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Let G be a finite exceptional group of Lie type acting tran-
sitively on a set 2. For x € G, the fixed point ratio of x is
the proportion of elements of 2 which are fixed by . We
obtain new bounds for such fixed point ratios. When a point-
stabilizer is parabolic we use character theory; and in other
cases, we use results on an analogous problem for algebraic
groups in Lawther, Liebeck & Seitz, 2002. These give dimen-
sion bounds on fixed point spaces of elements of exceptional
algebraic groups, which we apply by passing to finite groups
via a Frobenius morphism.

Introduction.

If G is a finite group acting transitively on a set 2, and x € G, we define
the fixed point ratio of x to be the proportion of points fixed by x; that is,
denoting this quantity by fpr(z, ),
fixq(z)

Q-
where fixq(x) is the number of fixed points of z on Q. This can also be

expressed in terms of conjugacy classes, as follows: If w € Q) and H = G,
then

fpr(z, Q) =

|2 N H|

jz¢] 7
where 2 denotes the conjugacy class in G which contains z. (To see the
equality of the above two expressions for fpr(z,(2), just count the pairs
{(w,y) : weQ, ye ¥ wy=w} in two different ways.)

Fixed point ratios have been much studied in recent years, and applied to
a number of different problems, particularly in the case where G is almost
simple. We refer the reader in particular to [23, 27, 30, 52], where upper
bounds on fixed point ratios are obtained and applied to various problems
when G is a classical group; to [42], where a general upper bound of 4/3¢
is obtained for groups of Lie type over F, (with a few exceptions); and to
[24, 52], where these bounds are used to prove the Guralnick-Thompson
monodromy group conjecture.

fpr(z, Q) =

393
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In view of these and possible future applications, it seems important to
obtain as strong as possible upper bounds for fixed point ratios. While the
bounds in the above references are fairly satisfactory for classical groups,
the 4/3¢ bound of [42] is still the strongest upper bound for exceptional
groups of Lie type which can be found in the literature, apart from groups
of rank at most 2, where better bounds are obtained in [25]. In this paper
we obtain stronger bounds for fixed point ratios of all exceptional groups.

Our main result is Theorem 2 below. This is divided into several cases,
giving upper bounds for fpr(z,Q) according to whether x is a semisimple
or unipotent element, and also according to whether a point stabilizer is a
parabolic or reductive subgroup. In many cases, the bounds given are close
to best possible; in particular, this is the case for maximal parabolics. The
statement of Theorem 2 is necessarily somewhat involved, with reference to
a number of tables, so for convenience we first state the following greatly
simplified version, giving an overall bound for all elements and all point
stabilizers.

Theorem 1. Let L be a finite simple exceptional group of Lie type over Fy,
and let X be an almost simple group with socle L (that is, L<X < Aut L).
Suppose X acts faithfully and transitively on a set ), and 1 # x € X. Then

1
fpr(x, Q) < ——,
=0 =00
where er,(q) is as in Table 1.
L= Es(q) E7(q), *Es(q) | Es(q), Fu(q),*Da(q) | *Fa(q)’
er(e) =| ¢*(¢*—1) ¢ —¢+1 ' —¢+1 q*
L=|Gaq)(qg#2,4) Ga(4) *Ga(q)(g > 3) °Ba(q)
2

er(@)=| ¢—q+1 52/7 ?—q+1 (ég/%i)

Table 1.

For L = 2By(q), the number a in er(q) is the smallest prime divisor of
log .

For all cases except L = Fs(q), E7(q) or ?F4(q)’, the bounds in Theorem 1
are sharp, in the sense that there is an element x € X and an X-space € for
which fpr(z,Q) = 1/er(q); and for L = Es(q), E7(q) or *F4(q)’, er(q) is of
the correct order of magnitude, as can be seen using Proposition 2.1 below.

Observe that in order to prove Theorem 1, it suffices to prove it in the case
where X = (L, z) and X acts primitively on 2. To see this, note that if X
acts imprimitively, then the fixed point ratio of x on blocks of imprimitivity
is certainly no less than its fixed point ratio on points.
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As explained above, despite the sharpness of Theorem 1, it is possible
to obtain much stronger bounds for fixed point ratios, and this we do in
Theorem 2 below. In order to state Theorem 2, we need to set up some
notation. Let G be a simple adjoint algebraic group over an algebraically
closed field K of characteristic p > 0, and let ¢ be a Frobenius morphism of
G such that the fixed point group G, = Cg(0) is a finite exceptional group
over a field F, where ¢ is a power of p. Write L for the simple group (G,)’,
and let X be an almost simple group with socle L.

Let  be a set on which X acts primitively, and let H be a point stabilizer.
Then 2 can be identified with the coset space of H in X, which we denote
by X/H. In order to obtain lower bounds on fixed point ratios fpr(zx, ) for
1 # x € X, it suffices to obtain such bounds just when x is an element of
prime order.

Elements of prime order are of the following types: Unipotent elements
of order p in G,; semisimple elements (of p’-order) in G,; and outer auto-
morphisms of L of prime order, not lying in G,. The latter are described
in Proposition 1.1 in Section 1 below, taken from [28, Section 7] (see also
[29, p. 60]); they are classified as field automorphisms, graph-field automor-
phisms (which exist only if G = Eg, Fi(p = 2), Ga2(p = 3) or Ba(p = 2)), and
graph automorphisms (which exist only if G = Fj). The field and graph-
field automorphisms are those for which the centralizer has the same type
as GG, possibly twisted.

Theorem 2 has different bounds for each of these types of elements. More-
over, separate bounds are given for long root elements u, of G, (i.e., non-
identity elements lying in the center of a long root subgroup Uy ), for short
root elements ug when these exist, and for unipotent elements which are not
long or short root elements.

Theorem 2 is also subdivided into various parts according to the following
possibilities for H:

(I) H is a parabolic subgroup of X (i.e., H N L is a parabolic subgroup of
L);

(IT) H = Nx(M,), where M is a o-stable reductive subgroup of maximal
rank in G (i.e., M contains a maximal torus of G); such maximal
subgroups H are classified in [43], where they are called subgroups of
maximal rank;

(ITI) H is not as in (I) or (II).

Theorem 2. Let L = (G,) be a finite simple exceptional group of Lie type
over Fy as above, let X be an almost simple group with socle L, acting faith-
fully and primitively on a set Q, and let H = X, (o € Q), a point stabilizer.
Let u be a nonidentity unipotent element of G, let uq be a long root el-
ement and ug a short root element (if these exist); let s be a nonidentity
semisimple element of Gy; let ¢ be a field or graph-field automorphism of L
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of prime order, and T a graph automorphism of prime order (if these exist).
According as:
(I) H is a parabolic subgroup P,
(I1) H = Nx(M,) is a subgroup of mazximal rank, or
(III) H is not as in (I) or (II),
and x € H is such that:

(a) = =,
(c) x =g, or

upper bounds for the fized point ratio fpr(xz,Q) are given in Table 2 below.

Notation in Table 2. The bounds in Table 2 for parabolic actions are
expressed in terms of various polynomials fp.(q), frs(q), gp(q) and hp(q),
which are defined in Tables 7.1A-D at the end of the paper. The symbol
U ~ U, means that v is L-conjugate to u,. The values of eg and hg are given
in Table 3 (and if G is not exceptional — which occurs when L = 2By (q) or
3D4(q) — we set eg = hg = 0), and e[ (q) is defined in Table 1. We write

L1 = {G2(q), G2(q),*B2(q),*D4(q)},

and if H = Nx(M,) and = = s we set €7 = 1 if (G, M) = (E7, EgT}) and 0
otherwise. In addition, there are certain exceptions to the entries in Table 2,
marked by single and double daggers: The single daggers indicate two ex-
ceptions to Cases (III)(a) and (b), for which upper bounds for fpr(z,2) are
provided in Table 4; the double dagger denotes that in Case (II)(b) separate
bounds are given in Table 5 for ¢ < 3.

(I)H=P (I) H = Nx(M,) (IIT) H other
T T
fp,(f(q) ifu~ uq
S S Y . 2 1 . 1 1
(@) z=u| Ty Tu~us | min (qTG’ eL(tJ)) i (qeG ) eL(q)) w
g%@ otherwise
_ 1 s 2+e 1 I in (2L 1 ) (F
(b) z =5 _ng mlnl( 2 em)) ® min (th, _ (q)) 0
©z=o (D if Lel, T@ ifLely @ iHfLeLly
hpl(q) otherwise e otherwise q;} - otherwise
_ 1 1 T
(d)z=r1 er(q) er(q) er(q)

Table 2. Upper bounds for fpr(z, ).
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G |eg | hg
By | 24 | 48
Bl 12| 22
Es| 6 |12
Fy| 4] 6
Gy | 2 2

Table 3. Values eg and hg.

(L,HN L) = (*Es(q), Fu(q)) | (L, HN L) = (G2(4), J2)
1

(¢%—¢3+1)
1

q%(¢5—¢3+1)

r=Uu

S~

Table 4. Exceptional bounds for (III)(a) and (b).

L
q | Es(q) | Br(q) | Es(q) | *Es(q) | Falq) | *Fu(q)’ | Ga(q) | *Da(q)
2l w | | » | » | v | = - 5
3] 2 1 2 2 2 - 2 a1
34 31 312 312 35 33 34

Table 5. Upper bounds for fpr(s,Q) for ¢ < 3 in (II)(b).

Remark. The polynomials fp,(q) have the same degree as the rational
functions 1/fpr(ua, G,/ P) = |Gy /P|/fixg, /p(ua) (and likewise for fp5(q)).
Precise values of the polynomials fixg, /p(ua) can be read off from Proposi-
tion 2.1 in Section 2.

Note that Theorem 1 follows from Theorem 2.

Our methods for handling the three cases (I)-(III) in Theorem 2 are rather
different. For technical reasons, we postpone the cases (I)(c,d) and (II)(c,d),
where = is an outer automorphism, until the final Section 6 of the paper.
For Case (I)(a,b), where H = P is a parabolic subgroup, we use character

theory: The permutation character of G, on 2 is the induced character 1G”7
and so

Go

157 (x)

Gos :

15 (1)

(We may take X = G, in Part (I), as we are considering only elements

u,s € G5, and maximal parabolics of L extend to maximal parabolics of
Gs.) In Sections 2 and 3 we investigate the values of lg" on unipotent

fpr(z,Q) =
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and semisimple elements, using some sophisticated tools from the character
theory of finite groups of Lie type — the Deligne-Lusztig theory, Green
functions, Foulkes functions, and so on. As a result we obtain some rather
precise upper bounds for fixed point ratios, which are recorded in column
(I) of Table 2.

The results in Sections 2 and 3 may have some independent interest, since
nowhere else have we found a detailed analysis of the values of the induced
characters 1%’.

In Case (II), where H is a subgroup of maximal rank, we may as above
take X = Gy, and so H = M, with M reductive of maximal rank. For
this case we use results from the paper [40], in which we considered an
analogous question for the exceptional algebraic groups G. For these groups
the quantity analogous to the fixed point ratio is

—f(z,G/M) = dim fixgp (z) — dim G /M.

In [40], upper bounds are obtained for — f(x, G/M). By passing from the
algebraic groups G to the finite groups G, we are able in Section 4 to use
these dimension bounds to obtain the bounds for fixed point ratios recorded
in column (II) of Table 2. While basically a straightforward application
of Lang’s theorem, the process of passing from algebraic to finite groups
requires a great deal of careful calculation.

In Case (III), the results [45, Theorem 2] and [48, Corollary 8] imply that
one of the following holds:

(i) H = Nx(M,) for some maximal closed subgroup M of positive di-
mension in G (not of maximal rank),
(ii) H is one of a few known local subgroups,
(iii) H is almost simple and of bounded order.

