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Given an n-tuple {b,...,b,} of self-adjoint operators in
a finite von Neumann algebra M and a faithful, normal tra-
cial state 7 on M, we define a map ¥ from M to R™ by
¥(a) = (7(a), 7(b1a),...,7(bpa)). The image of the positive
part of the unit ball under ¥ is called the spectral scale of
{b1,...,bn} relative to 7 and is denoted by B. In a previous
paper with Nik Weaver we showed that the geometry of B
reflects spectral data for real linear combinations of the oper-
ators {b1,...,b,}. For example, we showed that an exposed
face in B is determined by a certain pair of spectral projec-
tions of a real linear combination of the b;’s. In the present
paper we extend this study to faces that are not exposed. In
order to do this we need to introduce a recursive method for
describing faces of compact convex sets in R™. Using this new
method, we completely describe the structure of arbitrary
faces of B in terms of {b1,...,b,} and 7. We also study faces
of convex, compact sets that are exposed by more than one
hyperplane of support (we call these sharp faces). When such
faces appear on B, they signal the existence of commutativity
among linear combinations of the operators {by,...,b,}. Al-
though many of the conclusions of this study involve too much
notation to fit nicely in an abstract, there are two results that
give their flavor very well. Theorem 6.1: If the set of extreme
points of B is countable, then N = {b;,...,b,}” is abelian.
Corollary 5.6: B has a finite number of extreme points if and
only if IV is abelian and has finite dimension.

0. Introduction.

In this work we continue the investigation begun in [1] of the spectral rela-
tionships within an n-tuple of self-adjoint operators in a finite von Neumann
algebra as reflected in the geometry of the corresponding spectral scale. Let
us begin by introducing some notation and reviewing some of the results in
[1].
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258 C. AKEMANN AND J. ANDERSON

The following notation will apply throughout the rest of the
paper without explicit reference.

Notation 0.1. Let M denote a finite von Neumann algebra equipped with
a faithful normal tracial state 7, let n denote a positive integer, and let
bi,...,b, denote an n-tuple of self-adjoint operators in M. We define a
map ¥ from M to R**! by the formula

U(a) = (7(a), 7(h1a),...,7(bya))

and write B = W(M;"), where M;{" = {a € M : 0 < a < 1}. Since 7
is normal and M1+ is weak™ compact and convex, it follows that B is a
compact, convex subset of R, We call B the spectral scale of the b;’s
relative to 7.

We use parentheses [(, )] to denote vectors in R™ and angle brackets [(, )]
to denote inner products.

(1) We let N denote the von Neumann subalgebra of M generated by
bi,...,b, and the identity.

(2) If p and ¢ are projections in M and p < ¢, then the order interval
that they determine is

p.a) ={ae M :p<a<q}.
(3) For each nonzero vector t = (t1,...,t,) € R" we write
by = t1b1 + ... +t,by,.

(4) By a spectral pair we mean a pair of the form (s,t), where s is a
real number and t is a nonzero vector in R™. Our standard way of
embedding R” into R"*! is t — (0,t).

(5) If (s,t) is a spectral pair, then pzfs and py . denote the spectral pro-
jections of by determined by the intervals (—oo,s] and (—oo,s). We
call pfs the spectral interval projections determined by s and bz .

(6) If (s,t) is a spectral pair and « is a real number, then P(t,s,a)
denotes the hyperplane in R"*! defined by the formula

—8sxo +11x1 + -+ lpTn =«
and we write P1(t, s, )for the half-space defined by the inequality
—sxg+tix1+ -+ ipzy, > .
(7) If 0 < s < 1, then the isotrace slice of B at s is by definition
Is = {x=(z0,...,2n) € B:xo=s}.

The notion of an isotrace slice may seem artificial, but, as we shall show in
a forthcoming paper in the International Journal of Mathematics, for n = 2
it essentially contains the more familiar concept of the numerical range of
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the operator ¢ = by + ibs. Isotrace slices are particularly useful when there
are two operators so that B C R? as will be seen in §6 of this paper.

As shown in [1], the geometry (i.e., the facial structure) of the spectral
scale B contains information about the spectrum and spectral projections
of real linear combinations of the by, ...,b,. In this paper we complete this
part of the theory by giving an exact description of an arbitrary face of B
in terms of the b;’s. In [1] this was done only for the case n = 1, and it is
useful to begin by presenting a description of these results.

Assume n = 1 and by = b. Thus, B is a convex, compact subset of
the plane so that a face in B is either an extreme point or a line segment.
Also, for each real s write pf, (resp., p;) for the spectral projection of b
corresponding to the interval (—oo, s| (resp., (—oo,s)). Finally write o(b)
for the spectrum of b. The results obtained in [1, Theorems 1.5 and 1.6]
may be summarized as follows.

(1) B lies between the lines + = 0 and = 1 and has “sharp points”
at ¥(0) = (0,0) and ¥(1) = (1,7(b)). Thus, the boundary of B is
divided into an upper and lower boundary.

(2) The spectrum of b is exactly the set of slopes of the tangent lines to
the lower (or upper) boundary of B.

(3) A point x in B is an extreme point on the lower boundary if and only
if x has the form W(p¥) for some s € o(b). Extreme points on the
upper boundary have the form ¥(1 — pifs).

(4) The line segments in the lower (or upper) boundary of B are in one-
to-one correspondence with the eigenvalues of b. If s is an eigenvalue
for b so that p; < pf and F is the line segment on the lower boundary
of B that it determines, then F' = ¥([p;, pI]).

(5) The corners in the lower (or upper) boundary of the spectral scale
are in one-to-one correspondence with gaps in the spectrum of the
operator b.

Let us now review the basic facts obtained in [1] for the higher dimensional
case. Since we shall refer to these facts repeatedly, it is convenient to give
them local numbers.

The following is a restatement of the results in Theorems 2.3 and 2.4 in
[1].

Theorem 0.2. The following statements hold:

(1) If x is an extreme point of B, then there is a projection p in N such
that

U(p) = x and U~ (x) N M;" = {p}.

Further, \If(p;fs) and V(py ;) are extreme points of B for every spectral
pair (s,t).
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(2) We have 7((by — sl)p,j’s) = 7((bt —s1)pg ;). The hyperplane P(t, s, )
is a hyperplane of support for B with B C Pl(s,t, ) if and only if

a=rT1((by — sl)pti’s).
In this case we have \Il(pic’s) € P(t,s,a).
(3) If a = 7((bg — Sl)pis), then F' = P(t,s,a) N B is a face in B.
Moreover,
UH(P(t,50)) N M = [pg,, pi]
and

F= \I/([pt_,s?p’j:s])'

Recall that a face F' of a convex set C' is said to be an exposed face
if there is a hyperplane of support P for C such that F' = C'N P. If the
exposed face F' is a single point x, and so necessarily an extreme point of
B, we call x an exposed point. (See §2 for a more detailed review of these
notions).

Although it was not specifically noted in [1], Theorem 0.2 allows the
complete classification of the exposed faces in the spectral scale which we
record below.

