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A Hilbert bimodule is a right Hilbert module X over a
C*-algebra A together with a left action of A as adjointable
operators on X. We consider families X = {X; : s € P} of
Hilbert bimodules, indexed by a semigroup P, which are en-
dowed with a multiplication which implements isomorphisms
Xs ®a Xy — X5 such a family is a called a product system.
We define a generalized Cuntz-Pimsner algebra Ox, and we
show that every twisted crossed product of A by P can be re-
alized as Ox for a suitable product system X. Assuming P is
quasi-lattice ordered in the sense of Nica, we analyze a certain
Toeplitz extension 7, (X) of Ox by embedding it in a crossed
product Bpx, x P which has been “twisted” by X; our main
Theorem is a characterization of the faithful representations
of Bp Nr, X P.

Introduction.

Suppose X is a right Hilbert module over a C*-algebra A. If X also car-
ries a left action of A as adjointable operators on X 4, we call X a Hilbert
bimodule over A. In [22], Pimsner associated with every such bimodule X
a C*-algebra Oy, which we shall call the Cuntz-Pimsner algebra of X, and
showed that every crossed product by Z and every Cuntz-Krieger algebra
can be realized as Ox for suitable X. He also commented that the algebras
Ox include the crossed products by N; that is, for each endomorphism « of
a C*-algebra A there is a bimodule X = X (a) such that Ox is canonically
isomorphic to the semigroup crossed product A x, N of [6, 24].

The work in this paper is motivated by the following observation, which
also serves as our primary example. Suppose ( is an action of a discrete
semigroup P as endomorphisms of a C*-algebra A. For each s € P let
Xs := X(0s) be the bimodule canonically associated with the endomor-
phism ;. Then the family X = {X; : s € P} admits an associative
multiplication (z,y) € X x X3 — xy € X5 which implements isomor-
phisms X, ®4 Xy — Xis; we call a family with this structure a product
system of Hilbert bimodules. (In this example X is a product system over
the opposite semigroup P°.) Such families generalize the product systems
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of [7, 8, 12, 10|, where the fibers X are complex Hilbert spaces (bimodules
over C).

To each product system X we associate a generalized Cuntz-Pimsner
algebra Ox. When X is the product system associated with the semi-
group dynamical system (A, P, 3), Ox is canonically isomorphic to the semi-
group crossed product A xg P. Moreover, if we “twist” X by a multiplier
w: P x P — T, then the corresponding Cuntz-Pimsner algebra is isomor-
phic to the twisted semigroup crossed product A xg,, P. Our construction
applies even when A is nonunital provided each endomorphism s extends
to the multiplier algebra M (A).

The aim of this paper is to take a first step towards analyzing the Cuntz-
Pimsner algebra of a product system X. Following Pimsner [22], we begin
by studying the structure of its Toeplitz extension 7x. This algebra is
universal for Toeplitz representations of X; these are multiplicative maps
whose restriction to each fiber Xy is a Toeplitz representation in the sense
of [13]. Our results generalize those of [12] for product systems of Hilbert
spaces; indeed, much of the paper is devoted to adapting the methods of [12]
to the bimodule setting. Thus our basic assumptions about the underlying
semigroup P are as in [12]: To allow our analysis to extend beyond the
totally-ordered case, we assume that P is the positive cone of a group G
such that (G, P) is quasi-lattice ordered in the sense of Nica [20]. The class
of such (G, P) includes all direct sums and free products of totally ordered
groups. We also impose a covariance condition, called Nica covariance, on
Toeplitz representations of X. This means that the universal C*-algebra
Teov(X) which we analyze is in general a quotient of 7x. However, if (G, P)
is totally-ordered, then Nica-covariance is automatic, and hence Z¢oy (X) is
the same as 7x.

Our main goal is to characterize the faithful representations of Zcoy(X).
We accomplish this by embedding 7oy (X) in a certain twisted semigroup
crossed product Bpx; x P (Theorem 6.3), and then characterizing its faith-
ful representations (Theorem 7.2). When P = N, 7., (X) is precisely the
Toeplitz algebra of the Hilbert bimodule X; (the fiber over 1 € N), and our
Theorem 7.2 reduces to [13, Theorem 2.1]. In fact, the analysis in [13] was
motivated by our preliminary work on this paper. We would like to point
out in particular how the stronger result [13, Theorem 3.1] arose from our
investigations into product systems, for it serves as a good illustration of
the usefulness of Nica covariance. Suppose Z is an orthogonal direct sum
Dren Z* of Hilbert bimodules. Let G be the free group on A, let P be the
subsemigroup of G generated by A, and let X be the unique product system
over P whose fiber over A is Z*. Then Zioy(X) is canonically isomorphic to
the Toeplitz algebra of the bimodule Z, and [13, Theorem 3.1] follows from
our Theorem 7.2.
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The main application of [13, Theorem 3.1] was to establish the simplic-
ity of the graph algebras associated with certain infinite directed graphs
[13, Corollary 4.3]. Although here we confine our applications to twisted
semigroup crossed products, we anticipate that our results will also give
interesting information about Ox when each of the fibers of X arise from
infinite directed graphs.

We begin in Section 1 by giving a brief review of Hilbert bimodules, their
representations, and their C*-algebras. In Section 2 we introduce product
systems of Hilbert bimodules, discuss their representations, and define the
algebras Ty and Ox. In Section 3 we associate with each twisted semigroup
dynamical system (A, P, 3,w) a product system X = X(A, P, 3,w) whose
Cuntz-Pimsner algebra Ox is the twisted semigroup crossed product A xg,
P. We show that the Toeplitz algebra of X (A, P, 3,w) also has a crossed
product structure, and this motivates the definition of a “Toeplitz” crossed
product 7 (A g, P) in which the endomorphisms are implemented not by
isometries, but rather by partial isometries.

In Section 4 we generalize the notion of twisted crossed product by re-
placing the multiplier w by a product system X of Hilbert bimodules. This
extends the philosophy developed in [12] that one should regard product
systems as noncommutative cocycles. Hence given an action 3 of P as en-
domorphisms of a C*-algebra C, we consider (C, P, 3, X) as a twisted semi-
group dynamical system, and we define a twisted crossed product C' x5 x P.

In Section 5 we assume that (G, P) is quasi-lattice ordered, and we discuss
the notion of Nica covariance for a Toeplitz representation. As illustrated in
[10, Example 1.3] using product systems of Hilbert spaces, when (G, P) is
not a total order it is possible that the C*-algebra Z¢oy (X ) which is “univer-
sal” for such representations may admit representations which are not the
integrated form of a Nica-covariant Toeplitz representation. To avoid this
pathology we adapt the methods of [10] to our setting: We define the notion
of a product system being compactly aligned, and show that Z¢o, (X) is truly
universal when X is compactly aligned (Proposition 5.9). We show that X is
compactly aligned if the left action of A on each fiber X is by compact op-
erators (Proposition 5.8); it follows that the product systems X (A, P, 8, w)
associated with twisted semigroup dynamical systems are compactly aligned.

In Section 6 we consider a certain C*-subalgebra Bp of ¢*°(P) which
is invariant under left translation 7 : P — End(¢*°(P)). As in [17, 12],
covariant representations of the twisted system (Bp, P, 7, X) are in one-one
correspondence with Toeplitz representations of X which are Nica-covariant
(Proposition 6.1), and hence 7oy (X ) embeds naturally as a subalgebra of
Bpx; xP (Theorem 6.3). When the left action of A on each fiber Xy is by
compact operators, Teoy(X) is all of Bpx, x P.

In Section 7 we prove our main result, Theorem 7.2, which character-
izes the faithful representations of Bp X, x P under the assumption that
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X is compactly aligned and (Bp, P, 7, X) satisfies a certain amenability
hypothesis. In Section 8 we give conditions on (G, P) which ensure that
(Bp, P,7,X) is amenable. In particular, (Bp, P,7,X) is amenable if X is
compactly aligned and (G, P) is a free product *(G*, P*) with each G*
amenable (Corollary 8.2).

Finally, in Section 9 we apply our Theorem 7.2 to the product system
X (A, P,3,w) of Section 3. When (G, P) is a total order, Bpx, x P is iso-
morphic to the Toeplitz crossed product 7 (Ax g, P); in general Bpx, x P is
a certain quotient Zeoy (A X3, P) which also has a crossed product structure,
and Theorem 9.3 characterizes its faithful representations. Applying this to
the twisted system (Bp, P, T,w), we show that Zcoy(Bp X7, P) is universal
for partial isometric representations of P which are bicovariant (Proposi-
tion 9.6), and we obtain a characterization of its faithful representations
(Theorem 9.7) which is particularly nice when P is the free semigroup on
infinitely many generators (Theorem 9.9).

The author thanks Iain Raeburn for the many helpful discussions while
this research was being conducted.

1. Preliminaries.

Let A be a separable C*-algebra. A Hilbert bimodule over A is a right Hilbert
A-module X together with a *~homomorphism ¢ : A — £(X) which is used
to define a left action of A on X via a -z := ¢(a)r fora € Aand z € X. A
Toeplitz representation of X in a C*-algebra B is a pair (¢, 7) consisting of
a linear map ¥ : X — B and a homomorphism 7 : A — B such that

Y(z - a) =P(z)m(a),
V() Y(y) ({(x,y)a), and
Y(a- ) =m(a)(z)

for z,y € X and a € A. Given such a representation, there is homomorphism
7 K(X) — B which satisfies

=T
=T

(1.1) 7M(0,,) = ¥(x)y(y)*  forall z,y € X,

where O, ,(2) := z-(y, 2)a for z € X; see [22, p. 202], [16, Lemma 2.2], and
[13, Remark 1.7] for details. We say that (i, 7) is Cuntz-Pimsner covariant
if

W (p(a)) =7(a)  for all a € g~ (K(X)).
The Toeplitz algebra of X is the C*-algebra Tx which is universal for Toeplitz
representations of X [22, 13], and the Cuntz-Pimsner algebra of X is the

C*-algebra Ox which is universal for Toeplitz representations which are
Cuntz-Pimsner covariant [22, 9, 16, 18, 19, 11].
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Every right Hilbert A-module X is essential, in the sense that X is the
closed linear span of elements x - a. We say that a Hilbert bimodule X is
essential if it is also essential as a left A-module; that is, if

X =span{¢(a)r :a € A,z € X}.

When X is essential, two applications of the Hewitt-Cohen Factorization
Theorem allow us to write any = € X as ¢(a)y - b for some y € X and
a,b € A. Hence if (a;) is an approximate identity for A, then

(1.2) |t —z-a;]| =0 and |z — ¢(a;)z|| —0 for all x € X.

2. Product systems of Hilbert bimodules.

For each n > 1 the n-fold internal tensor product X®" := X ®4 --- ®4 X
has a natural structure as a Hilbert bimodule over A; see [19, Section 2.2]
for details. The following definition, based on Arveson’s continuous tensor
product systems over (0, 00) [3], generalizes the collection {X®" : n € N} to
semigroups other than N.

Definition 2.1. Suppose P is a countable semigroup with identity e and
p: X — P is a family of Hilbert bimodules over A. Write X for the fibre
p~1(s) over s € P, and write ¢, : A — L(X,) for the homomorphism which
defines the left action of A on X,. We say that X is a (discrete) product
system over P if X is a semigroup, p is a semigroup homomorphism, and
for each s,t € P\ {e} the map (z,y) € Xs x X} — 2y € X4 extends to an
isomorphism of the Hilbert bimodules X; ® 4 Xy and X. We also require
that X, = A (with its usual right Hilbert module structure and ¢.(a)b = ab
for a,b € A), and that the multiplications X, x X; — X3 and Xgx X, — X,
satisfy

(2.1) ar = ¢s(a)x, ra=2x-a for a € X, and z € X.

Remark 2.2. Multiplication X, x X; — X, will not induce an isomorphism
X ®a4 Xy — X unless X is essential as a left A-module.