There are not many possibilities under (i) or (ii), and they are dealt with
fairly easily using the methods of [40]. The subgroups in (iii) are handled
in Section 5 using some rather lengthy ad hoc arguments. The upshot for
fixed point ratios is recorded in column (III) of Table 2.

For technical reasons, we postpone a few cases in Theorem 2 until the
final Section 6. These are the cases in (¢) and (d), where x is an outer
automorphism, and some cases where L is one of the groups of small rank
in £1.

1. Preliminary results.

In this section we present a variety of results concerning groups of Lie type
which will be used in later sections. Some of these may be of independent
interest. In particular, Proposition 1.3 provides general upper bounds for
the numbers of elements of order 2 or 3 in groups of Lie type; Lemma 1.7 is
a general result on the order of a finite unipotent group which is presumably
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well-known, but for which we have been unable to find a reference; and 1.6
and 1.8 give general upper and lower bounds for the orders of finite reductive
groups and their conjugacy classes.

We begin with a well-known result which classifies all outer automor-
phisms of prime order of finite groups of Lie type. In the terminology of
[28, Section 7], all such are field, graph-field or graph automorphisms.

Proposition 1.1. Let L = L(q) be a simple group of Lie type over Fy, and
let a be an automorphism of L of prime order. If L is classical with natural
module V', suppose that a does not lie in PGL(V'); and if L is exceptional,
suppose that o & Inndiag(L). Then one of the following holds:
(1) « is a field or graph-field automorphism, and Cp(a) is of type L(g"/1°1)
or 2L(q"/?) (or *Da(q"/®) when L = Da(q));

(ii) « is a graph automorphism and the possibilities are as follows:

L |a| | possible types for CL(«)
Li(q) 2 | PSOy(q) (n odd)
PSSO (q), PSp,(q) (n even, g odd)
pn(Q)7 CSpn(q) (t) (n even, q even)
Dy(q), *Dalq) | 3 | Ga(q), A5(q) if (3,¢9) =1
G2(q), Cay(q)(t) if 3 divides ¢

n

E§(q) 2 | Fu(q), Ca(q )(q odd)
F4(‘])7 CF4(q)( ) (q even)

(in the last column, t denotes a long root element).

Proof. By [28, Section 7], « is a field, graph-field or graph automorphism,
and in the first two cases C(«) is as in (i). If v is a graph automorphism of
order 3, then L = Dy(q) or 3D4(q) and Cp(a) is as in the table, by [28, 9.1].
Finally, the conjugacy classes of graph automorphisms of order 2 are given
by [2, Section 19] when ¢ is even, and by [29, 4.5.1] when ¢ is odd. O

In the proof of the next proposition we shall require the following elemen-
tary lemma.
Lemma 1.2.

(i) If {a1,...,a;} and {b1,..., by} are two sets of distinct integers, all at
least 2, then

Il -1

I17"(¢% = 1)

(ii) If a1,...,a; are distinct integers, all at least 2, and r > 3, then
l

(" + 1) JJ(a™ +1) < 2¢" .
1

< 2q2ai—2bi .
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(iii) If b < a then ZZ;: < q* ",

Proof. To prove (i), it is enough to establish that ] qiqil < 2 for any n.
Taking natural logarithms, we require ) In(1 + qi1_1> < In2. The left hand
side is less than > -, 77—, which is less than DN = = 2, and this is less
than In 2, as required. Part (ii) can be proved in similar fashion, and (iii) is

trivial. O

The next proposition is similar to but somewhat stronger than a result
in [51] (see [51, 4.1, 4.3]). It is a useful general result which bounds the
number of involutions and elements of order 3 in a finite group of Lie type.

For the statement we require a definition: For a finite group D and a
positive integer r, denote by i, (D) the number of elements of order r in D.

Proposition 1.3. Let Y be a simple algebraic group over K, and let N be
the number of positive roots in the root system of Y. Suppose that § is a
Frobenius morphism of Y such that S = (Y53)' is a finite simple group of Lie
type over Fq. If S is not of type 2y, %Gy or *Bs, define

2
Ny =dimY — N, Nj=dimY — 2N

and if S is of type *Fy, Go or ?By define
1, .. 1/ .. 2
Ngzi(dle—N), N3:§ dle—gN .

(i) We have

in(Aut S) < 2(¢™2 + ¢ 7).
(ii) We have

is(Aut S) < 2(¢™® + ¢™o 7).

(iii) The number of unipotent elements in Yy is equal to ¢*V, unless S is of
type 2Fy, G or ?Ba, in which case it is ¢’ .

Proof. (i) This is essentially careful book-keeping, using well-known infor-
mation about the conjugacy classes and centralizers of involutions which can
be found in [2, 29].

When S is an exceptional group of Lie type, there are few classes of
involutions in Aut S. Representatives and centralizers of involutions in Yj
are given in [29, 4.5.1] for ¢ odd and in [2] for ¢ even; and the classes of outer
involutions are given by 1.1. Using this information it is straightforward to
calculate the precise value of ia(Aut S), and to verify the conclusion of (i).

Now consider the case where S is a classical group.
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Consider first S = L,(q) with ¢ odd. In Y5 = PGL,(q), the conjugacy
classes of involutions are represented by the images (modulo scalars) of ma-

trices
I, 0
0 _In—m

for 1 <m < n/2, and, for n even,

0 I
aIn/z 0 ’

where « is a fixed non-square in F,. The centralizers of these involutions in
PGL,(q) are the images of the subgroups G L, (q) X GLy,—_p,(q) for m < n/2
and, for n even, the images of GLn/Q(q)2.2 and GLn/2(q2).2. Hence for each
class of involutions ¢¥?, we have, cancelling terms in

|GLn()|/(IGLin(q)].|GLn—m(q)])
and using Lemma 1.2(i),

i q
tY5| < gqdimt” _ 4
7| < 2¢ T
(The q/q—1 term arises because 1.2(i) applies only when all exponents a;, b;
are at least 2.) For n even, the dimensions of the involution classes t¥ are
%nQ (two classes), %nz -2, %nQ —8,...,2n—2; and for n odd, the dimensions

are %(n2 - 1), %(n2 —9),...,2n — 2. Hence for n even we have
2
(1) i2(Ys) < 7ql <q%”2 + q%”Q*Z R q2n*2>
q—

while for n odd,

2
(2) ia(Ys) < q_iql <q%(n271) + q%(n279) 4. +q2n72) )
Now consider involutions in (Aut S)\Ys. These are given by 1.1. The invo-
lutions # with centralizer of type O%(g) have dim#¥ = dimY — dim(SO,,) =
dimY — N = Ny, so that by 1.2(i) the contribution of these involutions to
ia(Aut S) is less than 2¢™2. The other outer involutions in 1.1 contribute

less than 2¢™V2—" + 4q%(”2_1) (where the first term accounts for the remain-
ing class of graph automorphisms, and is present only if n is even, and the
second term accounts for the field and graph-field automorphisms, and is
present only if ¢ is square).

Putting all this together, we see that

(3) ia(Aut S) < 2¢™ + (2a¢™> " + 4bg2 ™)) 4+ iy (),

where a = 1 if n is even and a = 0 otherwise, and b = 1 if ¢ is square and
b = 0 otherwise. Using (1) and (2) it is readily checked that this implies the
required inequality io(Aut S) < 2(¢™? + ¢™271), provided n > 5. And for
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n < 4 we improve the estimate of Lemma 1.2(i) by calculating the precise
value of ia(Aut S) using the information given above, and the result follows.

The proof for S = L, (q) with g even follows along the same lines. Here the
classes of involutions in Ys are represented by matrices jn, (1 < m < n/2)
having m Jordan blocks of size 2 and the rest of size 1, and by [2], the
centralizer in G L, (q) of j,, has order ¢™"=3™) |GL,,(¢)|.|G Ln_2m(q)|, and
7Y has dimension 2m(n —m). Hence we obtain inequalities analogous to (1)
and (2), and (3) also holds by 1.1. This gives the result for n > 5, apart
from the cases where S = L,(2) with n = 5 or 6. For these groups and
for n < 4, we again calculate the precise values of i2(Aut.S) to obtain the
result. This completes the proof of (i) for S = L,(q).

The proof for S = U,(q) is very similar. For ¢ odd, the classes of in-
volutions in Y; = PGU,(q) have centralizers the image modulo scalars of
GUpn(q) X GUp—p(q) (if m = n/2, GUpn(q)%.2) or GLy/2(¢%).2 (one class
for each centralizer). For ¢ even involutions in Y are represented by matri-
ces jm as above, with centralizer of order ¢™"=3™) |GU,,(¢)|.|GUn—2m(q)|-
And all further outer involutions are given by 1.1. Similar calculations to
those above, this time using Parts (ii) and (iii) of Lemma 1.2 as well as Part
(i), yield the conclusion.

Now consider S = PSpan(q) or PQS(q). For ¢ odd, involutions in
PG Spanm (g have centralizer the image modulo scalars of Spy; (@) xSpam—21(q),
Spm(9)%.2, Spm(q?).2, GL1u(q).2 or GU,,(q).2; and in PGO(q), involutions
have centralizer the image of GO (q) X GO,,—k(q), GOn/g(q)Q.Q, GOn/2(q2).2,
GLy,/2(q).2 or GU, 5(q).2. All further outer involutions are field or graph-
field automorphisms, given by 1.1. The result follows, calculating as in the
L, (q) case.

Finally, for ¢ even, by [2, Sections 7,8], involutions in Spa,(q) or OS,,(q)
are represented by certain elements a,,_g, bym—i, Crn—i for 0 < k <m, m — k
even, and 0 <1 <m, m —1[ odd. For Y = Sps,,, we have

dimaY , =m? — k% dimbY _, =dime) _, =m?>+m —k*> —k,
and for Y = SOs,,
dimaY , =m? —m —k®> +k, dimb), , =dimc}, _, =m? — k%

Again, further involutions are field and graph-field automorphisms. Also,
the number of simple factors in an involution centralizer is at most 2. The
result follows in the usual way.

(ii) This is fairly similar to the proof of (i), and we just give a sketch.
First consider S an exceptional group. For p # 3 the classes and centralizers
of elements of order 3 in Yj are given in [29, 4.7.3], and by 1.1, further outer
elements of order 3 are field automorphisms (and graph automorphisms of
3D4(q)). Thus we can calculate i3(Aut S), and the result follows. For p = 3,
the classes of (unipotent) elements of order 3 are given by the classification
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of unipotent classes in Yj to be found in [19, 59, 60, 65, 67]. A convenient
summary can be found in [38], from which we read off the labellings of
the elements of order 3 in Y'; centralizers in Yy are then read off from the
appropriate references. (The largest classes have corresponding centralizer
orders ¢ B2(q)|, ¢*"|A1(q)]?, ¢*'|A1(9)l, ¢"*|A1(q)], ¢*, according as ¥V =
FEg, E7, Eg, Fy, Go; and the largest classes in G2(q), ®D4(q) have centralizer
orders ¢%, q"|A1(q)| respectively.) Thus i3(Aut.S) can be calculated, giving
the result.

Now suppose S is a classical group. First consider S = L¢(q). If
q¢ = € mod 3, then the classes of elements of order 3 in Y5 = PGLS(q) are
represented by the images of the matrices d,s = diag(wl,,w ' Is, I,_r_)
(r<s<mn-—r—s,wacube root of 1), and, when 3|n, the matrix

0 Ly O
e=| o0 0 lus
al,; 0 0

(a a fixed non-cube). The elements d,s have centralizers the images of
GL:(q) x GLS(q) x GLS,_,_(q) (if r = s = n/3 the centralizer is the image
of Gl)fl/?)(q):g.?))7 and e has centralizer the image of GL;/3(q3).3. By 1.1,
further automorphisms of order 3 are field automorphisms. The result now
follows from calculations as in Part (i).