Corollary 0.3. The following statements hold:

(1) F is an exposed face if and only if there is a spectral pair (s,t) such
that

F =%([pg o i )-

(2) If x is an extreme point in the spectral scale, then x is an exposed
point if and only if there is a spectral pair (s,t) such that Pes = p,:fs
and x = \I!(p,:fs).

(3) If F is a face that is not an extreme point, then F' is an exposed face
if and only if there is a spectral pair (s,t) such that F = \Il([pt_’s,p,':s])
as in Part (1) above and s is an eigenvalue for by. In this case if we
setr = (p:fs —DPys), then T # 0 and byr = sr.

Proof. The first conclusion follows immediately from Parts (2) and (3) of
Theorem 0.2.
If x is an exposed point, then x = \I/(pifs) by Part (1) and this immediately
implies that x = \I/(péfs) because 7 faithful.
Conversely, if (s,t) is a spectral pair such that Prs = p:fs and x = \I/(pifs),
then
BN P(t,s,a) = V() = U([pg,, pL)

is a singleton and so this face is an exposed point.
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Finally, by Part (1) and the fact that W is faithful, we have that (p,j . —
Pys) # 0 exactly when the face F' = ¥([p; , ptf <)) has positive dimension. In

this case r = (pf s — P, s) # 0 and we conclude that byr = sr from spectral
theory. O

The results to be presented below concern the following topics:

e A general analysis of a face of a compact, convex set in R™. (§2
and §5).

e A complete description of the facial structure of the spectral
scale in the general case. (§3).

e An analysis of the “corners” of the spectral scale in higher di-
mensions. (§4).

e Applications of the results in §4 to show how geometric proper-
ties of B imply the existence of central projections in N. (§5 and

§6).

Let us now describe our results in more detail. Although we defined
exposed faces of convex compact subsets in R™ using hyperplanes of support,
there is also an equivalent formulation in terms of linear functionals. From
this point of view, a face F' in the (convex, compact) set C' is said to be
exposed if there is linear functional f and a scalar ¢ such that f(x) =t for
each x in F' and f(x) < t for each x in C'\ F. In this case, we say that f
exposes F'. Since the former definition is more geometric it fits better with
the emphasis of this paper, but it will sometimes be convenient to use the
latter, more algebraic, definition.

Observe that not every face need be exposed. For example, it is easy to
construct a convex set in two dimensions that has a face in its boundary
of dimension one such that the end points of this line segment (which are
extreme points) are not exposed. We wish to make distinctions among
exposed faces as follows. The exposed face F' is said to be have degree k
if K+ 1 is the cardinality of the largest linearly independent set of linear
functionals that expose F'. In terms of hyperplanes, this means that there
are k + 1 hyperplanes of support for F' such that their normal vectors are
linearly independent. We study such faces in §4.

In §3 we show that a general face of the spectral scale provides spectral
information for linear combinations of the defining b;’s and certain cut—
downs of these operators. If F' is not exposed, then a condition similar to
that of Corollary 0.3 (1) holds, except that it is first necessary to cut down
by a certain spectral projection. This analysis allows us to complete the
characterization of the extreme points of the spectral scale which was begun
in [1].
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Generalized “corners” are studied in §4. A corner of a convex planar set is
a point on the boundary that admits more than one tangent line of support.
The natural generalization of this notion in higher dimensions is a face that
admits more than one hyperplane of support, i.e., a face of degree k for some
1 < k < n. We call such faces sharp faces since they generalize sharp (i.e.,
non-differentiable) corners on the boundary of a 2 dimensional convex set.

Our main result on this topic can be described as follows. In two dimen-
sions, a corner of a convex set admits precisely two tangent lines of support
with linearly independent normal vectors. In higher dimensions, there can
be much wider variation and a new phenomenon occurs.

Specifically, in the case of a spectral scale formed by a single operator,
a tangent line of support for a face of the spectral scale is determined by
real numbers s and «, where s € o(b). In the general case where there are
n b;’s, the hyperplanes of the support for a sharp face are determined by a
sequence (s1,t1),. .., (sk, tx) of spectral pairs and real numbers ayq, ..., ag.

For example, suppose F' is a sharp face which is contained in hyperplanes
of the form P(t1,s1,a1) and P(ta, sg, ae), where the spectral pairs (s1,t1)
and (s2,t2) are linearly independent. If t; = to = t and s; < s, then, just
as in two dimensions, the interval (s1, s2) lies in a gap in the spectrum of by.
On the other hand if {t,ts} is a linearly independent set, then something
new occurs. In this case, there is a projection r that commutes with by, and
b, and such that

be,r = s1r and by, = sor.

If there are k hyperplanes containing F', with linearly independent vectors
t1,...,tg, then the projection » commutes with each by, and the compression
of each by, to r is a scalar.

Next, we observe in §5 that if & = n for the sharp face F' of the previous
paragraph, then the projection r commutes with each b; and so r is a non-
trivial central projection in N. Put colloquially, if we can “wobble” a sharp
face in all n “t-directions”, then the center of IV is not trivial. §6 is devoted
to showing that if B has a countable number of extreme points, then N is
abelian.

1. Examples.

As noted in the introduction, one can “see” if N is abelian from the shape of
the spectral scale in the finite dimensional case, but the situation in infinite
dimensions is much more complicated. In this section we present several
examples that illustrate this point. Other examples of the spectral scale
in R? were presented in [1] at the end of §1. Examples for which N is
finite dimensional and noncommutative appear in a forthcoming paper. We
begin with an example where N is abelian and B has a countable number
of extreme points.
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Example 1.1. Let b denote the diagonal operator on ¢?(N) defined by
b(ry) = (1/k)rg, k = 1,2,..., where the r;’s denote the diagonal pro-
jections of rank one and let M be the von Neumann algebra generated by
b and the identity (so that M = ¢>°(N)). Also, define a trace 7 on M by
7({tr}) = S_tr/2F. Since the spectrum of b is exactly {1/k} together with
0, it is countable. By Theorem 1.5 of [1] the spectral scale of {b,7} is a 2
dimensional, convex, compact set with upper boundary curve consisting of
line segments with decreasing slopes — specifically the slopes {1/k}. Thus
the algebra N is abelian (it equals M) and infinite dimensional, and the set
of extreme points of B is countable.

As the next example shows, even if N is abelian and all linear combi-
nations of {b1,bs} have countable spectrum, B may still have uncountably
many extreme points.

Example 1.2. Let M and 7 be as in Example 1.1 and select positive real
sequences {sx} and {t;}, each of which converges to 0, and such that the
sequence {tx /sy } takes on every rational value between 0 and infinity. Also,
let b; and be denote the corresponding diagonal operators in ¢*°(N). Since
the two sequences converge to 0, every linear combination of b; and by is
compact. In particular, each linear combination of b; and by has countable
spectrum.

To see that B has an uncountable number of extreme points, fix an irra-
tional number «, write t = (o, —1) and consider the operator by = ab; — bs.

