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Let A be a compact planar set of positive finite one-dimen-
sional Hausdorff measure. Suppose that the intersection of A
with any rectifiable curve has zero length. Then a theorem
of Besicovitch (1939) states that the orthogonal projection
of A on almost all lines has zero length. Consequently, the
probability p(A, €) that a needle dropped at random will fall
within distance € from A, tends to zero with e. However,
existing proofs do not yield any explicit upper bound tending
to zero for p(A,€), even in the simplest cases, e.g., when A =
K? is the Cartesian square of the middle-half Cantor set K.
In this paper we establish such a bound for a class of self-
similar sets A that includes K2?. We also determine the order
of magnitude of p(A,e€) for certain stochastically self-similar
sets A. Determining the order of magnitude of p(K?,¢) is an
unsolved problem.

1. Introduction.

Consider K = {> 2 ap4™" : ay, € {0,3}}, the middle-half Cantor set,
and the direct product K? = K x K C R? It is well-known that the
one-dimensional Hausdorff measure of K2 satisfies 0 < H!(K?) < oo and
that K2 is totally unrectifiable. Therefore, by Besicovitch’s theorem (see
[4, Theorem 6.13]), the projection of K2 on almost every line through the
origin, has zero length. This can be expressed by saying that the Favard
length of K2 equals zero. Recall (see [2, p. 357]) that the Favard length
of a planar set E is defined by

FaV(E):/ |projge E| d#,
0

where proj, denotes the orthogonal projection from R? onto the line through
the origin making angle 6 with the horizontal axis, and |A| denotes the
Lebesgue measure of a measurable set A C R. The Favard length of a set F
in the unit square has a probabilistic interpretation: Up to a constant factor,
it is the probability that “Buffon’s needle,” a long line segment dropped at
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Figure 1. The Cantor set K?2, third stage of the construction.

random, hits E. (More precisely, suppose the needle’s length is greater than
/8, pick the distance 7 from the origin to the needle uniformly in [0, /2],
and locate the center of the needle at a uniformly chosen point on the circle

{lzl =7}

Now consider the n-th stage of the Cantor set construction for K,

o0
Kn—{ZalAk: ar, € {0,3}
k=1
for 1<k <mnand a,€{0,1,2,3} fork;>n}.

Then K2 is a union of 4" squares of side 4" (see Figure 1 for a picture of
K2). Clearly, Fav(K?) = 0 implies lim,,_,o, Fav(K2) = 0. We are interested
in the behavior of Fav(K?2) as n — oo. A lower bound Fav(K?2) > £ for
some ¢ > 0 follows from Mattila [14, 1.4]. Our main result is a quantitative



BUFFON’S NEEDLE AND PLANAR CANTOR SETS 475

upper bound. For y > 1 let

(1.1) log,y =min<n >0: loglog...logy <1
—_————

n

Theorem 1.1. There exist C,a > 0 such that

Fav(K?2) < Cexp[—alog,n] for all n € N.

Remarks.

1. The convergence of the upper bound to zero is extremely slow, but it
is the best we could get. It is still much better than a purely qualitative
convergence statement. The lower bound  seems closer to the truth. In
Theorem 2.2, proved in Section 6, we analyze a random analog of the Cantor
set K2. We show that, with high probability, the Favard length of the n-
th stage in the construction has upper and lower bounds that are constant
multiples of n~1.

2. For p < 47", the p-neighborhood K(p) = {x: dist(x, K) < p} of K can
be covered by nine translates of K, so Fav(K(p)) < 9Fav(kK,,).

3. It follows from the results of Kenyon [9] and Lagarias and Wang [10)]
that |projyK2| = 0 for all § such that tanf is irrational. However, this
information does not seem to help obtain an upper bound for Fav(K2).

4. The set K? was one of the first examples of sets of positive length and zero
analytic capacity, see [3] for a survey. Recently Mateu, Tolsa and Verdera
[12] proved that the analytic capacity of K2 is bounded above and below by
constant multiples of n=1/2. The analytic capacity of certain related sets of
non o-finite length was determined by Mattila [16]. We consider the Favard
length of such sets in Proposition 7.2.

In the next section we state our results for a class of planar self-similar
Cantor sets. The method used for estimating the Favard length of the n-th
stage of the construction also yields some information about gauges in which
almost every projection of the Cantor set has zero Hausdorff measure. The
proof of the main theorem for homogeneous self-similar sets (such as K?) is
presented in Sections 3 and 4. The non-homogeneous case, which is more
involved, is dealt with in Section 5. Favard length of random Cantor sets is
considered in Section 6. Section 7 contains some further extensions, remarks
and unsolved problems.
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2. Statement of results.

Consider a self-similar set A C R?, defined as the unique nonempty compact
satisfying

(2.1)

m
A= U SiA where S;(x) =rmrx+b;, with r; € (0,1) and b; € R2.
i=1
We assume that the Strong Separation Condition (SSC) holds, i.e., that
Si(A)NS;(A) = 0 for i # j. The similarity dimension is defined as the unique
solution s of the equation » ;*, rf = 1. It is well-known that the Strong
Separation Condition, and even the weaker Open Set Condition, imply that
the Hausdorff dimension dimgA equals the similarity dimension s, and the
s-dimensional Hausdorff measure H*(A) is positive and finite.

First suppose that s = 1. Then A is an irregular 1-set, and thus by
Besicovitch’s theorem (see [4, Theorem 6.13]) Fav(A) = 0. Let A(p) =
{x : dist(x,A) < p} denote the p-neighborhood of the set A. Clearly,
lim, .o Fav(A(p)) = 0. Mattila [14, 1.4] proved the lower bound

(2.2) Fav(A(p)) > ¢ <log <;>>_1 for all p> 0,

for some ¢ > 0. (This lower bound follows from an energy estimate; it does
not use self-similarity, but only positivity of H!(A).) Our main result is the
following upper bound.