Remark 2.3. The associativity of multiplication in X implies that ¢4 (a) =
ds(a) ®4 1 for all a € A; that is, ¢st(a)(zy) = (¢s(a)z)y for all x € X and
Yy < Xt-

Remark 2.4. It is possible that some of the X may be zero.

Definition 2.5. Suppose B is a C*-algebra and ¢ : X — B; write v, for
the restriction of ¢ to Xs. We call ¢ a Toeplitz representation of X if:

(1) For each s € P, (v5,%e) is a Toeplitz representation of X; and
(2) ¥(xy) = d(2)d(y) for z,y € X.

If in addition each (ts,%e) is Cuntz-Pimsner covariant, we say that v is
Cuntz-Pimsner covariant.
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Remark 2.6. By [13, Remark 1.1], every Toeplitz representation ¢ is con-
tractive; moreover, if the homomorphism 1, : A — B is isometric, then so
is 1. Also, since we are assuming (2.1), a map ¢ : X — B is a Toeplitz
representation if it satisfies both (2) and

(1) Ys(@)"s(y) = Ye((x,y) a) whenever s € P and z,y € X;.

Notation 2.7. We write 1)) for the homomorphism of K (X,) into B which
corresponds to the pair (¢s, 1), as in (1.1); that is,

W) (O4y) = Ys(2)s(y)*  for all 2,y € X,.

The Fock representation. Let F/(X) be the right Hilbert A-module
F(X):= P X..

seP

By this we mean the following: As a set, F(X) is the subset of [ .p X,
consisting of all elements (x,) for which ) _p(xs, z5)4 is summable in A;
that is, for which }°__ (x5, 25) 4 converges in norm as F' increases over the
finite subsets of P. We write @z for (z5) to indicate that the above series
is summable. The right action of A is given by (®z;) - a := &(zs - a), and
the inner product by (Dxs, Dys)a = > _,cp(Ts,ys)a. The algebraic direct
sum (O, p X5 is dense in F(X).

Suppose P is left-cancellative. Then for any x € X and @z, € F(X) we
have p(zxs) = p(zx¢) if and only if s = ¢, so there is an element (ys) € [ X5
such that

_Jaxy if s =p(a)t
TY0 ifs ¢ pla)P;

we write (zx¢) for (ys). Since (zxy, zx5)a < ||2]|?(xs, 25) 4 for each s € P,
the series Y (xxs, zxs) 4 is summable. It is routine to check that

l(x)(Dxs) == Drxs for ¢z € F(X)

determines an adjointable operator [(x) on F'(X); indeed, the adjoint I(z)* is
zero on any summand X for which s ¢ p(z) P, and on X,(,); = span X, X;
it is determined by the formula I(z)*(yz) = (z,y)a - 2z for y € X}, and
z € X;. It follows that [ : X — L(F(X)) is a Toeplitz representation, called
the Fock representation of X. The homomorphism I, : A — L(F(X)) is
simply the diagonal left action of A; that is, l.(a) = @¢s(a). Since ¢, is
just left multiplication on X, = A, it is isometric, and hence so is l.; by
Remark 2.6, [ is isometric.

Proposition 2.8. Let X be a product system over P of Hilbert A-A bimod-
ules. Then there is a C*-algebra Tx, called the Toeplitz algebra of X, and
a Toeplitz representation ix : X — Tx, such that
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(a) for every Toeplitz representation i of X, there is a homomorphism 1.
of Tx such that 1, oix = 1; and
(b) Tx is generated as a C*-algebra by ix(X).
The pair (Tx,ix) is unique up to canonical isomorphism, and ix is isomet-
ric.

Proof. 1t is straightforward to translate the proof of [13, Proposition 1.3] to
this setting. O

Proposition 2.9. Let X be a product system over P of Hilbert A-A bimod-
ules. Then there is a C*-algebra Ox, called the Cuntz-Pimsner algebra of
X, and a Toeplitz representation jx : X — Ox which is Cuntz-Pimsner
covariant, such that

(a) for every Cuntz-Pimsner covariant Toeplitz representation b of X,
there is a homomorphism 1, of Ox such that ¥y 0 jx = ; and
(b) Ox is generated as a C*-algebra by jx(X).

The pair (Ox,jx) is unique up to canonical isomorphism.

Remark 2.10. Although the universal map ix : X — 7x is always iso-
metric, it is quite possible that X might not admit any nontrivial Toeplitz
representations which are Cuntz-Pimsner covariant, in which case Ox is
trivial.

Proof of Proposition 2.9. With (7x,ix) as in Proposition 2.8, let Z be the
ideal in 7x generated by

{ix(@) =i (¢s(a)) : s € Pra € 671 (K(X))}.
Define Ox := 7x /7 and jx := qoix, where q : Tx — Ox is the canonical
projection. Obviously jx is a Toeplitz representation which generates Oy,
and it is Cuntz-Pimsner covariant because jgg) =qo ig?). If % is another
Cuntz-Pimsner covariant Toeplitz representation, then the homomorphism

1, of Tx satisfies
bulix(a) — i) (65(a)) = ¥(a) — ) (¢y(a) = 0

whenever ¢5(a) € K£(X5), and hence v, descends to the required homomor-
phism of Ox (also denoted 9,). O

Proposition 2.11. Let X be a product system over N of Hilbert A-A bi-
modules. Then Tx is canonically isomorphic to the Toeplitz algebra Tx, of
the Hilbert bimodule X1. If the left action on each fiber is isometric, or if
the left action on each fiber is by compact operators, then Ox is canonically
isomorphic to Ox, .

Proof. Let ix : X — Tx be universal for Toeplitz representations of X, and
define p := (ix)1: X1 — Tx and 7 := (ix)o : A = Xo — 7Tx. Since (p,7) is
a Toeplitz representation of X, we get a homomorphism p x 7 : Ty, — Tx.
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To construct the inverse of p x m, let (ix,,74) be the universal Toeplitz
representation of X; in 7x,, and fix n > 1. By [13, Proposition 1.8(1)],
there is a linear map v, : X,, — Tx, which satisfies

Up(x1 - xy) i =ix, (1) ix, (Tn) for all x1,...,z, € X1,

and then (¢,,,74) is a Toeplitz representation of X,,. Defining 1)y :=i4 thus
gives a Toeplitz representation ¢ : X — Tx,, and it is routine to check that
Yy : Tx — Tx, is the inverse of p x 7.

Now let ix : X — Ox be universal for Cuntz-Pimsner covariant Toeplitz
representations of X. As above, we get a homomorphism px7: Ox, — Ox.
To construct the inverse, we let (ix,,i4) @ (X1,4) — Ox, be universal
and define a Toeplitz representation ¢ : X — Ox, as before; we need to
check that ¢ is Cuntz-Pimsner covariant under each of the hypotheses on
the left action. By definition (1)1, ) is Cuntz-Pimsner covariant, so we use
induction. Assume that (i, 1) is Cuntz-Pimsner covariant for some n > 1,
and suppose a € A acts compactly on the left of X,,11; that is, ¢(a) @4 1" €
K(Xyn+1). Since the left action is isometric on each fiber, by [11, Lemma 4.2]
we have ¢(a) 417! € K(X,,); hence ™ (¢(a) @4 1"1) = 9)g(a). But [11,
Lemma 4.5] gives ("1 (¢(a) ©41") = %" (p(a) 4 1"71), 50 (41, ¢0) s
Cuntz-Pimsner covariant.

Now suppose that A acts by compact operators on each fiber. By rep-
resenting Ox, faithfully on a Hilbert space H we can assume that 1 is
a Toeplitz representation of X on H. Assuming again that (¢p,1g) is
Cuntz-Pimsner covariant for some n > 1, [11, Lemma 1.9] gives ¢o(A)H C
span(¢,(X,)H). Let z € X,,, and express © = y - a with y € X, and a € A.
Since (11, 1p) is Cuntz-Pimsner covariant and ¢(a) € K(X1), we have

Yn(x) = Yu(y)vo(a) = Yu(y) ($(a)).

Now ¢(a) can be approximated by a finite sum ) | O, 4., hence v, (x) can be
approximated by a finite sum ¢ (y)(2:)¥(vi)* = ¥ni1(yxi)(y;)*. Thus

77/}0(14)7—[ - Span(wn(Xn)H) - Span(¢n+1(Xn+1)H)7
and (¢n+1,%0) is Cuntz-Pimsner covariant by [11, Lemma 1.9]. O
Definition 2.12. Let X be a product system over P of Hilbert A-A bimod-

ules. A Toeplitz representation ¢ : X — B is nondegenerate if the induced
homomorphism 1, : 7x — B is nondegenerate.

Lemma 2.13. Suppose each fiber X is essential as a left A-module. Then
a Toeplitz representation ¥ : X — B is nondegenerate if and only if the
homomorphism . : A — B is nondegenerate.

Proof. Let (a;) be an approximate identity for A = X.. By (1.2), ix(a;) is
an approximate identity for 7x, and the result follows. O
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3. Crossed products twisted by multipliers.

Our main examples of product systems come from C*-dynamical systems.
Suppose ( is an action of P as endomorphisms of A such that (. is the
identity endomorphism. We will assume that each (s is extendible; that is,
that each (s extends to a strictly continuous endomorphism 3, of M(A).
For P the positive cone of a totally ordered abelian group, Adji has shown
that extendibility is necessary to define a reasonable crossed product A x5 P
[1].

In this section we will consider crossed products which are twisted by a
multiplier w of P; that is, by a function w : P x P — T which satisfies
w(e,e) =1 and

w(r, s)w(rs,t) = w(r, st)w(s,t) for all r,s,t € P.
We call (A, P, 3,w) a twisted semigroup dynamical system.

Definition 3.1. Let B be a C*-algebra. A function V' : P — B is called an
w-representation of P if

(3.1) VsVi = w(s, t)Vy for all s,t € P.

If in addition each Vj is an isometry (resp. partial isometry), V' is called iso-
metric (resp. partial isometric) w-representation. A covariant representation
of (A, P,3,w) on a Hilbert space H is a pair (7, V') consisting of a nonde-
generate representation m : A — B(H) and an isometric w-representation
V : P — B(H) such that

(3.2) (Bs(a)) = Vem(a)Vy for all s € P and a € A.

A crossed product for (A, P, 3,w) is a triple (B, i4,ip) consisting of a C*-al-
gebra B, a nondegenerate homomorphism i4 : A — B, and a map ip: P —
M (B) such that

(a) if o is a nondegenerate representation of B, then (o o0i4,5 0ip) is a
covariant representation of (A, P, 3, w);

(b) for every covariant representation (m, V'), there is a representation mx V'
such that (7 x V)oig =mand 7 x Voip =V, and

(c) B is generated as a C*-algebra by {ia(a)ip(s):a € A,s € P}.

After establishing the existence of a crossed product, it is easily seen to be
unique up to canonical isomorphism; we denote the crossed product algebra
A X Bw P.

We will construct a product system X = X (A, P, 3,w) over the opposite
semigroup P, and show that its Cuntz-Pimsner algebra Ox is a crossed
product for (A, P, 3,w). Moreover, we will show that the Toeplitz algebra of
this product system also has a crossed product structure: It will be universal
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for pairs (7, V') satisfying (3.2) in which 7 is a nondegenerate representation
of A and V is a partial isometric w-representation such that

(3.3) ViVim(a) = w(a)V; Vs for all s € P and a € A.

We call such a pair (7, V') a Toeplitz covariant representation of (A, P, 3,w),
and write 7 (A xg,, P) for the corresponding universal C*-algebra, called
the Toeplitz crossed product of (A, P, 3,w).

For each s € P let

X, = {s} x Bs(1)A,
and give X the structure of a Hilbert bimodule over A via

(s,z)-a:=(s,za), {((s,x),(s,y))a:=2a"y,

and

¢s(a)(s, ) := (s, Bs(a)z).

Let X =||..p X, let p(s,x) := s, and define multiplication in X by

seP

(s,z)(t,y) := (ts,w(t, s)B(x)y) for x € Bs(1)A and y € By(1)A.