If g = —emod 3 and € = 1, the classes of elements of order 3 in Yj are
represented by the images of e and of matrices f, = diag(A4,..., A, I,—o.),
where A € SLy(q) has order 3 and there are r diagonal blocks A; the
centralizer of f, is the image of GL,(¢?) x GL,_2,(q¢). And when ¢ =
—e mod 3 and € = —1, representatives are e and d,,, and the centralizer of
dyr is the image of GL,(¢?) x GU,_2,(q). The result follows in the usual
way.

To complete the case where S = L (q), suppose 3|g. The classes of ele-
ments of order 3 in Yj are represented by matrices t,s = diag(Js, ..., Js, Ja,
ooy Jo, In_3,_95) where J; is a unipotent ¢ x i Jordan block and there are r

blocks J3 and s blocks Jy. By [72, p. 34], writing ¢t = n — 3r — 2s we have
S T ST 82 T2 € € €
|CaLs, () (trs)| = ¢ H2 TG L (g)|GL(9) | |GLE ()],

and dimtY, = 4rn + 2sn — 612 — 252 — 6rs. One checks that the maximum
possible value of this is [§n2] < N3. Now the result follows in the usual way.

Now suppose S = PSpam(q) or P (q). For (3,q) = 1, the classes of
elements of order 3 are represented by the elements d,, if ¢ =1 mod 3 (cen-
tralizer GL,(q) X Spam—2r(q) or GL,(q) X 05,,,_5,(q)), and by the elements f,
if ¢ = —1 mod 3 (centralizer GU,(q) X Spam—2,(q) or GU,(q) x O5,,_5,(q)).
The result follows in this case.

Finally, if 3|q, by [72, p. 34] the classes of elements of order 3 are rep-
resented by the elements ¢, (with 7 even for S symplectic, s even for S
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orthogonal). The centralizer orders are given in [72]. For S = PSpa,(q) we
have

dimtY, = m(4r +s) — 3r2 — s> — 3rs +7r + s,

the maximum value of which is [2(2m? 4+ m)] < N3, and the result follows
in the usual way. And if S = P (q) then

dimtY, =n(2r +s) —3r> —s> —3rs —r — s,

the maximum value of which is again [2 dim Y] < N3, and the result again
follows.

(iii) This is a well-known result of Steinberg (see [7, 6.6.1]). O

Next we prove a small generalisation of a result in [36, 5.2.11].

Proposition 1.4. IfY, Z are simple algebraic groups over K, and Y has a
Frobenius morphism 0 such that Yy is isomorphic to a subgroup of Z, then
rank(Y) < rank(Z2).

Proof. Write S = Y{. The result is trivial if S is soluble or of type Q2 (¢)
(see [36, 2.9.2] for a list of the possibilities). So we may assume that S is
quasisimple. Say S = S(q), a group of Lie type over F,.

Suppose first that Z = CI(V'), a classical group with natural module V.
Then R,(S) < dimV, where R,(S) denotes the smallest dimension of a
nontrivial faithful projective representation of S. The values of R,(S) are
given in [36, 5.4.13], from which it follows that the only possibility with
rank(Y) > rank(Z) is Y = A;, Z = By, Cy, or D, with | > m. However
V' | Z is self-dual in this case, so either dim V' > 2(I141) or dim V is at least
the dimension of a self-dual irreducible projective Y-module, which by [36,
5.4.11] is greater that 2(I + 1). Hence dimV' > 2(l 4 1) in any case, which
forces | < m, completing the proof for Z classical.

Now suppose Z is of exceptional type. If ¢ > 2 then the conclusion is
immediate from [44, Theorem 2], so we may assume that ¢ = 2. Moreover,
[36, 5.2.11] implies that the BN-rank of S is at most rank(Z). Therefore to
complete the proof it remains to exclude the following possible inclusions:

(1) U10(2), €215(2) < Ex

(2) UQ(Q), SU9(2), 91_6(2) < FE;

(3) Us(2). 95,(2) < Eg

(4) U6(2),SU6<2)791_0(2), 2E6(2) < Fy

(5) Us(2) < Ga.

The abelian 3-rank of S is at most that of Z, which by [12] is equal to
rank(Z). This rules out Cases (1), (3) and (5), and also SUg(2) < Er
and SUs(2),974(2) < Fy. For the rest of Case (2), assuming Q14(2) < E7,
observe that €74(2) has a Levi factor Q7,(2) which must lie in a Levi factor
of Er, hence in Eg, which is impossible (we have already excluded Case (3)).
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And assuming Uy(2) < E7, note that the group Ug(2) contains a subgroup
37.Ag (corresponding to GU{(2) ! Ag), of which the normal 37 must lie in
a maximal torus of Ey by [12]; this means that A9 must be a section of
the Weyl group W (FE7), which is not the case. To complete the proof we
must rule out Us(2), 2Eg(2) < Fy in Case (4). Now Ug(2) contains 3%.S5,
so if this were in Fy the above argument would show that Sg is a section of
W (F}), which is not the case. Finally, 2Fg(2) contains Ug(2), so is not in F}
either. O

The next two results provide some general estimates for the orders of fixed
point groups of Frobenius morphisms on reductive groups. The first is an
elementary general fact, which is rather useful.

Proposition 1.5. Let X be a connected reductive algebraic group. Let o be
a Frobenius endomorphism of X, and let K be a finite, o-stable subgroup of
Z(X). Take o to act onY = X/K by tK — x° K. Then

|X0| = |YG|-

Proof. We count the elements of the set S = {x € X : 2°27! € K} in two
different ways. On the one hand, for each k € K, by Lang’s theorem there
exists z € X such that x°27! = k. Hence there are precisely |X,| such
elements z, so it follows that |S| = |K||X,|. On the other hand, 2! € K
implies that (zK)° = 2K, so the number of elements x such that 272~ € K
is equal to |Y5||K|. This is also equal to |S|, and the conclusion follows. O

Remark. Another way of expressing Proposition 1.5 is simply to say that
the order of the fixed point group of a Frobenius morphism on a connected
reductive group is independent of the isogeny type of the group.

Proposition 1.6. Let G be a simple algebraic group in characteristic p > 0,
and let o be a Frobenius morphism of G with fixed point group G, = G(q),
of Lie type over Fy; suppose further that G, # 2Fy(q), G2(q), *Ba(q). Let
M be a connected reductive subgroup of G, and set

| =rank (M), z=rank(Z(M)°).
Then
(g — DlglimM=1 < |0 | < (g + 1)7gdmM—=,
Proof. Write M = ZE, where Z = Z(M)°,E = M'. By 1.5, |M,| =
|Zs||E5|. By [61, 2.4(iii)] and its proof, we have
(¢=1)" < [Z| < (¢ +1)".

Moreover, |E,| is a monic polynomial in ¢, and inspection of the orders of
quasisimple groups shows that if d = rank(FE) =1 — z, then

(q_ 1)dqdimE—d < ’Eo" < qdimE.
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The conclusion follows. O

Lemma 1.7. Let G, o be as in the statement ofl.G, and let U be a connected
unipotent o-stable subgroup of G. Then |Uy| = ¢4mU.

Proof. By [4, 15.4], U has a o-stable filtration by normal subgroups U =
Uy > Uy > ... U =1, where dimU;/U;_1 =1 for all i. And by the proof of
[48, 1.13], |(Ui)o/(Ui-1)s| = ¢. The result follows. O

Corollary 1.8. Let G,o be as in 1.6, and let x € G,. Write E = Cg(x),
and let a = dim Z(E°/R,(E°)). Then

a

1 .

G q dim €
ol > —

#7712 2(q+1)e|E: E9!

Proof. Let U = R,(E®) and F = E°/U. Then |U,| = ¢®™V by 1.7, and by
1.6,

(@+1)" gimp
@ T
From the order formulae for simple groups, and using Lemma 1.2, we have

[Fo| <

1 5.
|GU‘| > §qd1mG.
Hence
1 qa . BT s
|:L'G“| > - dim G—dim U—dim F'
T 2(g+1)|E: B '
The result follows. U

2. Proof of Theorem 2(I)(a): Unipotent elements in parabolics.

Let G be a simple algebraic group of exceptional type over the algebraically
closed field K of characteristic p > 0, and let ¢ be a Frobenius morphism
of G. In this section we prove Theorem 2(I)(a) — the case of unipotent
elements in parabolic subgroups. For this case we may assume that X = G,
and moreover that G is simply connected (since Z(G,) has order coprime
to p).

We postpone until the end of the section the cases where G, is of type
2Fy or 2Gy. (We also cover 3Dy4(q) and 2Bs(q) at the end of the section.)
Excluding these cases, we have ¢ = qog where o is either 1 or a graph
automorphism of finite order, and ¢ = p®. Let P be a o-stable parabolic
subgroup of G, so that P, is a parabolic subgroup of G,. In this section we
shall consider fixed point ratios fpr(u, G,/P,) for u € G, unipotent. Since
the value of the permutation character 1 paGf’ at an element of G, is simply
the number of fixed points of the element in the action on G,/P,, we have

1p G (u
tpr(u, Gy /Py) = 1]}2@8
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Thus we may use character theory to calculate fixed point ratios; we begin
by considering the value of 1p % at long root elements.

Let Ty be a fixed maximally split maximal torus of G, and let B be a
o-stable Borel subgroup of G containing Tj; we assume that P contains B.
Let W = Ng(Tp)/To be the Weyl group of G. Let ® be the set of roots
with respect to Ty, and ®T be the set of positive roots determined by B; let
IT = {aq,...,a,} be the corresponding simple system, so that oy permutes
the roots in II. Let o be the highest root of ® with respect to II; write |
for the length of the root a. We shall find it convenient to define the long
height lht(a) of a long root o € ® by

Lht <Z niai> = Z n; ‘|z;||22

(note that > n;«; is long if and only if n; Bé'lz € Z for each i); thus if all

roots of ® are long, then the long height coincides with the usual height of
a root. We also define the long root polynomial Lg 5, of the pair (®,0¢) by

Lo, (1) = >,

a€dT long, op(a)=c

If we abbreviate the polynomial a,t" + p1t" Y+ ayt asn: Qpy A1,
...,a1, then the polynomials Lg -, for simple systems ® are given in the
following table, in which oy is specified (up to conjugacy) by its order.

® | 0(00) | Lo, (t)

A, 1 n:1,2,...,n

Ay | 2 |n:1,0,1,0,...,n—2[%]

B,| 1 |2n—-2:1,1,2,2,....n—1,n—1

C,| 1 |n:1,1,...,1

D,| 1 |2n=3:1,1,2,2,...,|2]—1,|2] - 1,3|2] —n+1,[2]+1,
15/ +2,[5]+2,...,n=1,n—-1,n

Dnp| 2 |2n—3:1,1,2,2,..., (2] —1,[2] -1, (2], [2] -1,

150, 15).-- - on—3,n—3,n—2

Dy 3 |5:1,1,0,0,1
Eg| 1 [11:1,1,1,2,3,3,4,5,5,5,6
Es| 2 |11:1,1,1,0,1,1,2,1,1,1,2
E.| 1 [17:1,1,1,1,2,2,3,3,4,4,5,5,6,6,6,6,7
Es| 1 [29:1,1,1,1,1,1,2,2,2,2,3,3,4,4,4,4,5,5,6,6,6,6,
7,7,7,7,7,7,8
2

Rl o1 o|8:1,
Go 1 3:1

Let Py be the normalizer in G of the long root subgroup U,,; let Wp,
be the Weyl group of P, so that Wp, is a parabolic subgroup of W. Write
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P = LUp, where L is a Levi subgroup of P and Up its unipotent radical; let
®(L) be the root system of L. The following result gives the value of 1p, %
at long root elements if G, is not a Suzuki or Ree group.

Proposition 2.1. With the notation established, if og preserves root lengths
then

|(Fo)o|

L, (wa) = T

(qlht(aO)Lé,go (q—l) + qlht(aO)_chp(L),ao (q)) .