Observe that
tx,
as —tp <0 <= a< —.
Sk

Thus, if we write
Go = {k o< tk/sk},

then p is the projection onto the subspace of H spanned by the corre-
sponding standard basis vectors and we have

_ 1
T(Peo) = Z k"
keGa
Hence, if o # o and we write t' = (/,0), then Go # Gor, T(Pg ) # T(Py )
and so
Peo 7 Py o

Hence there are an uncountable number of spectral projections of this
form and therefore by Part (1) of Theorem 0.2, the set of extreme points of
B is uncountable.
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As the next two examples show, it is not always “obvious” from the
geometry of B whether or not N is abelian. Finding a condition on B
that is necessary and sufficient for commutativity of N is one of the major
unsolved problems in the theory.

The pictures of the spectral scales in these examples are rather compli-
cated. The details are much clearer in color. To view the color versions, go
to

http://www.math.psu.edu/anderson/pictures.

Example 1.3. Suppose that H = L?(0,1), b; is multiplication by z, by
is the projection determined by the characteristic function of the interval
[0,1/2] and the trace 7 is integration. Thus, in this case N is abelian. The
spectral scale for these operators resembles two bed sheets, tied at their
corners and billowing outwards from one another. The coinciding edges of
the bed sheets form the borders of 4 two dimensional faces with parabolic
boundaries that meet at the corners of the bed sheets. These faces have the
same shape as the spectral scale for multiplication by z. (See [1, end of §1].)
Thus, the spectral scale of by is visible in B. The spectral scale of by (which
is just a parallelogram) is also visible as the convex hull of the corners of
the bed sheets. See Figure 1.

Example 1.4. Now let us consider a noncommutative example. Put H =
L%(0,1/2) @ L?(1/2,1) and write

b= [g a+01/2] and by = [53 1?3] :

where a is multiplication by x on [0,1/2]. Thus, b; is still multiplication by
x on [0,1], but the projection by now does not commute with b;. In this
case the spectral scale is quite similar to the scale in the previous example,
although the “billowing” of the bed sheets is more pronounced. So, based
on this evidence, there does not seem to be an obvious visual method for
determining when N is abelian in the infinite dimensional case. See Figure 2.

2. Preliminary results on convexity.

How should one describe a face F' of a convex set C'in R™? Assuming that we
have already some description of C, it is natural to add some conditions to
that description in order to distinguish the points of F' from the other points
of C'. The most natural conditions, from the convexity viewpoint, should
be expressed in terms of linear functionals. E.g., F = {x € C : f(z) = a}.
This only works if the linear functional f exposes the face F'. Many faces
are not exposed, so how can we describe them in some systematic way using
linear functionals? The answer to that question is to use more than one
linear functional via the recursive process described in this section.
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Figure 1

We begin by reviewing some of the standard notions in the theory of
convexity and then present some general results that will be used in the
sequel. Although some of the material that appears here does not seem to
be in any of the standard texts on convexity, it is quite possible that some
of the unattributed results are known.

If t = (t1,...,t,) is a nonzero vector in R and « is a real number then
we write

Pt,a)={x=(r1,...,2,) ER" : 121 + - -+ + tpz, = (t,x) = a}

for the hyperplane in R™ determined by t and «. The half spaces of R"
determined by the hyperplane P(t,a) are given as follows:

Pl(t,a) = {x € R": (t,x) > a}, and P'(t,a) = {x € R": (t,x) < a}.

Thus, P(t,«) is the unique hyperplane in R™ passing through x and orthog-
onal to t and so it is natural to call the vector t a normal vector for this
hyperplane.
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Figure 2

Now fix a convex subset C' of R”. The hyperplane P(t, «) is a hyperplane
of support for C' if there is a vector x in the boundary of C' with x € P(t, «)
and we have (t,x) = a and

C c P'(t,0).

Note that in order for P(t,«) to be a hyperplane of support we just as easily
could have required C' C P!(t,a). In fact this is often the definition used
in many texts on convexity. We prefer to use the positive half space since it
is more natural in our applications.

Note that P(t,«) is a hyperplane of support for C' containing the vector
x € C'if and only if

(x' —x,t) >0, forall x' eC.
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If C is compact and t is any nonzero vector in R™, then it is straightfor-
ward to show that there is a unique real number a such that P(t,«) is a
hyperplane of support for C. Further, if P(t,«) is a hyperplane of support
for C', then

F(t,a) = P(t,a)NC

is a face in the boundary of C.

Let us now record a few general results on faces in convex sets. As above,
the symbol C stands for a convex set in R™. The proof of the following The-
orem is essentially the same as the proof of Theorem 2.6.17 in [6], although
its statement is a bit more detailed than the one given there.

Theorem 2.1. If P(ti,a1),..., P(tg, ax) are hyperplanes of support for C
such that

CNP(t1, 1) NN P(tg,ap) = Ft,a0) NN F (g, ) # 0,
A,y ..., A\ are positive real numbers and we write
ay = Moy + ... \pag and
ty = Aty + ... Aty
then P(ty,ay) is a hyperplane of support for C and
F(tyx,an) = P(ty,an) NC = F(t1,a1) N -+ N F(tg, ag).
In particular, F(ty,ay) is an exposed face of C.
Proof. Fix x € F(t1,a1) N --- N F(tg, ar). We have then that
(ti,x) =

for each 4 and so

(ta, X) = A1 (t1,X) + -+ - + A (g, X) = ay.
Hence x € F(ty, a)) and therefore,

F(ti,00) NN F(tg, a) C F(ty, o).

Now fix x € F(ty,a)) so that
(x,t)) = ay = Aag + ... Apag.
If we had x ¢ F(t;, a;) for some 7, then since x € C' we would have
(ti,x) >

and therefore

(x,tx) = A (tix) + -+ A (ty, x) > ay,
contradicting (x). Hence,

F(t,\,Oé,\) C F(tl,al) - ﬁF(tk,Oék)
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and so
F(t)\,a)\) = F(t1,a1) n---N F(tk,ak).

Finally, since F(t1, 1) N--- N F(tg,ar) # 0 by hypothesis, we get that
F(ty, ay) contains a point on the boundary of C. Further, if x € C, then
we have

(ti,x) > i=1,...,k
and so (t),x) > «,. Hence,
C c Pl(ty, ),
P(ty, ay) is a hyperplane of support for C', and F(ty, «,) is an exposed face

of C. O
Remarks 2.2.
(1) Observe that if g > 0, then P(t,«) = P(ut, par). Thus, If we let
_ 1
H= M+ A

and replace t and « with ut and pa, then we have that t) is a convex
combination of the t;’s. Hence, the proposition is equivalent to one that
only considers convex combinations of vector in R".

(2) If F is a face in the boundary of C, then there is a hyperplane of support
P for C that contains F' and such that P is disjoint from the relative interior
of C. (See [3, Theorem 11.3], for example.)

The following result is merely a restatement of Corollary 2.6.9 in [6]:

Theorem 2.3. The intersection of any family of faces of C' can be expressed
as an intersection of n + 1 or fewer members of the family.

Corollary 2.4. If F is any nonempty face of C, then there is a (unique)
minimal exposed face F, such that

F CF,.