Lemma 3.2. X = X(A, P, 5,w) is a product system over the opposite semi-
group P°. For each s € P, the fiber X is essential as a left A-module, and
the left action of A on X, is by compact operators.

Proof. Let (s,7) € X, and (t,y) € X;. If z = B5(1)a and y = B;(1)b, then

Bu(@)y = Bi(Bs(1)a)Bi(1)b = Bi(Bs(1))Be(a)b = Bys(1)Bi(a)d,

and hence the product (s,z)(t,y) belongs to X;s. Letting a vary over an
approximate identity for A, this product converges in norm to (s(1)b, so
the set of products (s,z)(t,y) has dense linear span in X;s. Hence to see
that multiplication induces an isomorphism X, ® 4 Xy — X5, it suffices to
check that it preserves the inner product of any pair of elementary tensors:

<(57 .%') @A (tv y),(s,:v'
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Multiplication is associative since

((5,2)(t, ) (r, 2) = (s, w(t, 5)Bs(x)y)(r, 2)
= (rts,w(r, ts) By (w(t, s)B(z)y)z)
= (rts,w(rt, s)Bri(x)w(r,t) 5 (y)2)
= (s,2)(rt,w(r,t)5:(y)z)
= (s,2)((t, y)(r, 2)).

If (a;) is an approximate identity for A, then for each a € A and s € P

we have lim ¢(a;)(s, Bs(1)a) = lim(s ﬁs(az) ) = (s,05(1)a), so each X; is
essential. If a € A, then by writing a = bc* with b,c € A, we see that

bs(a) = O, g,(b)),(s,8:(c)) € K(Xs) is compact. O

Lemma 3.3. Let ix : X — Tx be universal for Toeplitz representations of
X, and let (a;) be an approzimate identity for A. Then for each s € P,
ix (s, Bs(a;)) converges strictly in MTx.

Proof. Since each fiber X; is essential, any vector £ € X; can be written
in the form £ = ¢i(a)n - b with a,b € A and n € X;. But then ix(¢§) =
ix(e,a)ix(n)ix(e,b), and since elements of the form ix(§) generate 7Tx as
a C*-algebra, the result follows from the calculations

(3.4) ix (s, Bs(ai))ix (e, a) = ix(s, Bs(a;)a) — ix (s, Bs(1)a)

and

(3.5) ix(e,a)ix (s, Bs(ai)) = ix(s, Bs(aai)) — ix(s, Bs(a))-
O

Define ig : A — Tx by iag(a) :=ix(e,a), and define ip : P — M7x by
ip(s) = limix(s,Bs(a;))".

Proposition 3.4. Tx and Ox are canonically isomorphic to A xg,, P and
T (A xgy, P), respectively. More precisely, (Tx,ia,ip) is a Toeplitz crossed
product for (A, P,(,w), and, with q : Tx — Ox the canonical projection,
(Ox,qo0ia,qoip) is a crossed product for (A, P, [3,w).

Proof. Taking s = e in (3.4) and (3.5), shows that i4(a;) converges strictly
to the identity in M (7x); that is, i4 is nondegenerate. For Condition (a)
of a Toeplitz crossed product, suppose ¢ is a nondegenerate representation
of Tx; we must show that (7,V) := (0 0ia,0 0ip) is a Toeplitz covariant
representation of (A, P, 3,w). First note that 7 is nondegenerate since o
and i4 are. Equation (3.5) gives

(3.6) ia(a)ip(s)” =ix(s,Os(a)) foralla € A and s € P,
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ip(5)ia()ip(s)* = limix (s, Bu(a)ix (s, Bs(a)
=limix(e, Gs(aja)) =ix(e,[Bs(a)) =ia(fBs(a)),

and applying 7 gives Vim(a)V, = m(08s(a)). In particular
ip(s)ip(s)" = limip(s)ia(a;)ip(s)” = limia(Bs(as)) = ia(Bs(1))

is a projection, so ip(s), and hence Vg, is a partial isometry.
To establish (3.3), take any a € A, write a = bc* with b,c € A, and
compute:
(3.7) ia(bc™)ip(s)*ip(s) =limix (s, Bs(bc”))ix (s, Bs(a;))* (by (3.6))
= limix (s, Bs(b))ix (e, Bs(c™))ix (s, Bs(as))”
= limix (s, Os(b )(zx(s Bs(ai))ix (e,ﬂs(c)))*
= limix (s, Bs(b))ix (s, Bs(aic))”
= ix(s,85(b))ix (s, Bs(c))"
Taking adjoints, interchanging b and ¢, and applying & gives V*Vim(a) =
m(a) VS Vs.

For every s,t € P we have
ip(t)ip(s)" = (limjx (, Bi(a:))) (lim jx (s, Bs(a;))
= limlim jix (st, w(s, £)B5(5(a:)) Bs(a;))
= lim jx (st, w(s, ) Bs(ai))

= w(s,t)ip(st)*;

taking adjoints and applying & gives ViV; = w(s,t)Vy. This completes the
proof of Condition (a).
For Condition (b), suppose (m,V) is a Toeplitz covariant representation
of (A, P,3,w) on a Hilbert space H. Define ¢ : X — B(H) by
P(s,x) == Vim(x).

Since 7 is nondegenerate and 7(a) = 7(Be(a)) = Vem(a)V, for all a € A, V.
is a coisometry. Since V2 = w(e,e)Ve = Ve, we deduce that V, = 1. Thus
b(s,2)"P(s,y) = m(2) ViV (y) = m(a"Bs(1)y)
= Vim(z™y) (since y € Bs(1)A and V, = 1)
= Y(e,x7y) = P(e, ((s,2), (s,9)) ),
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and since we also have
V(s 2)Y(t,y) = Vim(z)Vin(y)
=Vin(x)ViViVir(y) (V4 is a partial isometry)
= VSV Vir(2)Vim(y) (by (3.3))
= (ViVs)"'m(Be(x))m(y)

= ¥((s,2)(t,9)),

1 is a Toeplitz representation of X. Let m X V be the representation 1, :
Tx — B(H). Then

(mx V)oiala) =1o0ix(e,a) =v(e,a) =V m(a) = 7(a),
and

7 x Voip(s)m(a) = u(ip(s)ia(a))
= ¥u(ix (s, Bs(a”))) (by (3.6))
= (s, Bs(a”))” = 7(Bs(a)) Vs
= Vem(a)V5'Vs = ViV Vim(a) = Vim(a);

since 7 is nondegenerate, this implies that m x V oip = V, as required. For
Condition (c), simply note that i4(a)ip(s) = ix(s,Bs(1)a*)*, and elements
of this form generate Tx.

We now show that (Ox,qoia,goip) is a crossed product for (A, P, 3, w).
Since i4 and ¢ are nondegenerate, so is ¢ o i4. If p is a nondegenerate
representation of Ox, then o := p o q is a nondegenerate representation of
Tx. Hence (m,V) := (poqoia,poqoip) = (0 0ia,o0ip)is a Toeplitz
covariant representation of (A, P, 3,w). To see that each V; is an isometry,
let b,c € A. Since g oix is Cuntz-Pimsner covariant, (3.7) gives

qoia(bc*)goip(s) qoip(s) =qoix(s,Bs(b))goix(s,Bs(c))”
= (40ix) (O s.(0))(5.6:(e))
= (g01x)®)(@s(bc")
=qoix(e,bc*) =qois(bc).
Since q o i4 is nondegenerate, this implies that g o ip(s), and hence Vj, is
an isometry. This gives Condition (a) for a crossed product. Condition (c)
is obvious, so it remains only to verify (b). Suppose (7, V) is a covariant

representation of (A, P, ,w) on a Hilbert space H, and define ¢(s,z) :=
Vim(x) as before. We have already seen that 1 is a Toeplitz representation
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of X, and it is Cuntz-Pimsner covariant since, for any b,c € A,

P (5(be")) = PO 5 g, (1) (5,8, () = (5, Bs (b)) (s, Bs(c))”
= V(B (b))m(Bs(c¥)) Ve = Vi Vam (be*) ViV = th(e, be™).

Defining © x V := 1, : Ox — B(H) gives Condition (c). O

4. Crossed products twisted by product systems.

Multipliers of P correspond to product systems over P of one-dimensional
Hilbert spaces: Given a multiplier w, one defines multiplication on P x C by
(s,2)(t,w) := (st,w(s,t)zw). In this section we consider twisted semigroup
dynamical systems in which the multiplier w is replaced by a product sys-
tem X of Hilbert bimodules, and we construct a crossed product which is
“twisted by X”. For this, we first need to see how semigroups of endomor-
phism arise from Toeplitz representations of product systems.

Proposition 4.1. (1) Let X be a Hilbert bimodule over A, and suppose
(v, m) is a Toeplitz representation of X on a Hilbert space H. Then
there is a unique endomorphism o = a¥™ of m(A) such that

(4.1) a(S)Y(z) = ¢(x)S for all S € 7(A) and z € X,

and such that a(1) vanishes on (Y(X)H)> .
(2) Let X be a product system over P of Hilbert A-A bimodules in which
each fiber X, is essential as a left A-module. Let ¢ be a mondegen-

erate Toeplitz representation of X on a Hilbert space H, and let ozg)

be the endomorphism a¥s¥e above. Then a¥ : P — End(v(A)') is a
semigroup homomorphism, and ol is the identity endomorphism.

Proof. (1) The uniqueness of « is obvious. By [23, Proposition 2.69], there is
a unital homomorphism S € 7(A) — 1®4 S5 € Ind7(L(X)) € B(X ®4H)
determined by

1®aS(x®ah)=224Sh for x € X and h € 'H.

Let U : X ®4 H — H be the isometry which satisfies U(x ®4 h) = ¥(z)h
(see the proof of [13, Proposition 1.6(1)]), and define

a(S):=U(1®s S)U* for all S € w(A).
Then « is a homomorphism, and «(1) = UU* vanishes on (¢(X)H)*. If
S e m(A) and x € X, then for any h € H we have
a(S)Y(x)h=U(1®a S)(x®ah) =U(x @4 Sh) = ¢(x)Sh,
giving (4.1).
Since m(a)y(x)h = Y (p(a)z)h, the space span{y(z)h : = € X, h € H}
reduces 7; hence for any S € 7(A)" and a € A, both a(S)7(a) and 7(a)a(S)
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vanish on (¢(X)H)*. This and
a(S)m(a)p(x)h = a(S)P(e(a)z)h = ¥ (d(a)z)Sh

show that a(m(A)") C w(A)".

(2) Let s,t € P, and suppose x € X, and y € X;. Vectors of the form
xy have dense linear span in Xg; since X, is essential, this holds even when
s = e (see Remark 2.2). Since

ol (af (9)est(wy) = a¥ (af (9)ds(@)vr(y)

= Ys(2)af (S)¥e(y) = s (@) (y)S = s (zy)S,
we deduce that

(42) ¥ oal(S)du(z) = hu(z)S  forall S € p.(4) and z € X,

Once we show that af o af (1) = a;/}t(l), it follows from the uniqueness of

afft that of o aff = ag’t.
From (4.2) we see that a;’boaf(l) > aw( 1). Suppose that o oy Y f = f
we will show that afft(l) f = f, which will complete the proof. Since f is

in the range of a?(l), it can be approximated by a finite sum ), 1s(2;)g;.

Then
[ = ;b 21/}5 Xy gz Zws X Oét

Now each a}f (1)g; can be approximated by a finite sum ) ; Yi(yij)hij, and
then

f= Zws(xi)%(yij)hij = Zwst(ﬂcz‘yz‘j)hij-
1,] 2y
Thus f can be approx1mated arbitrarily closely by a vector in the range of
afft(l) and hence ast( Vf=f.

Since each X is essential, the assumption that v is nondegenerate im-
plies that 1. is a nondegenerate representation of A. Since g ( Ye(a)h =
Ve(a)Sh = Si(a)h for all a € A and h € H, we have af(S) = S for all
S € e (A). O

Consider a twisted semigroup dynamical system (C, P, 3, X) in which C
is a separable C*-algebra, 8 : P — End C is an action of the semigroup P
as extendible endomorphisms of C, and X is a product system over P of
Hilbert A—A bimodules. We assume that (. is the identity endomorphism,
and that each fiber X, is essential as a left A-module.