Theorem 2.1. Assuming that the SSC holds and s = 1, we have for some
C,a>0

(2.3)  Fav(A(p)) < Cexp [—alog* (Z)] for all p 0.

Remark. The self-similar set is called homogeneous if r; = r for all
i < m. The Cantor set K2 in Section 1 is homogeneous. For a homogeneous
set A, it is equivalent (up to uniform multiplicative constants) to consider the
Favard length Fav(A,) of the nth stage of the construction and Fav(A(p)),
with p = r™.

We now consider random analogs of the sets K2 from the introduction.

Partition the unit square into four dyadic subsquares of side 1/2, and in
each of these choose, uniformly at random, a dyadic subsquare of side 1/4.
Denote the union of four (closed) squares so obtained R;. Inductively, given
R}, which is a union of 4% dyadic squares of side 27%*, we partition each of
them into four dyadic subsquares of side 272~1 and in each of these 4*t1
squares choose, uniformly at random, a dyadic subsquare of side 27272 all
these choices being independent. Call the union of 4**1 (closed) squares so
obtained Ry11. An example of Rj is given in Figure 2.
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Figure 2. A random set Rs.

477

Finally, write R = (32, R. Clearly 0 < HY(R) < oo, and the arguments
of Mattila [14, 1.4] still imply that Fav(R,) > <. Denoting expectation by

E, we have:

Theorem 2.2.

(2.4)

E [Fav(R,)] < %

for some C < co. Consequently, with probability 1,

(2.5)

liminfn - Fav(R,,) < oo.

n—oo

Next, we return to consider self-similar sets A as in (2.1), but only assume
that their similarity dimension satisfies s < 1. Let

IP(A)={0¢€[0,n]:

(the letters “ZP” stand for “intersection parameters”).

projg|a is not one-to-one}

It is easy to see

that if s = 1, then ZP(A) = [0,7]. (Indeed, if projy|a is one-to-one, then
projy(A) is a self-similar set on the real line satisfying the Strong Separation
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Condition. Increasing the contraction rates r; slightly (maintaining strong
separation), we would get a subset of R with Hausdorff dimension greater
than 1, a contradiction.)

It was proved in [18, Theorem 1.2] that if the set ZP(A) contains a
nonempty interval J, then H*(proj,A) = 0 for a.e. § € J. Here we exhibit an

explicit gauge function ¢(t) such that lim;_, ¢g ) = oo but H?(projgA) = 0
for a.e. 8 € J.

Theorem 2.3. Ifthe SSC holds, s < 1, and there is an interval J C TP(A),
then H?(projyA) = 0 for a.e. 6 € J, where

¢(t) = t* exp[Llog,(1/1)]
with L € (0,log2).

Sufficient conditions for the existence of an interval J C ZP(A) were
found in [18]. For instance Theorem 2.3 applies to the planar Cantor set
K x KM where K = {3 a,r" : a, € {0,1}}, withre (5,3). Itis
shown in [18, Example 6.1] that J = [arctan =2 arctan ;2] C IP(K( ).

3. Proof of Theorem 2.1 (the homogeneous case).

Here we prove Theorem 2.1 in the case when r; = r; this includes Theo-
rem 1.1. Note that s = 1 implies » = m~!. Since some of the lemmas will
also be used in the proof of Theorem 2.3, up to a point we allow any value
of s < 1. The more technical proofs of lemmas are postponed until the next
section.

Let m >2, A={1,... ,m} and A* = J,;~o A". Write |u| = n foru € A"
and let w|, = wy ...w, for w € A* U AY, with |w| > n. For u € A" we write
Sy = Sy, 0...08,, and A, = S,(A). In our homogeneous case we have
Su(x) = r"x + b, for some b, € R%. It is convenient to identify the line
through the origin with R; formally we just let projy(z,y) = x cos @+ ysin 6.
For 6 € [0, 7] and u € A" let

Sz( y=r ac+b‘9 , x € R, where bz = projgby.

Observe that A% := projyA is a self-similar set on the real line satisfying
=", S?(AY). The sets A? := projyA, are called the cylinders of the
self-similar set A?. The map Iy : AY — A? defined by

IIp(w) = lim 59 Zr” 1p?

w
n—00 n’

is called the natural projection map We equip the sequence space AN
with the Bernoulli measure (%, R m) The projection of u, that is, vy :=

1o 1'[0_1 is called the natural measure on A’
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Definition 3.1. Let u,v be two words in A* with |u| = |v] = n and let
6 € [0, 7]. We say that SY and S? are e-relatively close if
(3.1) 18%(z) — S%(x)| <er™ forall ze A

This definition is motivated by the work of Bandt and Graf [1]; it was
recently used in [17]. In order to develop the setting needed for the proof of
both Theorem 2.1 and Theorem 2.3, we fix a nonempty interval J C ZP(A);
if s =1 then we let J =ZP(A) = [0,n].

Lemma 3.2. There exists C; > 1 such that for all e € (0,1] and alln € N,
for any interval I C J, with |I| = Cyir", there is a subinterval I' C I
satisfying:

(i) |I'| > C;%e|I| and

(ii) for every 6 € I' there exist u # v in A" such that S? and SY are
e-relatively close.

This is a consequence of “transversality”; the proof is given in Section 4.

Notation. Let U(n,k,¢) be the set of # € J such that there is no collection
of distinct words uq, . .. , ug, with |u1| = ... = |ug| < n, such that Szj, j <k,
are pairwise e-relatively close.