Proof. Let F(F) denote the family of all exposed faces that contain F. We
have that F(F) # 0 by remark (2) above. Write

F, = ﬂ G.
)

GeF(F

We have that F, is the intersection of a finite number of faces in F(F') by
Theorem 2.3. Since F C F, this intersection is not empty and so F; is an
exposed face by Theorem 2.1. It is clear from its definition that F, is the
unique minimal exposed face containing F'. (]
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Theorem 2.5. If F is a face in a conver subset C' of R™, then there is a
unique sequence

FiD>---DF:
such that:

(1) Fy is the unique minimal exposed face in C containing F'.
(2) If 1 < i <k, then F; is the unique minimal exposed face of F;_1 that

contains F'.
(3) F = Fy.
Proof. The assertions are easily established using Corollary 2.4 and a stan-
dard induction argument. O
Let us call the chain F; D --- D F} described above the minimal ex-

posed facial chain determined by F'

3. The facial structure of the spectral scale.

With these preparations, we may now describe how general (i.e., non—
exposed) faces of B are determined by spectral properties of certain op-
erators in IN. It turns out that these faces are described exactly as exposed
faces are except that it is necessary to work in a “cut—down” von Neumann
algebra.

The key result that makes this analysis possible is the fact that a face
(of positive dimension) in B = B(by,...,by,) may be identified as a spectral
scale in its own right. This scale is determined by cut—down operators of the
form rbyr,...,rb,r in the cut—down von Neumann algebra rMr. In order
to describe the situation more precisely, some new notation is required.

Suppose that F' is a proper face of B with dimension greater than zero;
i.e., F' is not an extreme point. In the next Lemma, it will be shown that
F is an affine translate of a certain related spectral scale. The new spectral
scale is determined as follows. By [1, Theorems 1.1 and 2.4, we have F' =
U([g~,qT"]) where g~ < ¢" are projections in N. Write r = ¢* — ¢~ and
note that since F' is a proper face that is not an extreme point, 0 < r < 1
and therefore 0 < 7(r) < 1. Next put M, = rMr, write

and define ¥,. on M, by the formula
U, (z) = (10(x), 7 (rbarz), . .., 7 (rbprz)).
Finally, let Br denote the spectral scale determined by W, relative to 7.

Lemma 3.1. Suppose F = V([q~,q"]) is a proper face in B that is not an
extreme point. Using the notation developed in the preceding paragraph, the
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map A defined by the formula
A() = —(x = ¥l ")

implements an affine isomorphism of F' onto Br. Hence we have
F=W(q")+7(r)Br = ¥(q") + U((M){).
Proof. Observe that we have the relation
T(r)¥,(z) = ¥(x), x € M,.
Now fix x € F so that we have x = ¥(a) for some a € [¢—,q"]. If we

write

a, = rar so that a = ¢~ + a, and a, € (Mr)f

)

then we have

(x)  Alx)=A(¢ +a)) = T(lr)(‘lf(q_) +¥(ar) = ¥(g)) = Vr(ar),

and therefore A(x) € Bp. Further, since every vector in Br has the form
U, (a,) for some a, € (M,)], this same calculation shows that A is surjective.
Finally, suppose x; and xg are vectors in F' such that A(x;) = A(x2). As
x1 and xo are in F'; we may find operators a; and as in [¢~, ¢™] such that
U(a;) = x; and we may write
ai:qi—’_ai,’ﬁ i:1727
where a; , = ra;r. With this we have
A(x1) = Wr(arr) = ¥p(ag,y) = A(x2)
by (x). As
x; = V(a;) = ¥(q~ +air),

we get x; = x92 and so A is injective. Hence, A implements an affine iso-
morphism of F' onto Br and therefore

F=AYBr)=9(q)+7(r)Br.
0

The next Lemma shows that if B is contained in one or more hyper-
planes, then this geometric condition is equivalent to the existence of linear
dependence relationships (corresponding to the hyperplanes that contain B)
among by,...,b,, 1.

Lemma 3.2. If 0 < k < n, and the span of B = B(by,...,b,) has dimen-
ston k—+1, then there are real numbers s1, ..., S,—x and linearly independent
vectors tq,...,t,_k such that by, = s;1 fori=1,...,n —k.
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Conversely, if there are real numbers s1, . .., Sp_i and linearly independent
vectors ty, ..., tn_k such that by, = s;1 fori =1,...,n—Fk, then the subspace
spanned by B has dimenston at most k + 1.

Proof. Suppose P(t,s, ) is a hyperplane in R™*! that contains B and ob-
serve that since 0 € B, we may take 0 = 0. In this case, we have

—s7(a) + Ztﬂ(bia) =7((by —sl)a) =0

=1

for each a € M1+ Now select @ > 0 such that 0 < a(by — s1)™ < 1.
Setting a = a(by — s1)" we get 7((a(by — s1)7)?) = 0 and since 7 is faithful
(by — s1)™ = 0. Similarly, we get (bt — s1)” =0 and so by = s1.

If B has dimension k + 1, then there are n — k hyperplanes of the form
P(t;,s;,0) that contain B and such that their normal vectors (—s;,t;) are
linearly independent. In fact we must have that the t;’s are linearly inde-
pendent. To see this, suppose that there are real numbers as, ..., a,_j such
that

n—k
tl = E Oéiti.
=2

In this case we get

n—k n—k
btl = 811 = Z Oéibti = Z Oéisil.
=2 =2

But, then (—sj,t1) would be a linear combination of the remaining normal
vectors contradicting their linear independence.

For the converse, if real scalars {si,...,s,—t} and linearly independent
vectors {t1,...,t,_x} exist such that by, = s;1 foralli =1,...,n—k, then it
immediately follows that every x in B is orthogonal to each vector (—s;, t;)
and so the subspace spanned by B has dimension at most k + 1. O

Corollary 3.3. Using the notation developed for Lemma 3.1, if we let Np
denote the von Neumann algebra generated by {rbir,...,rb,r,r}, then the
following statements hold.

(1) F has dimension one if and only if Np has dimension one.
(2) If F has dimension two, then N is abelian.

Proof. We have F = ¥(q~) + ¥((M,)]). Suppose that N has dimension
one, i.e., that there are scalars {si,..., sy} such that rb;r = s;r for each i.
In this case, if ¥(a) € F so that a = ¢~ + a,, where 0 < a, < r, then we
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have

V(a)

(¢~ +ar), 7(b1(q” +ar)),...,7(bn(q” + ay)))
(¢7) + (t(ar), 7(s1a7), . .., T(snar))
() +7(ar)(1,81,...,8).

v
hg

Since 0 < 7(a,) < 1, we get that F' is the line segment with end points
U(qg~) and ¥(¢~) + ¥(r) and so F' has dimension one.

If F has dimension one, then by Lemma 3.1 Br has dimension one. Thus
by Lemma 3.2 there are n linearly independent vectors ti,...,t, and real
numbers sy, ..., s, such that rby,7 = s;r. Since the t;’s are linearly in-
dependent, we get that each rb;r is a multiple of r. Hence Assertion (1)
holds.