Definition 4.2. A covariant representation of (C,P,3,X) on a Hilbert
space H is a pair (L,1)) consisting of a nondegenerate representation L :
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C — B(H) and a nondegenerate Toeplitz representation 1 : X — B(H)
such that

(i) L(C) € ¢e(A)', and
(i) LoBs=al oL for s € P.

Definition 4.3. A crossed product for (C,P,(3,X) is a triple (B,i¢c,ix)
consisting of a C*-algebra B, a nondegenerate homomorphism i¢c : C —
M(B), and a nondegenerate Toeplitz representation ix : X — M (B) such
that

(a) there is a faithful nondegenerate representation o of B such that (7 o
ic,0 oix) is a covariant representation of (C, P, 3, X);

(b) for every covariant representation (L, 1) of (C, P, 3, X), there is a rep-
resentation L x 1) of B such that (L x ¢)oic = L and (L X ¢)oix = 1);
and

(c) the C*-algebra B is generated by {ic(c)ix(z):c€ C, z € X}.

Remark 4.4. If each fiber X; has a finite basis {us1,...,us )} (in the
sense that @ = >, ugp - (usk, )4 for every x € X,), it is not hard to show
that (a) is equivalent to asking that ic(c)ix(a) = ix(a)ic(c) for all ¢ € C
and a € A = X, and that

ic(Bs(e) =Y ix(usp)ic(c)ix(usk)*  foralls€ Pandce C.
k

In this case, (G oic, o 0ix) will be a covariant representation of (C, P, 3, X)
for every nondegenerate representation o of B; however, as demonstrated
in [12, Example 2.5] for product systems of Hilbert spaces, in general one
cannot expect this to be the case.

Proposition 4.5. If (C, P, 3, X) has a covariant representation, then it has
a crossed product (Cxg x P,ic,ix) which is unique in the following sense:
If (B,ig,i'y) is another crossed product for (C,P,[3,X), then there is an

isomorphism 6 : Cxg x P — B such that foic = i and foix =1'y.

Remark 4.6. When X is the product system P x C with multiplication
given by a multiplier w, it is not hard to see that C'xg x P is precisely the
crossed product C' xg,, P defined in the previous section. If C' is unital and
A = C, then Cxg x P is the crossed product defined in [12, Section 2].

Proof of Proposition 4.5. If S is a set of pairs (L,1) consisting of maps
L:C — B(Hry) and ¢ : X — B(Hpy), then (©L,®v) is a covariant
representation of (C, P, 3, X) if and only if each (L,%) is. The main point
here is that the value of af¥ on an element of (H1))c(A) of the form @L(c)

is @al (L(c)).
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Suppose (L, ) is a nondegenerate covariant representation on a separable
Hilbert space H; that is, the C*-algebra
U:=C"{Lc)yp(z):ce C,x e X})
acts nondegenerately on H. We will identify the multiplier algebra of I with
the concrete C*-algebra
MU)={Se€B(H): ST, TS €U for every T € U}.

) :
We claim that L(C) U ¢ (X) € M(U). For this, it suffices to check that
multiplying a generator L(c)y(x) of U on elther the left or the right by
an operator of the form L(d), ¥ (y), or ¥(y)* yields another element of U.
L(

);
gertaénly L{d)L(c)(x) = L(de)y(z) € U and L(e)p(2)y(y) = L(c)p(zy) €

(4.3) B)L(e) = o’ (L) = LBy ())(y),

(
we also have () L()(r) = LS(©)(u) € U and LWL =
L(cBy@)(d))¥(x) € U. Writing ¢ = cjca with ¢1, ¢z € C gives

() L)y (x) = (L(cr)¥(y))" Lica)y(z) € U.

Finally, to see that L(c)y(x)(y)* € U, we use a trick from [1]. Let (¢;) be
an approximate identity for C; we claim that

(4.4) L(e)$ (@) L(e) 1 Lie)p(x).

Since L is nondegenerate, L(c)y(x)L(¢;) converges strongly to L(c)y(z). On
the other hand, using (4.3) we see that L(c)y(z)L(c;) = L(cBp()(ci)) ()
converges in norm (to L(cfy;)(1))1(x)), and (4.4) follows. Hence

L(e) (@) L(c) b (y)* -5 Lie)d(a)u(y)",

and since

L(e)¢(x)L(ci)b(y)” = L{c)yb(x)v(y) " L(Byy) (i) € U,

we deduce that L(c)y(z)y(y)* € U.

Since M(U) C U", we have shown in particular that the ranges of L
and 1 are contained in U”. Consequently, any decomposition 1 = > Qy
of the identity as a sum of mutually orthogonal projections Qy € U’ gives
corresponding decompositions L = ®Q,L and ¥ = ®Qxv, and by the first
paragraph each pair (QxL, Q1) is a covariant representation of (C, P, 3, X).
By the usual Zorn’s Lemma argument we can choose these projections such
that U acts cyclically on Q\H; since C*({Q\L(c)Q\¢(z) : c € C, x € X}) =
Q\U acts cyclically on Q)H, this shows that every covariant representation
of (C, P, 3,X) decomposes as a direct sum of cyclic representations.

Let S be a set of cyclic covariant representations with the property that
every cyclic covariant representation of (C, P, 3, X) is unitarily equivalent
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to an element in S. It can be shown that such a set S exists by fixing a
Hilbert space H of sufficiently large cardinality (depending on the cardinal-
ities of C' and X) and considering only representations on H. Note that S
is nonempty because the system has a covariant representation, which has
a cyclic summand.

Define ic := @ yyes L and ix = Dy y)es?, and let Cxg x P be
the C*-algebra generated by {ic(c)ix(z) : ¢ € C, x € X}. By the first
paragraph, (ic,ix) is a covariant representation of (C, P, 3, X), and it is
nondegenerate since each (L,1) is. We deduce that both ic and ix map
into M(Cxpg xP), and that Condition (a) for a crossed product is satis-
fied by taking o to be the identity representation. Condition (c) is triv-
ial, and (b) holds because every covariant representation decomposes as
a direct sum of cyclic representations. We need to show that i¢c : C —
M(CxpgxP) and ix : X — M(CxgxP) are nondegenerate. For this,
let ¢c € C and x € X. If (a;) is an approximate identity for A = X,
then by (1.2) we have ic(c)ix(z)ix(a;) = ic(c)ix(z - a;) — ic(c)ix(z) and
ix(a;)ic(c)ix(z) = ic(c)ix(a;)ix(x) = ic(c)ix(d(a;)x) — ic(c)ix(x), so
ix is nondegenerate (Lemma 2.13). If (¢;) is an approximate identity for C,
then ic(c;)ic(c)ix(z) = ic(cic)ix(x) — ic(c)ix(z), and since i¢ is nonde-
generate as a representation on Hilbert space, (4.4) gives ic(c)ix (z)ic(c;) —
ic(c)ix(x). Thus ic is nondegenerate.

For the uniqueness assertion, suppose (B, i, 7y ) is another crossed prod-
uct. Condition (a) allows us to assume that (ic,ix) and (i, i) are covari-
ant representations of (C, P, 3, X) on Hilbert spaces H and H’. Condition
(b) then gives a representation iy, x i’y : C'xg x P — B(H') whose image
is contained in B since iy, X iy (ic(c)ix(x)) = ip(c)i’x(x). Similarly one
obtains a map ic X ix : B — Cxg x P which is obviously an inverse for
i, x il : CxgxP — B. O

If P is a subsemigroup of a group G, then there is a dual coaction of G
on Cxg x P:

Proposition 4.7. Suppose (C, P, 3, X) is a twisted system which has a co-
variant representation. If P is a subsemigroup of a group G, then there is
an injective coaction

§: Cxpx P — (Cxpg x P) Omin C*(G)
such that

d(ic(c)ix(x)) = ic(c)ix(z) ® ia(p(x)).

If G is abelian, there is a strongly continuous action B of G on CxgxP
such that

~

Bylic(e)ix (x)) = y(p(x))ic(c)ix (z).
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Proof. We follow [12, Proposition 2.7]. Let o be a faithful nondegenerate
representation o of C'xg x P such that (L, ) := (Goic,d0ix) is a covariant
representation of (C, P,3,X), and let U be a unitary representation of G
whose integrated form 7y is faithful on C*(G). We claim that (L ® 1,9 ®
(Uop)) is a covariant representation of (C, P, 3, X). Most of the verifications
are routine, so we check only that

(4.5)  L(Bs(c) @1 =a?®UP)(L(c) ® 1) forall s € P and c € C.

For this, we show that L((s(c))®1 satisfies the properties which characterize

ag@(UoP)(L(c) ® 1) (Proposition 4.1). First, let z € X; we show that (4.5)
holds on any vector in the range of (¢ @ (U o p))(z) = vs(z) ® Us:

(L(Bs(€)) ® 1)(ts(2) ® Us) = o (L())ths(x) @ Us = () L(c) ® Us
= (¢s(2) ® Us)(L(e) ® 1) = =P (L(c) © 1) (¢ (2) ® Us).
Next, note that osz®(UOp)(1) is the projection onto
span{(y ®@ (U ep))(x)¢ : w € X, § € Ho ® Hy'}
= span{Ys(x)h @ Usk : x € X5,h € Ho, k € Hy}
= span{ys(x)h : z € X5, h € Hy} @ Hy,

which is precisely the range of aff(l) ® 1. Since L(Bs(c)) @1 = a;{’(L(c)) ®1
vanishes on the range of 1 — a¥ (1) ® 1, (4.5) follows from the uniqueness
assertion of Proposition 4.1.

Since (L®1,9®(Uop)) is covariant, there is a representation p of Cxg x P

such that
plic(c)ix(z)) = (L(c) ® 1)(¢(x) © Up(z))
= (0 @ my)(ic(c)ix(z) ®ig(p(z)))-
Since o and 7y are faithful, o ® my is faithful on (Cxg xP) @min C*(G),
and we can define § := (0 ® 7)) ! o p.

By checking on generators it is easy to see that § satisfies the coaction
identity (id ®dg)od = (®id)od, and ¢ is injective since o = (0 ®€) 04, with
€ the augmentation representation of C*(G) (i.e., €(ig(s)) = 1 for all s € G).
When G is abelian, (§ is the action canonically associated with 9. O

5. Nica covariance.

Now suppose P is a subsemigroup of a group G such that PN P~ = {e}.
Then s < t iff s7!t € P defines a partial order on G which is left-invariant:
For any r,s,t € P we have s < ¢t iff rs < rt. Following Nica [20], we say
that (G, P) is a quasi-lattice ordered group if every finite subset of G which
has an upper bound in P has a least upper bound in P. When s,t € P have
a common upper bound, we denote their least upper bound by sV ¢; when s
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and t have no common upper bound we write s V¢t = co. For a finite subset
C={t1,...,tn} of P, we write cC for t; V---V t,.

Definition 5.1. Suppose (G, P) is a quasi-lattice ordered group and X is
a product system over P of essential Hilbert A—A bimodules. We call a
Toeplitz representation ¢ : X — B(H) Nica covariant if

W .
aqy (1) ifsVi<oo
al(Laf' (1) = ¢ =Vt .
0 otherwise.

Remark 5.2. If (G, P) is totally ordered, then every Toeplitz representa-
tion of X is Nica covariant.

Lemma 5.3. Letl: X — L(F (X)) be the Fock representation, and suppose
w is a representation of A on a Hilbert space H. Then

U= F(X)-Ind5F ) 761

18 a Nica-covariant Toeplitz representation of X. If w is faithful, then ¥ is
1sometric.