Lemma 3.3. There exist co > 0 and M > 0 such that

(3.2) |U(n,2,e)] < Me " forall ne N, e€(0,1].
This follows from Lemma 3.2; see Section 4 for the proof.

Lemma 3.4. If n = ¢y + jo, with £y,j50 > 1, and k > 2, then

(3.3) W(n,2k,e) C U(ly, 2, (/2)r0) U T (jo, k, (£/2)).

Proof. Suppose that 6 is not in the right-hand side of (3.3). Then there
exist distinct uy, ug, with |u;| < £, such that S9 and Sf, are Srio-relatively

close, and distinct wy, ..., wy, with |wy| < jo, such that ngl,.
pairwise §-relatively close. Let 1 < p < ¢ < k. By self-similarity, S’Ziwp and

Sgiwq are 5-relatively close. Further, Szlwq and Szwq are 5-relatively close,

since rJotluil < pluiwal for 4 = 1,2, This implies that St 1w, and SE_, are

e-relatively close. Thus, we have found 2k distinct words u;wg, with 7 = 1,2
and ¢ < k, of length < n, such that Sziwq are pairwise e-relatively close,
hence 6 & W(n,2k,¢). O

0
ooy Sy, are

Below we denote by log’ and exp’ the i-th iterate of log and exp respec-
tively, assuming that log® is the identity map.

Lemma 3.5. There exists cs > 0 such that for all i > 1,
(3.4)
(W (n, 2%, e)| < M2~ ' exp[—cse” "V (log" ' n)e] for all neN, € (0,1].
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This is proved by induction, using Lemmas 3.3 and 3.4. See Section 4 for
details. Now let

(3.5) ny = expt ez tkef ),
so that, in view of (3.4),
(3.6) | (ng, 28, 1) < M2Fte™",

For v,w € A* we write v C w if v is a subword of w, more precisely, if
w = v'vv” where v' and/or v" may be empty. Let

(3.7) N(k) :=m" -ny - k.
For u; € A*, with |u;| < ng, we have
#ue ANB . yzu} < (m™ —1)NE/m
(3.8) = mV® (1 — ey R < N ok
Lemma 3.6. For any £ > 0 there exists C¢ > 0 such that
log, (r~N®) < C¢ + (1 + )k,
This is elementary; see Section 4 for a proof.

Proof of Theorem 2.1 (homogeneous case). Recall that now s = 1, so r =
m~1. We are going to show that, for some ¢ > 0 and v € (0,1),

(3.9) Fav(A(p)) < ¢v®,  where p=rN®).

By Lemma 3.6, this will imply (2.3).
Turning to the proof of (3.9), we note that by (3.6),

(3.10) / IprojaA(p)| do < M2¥~te=*(diam(A) + 2).
U(nyg,2k,1)

Thus, it suffices to estimate |projyA(p)| from above for 6 ¢ W(ny, 2%, 1).

Fix such a 6 for the rest of the proof. By definition, this means that
there exist words uy, ... ,uqk, each of length not greater than ny, such that
Szj, j < 2F are pairwise 1-relatively close. We have

projoh(p) € |J ALl) = | Al U U Allp) = LU Py

|lu|=N (k) [u|=N (k) |u|=N (k)
uilfu u1Cu

Since |u| = N (k) we have

diam(A? (p)) = diam(A%) + 2p < (2 4 diam(A))m N *),
hence, in view of (3.8),
(3.11) |7y < mN®e=*(2 4 diam(A))m™N*) = (2 4 diam(A))e "

It remains to estimate |Fy|. Suppose that 2 € F. Then 2 € A%(p) for some
u containing uy as a subword. We have u = vujw for some (possibly empty)
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words v and w. Then clearly z € A9, (p). Recall that S§

0
W 7Su2k are

pairwise-1 close, hence Sgu L ,Sg%k are pairwise-1 close as well. Let ¢ =
|v| + |ui|. Of course, ¢ < N(k). It follows that the ball B(x) := B(x, car?),
with ¢4 = 2 + diam(A), contains all A, , for j < 2*. Therefore, the natural

VU4
measure vy of the ball satisfies ’
(3.12) veB(x) > 28m=1 = 2*1c Y B(2)).

By a classical covering theorem (see [15, Theorem 2.1]), we can choose a
disjoint family {B;} of the balls {B(x) : x € I3} so that Fy C |J;5B;.
Thus,
[Pl <53 [Bj] < 5cs2” "V "By < 5ey27 ),
J J

since vy is a probability measure. Combining this estimate with (3.10) and
(3.11) yields (3.9), with v = 2/e, and the proof is complete. O

4. Proof of the lemmas.

Proof of Lemma 3.2. This is an easy “transversality argument”, essentially
contained in the proof of [18, Theorem 2.1(i)]. We provide a proof for the
reader’s convenience.

By increasing C7 we can assume that n is sufficiently large. Let 6y €
ZP(A). This means, by definition, that projy | is not one-to-one, hence
there exist i # j such that A?O N A?O # (. Fix € > 0 and n € N. There exist
u,v € A" such that u; = i,v; = j, and A% N A% +£ (.