Now suppose F' has dimension two so that Br has dimension two by
Lemma 3.1. In this case, by Lemma 3.2, there are n—1 linearly independent
vectors t; and real numbers s; such that rby,r = s;r for i = 1,...,n — 1.
This means that there is a vector t such that

span(rbyr, 1) = span(rbyr, ..., rbyr, 1)
and so N is abelian. O

Remark 3.4. Observe that the spectral scale described in Example 1.3
has two dimensional faces such that M, is abelian (in fact M is abelian in
this case), but M, is infinite dimensional since it is isomorphic to the von
Neumann algebra generated by multiplication by x on a suitable interval.

Let us return now to the description of all of the faces of B. By identifying
a face I' with B, we may view all subfaces of F' as faces in Br. In particular,
we may apply the results in Theorem 0.2 to the exposed subfaces of Br to
obtain data about the corresponding subfaces of F'. This process involves
a good deal of new notation and is a bit complex. We now gather this
information in a definition.

Definition 3.5. In what follows, we shall consider cut—downs of operators
in M of the form

b = rbr,

where r is a projection and b is self-adjoint. Note that we may view b’ as
an element of M or the von Neumann algebra rMr. If s is a real number
then the cut down spectral interval projections determined by b,r
and s are the spectral projections of ' determined by the intervals (—oo, s)
and (—oo,s]. We compute the spectrum and the corresponding spectral
projections in the algebra M, where the projection r is the identity.
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If (s1,t1), (s2,t2),..., (sk, tx) is a sequence of spectral pairs, then its as-
sociated facial complex is defined inductively as follows. Write

_ .t — ’_
T1=DPg s, — Pty and by, = 71bg,71.

Let qu s, denote the associated cut down spectral interval projections de-
termined by bt,, 71 and sg and write

_ .+ -
T2 = Qty.50 ~ Qto,s0°
Now suppose that for some 1 < ¢ < k we have defined sequences

Ty >Tre > >y,

/ /
be,, - - and

oYt
+ +
Qa,507 > Dty,s4

such that if 2 < j <, then

I . Lt o
btj - Tj_lbtjr]_17 TJ - qtj,Sj qtj,sj'

where qésj are the cut down spectral interval projections determined by
bt;,7j-1 and s;.
We may then set

/

ti+1 - Tl'bti+1ri7

let qtj;h siin denote the spectral interval projections determined by bg,, ,,7;

and s;+1 and write

L — g1 _q-
Titl = Q41,5000 iga,sip1e
This completes the induction.

Thus the facial complex determined by the spectral pairs (si,t1),...
(sk, tx) consists of the projections pfi’ s, together with the sequences

Ty > s > Tp—1,

/ /
bgys - - b, , and

+ +
Qo500+ 2 Dby, sy,

as defined above.

Theorem 3.6. If F' is a face in the spectral scale and Fy D --- D F, = F
is its associated minimal exposed facial chain, then there is a sequence
(s1,t1), (s2,t2), ..., (sk, tx) of spectral pairs such that if qész, .. ’qtiwk de-
note the spectral interval projections in its associated facial complex, then
F = \II([pt_ml,p:rl’sJ) and for 2 < i < k we have

F; = \I’([Qz_vq@—i_]) = \Ij(qt_i—l,Si—l) + \P([qt_i’5i’q:;’si])
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where

qi— = pt_hsl + qt—z,sz teee Tt th'»Si
+ - — — +
9 = Pty,s1 + Qt5,50 ot Qt; 1,51 + Tt;,5;°

and

Proof. Let us proceed by induction. As F} is an exposed face in B, there is
a spectral pair (s1,t1) such that

F]- = ‘I](I:pt_hSl’p:-l,Sl])'

If F' = F}, we are done.

Otherwise, write ry = pzm — Pg, 5, and let Ay denote the affine map
defined in Lemma 3.1 for the face F; of B. We have that A;(Fy) is an
exposed face in Bp, and so by Theorem 0.2, there is a spectral pair (s2,t2)
such that if b’t2 = r1bg,r and qtj[2 5 denote the associated cut down spectral
interval projections, then we have

A1(F2) = Ur, ([0, 5, G 0)-

Hence, by Lemma 3.1 we have

Fy = AT (Ur, ([4g, oy Ge.5,)) = P05, ) + P((M:,)T).

If £k = 2, then we are done. Otherwise, suppose that spectral pairs
(s1,t1), (s2,t2),...,(s;,t;) and sequences

Ty > >0,
bfGQ, e ;:w and
qztz,sw T 7q2;5i
have been determined as above such that if 2 < j < ¢ and

U = Prisi Tl T T and

J 355

+ _ — — +
qi - ptl,sl + qtg,sz +ot qt‘,l,ijl + qt‘,Sj7

J J
then we have
F.] = \Il([q]_7q;_]) = \Ij(qt_jfl,sj‘fl) + \II([qt_,sj7q1—3‘r,Sj]>

J J

With this, we may write r; = q:;si—qt_i,si, bfﬁiﬂ = r;bg, i and let qi::5+1,sz'+1

denote the associated spectral interval projections. As F; is exposed in F;_1,

we may apply Lemma 3.1 to get the affine map A;_1 such that A;,_1(F;—1) =

Bp,_, and A;(F;) is an exposed face in Br,_,. Hence, applying Theorem 0.2

we get a spectral pair (s;,t;) such that if we write b;i = r_1bg,ri—1 and let

qtih s, denote the associated spectral interval projections, then we have
Ai—l(Fi) - \Ij"'i—l([qt_ 7qg— ])

7557 755

Applying A Y to A;_1(F;), yields the desired result. O
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4. Corners and their generalizations.

In the case of a single operator the corners on the boundary of the spectral
scale are in one-to-one correspondence with the gaps in the spectrum of b.
In this section we study analogous faces in higher dimensions.

Definition 4.1. If C is a convex set in a vector space and F is a face in C,
then we say F' is a sharp face if it is contained in two or more hyperplanes
of support.

Recall that if A is an affine space in R”, then the dimension of A is
the dimension of A — x, where x is any vector in A. The dimension of
the convex set C' is by definition the dimension of the affine space that C
generates. The dimension is denoted by dim(C).

Now fix a nonempty face F' of C'. Recall that a vector t € R" is a
normal vector for F' if P(t,a(t)) is a hyperplane of support for C' and
C C P'(t,a(t)). The normal cone of F is by definition

Kr = {t € R" : t is a normal vector for F'}.

The following result is basic to our analysis of sharp faces in the spectral
scale.

Theorem 4.2. If F = V([q~,q"]) is a face in the spectral scale B and (s,t)
is a spectral pair, then the following statements are equivalent:

(1) The vector (—s,t) is in Kp.
(2) We have pg, < ¢~ <q* gp,;fs.
(3) If we write

r=q ,r2=q" —q andr3=1—g",
set by,1 = bgr1 and bga = byry , then

bt,l < STy,

bgro = 573,

b2 > sr3,
and qtby = bygt.