Proof. Since [ is a Toeplitz representation, so is W. Let s € P. The range of
\I} .
ag (1) is

span{V¥(z)¢ 1z € X;, £ € F(X)®4 H}
=span{l(z)y®@a h:x € X5,y € F(X),he H} = @XT @A H.

s<r

Hence for any s,t € P, the range of a¥ (1)af (1) is

@XT®AH N @XT(X)AH ,

s<r t<r

which is @, <, Xr ®4 H = ranax,(1) if s V¢ < oo, and is zero otherwise.

If 7 is faithful then so is F'(X) —Indﬁ(F(X)) 7; since [ is isometric, this implies

that W is isometric. O

Proposition 5.4. Let (G, P) be a quasi-lattice ordered group such that ev-
ery s,t € P have a common upper bound. Let X be a product system
over P of essential Hilbert A—A bimodules such that the left action of A on
each fiber X, is by compact operators. Then every Toeplitz representation
¥ : X — B(H) which is Cuntz-Pimsner covariant is also Nica covariant.

Proof. Fix s € P. Since (¢s,,) is Cuntz-Pimsner covariant and ¢s(A4) C
K(X5), [11, Lemma 1.9] gives 1. (A)H C span ¢s(X,)H. But Xj is essential,

so the reverse inclusion holds as well, and since Span 1s(Xs)H is precisely

the range of O/Sp(l), we deduce that a¥ (1) is constant in s. Since sVt < 0o

for all s,¢t € P, this implies that ¢ is Nica covariant. O
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There are product systems for which Nica covariance is not a C*-algebraic
condition; that is, if ¢ : X — B(H) is Nica covariant and o : C*(¢(X)) —
B(K) is a homomorphism, the composition o o1 need not be Nica covariant
[10, Example 1.3]. We pause a moment to show how to adapt the methods
of [10] to avoid this pathology. The following Lemma collects some results
we shall need for both this and the sequel.

Lemma 5.5. Suppose X is a product system over P of essential Hilbert
A-A bimodules, 1) : X — B(H) is a Toeplitz representation and s € P.

(1) There is a strict-strong continuous representation p¥ : £(X,) — B(H)
such that

p? (8)hs(z)h = s (Sz)h forall S € L(Xs), x € X5, and h € H,

and such that p¥(S) wvanishes on (Ys(Xs)YH)L. Moreover, p¥(S) =
1/1 )(S) for every S € K(X,).

(2) p(1) = a¥(1).
(3) Ifa € A satisfies ¢ps(a) € K(Xs), then
(5.1) ve(@)pl (1) = ¥ (¢5(a)) = p¥ (1)e(a).
(4) If Q € ¥e(A), then ¥ (Q) € p(L(X,)). Further, if Q is a projection

such that Ve acts faithfully on QH, then p¥ acts faithfully on af(Q)H.
(5) For all S € L(Xs) and t € P we have

pu(S @a1) = pl (S)pn(1) = ply(1)pY(S),
where S ®4 1(zy) = (Sx)y for all v € X5 and y € X;.
(6) Ift € P and z,w € X, then pfft(@z,w ®41) = Y(2)al (1)h(w)*.
Proof. (1) See [13, Proposition 1.6(1)]. For the continuity assertion, suppose

Sy — 8 strictly in £(Xs) = MK(X;), * € Xs, and h € H. There exists
K € K(X;) and y € X such that z = Ky, and then

Py (S ¥s(x)h = p¥ (SNK)s(y)h — pl (SK)ibs(y)h = p¥ (S)ios(z)h.
(2) Both p¥ (1) and a¥ (1) are the projection onto span{ts(Xs)H}.
(3) If z € X, and h € H, then
¢e<a)p}f(1)ws(z)h = we(a)¢s<z)h = ws(¢s(a)z>h = ¢(S)(¢s(a))"¢s(z)h,
since both sides of (5.1) are supported on span,(Xs)H, this implies that

¢e(a)p?(l) = ) (¢4(a)). By (2), qu(l) commutes with ¥.(a), giving the
other half of (5.1).

(4) When @ is a projection, aff(Q) is the projection onto Span ¥ (Xs)QH,
and the result follows from [13, Proposition 1.6(2)].

(5) See [13, Proposition 1.8(2)].

(6) p44(O20 ®4 1) = p%(1)pY (0:,0) = b (1)1 () (w)* =th(2)af (1)3p(w)*



356 NEAL J. FOWLER

Proposition 5.6. Suppose (G, P) is a quasi-lattice ordered group and X
is a product system over P of essential Hilbert A-A bimodules. A Toeplitz
representation 1) : X — B(H) is Nica covariant if and only if

pfvt((s @A)(T®al)) ifsVt<oo
0 otherwise

(5.2)  pL(S)pf(T) = {

holds whenever S € K(Xs) and T € IC(Xy).
Proof [10, Proposition 1.4]. If ¢ is Nica covariant, then
pL ()} (1) = p{ (S) (D)o} (1)} (T)
= L (S)Pan(D)p} (T) = pa((S @4 (T @41),

where the last equality uses Lemma 5.5(5). Conversely, suppose (5.2) holds
for all compact S and T'. If S — 1 strictly, then

PLa((S®@a1)) = pl(S)pl(1) — pl(1)pk,(1) = plu(1),

where the convergence is in the strong operator topology. Hence

P .
Po(T®al) if sVt<oo
pff(l)pfﬂ)——{ il )

0 otherwise

for every T' € K(X}). Letting T" — 1 strictly shows that 1 is Nica covariant.
O

When each product (S®41)(T'®41) is compact, the previous Proposition
allows us to give a C*-algebraic characterization of Nica covariance:

Definition 5.7. Suppose (G, P) is a quasi-lattice ordered group and X is a
product system over P of essential Hilbert A—A bimodules. We say that X
is compactly aligned if whenever s,t € P have a common upper bound and S
and T are compact operators on X and X;, respectively, (S®41)(T'®41) is
a compact operator on Xgv. If X is compactly aligned and v is a Toeplitz
representation of X in a C*-algebra B, we say that ¢ is Nica covariant if

PEVD((S @A 1)(T @4 1)) if sVt < oo
0 otherwise

(ST = {

whenever s,t € P, S € K(X,) and T € K(Xy).

Proposition 5.8. If (G, P) is a total order, or if the left action of A on
each fiber X is by compact operators, then X is compactly aligned.

Proof. Suppose s,t € P, sVt < 00, S € K(X;),and T € K(Xy). If (G, P)isa
total order then either S®41 =S or T®41 = T'; either way (S®41)(T®41)
is compact. If the left action of A on each fiber X, is by compact operators,
then by [22, Corollary 3.7], both S ®4 1 and T'® 4 1 are compact. O
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Proposition 5.9. Suppose X is compactly aligned. Let B and C' be C*-al-
gebras, let ¢ : X — B be a Nica-covariant Toeplitz representation, and let
o: B — C be a homomorphism. Then o o is Nica covariant.

Proof. By checking on an operator 0,, € K(X;), one verifies that (o o
1/1)(3) = o o9®, and the result follows easily from this. (]

Proposition 5.10. Suppose X is a compactly-aligned product system, 1 is
a Nica-covariant Toeplitz representation of X, s,t € P, y € X, and z € X;.
If sVt =00, then ¥(y)*(z) = 0; otherwise

¢(y)*¢(3) S Span{WfW(g)* [ e Xsfl(svt)ug € thl(svt)}'

Proof. Express y = Sy’ with S € K(X;) and ¢y € X,; similarly, express
z =Tz with T € K(X;) and 2’ € X;. Since ¢ is Nica covariant,

V() (=) = o) Pl (ST)p) (T)w(=)
is zero if s V¢t = 0o, and otherwise
W) (2) = (y) Pl (B (),

where K = (S* ®4 1)(T'®4 1) € K(Xsvt). Since K is compact it can be
approximated in norm by a finite sum of operators ©,,, with u,v € Xy, and

hence pfvt(K ) can be approximated by finite sums of the form (u)y(v)*.
But any such u can be approximated by finite sums of products uy f’ with
u; € X5 and f' € Xs-1(svt); similarly, any such v can be approximated
by finite sums of products v1g’ with v; € X; and ¢' € X;-1(5,y). Hence

Y(y')* vat(K )¢ (2') can be approximated in norm by finite sums of operators
of the form

D(y) () (f ) (g) (1) (") = Py u)af )P ((2, v1) ag')"
O

The following Lemma is useful when working with Nica-covariant Toeplitz
representations.

Lemma 5.11. Suppose (G, P) is a quasi-lattice ordered group, X is a prod-
uct system over P of essential Hilbert A-A bimodules, v is a Toeplitz rep-
resentation of X on H, x € X, and s € P.

(1) If p(a) < s, then a2 (S)y(z) = Qp(x)a;f(x),ls(S) for all S € .(A).

(2) If is Nica covariant, then
w(w)ag(x)_l(p(x)\/s)(l) if p(z) Vs < o0,
0 otherwise.

al (y(x) = {

Proof. The proof is formally identical to that of [12, Lemma 3.6]. O
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6. The system (Bp, P,7,X).

For each t € P, let 1, € £°°(P) be the characteristic function of ¢P. Since the
product 1,1, is either 14, or 0, Bp := span{l; : t € P} is a C*-subalgebra
of £>°(P). Left translation on ¢>°(P) restricts to an action 7 of P on Bp,
determined by 74(1;) = 14 for s,t € P.

Proposition 6.1. Suppose (G, P) is a quasi-lattice ordered group and X is
a product system over P of essential Hilbert A—A bimodules.

(1) If (L,%) is a covariant representation of (Bp, P, T, X), then 1 is a non-
degenerate Nica-covariant Toeplitz representation of X and L(1s) =
a?(1).

(2) If ¢ is a nondegenerate Nica-covariant Toeplitz representation of X
on a Hilbert space H, then there is a representation LY : Bp — B(H)
such that LY (1) = a? (1); moreover, (LY, 1) is then a covariant rep-
resentation of (Bp, P,7,X).

Proof. The proof is formally identical to that of [12, Proposition 4.1], except
that in (2) one must also note that L¥ (Bp) C 1(A)’ since L¥(1,) = a¥ (1) €
e(A) and {15 : s € P} generates Bp. O

Corollary 6.2. The system (Bp, P,7,X) has a covariant representation.

Proof. Let m be a nondegenerate representation of A on a Hilbert space H,
and let [ : X — L(F (X)) be the Fock representation of X. By Lemma 5.3,

V.= F(X) —Indﬁ(F(X)) mol is a Nica-covariant Toeplitz representation of X.

Since 7 is nondegenerate, so is F'(X) —Indﬁ(F(X)) m; since [ is nondegenerate,

¥ is as well. The previous Proposition thus gives a covariant representation
(LY, W) of (Bp, P,T,X). O

Let ix and ip, be the canonical maps of X and Bp into M (Bpx, xP).
Since Bp is unital, ix(z) = ip,(1)ix(z) € Bpx,xP for each x € X. We
write Zeoy(X) for the C*-subalgebra of Bpx, x P generated by ix(X); the
following Theorem justifies this notation.

Theorem 6.3. (Z.ov(X),ix) is universal for Nica-covariant Toeplitz repre-
sentations of X, in the sense that:

(a) There is a faithful representation 0 of Teoy(X) on Hilbert space such
that 0 o ix is a Nica-covariant Toeplitz representation of X; and

(b) for every Nica-covariant Toeplitz representation v of X, there is a
representation V. of Teoy(X) such that ) =1, oix.

Up to canonical isomorphism, (Teov(X),1x) is the unique pair with this prop-
erty. If X is compactly aligned, then ix is Nica covariant,

(6.1) Teon(X) = Spanfix (¢)ix(y)" : ¢y € X},
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and
(6.2) Bpx, xP =span{ix(x)ip,(1s)ix(y)" : z,y € X,s € P}.

If the left action of A on each fiber X5 is by compact operators, then Tooy(X)
is all of Bpx; x P; if in addition every s,t € P have a common upper bound,
then the Cuntz-Pimsner algebra Ox is a quotient of Tooy(X).