Recall that S, (x) = r"x + by, where x,b, € R?, and S%(z) = r"z + 10,
Consider the function f(0) = b% — b = (b, — by) - (cosf,sinf). Observe
that S and SY are e-relatively close if and only if |f(6)] < er™. We have
[F(O)7 + £/ (0)]> = by — by|?. Thus,

41) = fO)) <|f(O)F < (diam(A))*  for 0 € [0, 7],

where n = min{dist(A,,Ay) : 1 < p < ¢ < m}. Note that n > 0 by
the Strong Separation Condition. Since A% N A% £ () we have |f(fy)| <
diam(A%) < diam(A)r™, which can be assumed less than %, since n is large.
Then |f'(6p)| > @ > 4 and it follows from (4.1) that there exists 6, with
|01 —6p| < %diam(A)r”, such that f(f;) = 0. Then S% = 5% and for all § €
(61— mr”, 01+ mr”), by (4.1), the maps S? and S? are e-relatively
close. This implies that the interval [0y — %diam(A)r",Ho + %diam(A)r”]

contains a subinterval I’ of length min{ Tam(A] 4dia:7n(A)}r” which has the

property (ii) from the statement of the lemma. The claim for an arbitrary
interval I C J now follows easily. O
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Proof of Lemma 3.3. This proof is analogous to that of [19, Lemma 4.1].

Fix ¢ € N so that 7* < 2(1 —r) and ¢ such that Cir® < |J|. We are
going to construct inductively a family of compact sets Fy D F1 D --- D Fj,
such that |F,| < e™"¢ for some ¢ > 0 and F), is a union of 2" intervals,
each of length at least Crf0T". Most importantly, we will have that F, O
U(ly + ¢n,2,e). (Observe that ¥(k,2,¢) are nested, decreasing with k, by
the definition of these sets, so the desired estimate will follow.)

We can take Fyp = J. Suppose that we already have F),, for some n > 0,
and we need to construct Fj,11. Let I be any of the 2" intervals of F}, and
find & < n so that C;7F < |I| < Cyr*~l. By assumption, k < fg + fn.
Let I’ be the subinterval of I of length Cyr*+! with the same center. By
Lemma 3.2, there is a subinterval I” C I’ of length > C;'erf*!, which
misses U(k + 1,2,¢) D U(ly + £(n + 1),2,¢). Removing the interior of I”
makes two closed intervals out of I, each of length at least %C’l(rk —rktly >
Cyrhtt > Cyrtottntl) - In this way we construct Fjy1, a union of 27!
intervals. It remains to observe that

I\ I"| < |I| — Oy ter®™* ! < |I(1 - Cy %).
Thus, |Fny1] < (1 — C72%)|F,| < e~Ci¢|F,|, and the desired statement
follows. O

Proof of Lemma 3.5. We are going to prove (3.4) by induction in . We can
assume that c3 < co; then the case i = 1 is just (3.2). Further, we can
assume that n > Ny and log" 'n > M, for any fixed constants Ny, Mo,
since otherwise (3.4) holds trivially for ¢z > 0 sufficiently small.
Suppose that (3.4) holds for some ¢ > 1. Then by (3.3) and (3.2),

(42)  |¥(n, 27 e)]

< [0, 2, (/2)r7)| + ¥ (jo, 2', (/2)))]

< M exp[—calo(2/2)r7] + M2~  exp[—cze™ "V (log' ! jo)(e/2)]

= M(A; + Ag),

1 logn
2 |log |

where n = ¢y + jo. Let jg be the smallest integer > . Then we have

for n sufficiently large:

1 logn n
bo=n—jJo>n—— —1> =
0 Jo 2 | log | =92’
. 1 logn 1 _ _
T]O ZTQ\logr\ =r 1 1/2

hence

(48)  Au < expl-ca(n/2r~'n"2(e/2)] = expl-ca(dr)n' /%],
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Let a := 2|logr|. Note that a > 1 since r < m~1 <
(4.2), we obtain from our choice of jy:

Turning to Az in

N[

(4.4) Ay < 27 exp[—cze Y log (o logn) - (e/2)].

If i = 1, then in (4.2) we could use (3.2) for the second summand as well, in
which case

(4.5) Ay <27 lexp[—coatlogn - (¢/2)] < 27 exp[—czlogn - (¢/2)],
assuming c3 < cga~ . For i > 2 we use the elementary inequality
(4.6) log(x +y) <logzx+y foral z>1, y>0.

We can assume that log' ! n > log a+ 1, since otherwise (3.4) holds trivially

for ¢3 > 0 sufficiently small. Then applying (4.6) i — 2 times to log?n =
log(a~!logn) + log a we obtain

log' n < log" ! (a"tlogn) + loga.
Combining this with (4.4) and (4.5) yields
Ay < 27 exp[—eze Y (log' n — loga)(e/2)] for all i> 1.

In view of (4.3), the induction step will be finished once we check the in-
equality

(4.7)  exp[—ca(4r)"'n%e] + 20 exp[—cse TV (log' n — log a)(e/2)]
< 2% exp[—cze ' (log" n)e].
This is equivalent to
1> 27 exp|(cze " log! n — co(4r) " 'nl/?)e]
+ 27 explesee D (login - (e —27Y) + 27 log )] =: By + Bo.
We have
cze " log' n— co(4r) T 'nt/? < eplogn — eo(4r) a2 <0
for n sufficiently large, hence B; < 2. Further, we can assume that
log'n >loga - (1/2 —e 1)1,
then By < % This implies (4.7), and the proof of the lemma is complete. [
Proof of Lemma 3.6. 1t follows from (4.6) and (1.1) that

log,(z+y) <log,x+log,(1+y) forall z>1, y>0.
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Using this inequality, (3.7), and (3.5), we obtain
log, (V) < 1+ log, (log(r") + log N(k))
< const + log, (ng logm + log ny, + log k)
< const + log, ng
const + (k — 1) + log, (c3 "keF )
const + k + log, k.

IA

Now the desired statement is immediate. O

5. Non-homogeneous case.

Here we prove Theorem 2.1 in full generality and Theorem 2.3. The proofs
follow the same path most of the way. We use the same notation as in
Section 3, as much as possible, so the same letters often represent different
but analogous objects here and there.