Proof. Given w € W, write U,,~ for the product of the root subgroups U,
as a runs over the positive roots made negative by w. For each w € W,
choose w € Ng(Tp) with wTy = w. Let Dy, be the set of distinguished
coset representatives of Wp, in W; thus any w € W may be written as
w = wiwg with wy € Wp,, we € Dy, and {(w) = ¢(wy) + ¢(w2). By the
Bruhat decomposition, it follows that any element of G may be written in
the form whw;viwovy, where w € U, h € Ty, w1 € Wpy, v1 € Uy, ~, w2 € Dy,
and vy € Uy, . Now uhwiv; € Py = Ng(U,,); thus

T (1) 00101202 Ty (ag) (1) for some t € K.
It follows that if g = whwviieve then
Tao(1)? € P = Ty 1(ag)(t) € P2 =P <= wy " (ag) € B(P),
where we set ®(P) = ®(L) U®T. It follows that if we set
Dp ={we Dy, : w (ag) € B(P)},
then the number of elements g € G, with x,,(1)9 € P is
(Po)o] D (U)ol
weDp

Since the value of 1p, %7 at an element 2 of G, is |P,|~! times the number
of elements g € G, with z9 € P,, we see that

11, (1) = [0 > el

weDp, oo(w™!(ap))=w~(a0)

Now as w ranges over Dj,, w™!(ap) runs through the long roots of ®;
thus for each long root o € ® there is a unique w® € D Jo such that
(W)~ (ag) = a; so we may write

1, O (1) = (L) S (U ol

| P | _
a€®(P) long, oo(a)=a

If « is og-stable, we may write a reduced expression for w(® in the form
wwy, ... Wy, where each wy, is a product of simple reflections corre-
sponding to the roots in a single og-orbit; by [7, 14.1.2(ii)] it follows that
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(Ui ol = ¢“). Thus

Po)o o
19, O (ug) = W0l e,
a€®(P) long, oo(a)=a

Finally, we consider separately the contributions to this sum from positive
and negative roots. If « is a positive long root, then there exists a chain of
roots from « to g in which each root is higher than its predecessor, and is
obtained from it by a simple reflection; the corresponding product of simple
reflections is w(®, and so £(w(®) = Iht(ap) — [ht(c). Thus the contribution
to the above sum from positive long roots « is qlht("‘o)qu0 (g7!). On the
other hand, if « is a negative long root, there exists a chain of roots as above
from « to —( for some simple long root 3; if w is the corresponding product
of simple reflections, then w(®) = w®wgw, and so £(w(®) = (Iht(ag) —1) +
1+ (Iht(—a) — 1) = lht(ap) — 1 + lht(—a). Thus the contribution to the
above sum from negative long roots « is qlht(ao)*lLM L),00(q)- The result
follows. O

Corollary 2.2. With the notation established, if either o is untwisted or all
roots of ® have the same length then

fpr(ua, GU/PJ) _ |(‘Z))<|T‘ <qlht(a0)L¢700 (qfl) + qlht(ao)fqu)(L)’o_O (q)) )
g

The remaining cases of Suzuki and Ree groups are easily dealt with, since
tables giving unipotent characters are available; we mention these at the end
of this section.

We now turn to considering other values of the permutation character
1p,%7; we begin by briefly reviewing the theory by which the values of
1p, %> may be obtained.

Since P, is a parabolic subgroup of Gy, all the constituents of 1p, %7 are
unipotent characters lying in the principal series. To obtain such irreducible
characters of G, we begin with generalized Deligne-Lusztig characters Ry g
(where T' is a o-stable maximal torus of G and 6 is a linear character of
T, ) in which 6 is the principal character 1 of Tj,. If Tp is a fixed maximally
split torus of G and T = 9Ty, then by [7, 3.3.1] g lo(g9) € Ng(Tp), and so
g~ 1o (g) corresponds to an element w of W = Ng(Ty)/To; by [7, 3.3.2] the
element w is defined up to o-conjugacy, where w,w’ € W are o-conjugate
if w' = 7 lwo(z) for some x € W. In this case we say that T is obtained
from Ty by twisting with w, and may write T,, = T’; for convenience we
write R, = R, 1. A two-stage process is then applied to obtain the irre-
ducible unipotent characters (see [26, Section 10]). Firstly, class functions
are formed by taking linear combinations of the R,, with coefficients given by
values of irreducible characters of the Weyl group; the class functions formed
are of the type called almost characters. Secondly, the irreducible unipotent
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characters are formed by taking linear combinations of almost characters,
with coefficients given by entries of nonabelian Fourier transform matrices.
However, not all of the almost characters required for the second stage of
this process need be obtained from the first stage; this is because the span
of the generalized Deligne-Lusztig characters need not contain all class func-
tions of G,. Class functions which do lie in this span are called uniform;
our next result in this section shows that the permutation character 1p, %~
is in fact a uniform function. Let Wp be the Weyl group of P, so that Wp
is a standard parabolic subgroup of W.

Lemma 2.3. With the notation established,

= 7 3 o

weWp

1p,¢

Proof. Let L be the standard Levi subgroup of P (so that L is also o-stable).
If T is any o-stable maximal torus of L, and @ is a linear character of T,
then we write R{;ﬁ and R%e for the generalized Deligne-Lusztig characters
of L, and G, respectively associated with the pair (7', 6). If we denote by

(R%e) p, the generalized character of P, which agrees with R%e on L, and
contains the unipotent radical of P, in its kernel, and by (R%’g) paG‘I the

result of inducing (R:];ﬂ)pa up to G, then by [7, 7.4.4] we have

Go
(R%,Q)Po = R%G
Now the Weyl group of L is Wp, and we have
1
e, = > R
|WP| weWp
thus

1
1Po = i Z (R%w ].)Pa'
‘WP‘ weWp

Inducing up to G, we obtain
1 G 1 1
1p,C7 = — RE Vp, 77 = —— RG | = —— R
Wil 2o (e =g 2 R = iy 2 B
P weWp

as required. O

Now assume that o is untwisted, so that oy = 1 and G, is an untwisted
group G(q). In this case we proceed as follows: Let W be the set of irre-
ducible characters of W, and for ¢ € W set

Ry = |W|Z¢’

weWw
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We may invert these equations as in [7, p. 383] to express each R, as a
linear combination of almost characters Ry:

Ry, = Z (ZS(U))Rd)
PEW
Thus by Lemma 2.3 we have

1p, % = Z Wl‘ Z p(w) | Ry.
peW P

Now if we write
1w,V = Z N,
peWw
then by [15] we know that

]'PD'GG = Z NeXoe,
peW

where x4 is the unipotent character of G, corresponding to ¢.

Lemma 2.4. With the notation established, if o is untwisted then

1p,% = Y ngRy.
pEW

Proof. By Frobenius reciprocity we have

Ng = (1WPW7¢> = (1WP7¢‘WP)WP ! Z ¢(w);

|WP| weWp

thus
1 ng” = Z TL¢R¢
pEW
as required. O

This result has a corollary concerning Lusztig’s nonabelian Fourier trans-
form matrices, which generalizes a result in [37]; to state this we require
a little notation. We recall that the unipotent characters of G, occur in
families, say F1i,...,F,, and that each such family F; has associated with it
a square matrix M;. The matrix M; gives, up to a sign, the inner products
between the irreducible unipotent characters in F; and the almost charac-
ters in JFj; the sign is identically 1 for all families except three, one in £7 and
two in Es. Let d = 3_%_, [F;| be the number of unipotent characters of Go;
let M be the d x d matrix with blocks M, ..., M, down the diagonal, and
assume that the unipotent characters are numbered 1, ..., xq in accordance
with the order of the columns of M. For j = 1,...,d let R; be the class
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function which is the linear combination of x1,..., x4 given by the jth row
of M. If x; = x4 we then have R; = Ry;), where ¢ is the involution on 1%
defined in [7, p. 373] as interchanging the pairs of characters involved in the
three exceptional families mentioned above, and fixing all other characters
in W; the involution ¢ appears because the effect of the signs on the relevant
matrices is to interchange pairs of rows.

Corollary 2.5. With the notation established, if o is untwisted and v is the
row vector of length d with v; = (1p,%,x;), then vM = v.

Proof. We have

i = 4 Mo X=X,
J 0 if x; is not in the principal series;

by 2.4 we have

v = (15,9, x5) = D ne(Rs, x))-
peW
By [3] we know that the characters of W (E7) and W (Eg) which are inter-
changed by the involution ¢ appear in 1WPW with equal multiplicity; thus
N = Nj(g), and so

vi= Y i) (Re x5) = Y ns(Ri(e)s x5) = (vM);

peEW pew

as required. O

Now in this section we are concerned with values at unipotent elements;
the restrictions to unipotent elements of almost characters Ry are
called Foulkes functions, while the corresponding restrictions of generalized
Deligne-Lusztig characters Rt are Green functions. The equations above
expressing the Ry as linear combinations of the R, and vice versa show
that the problems of computing all Foulkes functions of G, and all Green
functions of G, are equivalent.

In [53] Lusztig described an algorithm for computing certain functions
associated to character sheaves of the algebraic group G; it was later shown
by Lusztig [54] and Shoji [66] that the functions computed by this algorithm
were in fact the desired Green functions. However, the functions computed
in this way are given as linear combinations of other functions, called charac-
teristic functions of irreducible local systems on geometric unipotent classes,
and the values of these are in general known only up to a complex scalar of
absolute value 1. On unipotent classes containing elements with connected
centralizers, or elements with centralizers C such that |C/C°| = 2, it is pos-
sible to determine the scalars concerned; for other classes the situation is
more complicated.
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Using Lusztig’s algorithm, Frank Liibeck has computed tables for all fi-
nite exceptional groups of Lie type. Each table is a two-dimensional array,
with rows indexed by unipotent classes and columns by irreducible charac-
ters of the Weyl group, and with all entries being polynomials in ¢; separate
tables are provided for good characteristic and for each bad characteristic.
For unipotent classes where the geometric class contains at most two ratio-
nal classes, the values are known to be those of the Foulkes functions; for
the (relatively few) other classes the problem with scalars mentioned above
means that in some cases it is not certain that the values given are actually
those of the Foulkes functions. The authors are grateful to Liibeck for mak-
ing these tables available, in CHEVIE-readable format, and for providing
the explanation above of the status of Green function computation.

From Liibeck’s tables we make two observations:

(i) Ry(uq) is a polynomial in ¢ with nonnegative coefficients;

(ii) if all roots have the same length, then Ry(uq) > |Rg(u)| for any u # 1.
(The problem of the uncertainty over certain values in the tables does not
create difficulties in (ii): In each of the small number of geometric unipotent
classes u® containing more than two rational classes, the values taken by
any R, are dominated by Ry (uq) to such an extent that it is easy to see that
we must have Ry(uq) > |R4(u)| for any choice of scalars of absolute value 1.
For example, if G = Eg and ¢ = ¢g.1, then Ry(uq) = ¢®+q"+¢°+¢*+¢; the
only unipotent class of G containing more than two G,-classes in GG, is the
class D4(a1), which contains three G,-classes, the values of R, on which are
given as 2¢° + ¢, ¢ and —¢> + q. It follows from the way in which the Green
functions are obtained from the characteristic functions of irreducible local
systems on geometric unipotent classes that the correct values must be of
the form Cq + 2¢'¢>, (q and (q — ¢'¢> for some ¢, ¢’ of absolute value 1, and
clearly each of these has absolute value less than ¢+ ¢ +¢° +¢*+¢.) Since
Lemma 2.4 shows that the permutation character 1 pUG“ is a nonnegative
linear combination of the almost characters Ry, it follows immediately that
for G = Eg, E; or Eg and for any u # 1 we have 1p, % (uy) > 1p, % (u),
and so fpr(u, G,/ Py) < fpr(uq,Gs/Py) as required.