Proof of Theorem 6.3. Let o be a faithful representation of Bpx, xP on
a Hilbert space H such that (¢ o ip,,0 0 ix) is a covariant representa-
tion of (Bp,P,7,X). By Proposition 6.1(1), o oix is a Nica-covariant
Toeplitz representation of X, so we can take 6 to be the restriction of o
to Teov(X). Suppose ¢ is a (nondegenerate) Nica-covariant Toeplitz rep-
resentation of X. Proposition 6.1(2) gives us a covariant representation
(LY,4) of (Bp, P,7,X), and hence a representation LY x v of Bpx. xP
such that (LY x ¢) oix = 9. Restricting LY x 1) to Teoy(X) gives the re-
quired representation v,. Uniqueness of (Z¢ov(X),ix) follows by the usual
argument.

Suppose X is compactly aligned. Since ix is the composition of the Nica-
covariant Toeplitz representation o o iy and the homomorphism o~! (re-
stricted to o(Z¢ov(X))), ix is Nica covariant by Proposition 5.9. Let w € X,
and express w = z-a for some z € X anda € A. Thenix(w) = ix(z)ix(a*)*,
so A = span{ix(z)ix(y)* : z,y € X} contains ix(X). Obviously A is a
closed self-adjoint subspace of Z¢o,(X), and since X is compactly aligned,
Proposition 5.10 shows that A is closed under multiplication. This gives
(6.1).

Now let B := span{ix(z)ip,(1ls)ix(y)* : z,y € X,s € P}. Using
Lemma 5.11 with ¢ := 0 0 ix, and then applying o', gives

(6.3) ix()igp(ls) = iBp(1p)s)ix (@)

and

. 1 " y
6.4)  ipp(ly)ix(z) = ix(2)iBp(Lp@)-1(p(ayvs)) 1 p(x). 5 < 00

0 otherwise.
Equation (6.3) shows that

15'¢ (:L')in(ls)iX (y)* = in(lp(x)s)iX (‘T:)(in(lp(y)s)iX (y))* € BPX'T,Xpa

so B C Bpx, xP. Since Bp is generated by {15 : s € P}, elements of the
form ip, (15)ix(w) generate Bpx, x P as a C*-algebra; with w = z-a as
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above, (6.4) shows that
inp(1s)ix(w) = ipp(Ls)ix(2)ix(a®)"

_ iX(Z)iBP(1p(z)_1(p(z)\/s))/iX(a*)* if p(z) Vs < oo
0 otherwise

€ B.

Hence to establish (6.2), it remains only to show that B is closed under
multiplication. But Proposition 5.10 shows that the product

ix(x)inp(1s)ix (y) ix(2)ipp (1e)ix (w)*

of two typical generators of B is contained in the closed linear span of ele-
ments of the form

ix(@)ipp(1s)ix (f)ix(9) ipp (1e)ix (w)",
which by (6.4) simplifies to

ix (2 f)iBp (Lp(r)-1p(f)vs)vile)-L (p(g)ve) )ix (wg)" € B.

Suppose the left action of A on each X, is by compact operators; that
is, ps(A) C K(X;) for all s € P. Let # € X and s € P. Since X, is
essential, we can express T = ¢p(y) (a)z for some a € A and z € Xp(z)- With
1 1= 0 oix, we then have

o(ipp(15)ix(x)) = LY (1) (x) = pl (1)ihe(a)is(2)
= ) (35(a))1(2)
= o (i (¢s(a))ix (2)),

so ipp(1s)ix(z) = ig?)(qbs(a))ix(z) € Teov(X). Since elements of the form
iBp(ls)ix () generate Bpx, x P, this gives BpX, x P = Teov(X).

If in addition every s,t € P have a common upper bound, then by Propo-
sition 5.4 the universal map jx : X — Ox is Nica covariant; the integrated
form (jx)« : Zeov(X) — Ox is surjective since it maps generators to gener-
ators. (]

(Lemma 5.5(3))

7. Faithful representations.

Our strategy for characterizing faithful representations of Bpx, x P follows
[12, Section 5]. First we use the dual coaction § of G on Bpx, x P and the
canonical trace p on C*(G) to define a positive linear map Fs := (id ®p) 04
of norm one of Bpx, x P onto the fixed-point algebra (BpxﬁxP)‘S. When
X is compactly aligned, (Bp, P, T, X) satisfies the spanning condition (6.2),
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and FEj is determined by

(11)  Eslix(@)is <1s>¢x<y>*>={iX(x”BP“sﬂx(y)* i ple) = ply)

0 otherwise.

Definition 7.1. The system (Bp, P, 7, X) is amenable if Es is faithful on
positive elements.

The argument of [17, Lemma 6.5] shows that if G is an amenable group,
then the system (Bp, P,7,X) is amenable. In Corollary 8.2 we will show
that (Bp, P, T, X) is also amenable when X is compactly aligned and G is a
free product *(G*, P*) with each G* an amenable group.

Theorem 7.2. Suppose (G, P) is a quasi-lattice ordered group and X is a
compactly-aligned product system over P of essential Hilbert A—A bimodules
such that the system (Bp, P,7,X) is amenable. Let ¢ be a Nica-covariant
Toeplitz representation of X on a Hilbert space H. Then LY x 1 is a faithful
representation of Bpx, x P if and only if

(7.2) for everyn > 1 and s1,...,sy, € P\ {e}, the subrepresentation

a€ A Yea H 1s,) of Ve 18 faithful.

Proof of necessity of (7.2). Let m : A — B(H) be a faithful nondegenerate
representation of A on a Hilbert space H, let [ : X — L(F (X)) be the Fock
representation of X, and let ¥ := F'(X) —Indﬁ(F(X)) mol; by Lemma 5.3, ¥
is a Nica-covariant Toeplitz representation of X on F(X) ®4 H. We claim
that

ae A U ( ﬁl—L‘I’

is faithful. Since LY (1,,) = oy (1) is the orthogonal projection of F(X) ®4
H onto P, , p Xt ®a H (see the proof of Lemma 5.3), each projection
1-LY(1 s,) dominates the projection Q. onto the W.-invariant subspace
Xe ®4 H. To establish the claim it thus suffices to show that the subrep-
resentation Q.V. of U, is faithful. But ¥, = F(X )—Indﬁﬂ decomposes
as Pycp Xt -Indﬁ T, 80 Q¥ = A-Indﬁw is unitarily equivalent to 7, and
hence faithful.
Now suppose that LY x 1 is faithful and @ € A. Let

T :=ip, (H(l — 15k)> ix(a) € Bpx, xP.

k=1
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Then
lall = |[¥e(a) [T (1 = LY (1)) || = [[LY x ¥(D)|| < |IT|
k=1
= 27 < v = ‘ o [J(- < lall,
k=1
giving (7.2). O

Our proof that (7.2) implies faithfulness of LY x 1) is based on the ar-
gument of [12, Section 6]: In Proposition 7.5(1) we prove that L¥ x 1 is
faithful on (Bpx, xP)°, and in Proposition 7.5(2) we construct a spatial
version Ey of Ejs such that (LY x ) o Es = Ey o (LY x v). Faithfulness of
LY x 1) then follows easily: If LY x 1(b) = 0, then

0= By o (L¥ x §)(b°b) = (L* x ) o Bs(b°),

so by Proposition 7.5(1), Es(b*b) = 0. The amenability hypothesis then
forces b*b = 0, and hence b = 0.

We begin by reviewing some notation and results from [17, Remark 1.5]
and [12, Remark 5.2]. Let F' be a finite subset of P. A subset C of F'is an
initial segment of F if ¢ := oC is finite and C = {t € F' : t < ¢}. (Recall
that oC' is the least upper bound of C'; we use the convention that o) = e.)
For each such C there is a nonzero projection Q¢ in Bp defined by

Qc =1, I «a-w,

{teF:c<tVe<oo}

and as C' ranges over the initial segements of F', these projections form a
decomposition of the identity in Bp.

Lemma 7.3. Suppose (G, P) is a quasi-lattice ordered group, X is a product
system over P of essential Hilbert A-A bimodules, v is a Nica-covariant
Toeplitz representation of X on H, F is a finite subset of P, C is an initial
segment of F', x,y € X and s € P. Let c=0C, so that C ={t € F : t < c}.

(1) pr( ) = p(y), then the operator ¥ (x) LY (1,)¢(y)* is in the commutant
of LY(Bp). In particular, it commutes with LY (Qc).
(2) If p(x)s, p(y)s € F, then

LY(Qc)y(z) LY (1s)¥(y)* LY (Qc)

Lw(QC’)w(x)Lw(lp(:v)*lc)Lw(lp(y)*lc)w(y)*Lw(QC)
= if p(z)s < ¢ and p(y)s < c
0 otherwise.

Proof. The proof, based on Lemma 5.11, is identical in form to the proof of
[12, Lemma 5.3]. O
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Lemma 7.4. Suppose (G, P) is a quasi-lattice ordered group, X is a product
system over P of essential Hilbert A—A bimodules, and v is a Nica-covariant
Toeplitz representation of X which satisfies (7.2). Suppose further that F is
a finite subset of P and Z is a finite sum > (x) LY (15, )1 (yx)* such that
p(zk)sk = p(yg)sk € F for each k. Then

(7.3) | Z]| = max{||T¢|| : C is an initial segment of F'},

where T is the adjointable operator on X ¢ defined by

(7.4) Tc = Z @xk,yk XA 1p(xk)*1aC"
p(xk)sp<oC

Proof. Since {Q¢ : C is an initial segment of F'} is a decomposition of the
identity in Bp, and since L is a unital representation of Bp, the projections
LY(Qc¢) decompose the identity operator. By Lemma 7.3(1), Z commutes
with each L¥(Q¢), and thus

|Z]] = maX{HLw(QC)ZH : C'is an initial segment of F} .

Fix an initial segment C, and let ¢ := ¢C. By Lemma 7.3(2) and Lem-
ma 5.5(6),

L¥(Qc)Z = L¥(Qo) Y w(wk) LY (14, (y)*
=L%Qc) Y. (@)L Ly -10)¢(ue)*
p(zk)sk<c
=IL¥(Qc) >, PY(Ony ®al)
p(zk)skp<c
= LY(Qc)pl (Te),
so it suffices to show that
(7.5) | @e)pt (o) = 1Tel)
Let
(7.6) R = 11 (1 —1.-1(v0) € Bp.

{tEF:c<tVe<oo}
Since 9 satisfies (7.2),
a—te(a) J[ (1= LY(Aergvg)) = de(a)LY(Re)
{teF:c<tVe<oo}

is a faithful representation of A. By Lemma 5.5(4), the representation
T € L(X,) — al (LY (Re))p¢ (T) is thus also faithful. But af (L¥(R¢)) =
L¥(1e(R¢)) = L¥(Q¢), and hence (7.5) is satisfied. O
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Proposition 7.5. Suppose (G, P) is a quasi-lattice ordered group, X is a
compactly-aligned product system over P of essential Hilbert A—A bimodules,
and v is a Nica-covariant Toeplitz representation of X which satisfies (7.2).
(1) LY x 4 is isometric on (Bpx,xP)°.
(2) There is a linear map Ey of norm one of LY x ¢¥(Bpx, xP) onto
LY x ¢((BpxrxP)?%) such that Ey o (LY x ¢) = (LY x ¢) o E;.

Proof. (1) Since X is compactly aligned, the spanning condition (6.2) holds.
Since Ej is continuous and maps onto (BpX, XP)‘S, we deduce that finite
sums

z = Z ix(Tr)ipp(Lsy)ix (yr)”

in which p(xx) = p(yx) for all k are dense in (Bpx,xP)°. Tt therefore
suffices to fix such a z and show that ||LY x ¢(2)|| = [|2|.