We have S, (x) = 74X + b, for some b, € R?, where 7, = 7y, = ... Ty,.
The natural projection map onto A? is defined by Ilp(w) = limy, o0 S? (0).

The natural measure on A? is vg = p o He_l, where u = (r§,...,r:)N and
s < 1 is the similarity dimension of A. For § > 0 consider the “cut-set”
W) ={ue A*: r, <4, ry > 0} where v/ is obtained from u by dropping
the last symbol. Let ru;, = min{r; : i < m} and r,., = max{r; : i < m}.
For u,v € W(8) we have 7, < 74/r < L. Throughout this section we
fix a nonempty interval J C ZP(A) (assuming that it exists). Let X, =
[—da, dp] where dy = max{|x|: x € A}. Observe that S?(X,) C X, for all

i <m and all 6 € [0, 7].

Definition 5.1. Let 0 € [0,7] and u,v € A*. We say that S% and S? are
e-relatively close at x if

189 () — S%(x)| < emin{ry,ry}.
Lemma 5.2. There exists C1 > 1 such that for all x € Xp, for alle € (0,1]
and all 6 > 0, for any interval I C J, with |I| = C16, there is a subinterval
I' C I such that |I'| > Cy%|I| and for every 0 € I' there exist u # v in
W(S) such that S¢ and S¢ are s-relatively close at x.

|l

Proof. The proof is analogous to the proof of Lemma 3.2. Let g(0) =
S0(x) — S%(x) = (ru — 1)z + f(0) where f(8) = b2 — b0, If 6y € TP(K),
then |g(6p)| < 40dx which can be assumed small, increasing C if necessary.

Since ¢'(0) = f'(0), the rest of the proof of Lemma 3.2 transfers. O
Notation. For x € Xy, k> 2, ¢ € (0,1] and n > 1 denote by ®(n, k, x,¢)
the set of 6 € J such that there is no collection of distinct words w1, ... , ug,

n . such that SZ]., j < k, are pairwise e-relatively close at x.

Denote by ®'(n, k,z,¢) the analogous set where it is required, in addition,

with Tu; > T
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that 7pm < 7, /ru]. <rl
®(n,k,xz,e). Further, let

for i,j < k. By the definition, ®'(n,k,z,e) D

U(n,k,e) = U ®(n,k,r,e) and W'(n,k,e)= U &' (n,k,z,¢).
rEX) TE€XA

Lemma 5.3. There exist co > 0 and M > 0 such that
(5.1)  |¥'(n,2,e)| < Me e " forall ne N, € (0,1].

Proof. Using Lemma 5.2 and repeating the proof of Lemma 3.3, we obtain
for any fixed z € X, that

(5.2) D (n,2,z,¢)| < Me=C17

for some constants M ,¢1 > 0. Observe that if S and SY are 5-relatively
close at z and C~1 < r, /rv < C, then Se and Sa are e- relatively close at
o', provided that |2’ — 2| < 57. Taking C = rt and choosing an s5-net N
of XA, we obtain

¥'(n,2,e) C U ®'(n,2,z,6/2).
zeN

Since #(N) < const - 71, this and (5.2) yield (5.1). O

Lemma 5.4. There exists C > 1 such that for n = £y + jo, with £y, jo > 1,
and k > 2, we have
(5.3) (n,2k,e) C U (jo, k, C L) UV (4y,2,C7 1100 ).

max

Proof. Fix xg € X). We want to show that ®(n, 2k, zg, <) lies in the right-
hand side of (5.3). Suppose that 0 is not in the right-hand of (5.3). Then
there exist distinct words wy,... ,wy, with ry,, > 720 | such that vai are

pairwise C~le-relatively close at zg. Without loss of generality, suppose
that 7, = min;<jre,. Further, 8 ¢ W'(£y,2,C 710 &) = U, x ®' (40,2, ,

C~Irio ¢), so there exist distinct uq,us such that r,, > rmax, min < Tuy /Tuy

max

<r.l,and 8¢ and S, are C1ri0 e-relatively close at SY, (z9) € X,. Then
u;wj, for i = 1 2 and j < k, are all distinct and satisfy 7y, > rlotio — pn_
We claim that S,Ziwj are pairwise e-close at zq if C' is sufficiently large. This
will imply that 0 & ®(n, 2k, xg, ), and since zg is arbitrary, the lemma will
be proved.

We have for i = 1,2 and for all j < k,
(zo) — Sziwj (zo)] < TuiC'_ls min{rwl,rwj} = C’_lsruiwl.

’uwl

Further,

[Stsun (20) = Sty (20)| < C7Hrdt e min{ruy, rup } < C™emin{ruw;, Tugu, }-
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Therefore, for 1 <p < q <k,
Sty (0) = Sy, (@0)| < C7leruy, (ruy + 1y + min{ruy, ru,})

< Clery, 24+ 2y min{ry,, 7y, }

< Cle(2+ r;iln)min{rulwp,rqu},

and the claim follows with C =2+ r=1.

min

The lemma is proved. O

Lemma 5.5. There exist a > 0 and b > 1 such that for alle € (0,1], n € N
and > 1,

(5.4) W (n, 2%, e)| < Me'b exp[—ae™ "V (log" " n)e].
Proof is analogous to the proof of Lemma 3.5, based on Lemmas 5.3 and
5.4. We leave the details to the reader. O
Let
(5.5) ng = exp” 1((logb+ 1)a tker 1),
so that, in view of (5.4),
(5.6) | (ng, 28, 1)| < Me™*,
Let
(5.7) N(k) = i [ ] - k.
Similarly to the proof of Lemma 3.6, we deduce from (5.5) and (5.7) that
(5.8) log. (i ™) < Ce+ (1 + Ok,
for any £ > 0. For any u; € A*, with |u1| < ng, we have
(5.9) D s < (1 - NE/me < ok
luq‘“ %(uk)
Now suppose that § & U(ng, 2%, 1) and 29 € A?. Then 0 ¢ ®(ng, 2%, 2o, 1),
so we can find distinct words uy, ... , uqk, with r,;, > %  such that