However, since we wish actually to obtain bounds for the fixed point ratios
of root elements and other unipotent elements, we need to calculate values
of 1p,%. To do this, Lemma 2.4 shows that in each case we simply need to
form the linear combination of Foulkes functions with coefficients obtained
from the decomposition of the corresponding permutation character 1WPW
in the Weyl group; we may of course treat Fy and G in this way as well as
FEg, E7 and Eg. The decompositions of the permutation characters IWPW
are straightforward to obtain; for convenience we record them here, using
the notation given in [7] for irreducible characters of W.

1WP1W(G2) =10+ 21 + P22+ P13
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Ly, V(@2 = 10+ g1 + dao+ ¢13'

Lwp, WD) = 10+ o + ds3’ + a1 + pad

Ly, VI = G104 2002 + 208" + ds3" + Pa1 + P24’ + 124 + do6’ +
P17 + 66" + D165

Ty, VU = 10+ 2090 + ¢83" + 283" + Pa1 + P24” + 104+ o6’ +
¢a7" + P66 + D165

Ly, W = 10+ b2 + dg3" + da1 + 4"

Lwp, W(Es) = Lwp, WIES) = 10+ d6,1 + P202

Ly, W) = 10+ 6.1 + d202 + $30.3 + 154

1Wp3 W(E6) = lwp, W(E6) = ¢y o+ b1 +2¢20.2 + P64.4 -+ D605+ P30,3 + P15.4
) —

</510+¢61+3¢202+2¢644+3¢605+¢816+¢246+2¢303+
20154 + ¢80,7 + 960,8 + ?10,9

Lwp, WIED) = ¢10+ d71 + Por2 + b56,3 + P35

Ly, W) = 610+ ¢r1 + dor2 + 213 + d1805 + Pr05.6 + P56.3 + B354 +
$120,4 + 15,7

lwp, WIED) = 1 o+ 7.1 + 20272+ Pa1,3 + 20189 5 + P210,6 + H105,6 + P168,6 +
20¢56,3 + 20354 + 1204 + D105,5 + P315,7 + P280,8 + D709

Lwp, WED) = ¢y 0+ dr1 + 3dar2 + 20213 + 5d1se5 + 202106 + 3P105.6 +
41686 + 20180,7 + 2¢378,9 + 2¢210,10 + 210,13 + 30563 + 30354 + 3P1204 +
®15,7+20105,5 +2P405,8 +2¢216,9 + P420,10 + P84,12 + P512,11 + P512,12 + 3P315,7 +
3pag0,8 + $280,9 + 2070,9

Ly, V) = 10 + 71 + 20072 + 20213 + 3P1s95 + D106 + 201056 +
20168,6 + @189,7 + P378,9 + D210,10 + 2¢56,3 + 20354 + 2¢120,4 + P15,7 + D105,5 +
$405,8 + P216,9 + D315,7 + P280,8 + 70,9

Lwp, WIED) = 1 o+ pr.1 + 20272 + b21.3 + P1so s + Pr68.6 + P56.3 + P54 +
#1204 + P105,5

Ly, VETD) = 10+ d71 + ot + d13

Lwp, WIES) = 10+ ds1 + b35.2 + d560,5 + P112,3 + Psaa + d2104 + P08 +
$700,6 + P400,7

Lip, V) = 61 0+ g1+ 35,2+ 205605+ D567.6 + $3240,0+ 20112, 3+ 20844+
$210,4+ P50,8 +20700,6 +20400,7 + $2240,10 + P1400,11 + P1400,7 + P1344,8 + D448 9+
$1400,8 + $1050,10 + 175,12

Lwp, WIES) = 1 0+ 3.1 + 20352 + 4560.5 + 205676 + 3032409 + Pasas 13 +
$2835,14 T 301123 + 30844 + 202104 + 50,8 + D160,7 +4P700,6 + 3P400,7 + P300,8 +
$2268,10 T P972,12+202240,10 +201400,11 + P4096,11 +P4096,12 +P4200,12 + P3360,13 +
301400,7 + 301344,8 + P1008,9 + 204489 + 201400,8 + 201050,10 + P1575,10 + P175,12

Ly, W) = 610+ 8.1+ 3035.2 + 95605 + 5b567.6 + 13032400 + P525.12 +
904536,13 + 5P2835,14 + 406075,14 + 304200,15 + P4200,21 + P2835,22 + SP112,3 +
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5¢84,4 + 4P210,4 + 2050,8 + 2¢160,7 + 10d700,6 + 60400,7 + 4P300,8 + 6226810 +
5¢972,12 + $1206,13 + 902240,10 + TP1400,11 + 20840,13 + TP4096,11 + 7P4096,12 +
8¢4200,12 + 3P840,14 + 593360,13 + 202800,13 + P700,16 + P2100,16 + 3P5600,15 +
3¢3200,16 + 1001400,7 + 1001344,8 + 4¢1008,9 + 60448,9 + 601400,8 + 601050,10 +
40157510 + 20175,12 + 204480,16 + 2P3150,18 + 2P4200,18 + P4536,18 + P5670,18 +
$420,20 + P2688,20 + 307168,17 + P1344,19 + 2¢2016,19 + P5600,19

Lwp, WIES) = ¢y o+ ps1 + 20352 + 6d5605 + 3P567.6 + 8B3240,0 + Pr25.12 +
5¢4536,13 + 30283514 +206075,14 +2P4200,15 + 401123 + 4¢84, 4+ 3P210,4 + 2050 8 +
$160,7 + 79700,6 +5P100,7 +20300,8 +302268,10 + 3P972,12 + 6P2240,10 +5P1400,11 +
©840,13 + 304096,11 + 304096,12 + 40420012 + 20840,14 + 203360,13 + P2800,13 +
$700,16 T ©5600,15 + ©3200,16 + 601400,7 + 60 1344,8 + 201008, + 4P 448,9 + 414008 +
401050,10+201575,10 2017512+ D4480,16 + $3150,18 + P4200,18 + P420,20 + P7168,17 +
®1344,19 + $2016,19

Lwp, WIES) = b1 0+ .1 + 20352 + dds60,5 + 20567,6 + 3P3240,9 + Pazse,13 +
30112,3+3P84,4+2¢0210,4 + P50,8 + P160,7 +4P700,6 +20400,7 T 2¢300,8 + P2268,10 +
$972,12 + 202240,10 + $1400,11 + 840,13 + P4096,11 + P1096,12 + P4200,12 + P840,14 +
301400,7 + 3013448 + $1008,9 + 2P448,9 + P1400,8 + P1050,10 + P1575,10

Ly, W) = 610 + ds1 + 20352 + 205605 + Ps67.6 + 201123 + 20844 +
$210,4 + ¢160,7 + P700,6 + P300,8 + P1400,7 + P1344,8 + P448.9

Ly, WIES) = 10+ ds1 + 352 + 1123 + Peas

On taking the corresponding linear combinations of Foulkes functions,
we obtain the values of 1p,© on unipotent elements. In Fg, E; and Fg
we observe that, as noted above, the maximum value of 1 ngf’ on non-
identity elements occurs on the class of root elements. Table 7.1A gives
lower bounds for the reciprocal of the fixed point ratio for root elements
and for other nonidentity unipotent elements; in each case the lower bound
given for the element x is a polynomial f(g) in ¢ such that the polynomial
1p, % (1)— f(q)1p, % (x) always takes positive values but is of smaller degree
than 1p,%7(1). In Fy and G, the presence of short root elements makes for
complications in characteristic 2 and 3 respectively; here we observe that the
maximum value of 1p, %> on nonidentity elements always occurs at a root
element, and in fact if 1p, % (u) > 1p, %7 (u,) for some nonidentity unipo-
tent element u and some parabolic subgroup P, then u must be a short root
element. (The problem of the uncertainty over certain values in the tables
provided by Liibeck does not in fact affect these statements, as it is possible
to see as above that values on root elements dominate all others, irrespec-
tive of the choice of scalars of absolute value 1; of course, in many cases
this question does not even arise, because the Green functions have been
independently obtained by another method — for example, the full character
table of G2(q) is given in all characteristics in [9, 19, 20].) Accordingly,
for these groups Tables 7.1B,C give bounds for long root elements, short
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root elements and other nonidentity unipotent elements. This completes
the treatment of untwisted groups.

Now consider the case G, = 2Eg (¢). Here we have oy = wop, the longest
word in the Weyl group W = W (Es), and the almost characters are defined
by

1
Ry = — d(wow) Ry
S 2

for ¢ € w. Inverting these equations gives

R, = Z d(wow) Ry;
peEW

thus by Lemma 2.3 we have

1PUG°' = Z @ Z qﬁ(wow) R¢.

peW weWp

For each choice of P we may calculate the coefficients \W%ﬂ > wewp P(wow)
which appear, and hence form the appropriate linear combination of Foulkes
functions. Here we observe that the maximum value of 1p, %> on nonidentity
elements always occurs at a long root element; nevertheless, in Table 7.1B we
give bounds for long root elements, short root elements and other nonidentity
unipotent elements. (In fact, the irreducible unipotent characters of G, lying
in the principal series are labelled by the irreducible characters of W (F}),
and the parabolic permutation characters 1p, Go for P = Py g, P>, P35 and
P, are given by the expressions above for 1WPiW(F ) with i = 4, 1, 3 and 2
respectively.)

The remaining twisted groups may be handled more simply, because ir-
reducible unipotent characters have already been obtained. If G, = 3Dy4(q),
the characters in the principal series are labelled by the irreducible charac-
ters of W(Gz); there are two maximal parabolic subgroups, (P 34), and
(P2)s, with permutation characters ¢1 0+ ¢2.1+ 22+ ¢13" and @10+ 21 +
$2.2 + ¢1,3" respectively. In this case the unipotent characters are given in
[67]; using them we obtain the bounds for long root elements, short root
elements and other nonidentity unipotent elements given in Table 7.1C. If
instead G, = 2Fy(q), there are again two maximal parabolic subgroups,
(P14)s and (P23),, with permutation characters 1+ € + pa’ + p2” + p2 and
1+ €"+ po’ + pa” + pa respectively, in the notation of [7]. Here the unipotent
characters are given in [55]; again, we obtain the bounds for long root ele-
ments, short root elements and other nonidentity unipotent elements given
in Table 7.1C. Finally, if G, = ?2Ba(q) or 2Ga(q), the Borel subgroup B, is a
maximal subgroup of G, and the permutation character 1p_ Go is the sum
of the principal and the Steinberg characters of G; since the second of these
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is zero on nonidentity unipotent elements, we have fpr(u,G,/By) = qg—il

or respectively for any nonidentity unipotent element v € G,. This

1
@41
completes the proof of Theorem 2(I)(a). O

It is convenient at this point to handle a case in Part (I)(d) of Theorem 2,
using the character-theoretic methods of this section. This is the case of the
fixed point ratio of a graph automorphism 7 when G = Eg and p = 2, for
parabolic actions.

Proposition 2.6. Let G = Eg with p = 2, so that L = G, = Es(q) or
2Es(q), and let T be a graph automorphism of L of order 2. If P is a mazximal
(o, T)-stable parabolic subgroup of G, then

1
fpr(r,Go/Py) < ——,
b GalFo) <

where kp(q) is as in the table below.

L P 1kp(q)

*Es(q) | Prs | a*(g— 1)

P - +1

Pys | ¢"(q—1)

Py 1 ¢%(¢® —1)(¢g—1)

Es(q) | Prg | ¢°
Py | ¢
P35 %qn
P | ¢

Proof. Let § be the standard graph automorphism of G centralizing Fy. By
Proposition 1.1, we may take 7 = ¢ or rd, where r is a long root element
in Fy. Write G,.2 = G,(J). Let P be a standard (d, o)-stable parabolic
subgroup of GG, so that P, is a standard parabolic subgroup of G,; write
P,.2 = P,(5). We consider fixed point ratios f(ud,G,.2/P,.2), where u €
Gy is such that ud is unipotent (i.e., has order a power of 2); in particular,
this includes the case where u = 1 or r, i.e., where ud = 7.
As before, we have

1p, 2% 2(ud
fpr(u5, GU2/PO'2) = 1P1:2200-2((1))7

so that we may use character theory to calculate fixed point ratios.