Let o be a faithful nondegenerate representation of Bpx, x P such that
(G oipp,00ix) is a covariant representation of (Bp, P, 7, X). By Proposi-
tion 6.1, 7 := o oix is a covariant representation of X and 7 oip, = L.
Since L' x i = o is faithful, i satisfies (7.2). Hence with F := {p(xy)ss},
Lemma 7.4 gives

|22 x v | = |3 veo £t s

= max{||Tc|| : C'is an initial segment of F'}

=[S it i)

(2) Since X is compactly aligned, finite sums of the form
w =Y ix(@r)ing (Ls)ix (yr)*

are dense in Bpx, x P. We will show that HLd}XdJ Es(w H HL¢><1/J(1U) :
it follows that Ey, is well-defined on operators of the form LY x 1p(w) and
extends to the desired linear contraction.

Let F := {p(zx)sr} U {p(yr)sk}, and let Z := LY x ¢(Es(w)); by (7.1),
Z= > )L (1) ()"

p(zr)=p(yr)
By Lemma 7.4, there is an initial segment C' of F' such that || Z] = || T¢||.
Let ¢ := oC. We will construct a projection R € Bp such that a € A —
¥e(a)L¥(R) is faithful, then define Q := L¥(7.(R)) = a¥ (L¥(R)), and show
that Q(LY x ¥(w))Q = prf(Tc). This will complete the proof, since by
Lemma 5.5(4) we then have

1211 = I1Te ] = [@ot (To)| = [ Q(L? x wlw@| < |17 x w(w)| .

i) = 2]l -
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For each s,t € C such that s # t and s™1cV ¢t e < oo, define ds ¢ € P as
in [17, Lemma 3.2]:

g (s7te) HsleviTle) ifsTle<sTlevitTle
st (tte) Y(s7levitTle)  otherwise,

noting in particular that d,; is never the identity in P. Let Rc be as in
(7.6), and define

R:=Re [] (1-1a,).
s#teC
s7levtTle<oo
By condition (7.2), a € A — LY(R)t.(a) is faithful. The proof that Q(L¥ x
Y(w))Q = Qp¥ (T¢) is exactly as in [12, Proposition 5.5], so we omit it. [

Proposition 7.6. Suppose (G, P) is a quasi-lattice ordered group and X is
a compactly-aligned product system over P of essential Hilbert A-A bimod-
ules. Let  be a nondegenerate representation of A on a Hilbert space H, and
let W be the representation F(X) —Indﬁ(F(X)) mol, wherel : X — L(F(X))
s the Fock representation of X. There is a projection Egy of norm one of
LY x U(Bpx,xP) onto LY x W((Bpx, xP)°) such that

(7.7) Eygo (LY x U) = (LY x ¥) o Ej;
moreover, By is faithful on positive operators.

Proof. Denote by Q¢ the orthogonal projection of F/(X)®4H onto X;®4 H.
Since the @Q¢’s are mutually orthogonal, the formula

Eg(T):=)» @QTQ: forT €LY x ¥(BpxrxP)
teP

defines a completely positive projection of norm one which is faithful on
positive operators. We claim that

W(x) LY (1) (y)* if p(z) = p(y)
0 otherwise.

(78) Eg(¥(z)L¥(1,)¥(y)*) = {

Since X is compactly aligned the spanning condition (6.2) holds, and hence
(7.7) follows from (7.8) and (7.1).

Suppose 7,y € X and s € P. For each t € P, W(x)LY(15)¥(y)* is zero on
X;®4H unless p(y)s < t, in which case ¥(x) LY (1,)¥(y)* maps X;®4H into
Xp(x)p(y)—lt ®aH. Thus lfp(l‘) # p(y)7 Qt\IJ(I)L\P(ls)\II(y)*Qt = 0 for every
t € P, and Eg(¥(z)LY(15)¥(y)*) = 0. If on the other hand p(z) = p(y),
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then Qt\If(:):)L‘I’(ls)\Il(y)*Qt = \Il(x)L‘I’(ls)\I/(y)*Qt for each t € P, and thus

By (U (z)LY (1, =" QuU(2) LY (1) ¥ (1) Q:
tepr
= U(z) Y)Y Q= U(2)LY (1) U(y)".
teP

O

Corollary 7.7. Suppose 7 is faithful. Then the system (Bp,P,7,X) is
amenable if and only if the representation LY x ¥ of Bpx, xP is faith-

ful.

Proof. Suppose LY x W is faithful. By Proposition 7.6, (LY x U)o E5 =
Ey o (LY x W) is faithful on positive elements, hence so is Fj; that is,
(Bp, P,7,X) is amenable. Since U satisfies (7.2) (see the proof of necessity
of (7.2)), the converse follows from Theorem 7.2. O

8. Amenability.

Theorem 8.1. Suppose 0 : (G, P) — (G, P) is a homomorphism of quasi-
lattice ordered groups such that, whenever sVt < oo,
(8.1) O(sVit)=0(s)VO(t) and 0(s) =0(t) = s =t,

and suppose that G is amenable. If X is a compactly-aligned product system
over P of essential Hilbert A—A bimodules, then the system (Bp, P,T,X) is
amenable.

Proof. Our proof is essentially that of [12, Theorem 6.1], suitably modified
to handle Hilbert bimodules. The homomorphism 6 : G — G induces a coac-
tion dp = (id ®0) 0 of G on Bpx, x P, and hence a conditional expectation
of Bpx, x P onto the fixed-point algebra (Bp>477XP)59, such that

ix(@)ipy(1s)ix(y)* it 6(p(z)) = 6(p(y))

0 otherwise.

)

Es,(ix(2)ipy(15)ix (y)*) = {

Since G is amenable, Ej, is faithful on positive elements.

Let [ : X — L(F(X)) be the Fock representation of X, let = be a
faithful nondegenerate representation of A on a Hilbert space H, and let
U= F(X) —Indﬁ(F(X)) mol. By Proposition 7.6, for every b € Bpx, x P we
have

(LY x ¥) o E5(b) = Egy(LY x U(Es,(b))).
Since Es, and Ey are faithful on positive elements, to show that (Bp, P, 7, X)
is amenable it suffices to show that LY x W is faithful on (Bpx, x P)%

Let o be a faithful representation of Bpx, x P such that (oip,,c0ix) is

a covariant representation of (Bp, P, 7, X). By Proposition 6.1, i = g oix is
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a covariant representation of X and coip, = L*. Observe that i is isometric
since, by Lemma 5.3,

]l = (@) = (LY x ©) o ix(a)]|
< lix @)l = flo o ix (@)l = lli(z) ]| < [l -

Let F be the set of all finite subsets F' of P which are closed under V in
the sense that s V¢ € I' whenever s,t € F' and sVt < co. Exactly as in the
proof of [12, Theorem 6.1], one can use Proposition 5.10 to show that, for
each F € F,

Up = span{ix (z)ipp(Ls)ix (y)" : 0(p(x)s) = O(p(y)s) € F'}
is a C*-subalgebra of Bpx, x P. Applying ®5, to both sides of (6.2) gives

(BpxirxP)* =span{ix (z)ig, (Ls)ix (y)* - 0(p(z)) = 0(p(y))};
since F is directed under set inclusion (see the proof of [17, Lemma 4.1]),
we deduce that

(BpxrxP)% = UperUr.

By [2, Lemma 1.3], to prove that LY x W is faithful on (Bpx,xP)% it
is enough to prove it is faithful on each of the subalgebras Up. We shall
accomplish this by inducting on |F.

First suppose F' = {r} for some r € P. Let W, be the Hilbert A-A
bimodule @tea—l(r) Xi. We claim that, for each Nica-covariant Toeplitz
representation v of X on a Hilbert space IC, there is a linear map v, :
W, — B(K) which satisfies ¢, (®xt) = > ¢(z¢), and that (¢, 1)) is then a
Toeplitz representation of W,.. First observe that if z,y € X satisfy p(z) #
p(y) and O(p(x)) = 0(p(y)) = r, then by (8.1) we have p(z) V p(y) = oo, and
hence ¢ (z)*1(y) = 0. Now suppose @z; belongs to the algebraic direct sum

Qtee r X¢; such vectors are dense in W;.. Then
2
t(xe)|| = Zwt (1) Pp (z4) ‘ t(@e) Pr ()
tt/

Z<xt7$t>A

t

= 1D vel(ws,z0) a)

= (@t Bae)all = @],

ensuring the existence of ¢,.. It is routine to check that (¢, 1) is a Toeplitz
representation of W,. Write al for the endomorphism of 1e(A)" which
corresponds to (¢, 1) (Proposition 4.1), and write p? for the associated
representation of £(W,) (Lemma 5.5).

Suppose Z is a finite sum ) ix (zx)in, (1s, )ix (yx)* such that 0(p(zy)sk) =
0(p(yr)sk) = r for every k; to prove LY x WU faithful on Uy we will show
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that ||[LY x W(Z)|| = || Z]|. For each k, let ©,, 4, ®4 1% denote the operator
in £(W,) which is the image of

®Ik7yk ek (Xp( X

plax))
Oy @A kel (Xp(yk)sk’Xp(xk)Sk) C L(Wy).

Define T := )" Oy, 4, ®a 1% € L(W,). It is routine to check that
pr(T) = W(ak) LY (1) ()" = LY x ¥(2),

and similarly p%(T) = L' x i(Z) = o(Z). Since ¥, and i. are faithful
representations of A, the representations p\ and pi. are isometric, and thus

1LY x w(2)| = [|p* (@) = IT]l = [|oi(D)]| = llo(2)] = 1 2]

For the inductive step, suppose F' € F and LY x V¥ is faithful on Up
whenever F' € F and |F'| < |F|; we aim to prove that LY x W is faithful
on Up. Since F' is finite it has a minimal element; that is, there exists
ro € F such that ro < 79 V r for each r € F'\ {ro}. As in the proof of [12,
Theorem 6.1] we have LY x WUy, ) Py, = {0} for each r € F\{ro}, where Py,
denotes the orthogonal projection of F/(X) ®4 H onto B,c-1(,4) Xt ®a H.

On the other hand, we have already demonstrated that LY x ¥ maps
Uy, isometrically into the range of p,\%, and an easy calculation shows that
P, = a,‘}; (Qe), where Q. is the orthogonal projection onto X, ® 4 H. Since
a — Y.(a)Q. is faithful, by Lemma 5.5(4) the representation S € L(W,,) —
P,opp(S) is also faithful. Hence the map Y € Uy, — LY x U(Y)P,, is
faithful.

Now suppose Y € Up and LY x ¥U(Y) = 0. We will show that Y € UR\{ro}s
from which the inductive hypothesis implies that Y = 0. Let (Y;,) be a
sequence in

span{ix (z)ip, (1s)ix (y)" : 0(p(x)s) = O(p(y)s) € F'}
which converges in norm to Y, and express each Y, as a sum ) p Yy,
where V), ;. € Z/{{r}. For each n,

HL\I/ X (V) Pro|| = HL\P X U (Yor0) Prol| = Yool

and consequently Y;,,, — 0. Thus Y, —Y,,, — Y, which shows that
Y € Up\(ry}, as claimed. O

Yk)?

Corollary 8.2. Suppose (G)‘,P’\) is a quasi-lattice ordered group with G*
amenable for each \ belonging to some index set A. If X is a compactly-
aligned product system over P := %P, then the system (Bp,P,7,X) is
amenable.

Proof. The group @ G* is amenable, and by [17, Proposition 4.3] the canon-
ical map 0 : *G* — @ G* satisfies (8.1). O
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9. Applications.

In Section 3, we associated with each twisted semigroup dynamical system
(A, P, B,w) a product system X = X (A, P,[,w) of essential Hilbert A-
A bimodules over the opposite semigroup P° (Lemma 3.2), and we showed
that the Cuntz-Pimsner algebra Oy is canonically isomorphic to the crossed
product A xg,, P; we also showed that 7Tx has the structure of a certain
“Toeplitz” crossed product 7 (Ax g, P) (Proposition 3.4). Suppose now that
(G°, P°) is quasi-lattice ordered; this is equivalent to (G, P) being quasi-
latticed ordered in its right-invariant partial order (s < t < ts~! € P).
Since the left action of A on each fiber X, is by compact operators, X is
compactly aligned (Lemma 5.8) and Zcov(X) = BpX, xP (Theorem 6.3).
Hence we can apply Theorem 7.2 to characterize the faithful representations
of Zeoy(X). This is particularly helpful when (G°, P°) is a total order since
Teov(X) = Tx; more generally, when every s,t € P° have a common upper
bound in P° (i.e., Ps N Pt # (), the crossed product A xg, P = Ox is a
quotient of Zcoy(X) (Theorem 6.3).