(5.10)  |Sy;(w0) — Su; (xo)| < min{ry,, 7y, } forall 4,5 < 2k,

Without loss of generality, assume that r,, = min{r,, : i < 2*}. We have
(511) A= [J A = (JAu A =Y,0Z,

|u|=N (k) lul=N (k) u|=N (k)
u1lZu u1Cu
We claim that for some C' > 1,
(5.12) Va e Zy,, 3te[C NP Cr, ]t vyB(x,t) > C 12k,

Indeed, suppose that = € Aﬁ for some u € AN®) such that u; C w. Then
u = vuyw for some (possibly empty) words v and w. Let w € AN be such
that z9 = Hp(w). For each uj, with 2 < j < 2%, there exists a unique
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q = ¢j € NU{0} such that @ := ujw|, € W(ry,). Notice that SZ], (xo) € A%]_
whence S, (20) € A9~ . By (5.10), we have |S? u, (T0) — Sful(x0)| < Touy -
Finally, z € A?

diam(AY, ) + 7y, . Since Tya; = ToTd; < Touy, We obtain that

M Wthh implies that the distance from x to Avuj is at most

(5.13)  B(x,C'ryy) DAY, U U AW , where C’" =1+ 2diam(A).
Therefore,

(514) VgB(:E7C/TUu1 = Uu1 Z?" u >2k T min vu1

This implies (5.12) since ") < 7y < Tou; < T,
Proof of Theorem 2.1. Recall that now s = 1. By (5.8), it suffices to show

that for some ¢ > 0 and v € (0,1), we have

Fav(A(p)) < ev®,  where p:= rﬁ&k).
In view of (5.6), it is sufficient to estimate |[A%(p)| from above for 6 ¢
WU(ng, 2% 1). Fix such a 6, zg € A% and the words ui,...,us as before,
satisfying (5.10), and let u; be the word with the minimal r,,. By (5.11)
we have A%(p) = Yo, (p) U Zy, (p). Clearly, diam(A%(p)) < (2 + diam(A))r,
for any u € AN®) 50 (5.9), with s = 1, implies that |y, (p)| < const - e .
Since t > C~1p in (5.12), the balls B(z, (1+ C)t), for x € Z,,, cover the p-
neighborhood Z,, (p). Now (5.12) implies | Z,, (p)| < const-27%, by repeating
the argument at the end of Section 3, and the proof is finished. ([l

Proof of Theorem 2.3. We use the same setting as in the proof of Theo-
rem 2.1, except that now s < 1 and J C ZP(A) is a nonempty interval. In
view of (5.6), the Borel-Cantelli Lemma implies that the set

E:= ] U\ (2" 1))

n=1k>n

has full Lebesgue measure in .J. Thus, it is enough to show that H?(A%) = 0
for all 8 € E.

Suppose that @ € E; then § € J\ ¥(ny, 2%, 1) for all k sufficiently large.
We fix 79 € A? and find u; = u;(k) as above (now we have to make the
dependence on k explicit). For p = rﬁgk) we have the decomposition (5.11)
A = wi(k) YU Zuy (k). We can write AP = Q; U Qy where Q; is the set
of z which belong to infinitely many Y, ) and (2 is the set of x which
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belong to all Z,, ) for k sufficiently large. Recall that Y, ) = U AZ

ul=N (k)

ui(k)Zu
and diam(A?) < diam(A) - 7. Thus,

¢ < T
H?(21) < const kli)rgo Z d(ry)

lu|=N (k)
u1 (k)Zu

= const - klirgo Z 7S exp[Llog, (ry )]
|ul=N (k)
u1(k)Zu

< const - kh—>nolo Z rs exp[Llog, (p; )]
lul=N (k)
u1 (k)Zu

< const - lim e kel(+Ok _ 0,

k—o0

using (5.9) and (5.8), with 0 < & < L™! — 1, in the last estimate. Recall
that L <log2 < 1.
It remains to prove that H?(€) = 0. For any z € Zuy, (k) We have by

(5.12), with t =t > C~tpy,
vgB(z,tr) S const - 2F¢¢
¢(tk)  ~ tf exp[Llog,(2t; )]
> const - 28 exp[—Llog,(2Cp, )]

(5.15)

> const - 28 LO+OF _, o0, as k — oo.

In the last line we used (5.8) with 0 < ¢ < L7'log2 — 1. Notice that
tk < Tuyk) — 0,88 b — 00 (since Ty, (k) 18 the smallest among 7, k), @ < ok
and all u;(k) are distinct). Thus, (5.15) implies

- . I/gB(.fL',t)
Dy(vg,x) :=limsup ———= = oo forall = € (o,
ol ) = P =5 o :
and hence H?(Q2) = 0 by the Rogers-Taylor Density Theorem, see [20].
The proof of Theorem 2.3 is complete. U

6. Random Cantor sets.

The proof of Theorem 2.2 is inspired by an argument of Lyons [11] involving
percolation on trees; the negative dependence in the construction of Ry
that arises from choosing exactly one of the four dyadic subsquares in the
inductive step of the construction, makes the proof here a little more delicate.

Denote by Gy, the collection of 4% (closed) dyadic subsquares of the unit
square [0, 12 having side length 27%. We consider all dyadic subsquares as a
rooted tree, with [0,1]? being the root and G; being the set of nodes at the
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kth level. For each node there are four edges leading to nodes at the next
level, (its “children”).