In other words, the matriz for by determined by the projections
ri,79 and r3 has the form

by 0 0
bt = 0 S 0
0 0 bgo

In particular, the r;’s commute with by .
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Proof. Suppose (1) holds and P(t,s,«) is the hyperplane of support that
contains F'. Since F' = ¥([¢~,¢"]) C \P([pgs,pf’s]) we get
Pes < a4 <q" <pg,

by Parts (2) and (3) of Theorem 0.2. Hence (1) = (2). It is also clear from
the above that (2) = (1).
Now suppose (2) holds. In this case since, pffs are the spectral interval

projections for by and Pes <4 < gt < pis we get
beg~ <sq,(¢" —q )by =s(g" —¢7) and bg(1 —¢T) > s(1 —¢").
Further we have ¢ by = byq~ and (1 — ¢ )by = bg(1 — ¢T) and so by has the
desired form. Thus, (2) = (3).
Now suppose (3) holds. As by < sry,byrg = sry and by o > sr, we get
Pes <4 <q" <pf,

and so (3) = (2). O
Theorem 4.3. If F = V([q—,q"]) is a face in the spectral scale, then F is a

sharp face if and only if there are linearly independent spectral pairs (s1,t1)
and (s2,t2) such that

F C P(t1,s1,01) N P(ta, s2,a2).
In this case if we write
rm=q, r2=q¢"—q, andry=1-q",
then we have:

(1) m+re+rs=1,
(2) bg;r1 < sira,
(3) by,r2 = 572, and
(4) bg,rs > 5413

for i =1,2 and the r;’s commute with by .

Proof. The assertions are easily established using the definition of a sharp
face and Theorem 4.2. O

Theorem 4.4. If F = U([¢g~,q"]) is a proper face of B and F. is the

minimal exposed face containing F, so that F, = \Il([p;,p;?]), where pi? are

spectral interval projections of a linear combination of the b;’s, then we have
pr <4 <q" <p}.

Further, if (s,t) is a spectral pair such that \I/([pgs,pzs]) is an exposed face

of B that contains F,, then

Pos <Pp<q <q" <pjp<p

78'
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Proof. All of the assertions are simple consequences of Parts (1) and (2) of

Theorem 4.2. O
Corollary 4.5. Using the notation of Theorem 4.4, a face F = ¥([q~,q"])
of B is an extreme point of B if and only if ¢~ = qT. In this case we have

s 0
bt"'[ 0 bng}’

where by 1 < sq~ and byo > s(1 — q*). The face F = V(q*) is an exposed
point if and only if pp— = pp+.

Proof. We have that F is a singleton if and only if g~ = ¢*. In this case, in
the notation of Theorem 4.2, we get ro = 0 and so bt has the desired matrix
decomposition by Part (3) of Theorem 4.2. We have that x is an exposed
point if and only if F = F,, where F' = {x}. Since F. = ¥([py,p}]) by
Theorem 4.4, the final assertion follows. O

Before presenting the next result, it is convenient to introduce some new
notation. Suppose F' is a face in a convex subset of R™. The degree of F
is denoted by deg(F') and is by definition the dimension of the normal cone
Kr. Recall that, the subspace spanned by K¢ is Kr — K and so the degree
of F' is just the dimension of Kp — Kp.

Theorem 4.6. The following assertions hold:

(1) The degree of F is equal to the mazimal number of linearly indepen-
dent vectors in Kp.

(2) We have deg(F) + dim(F) < n.

(3) F is a sharp face if and only if deg(F) > 1.

Proof. For (1), it is clear that there can be no more than deg(F’) such vectors.
Now suppose {tf, e ,t;} is a maximal set of linearly independent vectors in
K and fix any vector t in Kp — Kr We must have t = tT —t~, where tt e
K. This means that both t T and t~ are linear combinations of {t],...,t;}
and so t is a linear combination of {t{,...,t;}. Thus, {t],...,t}} isabasis
for KF - KF.

Next, since each vector in Kr is orthogonal to the difference of any two
vectors in F', Assertion (2) is clear. Finally, Assertion (3) follows immedi-
ately from the definitions of a sharp face and the degree of F. O

Corollary 4.7. If BC R"" F = U([¢~,q"]) is a face in B and there are
spectral pairs (s1,t1),...,(Sn,tn) such that:

(1) FcC \Il([p;i’si,p;si]) fori=1,...,n and

(2) t1,...,t, are linearly independent,

then g~ and g are central projections in the von Neumann algebra generated

by {b1,... by, 1}.
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Proof. Applying Theorem 4.3, we get that ¢~ and ¢© commute with each
bg,. Since t1,...,t, are linearly independent, each b; is a linear combination
of the by,’s and so ¢; and ¢ commute with each b;. O

Remark 4.8. In the notation of the last Corollary, deg(F') > n, so that by
Part (2) of Theorem 4.6, we get that dim(F) < 1. Thus, in this case, F' is
either a sharp extreme point or a sharp line segment in B.

Corollary 4.9. IfF = U([q—,q"]) is a face in the spectral scale and (—s1,t)
and (—sa,t) are distinct vectors in Kp with s1 < sa, then:

(1) The interval (s1,s2) lies in a gap in the spectrum of by and
(2) F is an exposed point.

Proof. Applying Theorem 4.3 (and using its notation) we get that if ro =
gt — ¢, then

byra = s17m2 = Sa12

and so 7o =0 and ¢~ =q" =gq.
Next as (—s;,t) € Kp for : = 1,2, we get

Prrsi <4< Pis,
for ¢ = 1,2. On the other hand, since s; < sy we have pﬁlm < Pt, 5, SO that
— + —

Pty,s9 <q= Dty sy < Dty s,

and therefore
ot -
q= pt1781 - ptzysz'

Hence there must be a gap in the spectrum of by that contains the interval

(s1,82).
Next, if we select any s such that s; < s < s2, then we have p; ;= ptfs =q
and so F = \I/(pifs). Thus, F' is an exposed point by Corollary 0.3. O

5. Isolated extreme points and central projections.

We say that an element x in a convex set C is an isolated extreme point
of C if it is an extreme point and it is isolated in the set ext(C') of all
extreme points of C. Our next goal is to show that isolated extreme points
in B are images of central projections in N and further that this condition
characterizes isolated extreme points in the finite dimensional case. It is
convenient to begin by presenting three Lemmas. The first Lemma simply
records an easy fact about convex subsets in R™. The (slick) proof of the
second is due to Robert Phelps (private communication).

Recall that if Ay and As are disjoint, compact, convex subsets in a real
topological vector space, then there is a continuous linear functional f that
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separates A; and As in the sense that there are real numbers s < ¢t such
that

f(x1) <s<t< f(x2)

for all x; € Ay and x2 € Ay [4, Theorem 3.4 (b)]. In this case we say that
s and t are separation constants for f.

Lemma 5.1. If Cy is a compact, convex subset of R™, x is a point in R™
disjoint from Cy and C = conv(Cy, x), then a linear functional f exposes x
in C if and only if f separates Cy and {x}.