We begin by showing that 7., (X), too, has a crossed product structure:

Definition 9.1. Suppose P is a subsemigroup of a group G and (G°, P°) is
quasi-lattice ordered. A Nica-Toeplitz covariant representation of (A,P, 3, w)
is a Toeplitz covariant representation (m, V') such that

ViiVeur ifsVit<oo

9.1 VIVVIV, =< ¢
(0-1) s Pt {0 otherwise,
where s V t denotes the least upper bound of s and t in the right-invariant

partial order on (G, P).

The following Proposition establishes the existence of a C*-algebra which
is universal for such pairs (7, V'), as in Definition 3.1. We call this algebra the
Nica-Toeplitz crossed product of (A, P, ,w), and denote it Teov(A X g, P).
Let ix : X — Teov(X) be universal for Nica-covariant Toeplitz represen-
tations of X. Lemma 3.3 is easily adapted to this setting, and allows us
to define ip : P — M7, (X) by ip(s) = limix(s, Bs(a;))*; here (a;) is an
approximate identity for A, and the convergence is strict. We also define
ia:A— Tow(X) by ia(a) :=ix (e, a).

Proposition 9.2. (Zcov(X),i4,ip) is a Nica-Toeplitz crossed product for
(A7 P? 67 w) °

Proof. As in the proof of Proposition 3.4, i4 is nondegenerate. We verify
the obvious analogues of Conditions (a), (b), and (c) in Definition 3.1. For
(a), let o be a nondegenerate representation of Zcoy(X) on a Hilbert space
H, let m:= 0 0iy, and let V := 7 oip; we must show that (7, V') is a Nica-
Toeplitz covariant representation of (A, P, 3,w). Exactly as in the proof of
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Proposition 3.4, (m, V) is a Toeplitz covariant representation of (A, P, 3,w),
so we need to establish (9.1). Fix s € P. For any a € A and h € H we have

Vin(a)h = o(ip(s)*ia(a))h = o(limix (s, Bs(a;))ix(e,a))h
= o(limix (s, Bs(a;)a))h = o oix(s,Bs(1)a)h,
and since 7 is nondegenerate this shows that
VS ViH = span{o o ix(§)h: € € X, h € H} = aJ”X(1).

Since X is compactly aligned, o o ix is Nica covariant (Theorem 6.3 and
Proposition 5.9), and (9.1) follows.

For Condition (b), let (m, V') be any Nica-Toeplitz covariant representa-
tion on H. As in the proof of Proposition 3.4, ¥(s,x) := Vm(x) defines
a nondegenerate Toeplitz covariant representation ¢ : X — B(H). To see
that it is Nica-covariant, let s € P, and note that for any a € A we have

V¥(s, Bs(1)a) = lim (s, Bs(a;)a) = lim Vyin(Bs(a;)a)
= lim V' Vs (a;)Vim(a) = Vim(a).

Since 7 is nondegenerate, this implies that aff(l) = V;V;, and hence v is

Nica covariant by (9.1). Defining 7 x V' := v, : Teov(X) — B(H) gives
the desired representation satisfying (m x V)oig =mand 7 x Voip =V.
Condition (c) is satisfied since i4(a)ip(s) = ix (s, Bs(1)a*)*, and elements of
this form generate Z¢o, (X). O

Let (G, P;) be a collection of abelian lattice-ordered groups. Since (G;, ;)
is quasi-lattice ordered in both its left and its right-invariant partial order,
so is the free product *(G;, ;).

Theorem 9.3. Suppose (G, P) = x(G;, F;) is a free product of abelian latti-
ce-ordered groups and (w,V') is a Nica-Toeplitz covariant representation of
the twisted semigroup dynamical system (A, P, 3,w) on a Hilbert space H.
Then the integrated form mx V' is a faithful representation of Teov(A X g, P)
if and only if

for every n>1 and si1,...,s, € P\ {e},

m acts faithfully on the range of H(l — Vo Vs,
k=1

Proof. Let 6 be the canonical homomorphism of *(G;, P;) onto @(G;, F;).
By [17, Proposition 4.3], 6 satisfies the hypotheses of Theorem 8.1; since
X = X(A, P, B,w) is compactly aligned, the system (Bp, P,7, X) is there-
fore amenable. Identifying Tcoy(A %3, P) with Zeoy(X) as in the previous
Proposition and defining ¢ (s, z) := V*m(x), the initial projection V¥V is

precisely o¥ (1), and the result follows from Theorem 7.2. O
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Nica covariance is automatic when (G, P) is totally ordered:

Corollary 9.4. Suppose (G, P) is a totally ordered abelian group and (7, V)
is a Toeplitz covariant representation of (A, P,,w) on a Hilbert space H.
Then the integrated form m x V is a faithful representation of T (A xg,, P)
if and only if ™ acts faithfully on (VFH)* for every s € P\ {e}.

Corollary 9.5. Suppose [3 is an extendible endomorphism of A. If (m,V) is
a Toeplitz representation of (A, N, 3), then 7 XV is a faithful representation
of T(A x5 N) if and only if 7 acts faithfully on (V*H) .

Bicovariance. Suppose (G, P) is a quasi-lattice ordered group. Follow-
ing [17], in [12] it was shown that Bp X, P is universal for isometric
w-representations of P which are Nica covariant; that is, which satisfy

Voui Vi ifsVit<oo

9.2 VsVIVV =
(9:2) e {0 otherwise.

Assuming that (G°, P°) is also quasi-lattice ordered, we now show that the
Nica-Toeplitz crossed product Teov(Bp X7, P) is universal for partial iso-
metric w-representations of P which are bicovariant in that they satisfy both
(9.2) and (9.1). Note that bicovariance is automatic when (G, P) is a totally
ordered abelian group.

Proposition 9.6. ip : P — T.oy(Bp X7 P) is a bicovariant partial iso-
metric w-representation of P whose range generates Teoy(Bp X1y P) as a
C*-algebra. Moreover, for every bicovariant partial isometric w-representa-
tion V', there is a representation Vi of Teoy(Bp X1, P) such that Vioip = V.

Proof. Let o be a faithful nondegenerate representation of Zeoy (Bp X1 P).
Then V := G oip is a partial isometric w-representation of P which satisfies
(9.1), and applying 7! we see that ip is as well. Sinceip(s)ip(s)* = ip,(1s)
for every s € P, ip also satisfies (9.2), and is hence bicovariant. Since
{15 : s € P} generates Bp linearly and {ip,(a)ip(t) : a € Bp,t € P} gener-
ates Teov(Bp Xrw P) as a C*-algebra, elements of the form i, (15)ip(t) =
ip(s)ip(s)*ip(t) are also generating. If V' is any bicovariant partial isomet-
ric w-representation of P, then by [17, Proposition 1.3] there is a repre-
sentation 7y of Bp such that my(1s) = VsV for every s € P. For any
s,t € P the product V;Vs; = w(t, s)Vis is a partial isometry; hence by [14,
Lemma 2] the projections ViV and V*V; commute, and we deduce that
v (a) ViV, = Vi*Vimy (a) for every a € Bp and ¢ € P. Further,

v (1s(1¢)) = mv (Lse) = Vit Vi

= (w(s, )VeVi) (w(s, )VsVa)* = VVIVIVE = Ve (L) VY,
so my(7s(a)) = Vemy (a)Vy for every s € P and a € Bp. Thus (my,V) is a
Nica-Toeplitz covariant representation of (Bp, P,7,w). The representation
Vi :=my x V satisfies Vo oip = V. O
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We say that a bicovariant partial isometric w-representation V is universal
if, for every bicovariant partial isometric w-representation W, there is a
homomorphism of C*{V; : s € P} which maps V; to W; for each s € P.

Theorem 9.7. Suppose (G, P) = x(G;, P;) is a free product of abelian latti-
ce-ordered groups and V' is a bicovariant partial isometric w-representation
of P. Then V is universal if and only if

m n
[TV =V Vi) [T - Ve ve) #0
=1 k=1
whenever r € P, myn > 1, and s1, ..., Sp, t1, ... , tm € P\ {e}.
Proof. V' is universal if and only if the representation Vi, = my x V of

Teov(Bp X7y P) is faithful. By Theorem 9.3, this occurs if and only if 7y
acts faithfully on the range of [[,_, (1-V; Vi, ) whenever sy, ..., s, € P\{e},
and the result follows from [17, Proposition 1.3]. O

Let Fo, be the free group on infinitely many generators zy, z3, ..., and
let FX be the subsemigroup (with identity) generated by the z;; the pair
(Foo, FL) is quasi-lattice ordered. In [17], Laca and Raeburn realized the
Cuntz algebra O as the universal C*-algebra for covariant isometric rep-
resentations of F, and used their characterization of the faithful repre-
sentations of Bp x, P to derive Cuntz’s simplicity result. We finish by
showing that the universal C*-algebra for bicovariant partial isometric rep-
resentations of F is reminiscent of O, and we derive a Cuntz-Krieger-type
uniqueness theorem.

First some notation. For a multi-index p = (p1,...,un) we write z, :=
Zuy *** Zuy, and we identify F1 with the set of multi-indices under concate-
nation via z;, < p.

Proposition 9.8. Suppose S is a partial isometric representation of FL in
a C*-algebra B; that is, S is a semigroup homomorphism and each S, is a
partial isometry. Then C*{S, : p € FL } is generated by {Sy, : n € N}, and
S is bicovariant if and only if

(a) the range projections sys; for k € N are pairwise orthogonal, and

(b) the initial projections si sy for k € N are pairwise orthogonal.

Proof. The first statement is obvious. In the left-invariant partial order on
Foo, two elements p, v € FL have a common upper bound if and only if one
is an initial word of the other, and then the least upper bound is the longer
of the two words. We will show that (a) holds if and only if
e —1
SuSy it vt e FY

(9.3) S,S858,Sy =1 5,8 if pmlv e FY,

o0

0 otherwise;
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of course a similar statement holds for (b) using the right-invariant partial
order, and together these prove the Proposition.

To begin with, (9.3) implies (a) since distict generators of FI are not
comparable. For the converse, first suppose v~ € FL; since S,, is a partial
isometry, we then have

SuSES, S = 81, S58,Ss = SuSi1,S5 = SuS)

The case v € FL is similar. Finally, suppose p and v are not comparable.

Then there exists o, ',/ € FX such that u = o/, v = o/, and ) # vj}.
Condition (a) implies that S7,S,» = 0, and by [14, Lemma 2] the range
projection of S, commutes with the initial projection of S, so

S3Sy = 8155858, = 8,858:5,8, Sy = S,8,8,,858, S, = 0.
O

Theorem 9.9. A bicovariant partial isometric representation S of FL is
universal if and only if each S, is nonzero.

Proof. Suppose each S, is nonzero. To see that S is universal, we apply
Theorem 9.7. If v € FX, m,n > 1, and o1, ..., O, T1, ..., Tn € FL \ {e},
then we can choose i,j € N such that none of the multi-indices o; begins
with ¢, and none of the multi-indices 7 ends with j. Then

T1(S0Ss = Sue,Sio) [T (1 = S7.57,) = 8,.8i8; 5858 = 855,85,
I=1 k=1
is nonzero since Sj(S]’fkS*]-l,Z-S;‘mSj)S;-k = SjuiS5, = (0. Hence S is universal.

Now define T': FX — B(/3(FL) ® (*(FL)) by

Tu((so X (51,) = {50 ® 5uu if o ends in uv

0 otherwise.
Then T is a bicovariant partial isometric representation of FZ in which each

T, is nonzero. If § is universal, then S, +— T}, extends to a homomorphism
of C*{S,}, and hence each S, must be nonzero. O
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