In [18], Digne and Michel developed a Deligne-Lusztig theory for the com-
plex characters of a non-connected reductive group over a finite field. They
defined characters which they called generalized Deligne-Lusztig characters;
these are extensions of (ordinary) Deligne-Lusztig characters for the rele-
vant connected group. They showed that classes of §, o-stable maximal tori
of G(d) may be taken to be parametrized by conjugacy classes of W, the
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group of fixed points under § of the Weyl group W of G; writing T, for a
maximal torus of G, corresponding to w € Wj, the character Rr, 1 depends
only on the class of w € Wy, and there are results on scalar products of such
characters similar to those in the connected case.

Malle built upon the work of Digne and Michel in [57], and in particular
considered the decomposition of the Rz, ;. By analogy with the connected
case, linear combinations of Rr, 1 are formed with coefficients given by
the character table of Wy, to create class functions of the type called al-
most characters; Fourier transform matrices then relate almost characters
to irreducible unipotent characters. Malle gives details of the Fourier trans-
form matrices required for several small rank cases, including Fg(gq).2 and
2Fg(q).2. He then goes on to calculate Green functions for certain cases in
which the order of § is equal to the characteristic of the underlying field, so
that there are unipotent elements lying in the outer coset(s); the cases of
Fg(q).2 and 2FEg(q).2 in characteristic 2 are not treated in [57], but are cov-
ered by a separate paper [58], which first gives details of the outer unipotent
classes which occur.

Using the above, and the known decompositions of the permutation char-
acters into irreducible constituents, it is possible to determine the values
1p, 2%72(ud) in the twisted case for all unipotent elements ud; doing so and
comparing with the values 1p, »%-2(1) gives fpr(ud, G.2/P,.2) < ﬁ@) with
kp(q) as in the table above.

However, there is a complication in the untwisted case, caused by the fact
that not all extensions of unipotent characters need occur in a family. In
particular the subcuspidal characters induced from the Levi factor 245 of the
twisted group have scalar product zero with all almost characters formed as
described above, and are thus orthogonal to the space of uniform functions.
This does not create difficulties in the twisted case, since such characters
do not occur as constituents of the permutation characters 1 PG,.QGOQ. In
the untwisted case, though, the Fourier transform matrices are described
by means of a natural correspondence between unipotent characters of the
untwisted and twisted groups, under which the unipotent character xgg, ,
of Fg(q) is paired with such a subcuspidal character of 2Fg(q); and the
extension to Eg(q).2 of X¢e,, does occur as a constituent of some of the
permutation characters 1p, %2, The solution to this problem is to apply
the criterion given in [57, Proposition 9] to show that most of the outer
unipotent classes, including in particular the two containing elements of
prime order, are in fact uniform (as defined just before Lemma 2.3), so that
the extension to Eg(q).2 of xg¢g, , takes the value zero on such classes. It
is now possible to proceed as in the twisted case, and obtain the bounds

fpr(ud, G,.2/Py.2) < ﬁ(q) with kp(g) as in the table. O
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3. Proof of Theorem 2(I)(b): Semisimple elements in parabolics.

We continue with the notation of the previous section, so that G, o, ¢, oy,
Gy, P, P,, Ty, B, ®, II and «g are as before; however, we do not assume
that G is simply connected. Our focus in this section is on the fixed point
ratios fpr(s, G,/ P,) for s € G, semisimple; as before, we have

1p, % (s)
fpr(s,Go/P,) = 19 G (1)
Since Lemma 2.3 gives 1p, o = [Wp|™! > wewp Bw, We must consider the
values Ry (s).

We first require further notation. Since W = Ng(1p)/Tp and Tj is o-
stable, we have an action of o on W. We recall that elements w,w’ € W are
said to be o-conjugate if there exists € W with w’ = 2~ lwo(z); the G-
classes of o-stable maximal tori of G are in natural correspondence with the
o-conjugacy classes in W, and we have R, = R, if and only if w and w’ are
o-conjugate. Let wy,wo, ..., w,. be representatives of the o-conjugacy classes
in W. For each w € W choose w € Ng(Tp) with wTy = w; take g, € G
with g, 1o (gw) = 1, and set T, = 9¢Ty. The torus T, is then o-stable,
and is said to be obtained from Ty by twisting with w; for 1 < i < ¢ write
T; = Ty,, so that (11)s, (T2)s, - - ., (T¢)s are representatives of the G,-classes
of maximal tori of G,,.

Now assume that the action of ¢ on W is such that there exists w* € W
with

w*

o(w)=""w for all w € W.

(This hypothesis is certainly satisfied if either o is untwisted or G, = 2FEg(q),
as we may take w* = 1 or wg respectively, where wyg is the long word in W;
the remaining cases are easily dealt with, and will be mentioned briefly at
the end of this section.) In this case, w and w’ are o-conjugate if and only
if ww* and w'w* are conjugate; thus wijw*, wow®*, ..., w.w* are conjugacy
class representatives in W. Let C; = (w;w*)" be the ith conjugacy class of
W, so that C;w*~! is the o-conjugacy class containing w;. By Lemma 2.3
we have

1p, G — S e G R

P, = ‘WP‘ ; P iw | w -

We next consider the semisimple element s. We recall that each semisim-
ple class in G, may be associated with a pair (J, [w]), where J is a proper
subset of ITU {ap} (determined up to conjugacy in W), W is the subgroup
of W generated by reflections in the roots in J, and [w] = W w is a con-
jugacy class representative of Ny (W;)/W;, as explained in [16, 21, 22].
This association has the following properties: If s € G, has class associated
with (J, [w]), then s lies in T,,,,«—1, and if we set ¢t = s%ww*~1 € Ty, then
Wy = (Ca(t)’ N N)/Ty.
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For H a o-stable subgroup of G, let ey = (—1)"H#, where rp is the relative
rank of H.

Proposition 3.1. With the notation established,

_ W [Wywn Gl ecgspoenl(Cals)’)oly
|C4] Wyl I(T)o|

Proof. By [7, 7.2.8] we have

1 Cea(s)°
(=) muwmm£%@ o W

while by [7, 7.5.1] we have

Ruy;(s)

Ca)’ (1) = c0g(s) €| (Ca(3))oly
o [(T3)s]

We must therefore determine |(Cg(s)?), | {z € Gy : s* € T;}|.

Let r = |Cg(s)/Cq(s)’], and m = |Cg,(s)|/|(Ca(s)?)s|; thus m is the
number of o-stable cosets of Cg(s)? in Cg(s). For convenience write z =
Guww+—1 and y = gu,; set t = s* € Ty, so that |Cw (t)] = r|Wy|. Define
o+ G — Ghby d(g) =" o(g) = % '6(%g). Given g € Cg(t) we have
2g € Cg(s); since s is o-stable we have o(*g) € Cg(s), so that o’(g) € Ca(t).
Thus o’ preserves Cg(t); and Cg(t),r = Ca, (s)?.

Now assume that s* = s’ € Tj; set ¢/ = (s')¥ € Ty, so that ¢/ =t @9,
Since t,t' € T, are G-conjugate, there exists w' € W with t*' = ¢; thus
(z7Lay).(w'") 7! € Cg(t), so that = zew'y~! for some ¢ € Ci(t). Tt follows
that

Hz e Gy s™ €T} = ——|{(c,u) € Calt) x W : zeily™" € G},
|Cw (1)]
Since
zey ™t € G, =  zc'y ' =o0(2)o(c)o(i)o(y)
— i)t = ¢l o ()
= i) it = ol (e),
we have
H{x € Gy : s* € T;}|
(Ca(s)")s]
. m / oo ./_1.*._1:_1,
= (G, Cw ] 16w € Colt)x Wi (i) TaTu™ =o'}
= %\{w’ € W o (i) Mi* ™! = ¢ 1o’ (e) for some ¢ € C (1)}
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Given g € Cg(t), by [7, 3.5.3] we may choose W, € N N Cq(t)%g; then
wy € Cw(t). Set v, = wy, . %w, € W. Since the map z — 2~ to’(x) from

Ca(t)° to itself is surjective by Lang’s theorem, we have
{1 (c) i ce Ca)g} = {co'(c): c = cptig,co € O (t)’}
= {wg_l.co_la'(co).a'(wg) cco € Cg(t)°}
= b, " .Ca(t)’.o' (iy)

= Ca(t) iy, "o’ (ig)

= CG (t)01>97

1

: -1/ _ -1 ww*~ — 1w — :
since wy " o' (wy) = wy . o(wg) = wy™""wy = vy. Thus if we set

W(g) = {w' € W /o (’) Mi*w™ = ¢ 1o'(c) for some ¢ € Cg(t)%g},
then

/

Lt € Co(t) %0y N N}
Lw*w™ € Wyv,}

/

W(g) = {w' €W :iio(w
= {w' e W :vw'wo(w
= {weWw: wwwtw' € Wyvgw}

= {weW : " (ww") e Wyw”}.

Now it is clear that premultiplication by w, gives a bijection from the set
{w € W : ¥ (ww*) € Wyw®s} to the set {w' € W : * (ww*) € Wyw}.
Thus |W(g)| is independent of g € Cg(t). Since the number of cosets of
Cq(t)? in Cg(t) which contain elements of the form ¢~'o’(c) with ¢ € Cg(t)
is -, we have

Hw' € W = 'izo(w') Ti*w ™ = ¢ o’ (c) for some ¢ € Cq(t)}]

- %Hw/ e W (wsw*) € Wyw}.

Hence
Hx e Gy:s” €T} m.%\{w’EW:w,(wiw*) € Wyw}|
[(Ca(5)°)o| a Wyl

_ |C’W(wiw*)|.|WJw N Cz|
B Wil
W] Wrw N Gy
Gl

The result follows. (]

Corollary 3.2. With the notation established, we have

15, Go(s) = Z W] [Wp 0 Caw*™!| [Wyw Gl eog(sen (Ca(5))oly
g 2ol el W) (T
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We observe that all quantities in the above expression may be calculated
for given w*, P and (J, [w]). In [21, 22] Fleischmann and Janiszczak list
all possibilities for (J, [w]), and give the centralizers Cg, (s), if G is of type
E,; similar information for G = F; or G may be obtained from [8, 19, 63,
65]. For a given Gy, it is thus straightforward (if somewhat lengthy in the
cases of E7 and Eg) to work through all types of semisimple class s% and
calculate the values 1p, % (s) for all maximal o-stable parabolic subgroups
P. This has been done using the computer package Maple, which facilitates
the manipulation of the polynomials in ¢ which occur. It is observed that
in all cases the value 1p % (s) is a polynomial in ¢ in which all coefficients
are nonnegative integers. Moreover, for each choice of G, and P, there is
a single pair (J', [w']) # (I, [1]) such that if s’ is any associated semisimple
element, and s is any semisimple element associated with any other pair
(J,[w]) # (IL,[1]), then 1p,%7(s") — 1p,%7(s) is a polynomial in ¢ which
takes positive values for any ¢ > 1. The elements s’ are as follows:

G ‘ Eg ‘ E7 ‘ E6 ‘F4(G —F4 ‘GQ —Gg(q))
Cg(sl) ‘ E7A1 ‘ E6T1 ‘ D5T1 ‘ B4 ‘ A2

We may therefore use the values 1p,%(s’) to obtain the bounds for
fpr(s, G/ Py) required for Theorem 2(I)(b).