Proof. Suppose that f exposes x in C' so that there is a number ¢ such that
f(x)=tand f(z) <tifz € C and z # x. Write

r=sup{f(y):y € Co}

and suppose y, is a sequence in Cy such that lim, f(y,) = r. As Cp is
compact, we may assume that y, converges to a vector y € Cy. Since
fly) =7, f exposes x and y # x, we must have that r < ¢t. Hence, we get
that f separates C and x.

Now suppose that f separates Cy and x with separation constants s < t
and fix z # x € C. Since C = conv(Cp, x), there is a number r with
0 <7 < 1and a vector y € Cp, such that z = rx + (1 — r)y. Hence,
f(z) <rt+ (1 —r)s <tandso f exposes X. O

Lemma 5.2. If C is a convex, compact subset in R™ and x is an isolated
extreme point in C, then the set of linear functionals that expose x is a
nonempty open set. Further, there are linearly independent vectors ti,...,
t, and real numbers o, ..., such that the hyperplanes P(t1,a1),...,
P(ty, an) are hyperplanes of support for C and

P(tj,a;)NC ={x}, i=1,...,n.

Proof. Write A for the closure of ext(C) \ {x} and observe that since x is
an isolated point in ext(C'), x ¢ A. Further, if Cy denotes the closed convex
hull of A, then x ¢ Cj. Indeed, if we had x € Cp, then x would be an
extreme point of Cy. But in this case we would get that x € A by Choquet’s
“converse” to the Krein—Milman theorem [2, Appendix B14].

As noted in the paragraph before Lemma 5.1, there is a continuous linear
functional f that separates Cy and x and so, by Lemma 5.1 f exposes x in
C. Hence the set of linear functionals that expose x is not empty.

Now suppose that f is a linear functional that exposes x. Applying
Lemma 5.1, we get that there are real numbers s < ¢ such that f sepa-
rates Cy and x with separation constants s and t. Now select € > 0 so that
if
t—s

3

M =sup{|ly|| : y € Co}, then max{e|x|,eM} <
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and let g denote a linear functional with ||f — g|| < e. With this we get

g(x) = (%) +9(x) = F(x) > t —ellx]| >t — =2,

3
If y € Cy, then we have

9) = F(¥) +9(y) ~ F3) < s +eb <5+
and so f separates Cp and x with separation constants s + (t — s)/3 and
t — (t—s)/3. Applying Lemma 5.1 we get that g also exposes x and so the
set of all such linear functionals is open.
To get the final conclusion, observe that since the set of linear functionals
that expose x is a nonempty open set, it contains a linearly independent

set of n linear functionals, f1,..., f,. Thus there are linearly independent
vectors tq,...,t, such that f; is given by the inner product with t;, and the
conclusion follows. O

Remark 5.3. Observe that the proofs of the last two lemmas go through
in any normed linear space.

Theorem 5.4. The following statements hold:

(1) Ifx is an isolated extreme point of B, then there is a central projection
p € N such that x = ¥(p).

(2) If N is finite-dimensional and x is an extreme point of B, then x =
U(p) for some central projection p € N, if and only if x is an isolated
extreme point of B.

Proof. (1) Suppose x is an isolated extreme point in B. By Part (1) of
Theorem 0.2, there is a unique projection p € N such that x = ¥(p). Next,
applying Lemma 5.2 and Parts (2) and (3) of Theorem 0.2, we get linearly
independent spectral pairs(si,t1),..., (Sp+1, tns1) such that

{x} = \Ij([pt_k,swp;:,%])’ k=1,...,n+1.
Since ¥~1(p) = {x}, we have
p:pas}g k=1,...,n+1.

Since these spectral pairs are linearly independent, a straightforward argu-
ment shows that the subspace of R" spanned by ti,...,t,4+1 has dimension
n. Hence, relabeling if necessary, we may assume that tq,...,t, are linearly
independent. Therefore, by Corollary 4.7 p = ptik s, 1s a central projection
in N.

(2) Suppose that x = ¥(p), where p is a central projection in N and let
X, denote a sequence of extreme points of B that converges to x. Applying
Part (1) of Theorem 0.2 we get a sequence p,, of unique projections in
N such that ¥(p,,) = x,,, for each m. Since M is finite dimensional, we
may pass to a subsequence and assume that the sequence {p,} is norm
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convergent with limit ¢g. Since W is continuous, we have ¥(q) = x = ¥(p)
and since ¥~1(x) = {p}, we get ¢ = p. Now, since p is central and the
central projections are isolated in the set of all projections in N, we must
have that p,, = p (and hence x,, = x) for all sufficiently large m. Hence x
is an isolated extreme point.

If x is an isolated extreme point in B, then by Part (1) of this Theorem,
there is a central projection p in N such that x = ¥(p). O

Remarks 5.5.

(1) Let b denote multiplication by x on the interval [0,1] and write N =
{b}" = L>(0,1). In this case every projection in N is central but B has no
isolated extreme points. (See the example at the end of Section 1 in [1].)
Hence, the converse to Part (1) of Theorem 5.4 is false.

(2) If b, B and N are as in Remark (1) above, then there are linearly inde-
pendent spectral pairs (s1,t1) and (sg,t2) such that

{0} = (lpg, o 0E . )), P=1.2,

557
but 0 is not an isolated extreme point in B. (See [1].) Thus, the converse
to Lemma 5.2 is also false.

Corollary 5.6. N is abelian and has finite dimension if and only if B has
a finite number of extreme points.

Proof. If N is abelian and has finite dimension, then each projection in N is
diagonal. Hence N contains a finite number of projections and since every
extreme point in B is the image under ¥ of a projection N, ext(B) is finite.

For the converse, if B has a finite number of extreme points, then each
extreme point in B is an isolated extreme point and so by Part (1) of The-
orem 5.4, each extreme point of B has the form W(p), where p is a central
projection. On the other hand, if (s,t) is any spectral pair, then \I/(pa)
is an extreme point by Part (1) of Theorem 0.2 and so pti,s is a central
projection. Thus, for each fixed t the von Neumann algebra

{pifs :s € R}
is central and therefore each by is central. Hence IV is abelian. Since the

projections of the form pfjs generate N, this algebra has finite dimension. [

6. Countable extreme points.
Our goal in this section is to establish the following Theorem.

Theorem 6.1. If the set ext(B) of extreme points of B is countable, then
N is abelian.

It is convenient to present the bulk of the proof in a series of Lemmas.
We begin with a simple topological fact.
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Lemma 6.2. If X is a countable locally compact Hausdorff space, then the
1solated points in X are dense.

Proof. Suppose that the closure of the isolated points of X is not all of X.
By [5, Theorem 2.7] each open subset of X is a locally compact Hausdorff
space. Hence, there is a nonempty open set U in X with no isolated points.
Since X is countable, U is countable and we may write U = {z1,z2,... }.
Set U, = U \ {x,} for each n. As X is Hausdorff, each U, is open and
since z,, is not isolated, each U, is dense in U. Hence by the Baire Category
Theorem [4, Theorem 2.2 (b)] , NU, is dense in U. Since, NU,, = (), this is
impossible. Hence, no such U exists and so the isolated extreme points in
X are dense. (]

Lemma 6.3. It suffices to prove the theorem in the case where n = 2.