Let £ be a line intersecting [0, 1]?, that does not go through any of the
vertices of the squares in Go,. Further, let

Observe that
(6.1) Ap(0) < 227+

To verify this we may assume, using symmetry, that ¢ forms an angle o €
[0, /4] with the horizontal. Then ¢ intersects at most two squares in each

of the 22" columns of G, and (6.1) follows.
Below P(F) denotes the probability of an event E.

Lemma 6.1. Suppose that the line £ does not hit any vertices of the squares
in Gay,. Then

C

(6.2) P(R,N{#0) < 71
for some constant Cy > 0 independent of £ and n.

Proof of Theorem 2.2 assuming Lemma 6.1. Let 6 € [0, 7] be such that the
line y cos @ = xsin @ is orthogonal to ¢, and let n be the unit normal vector
for £. Then by Fubini’s Theorem and Lemma 6.1,

63) B [projyR,[] = /RP(Rn N (0 + tn) £ 0) dt < ﬁ%

and (2.4) follows by integrating over 6.
Finally, (2.5) follows directly from (2.4) by Fatou’s lemma. O

Proof of Lemma 6.1. We label the four dyadic subsquares of a square as in
Figure 3.

Figure 3. Labeling subsquares.

This labeling induces a natural addressing scheme for each dyadic square
B € Gi. The address has length k& and the symbols are from {0, 1,2,3}; we
write it as w(B) = {wi(B)}*_,. Recall that we arrange all dyadic squares
in a tree. The construction of the random set is such that at even levels
we take all children, but at odd levels we choose for each remaining square
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one child, uniformly at random and independently of the choices in other
squares. This yields a subtree of the full 4-ary tree, where the nodes at level
2n correspond to the random set R,,.

By symmetry, we may assume that the slope of ¢ is positive.

Fix a small positive constant §, to be chosen later. We subdivide Gs,, into
three types as follows:

(i) Say that B € Gy, is Type 1 if
#{i<n—-1: we1(B)=0}>in.
(ii) Say that B € Gay, is Type 2 if it is not Type 1, and
#{i<n-—1: we1(B)=2}>n.
(iii) All remaining B € Goy, are said to be Type 3.
Consider the events

Zi:{EIBCRn: BeTypei&Bm;A@} for i=1,2,3.

We have
3

P(R.NL#0) <> P(Z).
i=1
First we estimate P(Z1). We have
E[#{BCRn: BNL#DY

(64) E[H#{BCR,: BNl#0} |7 < P(Zy)

Writing

#{BCR,: BNL#£0} = Z LiBcRr,.: Bre£0}
B€g2n

and using that P(B C R,) = 47" for any B € Ga,, we obtain by (6.1) that
(6.5) E[#{BCRy: BNLADY =4,(0) 47" <2
Thus, it remains to estimate the left-hand side of (6.4) from below. Let

U :={Q €Gop: Qe Typel & QnNL+#0D}.

Order the squares in Ga, hit by ¢ from left to right and from bottom to top.
This is a total order by the assumption on slope of the line ¢. For Q) € ¥y
consider the event

Yo = {Q is the first square in ¥y hit by E}.

Then 7, = UQG\I,1 Yq is a disjoint union, and so, for any random variable

/i
66) E[f|Z]= )

Qev;

P(Yy)
P(Z1)

E[f!YQ]ZQnégllE[fIYQ}-
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Fix Q € ¥;. We have

6.7) E[#{BCR.: BNL£0}|Yol= > P(BCR.|Yy)
BeGan: BNEAD

By the definition of Type 1 squares,
#{i<n—1: wy1(Q)=0}>dn.
Fix i such that wy;11(Q) = 0, and denote by @ the dyadic square in Go;

having the address w(Q) = w1 (Q) ... w2(Q). The fact that Q C R, implies
that ) was chosen at the ith stage of the random construction, i.e., Q C R;.
(Note that by definition, [0,1]2 D Ry D ... D R,.) Since the slope of ¢ is

positive, £ intersects at least %4”_i squares B € s, whose addresses start

with w(Q)k, for k € {1,2,3} (see Figure 3). For each of these squares we
have (using the independence of Yy from the random choices involving the

descendants of w(Q)k with k € {1,2,3}), that
P(BCR,|Yo) =P(BCR,|QCR;)=4""
Therefore, the sum of P(B C R, |Ygp) over the set of squares
Bi = {B € Gan, s BNLAD, {w(B)}F = {w(QFF, wairn(B) € {1,2,3}},

is at least %4”_i W % Notice that the sets B; are disjoint for distinct ¢
with wa;11(Q) = 0. Thus, the right-hand side of (6.6) is at least 16n, which,

together with (6.7), (6.6), (6.5) and (6.4), implies

4
. P(Z) < —.
(65) (2) < 5
By symmetry, we obtain
4
. P(Z;) < —.
(69) (22) < 5

It remains to estimate P(Z3). We have
(6.10) P(Zs) gE[#{BcRn; B € Type 3 & BNL # 0}
= > P(B C R,)

BeType 3 : BNUAD
=47"#{B € Type3 : BNl +#0}.