Though our calculations are now complete (except for the small twisted
groups, which are handled at the end of the section below), we now offer
some comments which explain in some cases why 1p,%7(s) is a polynomial
in ¢ in which all coefficients are nonnegative integers. In the case where

* =1 (and so o is untwisted), it is possible to simplify the expression in
Corollary 3.2 above somewhat. Note that

1
1WPW(’UJZ‘U}*) = T Z 1

|WP| weW, ¥ (w;w*)eEWp
1
= ’CW(U)Z *)HWPQCZ’
Wl
_ Wl Wena
Wpl|Ci|

thus if w* = 1 we have
\WJ’wﬂC\ €Ce(s)€T: 1Oy (8) |y

1PUG"(8) = 1W z . .
; ’ W] [(T)o]
1 €Ce(s)€T 1, |Cay (8) |y
— 1W W(wlw) G w’w
‘WJ’ w’eZWJ r ’(Tw’w)a‘

1 Cal(s
= G 2 e el ),
w' eWy
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where we assume (as we may) that the elements gy, for w' € W are chosen
so that each maximal torus Ty, lies in Cg(s).

If w =1 as well, so that we may take s € Ty, we may simplify further.
Recall that for ¢ € WJ, by [7, 11.1.1] we have

Z s(w")Q7 (1) = PSP (g),

w" €W,

where PQ?G(S) (t) is the fake degree corresponding to ¢. Inverting these equa-

tions gives
1 C
w01 = Y e HP ).
pEW

1p,%(s) = Z L,V (@) Y o(w P (g)

w'eW pEW

> ‘ Z L,V (W) p(w' ™) | PS(q)

¢6W7 w EW

= Z(lwpwrwJ,ab)ijfG(S)(q)
pEW;

= Y (" oMw P ),

PEW,

using Frobenius reciprocity. Since we may write PCG(S) (t) = > ni(o)t,
where n;(¢) is the multiplicity of ¢ in the ith graded component of the
regular W -module, we have

1, % (s) =Y | Y (w6 )wni(e) | ¢,
i PEW,

which is indeed a polynomial in ¢ with all coefficients nonnegative integers.

Finally in this section we consider the cases which are not covered by the
above. If G, = 3Dy4(q) or 2Fy(q), as already stated the unipotent characters
are given in [67] or [55] respectively; it is thus straightforward to calculate
the values lpUGf’ (s) for all semisimple s € G,. If G, = 2By(q) or 2Ga(q),
again the only permutation character involved is 1 BUG" which is the sum
of the principal and Steinberg characters of G,. In the former case the
centralizer of any nonidentity semisimple element lying in B, is merely a
torus, so the value of the Steinberg character is 1 and thus fpr(s,G,/B,) =
qQ%. In the latter case, the only nonidentity semisimple elements in B,
whose centralizer is not merely a torus are involutions with centralizer A;(q),
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so the value of the Steinberg character is ¢ and thus fpr(s, G,/ By) = q%%ll =

q2_71q+1 (as may be checked from the character table in [73]).

4. Proof of Theorem 2(II)(a,b): Maximal rank subgroups.

We now embark on the proof of Theorem 2(II)(a,b). Let G be an adjoint
exceptional algebraic group of rank [ over the algebraically closed field K
of characteristic p > 0, and let o be a Frobenius morphism of GG such that
Gy = G(q), a finite exceptional group of Lie type over F,, where ¢ = p°.
Assume that G, is not 2Fy(q) or %G2(q) (these cases will be dealt with later
in Section 6).

For Theorem 2(II)(a,b) we need to obtain bounds for unipotent and
semisimple elements of G, in actions where the point stabilizer is a sub-
group H of maximal rank. Since for such a subgroup, HL = G,, we may
assume that X = G,. Then H = M,, where M is reductive of maximal
rank in G. The possibilities for M are given by [43] (see Tables A and B,
p. 302, and 2.2 and 2.3), and for convenience we record them here.

Proposition 4.1. The possibilities for the maximal rank subgroup M are
as follows:

G MO M/MO
Es  Ai1Fr,Ds, Ag, A2 Eg, Dy Dy, 1,1, Zy, Z3, 83 X Za,
AyAy, A A3 Ty Z4,GLs(3), AGL3(2),2.04 (2)
E; T1Eg, A1Dg, A7, A3 As, Zo, 1, Zo, 2,
AE{D4,AI,T7 Sg,L3(2)72 X Sp6(2)
Es T1Ds, TyDy, A1 A5, A3, T 1,85,1,85,05 (2)
Go A1Aq, As 1,75

We wish to bound the fixed point ratios fpr(u, G,/H) and fpr(s,G,/H),
where u is a unipotent and s a semisimple element of G,. To this end we
may assume that v and s both have prime order and lie in H.

In the proof we shall make heavy use of the main result in [40], namely
[40, Theorem 2J; for = s,u this result provides strong lower bounds for
the quantities

dim G/M — dim fixg/p (z) = dim 2% — dim(z% N M)

(the equality is a consequence of [40, 1.14]). We shall also freely use several
of the preliminary results given in [40, Section 1], particularly those on
conjugacy classes. Here is one particular consequence:

Proposition 4.2. Let u, be a long root element in G, (or a short root
element when (G,p) = (Fy,2) or (G2,3)), and let u be a nonidentity unipo-
tent element which is not Aut (G, )-conjugate to u,. Let s be a nonidentity
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semisimple element of G, with D = C¢(s). Then lower bounds for the sizes
of the classes |s%|, |uG7| and |u®e| are given in Table 6 below.

G |[s%| > S| > uge| >

E8 q112, if DDE7 q92 q58
q'?8, if D pE;

E; q537 if DO = T, E¢ q52 q34
q64, if DO 7é T1E6

Es | ¢*', if D=T1D;s ¢! q*
q*, if D # T\ D5

Fy |4, if D=8, ¢! q'®
¢*8, if D # By

Go | *(¢®—1), f D=4 | (*~1)(¢° 1) | " —1
q8, if D 75 A2

Table 6.

Proof. First consider semisimple elements. Inspection of subsystems shows
that the possibilities for D = Cg(s) of the largest few dimensions are:

G=Es: DsE;,D=Ds,D=TD;
G=FE;: D°=T\Es,Dv> Dg,D° = Ay
G:E62 D:T1D5,DI>A5,D:T2D4
G:F4Z D:B4,DD03,D:T133,D:A2A2

For the two possibilities of largest dimension, we calculate |s“< | directly, and
see that the bound in the conclusion holds. And for possibilities of smaller
dimension, 1.8 gives the result.

For unipotent elements the argument is similar: By [40, 1.7], for G =
Eg, Er, Eg, the two smallest classes are those with labels A; (long root ele-
ments) and 24, and for these we calculate |[u®«| directly; while for the rest
we use [40, 1.7] and 1.8. O

Lemma 4.3. The conclusion of Theorem 2(11)(a,b) holds if H = M,, where
the maximal rank reductive subgroup M is one of the following:

G=Es: M°=Tg, A%, A5
G=E;: M°=Ty A
G=FEs: M°=Ts.

Proof. Suppose first G = Eg, MY = Ty = T. Then
| M| < |T,|[W(Es)| < (¢+1)%2.08 (2)] < (¢ +1)%.2%.
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For 1 # s € G, semisimple, we have [s%7| > ¢!'12 by 4.2, and hence, writing
Q =G,/My, we have
B 1567 N M,| | M, 1

f Q) = < < —=
P = Ta T < < g

as required. For 1 # u € G, unipotent and not a root element, we have
|u®e| > ¢°2 by 4.2, yielding
(Ms| 1

< _
q92 q24 ?

fpr(u, Q) <

as required. Finally, for u a root element, [u%| > ¢°® by 4.2, which as
above gives fpr(u, Q) < 1/¢**, except when ¢ = 2. For ¢ = 2, observe that
a root element w € Ng(T') corresponds to a reflection in W(Eg) (see [40,
1.13(iii)]). It follows that if (W (Eg)) denotes the number of reflections in
W (Es), then

[u N M,| < |T,|.r(W(Es)) < (q+1)8.120,

which is enough to give the desired bound fpr(u, Q) < 1/¢**.

All other cases in the hypothesis of the lemma follow using the same
arguments: The bound fpr(z,Q) < |M,|/|z%| gives the conclusion except
for some small values of ¢ when z is a root element and M? is a maximal
torus, in which case the bound is strengthened by replacing |M,| by the
number of root elements in M. O

We assume for the rest of this section that the maximal subgroup H in
Theorem 2 is not one of the subgroups in Lemma 4.3.

Lemma 4.4. The conclusion of Theorem 2(II)(a) holds if w is a long root
element (or a short root element when (G,p) = (Fi,2) or (Gz,3)).

Proof. Suppose u is as in the statement. We may assume that u € H = M.
Exclude for the moment the case where (G, M°,p) = (Fy, Dy,2). We then
claim that u € M°. For otherwise, by 4.1, M is one of the following:

G = Eg : MO == Ag, A2E6, D4D4, A4A4
G = E7 : MO = T1E67A7,A2A5,A:1)’D4
G:E6: M0:T2D4,A%

G:F42 M0:D4(p7é2),A2A2
G=Gy: MY=A,.

However, [40, 1.13(iii)] shows that none of these has a root element in
M\MP.

Thus u € M°. Now by [40, 1.13(ii)], u lies in a simple factor My of MY,
and is a long root element therein (or a short root element for (G, M,p) =
(Fy, By,2)). Now the result follows from the list of possibilities for M given
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in 4.1, together with the sizes of the long root classes given by [40, 1.12];
for example, when G = Fjg, these results imply that

‘ Er(q) |+ |UA1(Q | 9

fpr(u, ) < |u§8( )‘ < e

as required.

Finally, we deal with the excluded case (G, M,p) = (Fy, D4,2). In this
case [40, 1.13(iii)] shows that there is one class of root involutions in M\ M?,
centralizing Bs in D4. Hence as above we obtain

D
ud* 9| + |Da(q) : Bs(q)| 1
‘u(l;:z;(Q)‘ ¢t — @2+ 1

fpr(u, Q) <
as required. O

The next result is our main tool for passing from the dimension bounds
of [40, Theorem 2| to the bounds for the finite groups G, that we require.
In the statement, we denote by f the order of the fundamental group of G
(so f =2,3 for G = Ey, Eg respectively, and f = 1 otherwise). Reference is
also made to a double coset space W (D)\W (G)/W (M): Here D = Cg(s)
for some semisimple element s € (G, and we observe that some conjugate of s
lies in a maximal torus T of M°. Replacing s by this conjugate, we have T <
DN M, so we have a well-defined double coset space Np(T')\Ng(T')/Nu (T),
which we identify with W(D)\W(G)/W (M).

Lemma 4.5. Let u,s € G, be unipotent and semisimple elements of prime
order, and let C = Cg(u),D = Cg(s). Write z = dim Z(D°) and y =
dim Z(C°/R,(C?)). LetI' be the semisimple rank of M, and Q = Gy /M,.
Then

(IWD\W (@)W ()| + L) |2/ 0% 2(q + 1)7f

o(s)

fpr(s’ Q> < qdim G —dim(sGNM)+2z— l’(q _ 1)1’

and

up(M).|M/M°|.2(q + 1)Y|C : C
fpr(u, Q) < qdimuG—dim(uGﬂM)+y—l’(q _ 1)[/ ’

where u,(M) denotes the number of classes of elements of order p in M.

Proof. We have |D : D°| < f by [68, II, 4.4], and by 1.8,

z

1 q di G
1 Go| > im s~
) 5912
By [40, 1.3], s N M° = {J,; sM, where |I| < |[W(D)\W(G)/W (M)|. Also
by Lang’s theorem [68, I, 2.2], (sM %) breaks up into M9-classes correspond-
ing to the o-classes in F / E°, where E = Cyo(s;); if the representatives are
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s;; corresponding to w;; € E/E°, then ]s?;[g] = fij(q)/cij, where fi;(q) is a
monic polynomial of degree dim sZM , and ¢;; is the order of the o-centralizer
of w;; in E/E°. Note that > % =1.