Proof. Write N;; = {b;,b;,1}", let m;; denote the map from B to R? defined
by the formula

mij((7(a), 7(b1a),...,7(bpa))) = (7(a),7(bia), 7(bja)), a € Nf

and write B;j = m;;(B). It is clear that B;; = B(b;, bj).

Next suppose ext(B) is countable and fix i and j. For each extreme point
X in B;; write Fy = wigl(x) so that Fx is a closed face of B. Now each Fx
is nonempty and so contains extreme points. Since Fy, and Fx, are disjoint
if x; and x are distinct extreme points, the extreme points of B;; must
be countable. Thus, if ext(B) is countable, then ext(B;;) is countable for
each pair (7, 7). Hence, if the Theorem is true when n = 2, then each NVj; is

abelian and therefore N is abelian. O

For the remainder of this section, we shall assume that N is the von
Neumann algebra generated by b1, b2 and the identity and that B = B(by, ba)
denotes the associated spectral scale. As B C R? each face in B must have
dimension zero, one or two. Recall that for each real s, with 0 < s <1

I, ={(s,y,2) € B}

denotes the isotrace slice of B at s. Since I lives in a plane, we shall view
it as a plane figure. In particular, when we refer to the boundary of I, we
are considering it as a plane figure and the boundary is a curve.

Lemma 6.4. If F' is a face in B, then the following statements hold:

(1) If F has dimension greater than zero, then F' is transverse to the
isotrace slices of B.

(2) If F has dimension one, then F' meets each isotrace slice in at most
one point.

(3) If F has dimension two, and I contains a point in the relative interior
of F', then F' N1 is a proper line segment.
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Proof. Since F' is a face, there are projections ¢~ < ¢* such that F =
U([¢g7,¢"]) by Theorem 3.6. Now suppose that F' has dimension greater
then zero. In this case we must have ¢= < ¢* so that 7(¢7) < 7(¢™).
Hence, F' is transverse to the isotrace slices of B and so (1) is true.

The remaining assertions now follow easily from (1). O

Lemma 6.5. If0 < s < 1 then the following statements hold for I.

(1) If G is a proper closed line segment in the boundary of Is, then there
s a two dimensional face F' of B such that G C F N 1.

(2) If x is an extreme point of I, then either x is an extreme point of B
or else it lies in the relative interior of a one dimensional face of B.

(3) If I is two dimensional and x is an extreme point of I that is an
isolated point in the set of extreme points of Is, then there are two
distinct two dimensional faces of B that contain x.

(4) If the set of extreme points of B is countable then the set of extreme
points of I is countable.

Proof. Fix a closed proper line segment GG in the boundary of I,. As G
is in the boundary of I, it is in the boundary of B and so is contained
in a minimal face F' in B. Since faces in B of dimension greater than
zero are transverse to the isotrace slices by Lemma 6.4(1), F' must be two
dimensional. Hence (1) is true.

Next, fix an extreme point x of I,. If x is not an extreme point of B, then
it is properly contained in a minimal face F' of B. If F' were two dimensional,
then by its minimality, we would get that x lies in the relative interior of
F. But in this case F'N Is would be a line segment by Lemma 6.4(2) and x
would be in its interior, which is impossible since x is extreme in I;. Hence,
F has dimension less than two. Since x is properly contained in F', this face
must have dimension one. Finally, since x is not extreme in B, it must be
contained in the relative interior of F' and so (2) is true.

Now suppose x is an isolated extreme point in 5. Since I5 has dimension
2, its faces consist of extreme points and line segments. Since x is an isolated
extreme point, it must be the endpoint of adjacent line segments in the
boundary of I;. Hence x lies in two distinct two dimensional faces of B by
Part (1) of this Lemma. Thus Part (3) is true.

Finally, assume that the set ext(B) of extreme points of B is countable.
Observe that each face in B of dimension one is uniquely determined by its
end points, which are extreme points in B by Theorem 0.2. Hence B has a
countable number of faces of dimension one.

Now fix s with 0 < s < 1. We have that ext(B) N I, is countable.
Each remaining extreme point of I, is contained in a unique face of B with
dimension one by Part (2) of this Lemma. Since there are a countable
number of one dimensional faces in B, the set of extreme points of I, is
countable. O
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Lemma 6.6. If x is an isolated extreme point in I, then there are central
projections z1 and zo in B and 0 <t <1 such that z; < z2 and

x = W(tz; + (1 —t)z2).

Proof. As x is isolated among the extreme points of I, there are distinct
two dimensional faces F} and F» of B such that x € F1 N Fy = F by Part (3)
of Lemma 6.5. Next, since F} and F, have maximal dimension in B, they
must be exposed and so we may write

Fi :\Il([pt_msi’p:;,si])’ i = 1’2'
Further, since the F;’s intersect I in adjoining line segments, we must have

that t1 # to. Since neither of the t;’s is zero, these vectors are linearly
independent. Hence, by Corollary 4.7, we must have

F= \Ij<[217 ZQ]):

where z; and 2y are central projections in N. Finally, since the F;’s have
dimension two, F' = F; N F, must be a (possibly degenerate) line segment.
Hence elements of F' are the images under ¥ of convex combinations of z;
and 29, as desired. O

With these preparations, we may now present the proof of Theorem 6.1.

Proof. Write t; = (1,0) and to = (0,1). To show that N is abelian, it suffices
to show that psi’ti is central for each spectral pair of the form (s,t;), i = 1,2.
Indeed in this case, by a standard argument in measure theory, we get that
the spectral projections for by and by are central and so b; and by commute.

So now let p denote such a projection, write x = ¥(p) and let I; denote
the isotrace slice containing x. By Part (1) of Theorem 0.2, x is an extreme
point of B and so it is also an extreme point of I5. Since ext(B) is countable,
the extreme points of I; are countable by Part (4) of Lemma 6.5 and since I,
has dimension 2, these extreme points form a closed set. Hence, the isolated
extreme points of I are dense in I; by Lemma 6.2.

Now let {x,} denote a sequence of isolated extreme point in I, that
converges to x. Applying Lemma 6.6, we get sequences {z1,}, {22} of
central projections in N and a sequence {t,} of real numbers in [0, 1] such
that

Xp = V(thzip+ (1 —th)zen), n=12,....

Write a,, = tp215+ (1 —ty) 22, for each n. As the sequence {a,} lies in N1+,
it is bounded and so it admits a subnet {a,} that converges to an element
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a in N~ in the weak*-topology. Since 7 is normal, we have

lign U(ay) = hén(T(aa), T(b1aq), 7(b2aq))

= (7(a), 7(b1a), 7(b2a)) = V(a)
=x = V(p).

Since ¥~1(x) = {p} by Part (1) of Theorem 0.2, we get a = p. Since each
a, is central and the center of N is closed in the weak*-topology, we get
that p is central, as desired. O
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