem 3.5. If X is a simply connected quasi Cy,-space such that the mod
p cohomology H*(X;7Z/p) is finitely generated as an algebra, then Lz ,(X)
is a quasi Cp-space and ¢x : X — Lpgzp,(X) is a quasi Cy-map.

Lemma 3.6. Suppose X satisfies the same conditions as Theorem 3.5.
Then we have the following:

(1) There exists a homotopy equivalence
Vit (SLpz/p(X)) = Lpzp((5X))
with ¢sxy =~ vi(Xox)* fori > 1.
(2) Given a BZ/p-null space Z, the induced map
(Z6x)")" - Map,(BLpz/(X))', Z) — Map,((£X)', Z)

is a homotopy equivalence for i > 1.

Proof. First we show (1). By Dror Farjoun [5, 1.A.8 e.4], there exists a
homotopy equivalence 7; : Lpz/,((3X)?) X Lpz/,(2X) — Lpz,((EX)711)
such that ’yj(tﬁ(zx)j X oynx) = Pux)i+1 for j > 1. If we define a map



158 YUSUKE KAWAMOTO

0; : LBZ/p(EX)i - LBz/p((EX)i) by 6; = vi—1(yi—2 X 1LBZ/p(EX)> (X
1LBZ/,,(2X)Z'*2)7 then 6; is a homotopy equivalence satisfying that 0;(¢sx )" ~
d)(ZX)i fOI" 7 Z 1.

From [14, Lemma 2.6], we have a homotopy equivalence w : LBZ/p(EX) —
Lp7/p(Lpzp(S') A Lpz;p(X)) such that

wosx =~ ¢LBZ/p(Sl)/\LBZ/p(X)(¢Sl A dx).

Let w_l : LBZ/p(LBZ/p(Sl) A LBZ/p(X)) — LBz/p(EX) denote the ho-
motopy inverse of w. By Theorem A, Lpz/,(X) >~ Y is finite, and so is
LBz/p(Sl) A LBZ/p(X) ~ ELBZ/p(X) Then ¢LBZ/p(Sl)/\LBZ/p(X) is a homo-
topy equivalence. Let ¢ : ¥Lpz/,(X) — Lpz/,(XX) be the map defined
by ¢ = w71¢LBZ/p(Sl)/\LBZ/p(X)((Z)Sl A1lpg,,,x))- Then ¢ is a homotopy
equivalence and ((X¢x) ~ ¢xx. If we put v; = 6,¢° : (XLpz/p(X ) —
Lpz/p(8X )%), then v; satisfies the required conditions.

Next we show (2). By taking the mapping spaces, we have the following
homotopy commutative diagram:

Map, (L (SX)), Z) —— Map, (SLpz,(X))', 2)

Fmxe)” |~ | monry

Map, ((2X)?, Z) _ Map, ((£X)?, Z)
for a BZ/p-null space Z. Since v} and (¢(5xy:)" are homotopy equivalences
by (1) and (2.1), so is ((X¢x)*)*. This completes the proof. O

Proof of Theorem 3.5. Let X be an A,-space with finitely generated mod
p cohomology. From Theorem 2.1, the BZ/p-nullification Lpz/,(X) is an
Ap-space and the natural map ¢x : X — Lpz/,(X) is an A,-map. Then by
Iwase-Mimura [11, Thm. 3.1], we have the induced map P;(¢x) : P;(X) —
Pi(Lpgzp(X)) for 1 < i < n satisfying the following homotopy commutative
diagram of cofiber sequences:

Pa(X) /%  RXx) X (=EX)0
(3.6) Pi—1(¢X)l Pi(d)X)J/ l(%x)(“

Pi_1(Lpzp(X)) —= Pi(Lpz/p(X)) —2— (SLpz(X))D,
where ;-1 : Pi—1(Lpz/p(X)) — Pi(Lpzp(X)) is the natural inclusion and
pi : Pi(Lpz/p(X)) — (ZLBZ/p(X))( %) denotes the natural projection. Since
Lpgzp(X) is finite, so is (XLpz/p(X N@ for i > 1. By using induction
on i, the projective space P;(Lpz/,(X)) is finite, and so P;(Lpz/,(X)) is
BZ/p-null. Then there exists a map n; : Lpz,(Pi(X)) — Pi(Lpzp(X))
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such that 7;¢p,(x) =~ Pi(¢x). Now we define a map N (ELBZ/p(X))i —
Pi(Lpz/y(X)) by the composite i = niLpz/p(Ai)vi- Then by Lemma 3.6,
we see that 5\i(2¢X)i ~ Pi(px)\ for 1 < i < n. If we show that the
system {A; : (XLpz/p(X))" — Pi(Lpg (X)) <i<n is a quasi Cy-form on
Lpzp(X), then the result follows.

First we consider Conditions (3.3) and (3.4). Let &; : (XLpz/(X))""!
— (XLpz/p(X))* be the inclusion given by

Ri(Y1s - Yim1) = (Y1, -+ Yim1,%)

for 2 < i < n. From thAe definition of )\;, and by using Diagram (?).6), we
have that ((S¢x)"~")*([\ifi]) = [Pi(¢x)Aiki] and (Sox ) ([li—1hi1]) =
(P63t 1) Then ((Sox)=") (M) = (Sx) )" ([r1hi 1)) since
)\i/‘ii = Li—l)\i—l- By Lemma 3.6,

(Sox) )" ¢ [(ELpasp(X)™ Y Pict(Lpzyp(X))]
— [(2X)™Y, Pea(Lpzp(X)))]

is a bijection since P;_1(Lpz/,(X)) is BZ/p-null, which implies that AiFi ™~
72'715\1‘71 for 2 < i < n. By using the same argument as above, we have
Ai€; ~ Ti1---1y for 2 < i < n, where & : XLpg/,(X) — (SLpgp(X))
denotes the inclusion given by

€(y) = (%,...,%,9)

for 2 < ¢ < n. From the homotopy extension property, we can choose a map

Xi 1 (2Lpgp(X))' — Pi(Lpz/(X)) such that A; = A; for 1 <4 < n and the
system {\;}1<i<n satisfies Conditions (3.3) and (3.4).

Next we show Condition (3.5). Let ¢ : (Lpz/,(X))" — (SLpz,p(X))®
denote the natural projection for 1 < ¢ < n. Since X is a quasi C),-space, by

using Condition (3.5) and the homotopy commutativity of Diagram (3.6),
we have that

((Zox)")" ([piX]) = [(ZQZ)X)(i)Pi)\i] = |Eex)P | D o |G

O'EEZ'

On the other hand, we see that

((Zox))" Yool | =)D oG

oEL; cEY;
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since (Bpx)@ @ (ZX)® — (ELBZ/p(X))(i) is a co-H-map. By applying
Lemma 3.6 to a BZ/p-null space (ELBZ/},(X))(Z'), we have a bijection

(Cox)) "+ [(CLpzsp(X)), (SLpzsp(X))O] — [(BX), (SLpzp(X)D]

which implies that

ﬁz‘Xiﬁ ZU Zz

oEeY;

for 1 <4 < n. This completes the proof of Theorem 3.5. O
Now we can prove Theorem B as follows:

Proof of Theorem B. Let X be a simply connected quasi Cp,-space such that
the mod p cohomology H*(X;Z/p) is finitely generated as an algebra. From
Theorem A, we have a principal Ap-fibration

F X ox

Lpzp(X),

where the fiber F' is homotopy equivalent to the direct product of a finite
number of CP>s. By Theorem 3.5, the BZ/p-nullification Lgz,,(X) is a
simply connected finite quasi C)-space, and by Theorem 3.3, L BZ/p(X ) is
contractible. Hence X is homotopy equivalent to the fiber F', and we have
the required conclusion. This completes the proof of Theorem B. O
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