Thus, it suffices to bound the number of Type 3 squares hit by £. Consider
the subtree of all dyadic squares that are hit by ¢. Since we assumed that ¢
does not hit any vertices, it can hit at most three children of a dyadic square
that it intersects. For a Type 3 square, at least n — 2dn of the digits at odd
levels are either 1 or 3, and our assumption that the slope of £ is positive
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guarantees that it cannot intersect both of the children labeled by 1 and 3
of any dyadic square (see Figure 3). Therefore, summing over the number

j= #{i <n—1: wyt1(B) € {072}}7

we obtain

#{B € Type3: BNL#£0} < Z ( n > 3727 < Cy - (1 4 e(8))"3"+20m,

j<26n

where £(6) — 0, as § — 0. Now we can choose § so that (14-(8))-31729 < 3.5,
and, in view of (6.10),

P(Z3) < const - (7/8)".

Combining this with (6.8) and (6.9) yields (6.2), and the proof is complete.
U

7. Concluding remarks and problems.

7.1. More general families of self-similar sets. Theorems 2.1 and 2.3
extend to parametrized families of self-similar sets satisfying the “transver-
sality condition.” The following set-up is taken from [18].

Let J C R be a closed interval. Consider a one-parameter family of
iterated function systems {S7, ..., S }res where S}x) = r;x + a;(\), with
r; € (0,1) and a;(\) € CY(J). Let II(\,-) : AY — R be the natural
projection map associated with the system and let A* = II(\, AY). Then
{A ey is a family of self-similar sets on the real line. Note that the
similarity dimension s does not depend on A. We denote f,, -(A) = II(\,w) —
II(A,7) and say that the transversality condition holds on J if for any
w, T e AN,

if 3IxeJ: for(\)=f,,(A)=0 then w=r.
Define
IP={ e J: Jw,rc AV: f,.(\) =0 but w#7}.

Theorem 7.1. Suppose that the one-parameter family of iterated function
systems defined above satisfies the transversality condition and TP = J.

(i) Assume that s = 1. Then there exist C,a > 0 such that

/ |A*(p)| dX < Cexpl[—alog,(p~)] for all p> 0.
7

(ii) Assume that s < 1. Then H?(A*) = 0 for Lebesgue-a.e. A € J where
#(t) = t* exp[Llog, (t71)], with L € (0,1og2).
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The proof of this theorem is very similar to the proofs of Theorems 2.1
and 2.3. The only change is in Lemma 3.2, where one needs to use the general
form of transversality rather than the special form (4.1) valid for projection
families. In [18] it is proved, under the assumptions of Theorem 7.1(ii), that
HS(A*) = 0 for a.e. A € J.

Example. Let A* = {>°°° ja,47™™: a, € {0,1,2,A}}. Then all the as-
sumptions of Theorem 7.1 hold for A € [0, 3].

7.2. Cantor sets with varying contraction ratios. Let D = {by,...,
bm} C R? be a digit set. Suppose that §,, > 0 and let

n

r™ =m™T[(1+6) for n>1.

i=1
Define T : AN — R? by M(w) = S0° 7 Vp,, and consider the set
A = TI(AY). If &, = 0 for all n, then A is self-similar, but we now assume
that §, > 0 and d,, | 0. Further, suppose that

min |b; — b;| - (M) > max |b; — b;| - r),
il ] > max o <3

Then it is easy to see that II is one-to-one and so A is a planar Cantor
set. One can show that if the product [];2;(1 + d;) diverges, then the one-
dimensional Hausdorff measure of A is not o-finite (this follows, e.g., from
applying the results of [20] to the natural measure on A). It turns out that
if this product diverges sufficiently slowly, then Fav(A) = 0.

(Other deterministic sets of non-o-finite H' measure but zero Favard
length can be found in [13, 7, 8].)

Proposition 7.2. There exists ¢ > 0 such that if
n
T1(1 +6:) < explelog, n,
i=1

then Fav(A) = 0.

Sketch of the proof. The argument closely follows the proof of Theorem 2.3
(in the homogeneous case), so we only give a brief sketch.

Let TIy = projy o IT and AY = TIy([u]) where [u] is the cylinder set corre-
sponding to u € A*. For u,v € A*, with |u| = |v| = n, we say that A% and
A are e-relatively close if the Hausdorff distance between these sets is not
greater than er(™. Define W(n, k, €) as the set of § € [0, 7] such that there is
no collection of distinct words uy, ... ,ux, with |u;| < n for j <k, such that
AZ]_, j < k, are pairwise e-relatively close. The four lemmas in Section 3 and
the proof of Theorem 2.3 (specialized to the homogeneous case r; = r) go
through essentially unchanged, replacing only ™, 9, etc., with P (@ ete.
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We use ¢(t) = t, so that H?(A?) = 0 for a.e.  is equivalent to Fav(A) = 0.
Further details are left to the reader. O

7.3. Unsolved problems.

Question 7.3. For a one-dimensional self-similar set in the plane, which
satisfies strong separation, can the bound (2.3) be strengthened to

(7.1) Fav(A(p)) < C <10g <;>)_1 for all p> 0,

for some C' < o0?

Perhaps a more accessible goal is to improve our estimates for random
Cantor sets.

Question 7.4. For the random sets R,, considered in Theorem 2.2, can the
upper bound (2.5) be improved to

(7.2) limsupn - Fav(R,) < oo as. ?
n—oo
A more ambitious program would be to relate the decay rate of Favard
length of neighborhoods, to other quantitative measures of nonrectifiability.
The following question is motivated by Jones’ Traveling Salesman Theo-
rem [6]. Given a compact planar set A, and € > 0, let

(A, €) = sup HL (F(e) N A),

where I' runs over recifiable curves of length 1, and H!_ denotes one-dimen-
sional Hausdorff content. We can show that the four-corner set K? consid-
ered in the introduction satisfies /(K2 ¢) = O(]loge|™!) as € — 0.

Question 7.5. Is there a quantitative estimate of Fav(A(e)) in terms of
(A e)?
In particular, is Fav(A(e)) = O(¢(A,€)) as € — 07
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