Write MY = TN, where T = Z(M°), N = (M°)". By 1.5 and 1.6, |[M?| <

T, |4 ™V, And if Cy;j = Cjyo(sij), then ](C?j)g] = |T,||Cn ()|, whence

MO dim N
(M)l < — el o O
min;[(C7)q| — |Cn(sij)g]
By 1.6,
RV
IC(si;)°] > %qdlmczv(sn)
q
and hence
|(3M0) < gdim N+
v /ol = (q_l)l’qdimCN(si)'
Therefore
(2) ’<3£\40)U‘ S qdimM—dimCM(sq;)—l-l

(¢ — 1)
It follows that
qdim M —dim Cy (si)+l/ ‘M/MO ’

(g —1)

(3) [(51)ol <

and hence

‘W(D)\W(G)/W(M)’.|M/M0‘.qdim(3GmM0)+l/
(¢ —1)" :
Now consider the case where s € M — M°. For this case, we first verify

that inequality (2) still holds (with s replacing s;). If MY is semisimple then
by [40, 1.4], Cjo(s) is semisimple of rank at most I’ — 1, so by 1.6,

@) 16" M),| <

-1 -1
O ()] > U D gtimanto),
q
whence (2) holds. And if M? is not semisimple, then either M® = E¢T}
(with G = E7) or M = Ty D, (with G = Eg). In the first case, s acts as a
graph automorphism of order 2 on the Es factor, and inverts 77, so by [40,
1.4], Cjpo(s)? is simple of rank 4 =1’ — 2, so

0 q—i_l im q_ll/_2 im s
()] < (CEEgamar) /(D gmont )
q q

which again yields the bound in (2) (since (¢ —1)?/¢* < q/(¢+1)). Finally,
if M = TyDy then M/M° = S3, so s has order 2 or 3. For o(s) = 3,



FIXED POINT RATIOS 429

|My| < (¢®+q+1)|2D4(q)|, and by 1.1, Cps(s) has semisimple rank at most
2, giving
2 4
MO ¢ +q+1 dim sM q dim sM
7 )o| £ V54 < q )
(5ol (¢ —1)2 (¢—1)*

which implies (2). And for o(s) = 2, |M,| < (¢*> — 1)|?D4(q)|, and by [40,
1.4], Cas(s) has semisimple rank at most 3, giving (2) in similar fashion.

Thus (2) holds for s € M — MP. Using [40, 1.4 and 1.10], we see that the
number of classes of elements of prime order in M — M? is at most |M/MP|;
therefore the above considerations give

dim(sGN(M—MO))+1’ 0
(5% OV (M — M), ] < |2/p0) - M/

(¢—1)F . ’CM/MO(S)‘.
Combining this with (4) we obtain
(5)
0 : ’
0t < (W PNWE) WD+ B a0 imtran
s o] < .

(¢ — 1)

Finally, fpr(s, Q) < |(s¢ N M),|/|s% |, from which the conclusion follows
using (1) and (5).

The proof for unipotent elements is entirely similar to the above, except
that for unipotent elements we use u, (M) to bound the number of M-classes
in u® N M. ]

|M/MO|

Remark. If M = M?, then in the statement of 4.5, the extra term o(s)

does not have to be included, as the proof shows.

Lemma 4.6. The conclusion of Theorem 2(II)(a) holds for unipotent ele-
ments u.

Proof. We have H = M,; write Q = (G, : H). By 4.4, we may assume u is
not a long root element.

Consider first G = Eg. Here dimu® > 92 by [40, 1.7], and dimu® —
dim(uN M) > 40 by [40, Theorem 2(II)(a)]. Arguing as in (1) in the proof
of the previous lemma, we have

|H|

fpr(u, Q) < 2L < 2|H|

(q + 1)8q7 dim u%
|uCe|

¢ '

This yields the desired bound fpr(u, Q) < 2/¢?**, unless |H| > ¢"%/(q + 1)8.
We may suppose the latter bound to hold, in which case by 4.1, we have
MY = A1 F7, Dg, AyEg or Ag. Using [40, 1.8 and 1.10] for these groups, we
have u,(M).|M : M°| < 130. Also, writing C' = Cg(u), we have |C': C°| <
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60 by [60]. Hence 4.5 gives

(W N M),| 130.2(q + 1)8.60
@] T (g — 1)
If ¢ > 3 this yields the required bound fpr(u, Q) < 2/¢**.

To complete the Eg case, assume ¢ = 2. Here u is an involution. The
involution classes in M, and their sizes are given by [2]. For M? = Ag, Dg
or AsFg, M, has at most 9 involution classes, the largest of which has size
|Ds(q) : Cpy(g)(cs)| (notation of [40, 1.10]), which is less than ¢%%. Since
the smallest non-root involution class in G, has size |Es(q) : ¢"°Bs(q)|, it
follows that

9¢5 < 2
|Es(q) : q™Bs(q)] ~ ¢**
Finally, for M? = A, E;, the involution classes in M and the corresponding
classes in G are given in the proof of [40, 4.6], and the result follows easily.

Next consider G = F7. By 4.1 and 4.3, we have M° = T Eg, Ay Dg, A7,
AgAs or A3D,. Assume first that p > 5. Using [40, 1.4, 1.8 and 1.10], we
deduce that u,(M).|M : M°| < 39.6. Also dimu® — dimu™ > 20 by [40,
Theorem 2], and |C : C°| < 6 by [60]. Hence 4.5 gives
39.6.2(¢ +1)7.6

a1
which, for ¢ > 5, is less than 2/¢'2, as required.

For p = 2, we argue in similar fashion to the Eg case above, using [2].
If M = (T1Eg).2, then M, has 4 non-root involution classes, with Fg-
centralizers Fy, Cr,(uy), U2aBsTy, Uar A2 A1, and the corresponding classes
in G are 34Y,4A1,2A,,3A] respectively (see the proofs of [40, 4.1 and 4.6]).
It follows that fpr(u, Q) = [uMe|/|uC7| < 2/¢'2. If M = A;Dg then by [40,
1.10], M, has 13 classes of involutions, the largest two of which are repre-
sented by cg and ugcg, where cg € Dg is as in [40, 1.10], and 1 # uy € A;.
The smallest non-root involution class in G, has centralizer ¢*2.B4(q)A1(q).
Hence

fpr(u, ) <

flu, Q) <

fpr(u, ) <

|41(¢) Ds(q) : Cuoce)| +12|41(0) Do(q) : Clee)| _ 2
|E7(q) - ¢**-Ba(q)Ar(q)| ¢

If M = A7.2 then M, has 6 involution classes, the largest of which has M?°-
centralizer C¢, (uq) (uq a long root element of Cy). The conclusion follows
in the usual way. Finally, for M° = A3 A5 or A3Dy, the conclusion follows
by the same method, estimating |(u® N M),| by multiplying the largest
unipotent class size of M, by ua(M,) < 10 or 23.

To complete the Fr case, it remains to handle p = 3. This is similar to
the p = 2 case, and we give just a sketch. For M" = T, Fg, the classes
of (non-root) elements of order 3 in M, are in Eg, and are represented
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by 2A41,3A1,As, Ay + A1,2A5, As + 2A7; since Eg is a Levi subgroup of
G, the labels of the corresponding classes in G are the same (with label
3A! for the second class by [38]). The centralizers in M, and in G, of all
these elements can be read off from [40, 1.7], and the result follows. For
MY = A; or A;Dg we argue as follows. If u is not in class 24; or 3A7 of
G, then [u®s| > ¢5 (see [40, 1.7] and the proof of 4.2), and we see that
fpr(u, Q) < iz(M,)/q% < 2/q*2, where i3(M,) is the number of elements of
order 3 in M,, estimated as above. And if u is in class 24; or 3AY of G,
then analysis of Jordan blocks on Vi using [38] shows that for M° = A7, u
is in class 24; of M?, and for M = A D¢, u = ugu; with g in the A; factor
and u; in class kA; (k < 3) of Dg, and the result again follows. Finally, for
the cases MY = Ay A5, A3 D, we argue just as in the p = 2 analysis above.
The cases G = Eg, G2 are handled with very similar arguments, and are
left to the reader. As for Fy, the same is true except for the case where M =
By. When p = 2, the involution classes in B4 and the corresponding classes
in Fy are given by [63] (see the proof of [40, 4.6] for a list); and for p # 2,
classes of elements of order p in B, are labelled either by Levi subgroups
which are also Levi in Fjy, or by the Levi subgroups Aj1A;, A3, A1Bs, By
of By; consideration of actions on Vg, (A4) (see [47, Section 2]) shows that
the corresponding classes in Fy are ﬁl, By, C3(a1), Fy(ay) respectively. The
conclusion follows quickly. ([

Lemma 4.7. The conclusion of Theorem 2(11)(b) holds for semisimple el-
ements s.

Proof. Let H = M,, Q = G,/H and D = Cg(s). In most of the cases
of interest we have |M/M°| < 2, in which case the following bound is a
consequence of 4.5:

(W(G) : W(M)|.|M/M°).2(q + 1)*f
(T) f(S, Q) < qdimSG—dim(SGﬁM)-i-Z—l/(q _ 1)1/

(if [M/M°] < 2)

(note that we have not included the |J\{)/(g0\ term in the statement of 4.5: This

is because if o(s) > 2 then no conjugate of s lies in M\ MO, while if o(s) = 2
then it is easy to check that [W(D)\W(G)/W (M)|+1 < [W(G) : W(M)]).

Consider G = Fg. Arguing as at the beginning of the proof of the previous
lemma, we may assume that M% = A Ey7, Dg, AyEg or Ag.

If M # A1E7, Ds, or if Cg(s) has no factor E7 or Dg, then [40, Theorem
2(I1)(b)] gives dim s% — dim(s¢ N M) > 65, so by (1) we have
|W (Es) : W(A2Eg).2|.2.2.(g +1)®  27.35(q + 1)®

¢%(q — 1) (-1

and the bounds in Theorem 2(II)(b) follow from this.

Thus we assume now that M = Ay FE; or Dg and Cg(s) has a factor Er
or Dg.

fpr(s, ) <
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If Cq(s) = Dg then |s| = 2 and ¢ is odd; M is also the centralizer of an
involution, say ¢, and (s, t) is a Klein 4-group in G. From the classification
of Klein 4-groups in [10, 3.7], we see that s© N M consists of two M-classes,
and either

M=Dg, MND = (D4D4).2 or (A7T1).2, or

M =A1E;, MND = A1A1Dg or (A7T1)2
Similarly, if C(s) = X1E7 (where X1 = Ay or T1) then either
M = Dg, (MND)° = A;Ty or X;A,Dg, or

M =A1E;, MND = X,A1Dg or EgT5.
The conclusion now follows by direct calculation of |(s* N M), | and |s%|;
the only close call is the case where M = A1 F7, D> E7, when
|(s€ N M), |
s
< [(A1E7)(q) : (A1 A1 Do) (a)] + [(A1E7)(q) : (g — 1)*.Es(q)-2| + |(A1E7)(q) : (¢ +1)°. *Es(q)-2|
- |Es(q) : (A1E7)(q)l '

which we check is less than 2/¢*®, as required.

Now let G = E;. Consider first M? = T1Eg. If s € M\M" then s is
an involution, Cj0(s) = Fy or Cy, and Cg(s)? = T1 Eg or A7 respectively
(see [11, 2.15]). Now consider s € M?. Here M® and D share a common
maximal torus, so, as explained at the beginning of [40, Section 5], the
possible intersections of the maximal rank subgroups D, M are determined
by properties of the root systems, to study which we may assume p = 0.
Then M = Cg(t) where t is an involution, and t € D.

Suppose now that D = T, Eg, A1 Dg or T)Dg. By the above, up to G-
conjugacy the possibilities for (M ND)° are Ty Ay As, To As, To D5 and Fy (the
first does not occur when D° = T} Fg, by an argument in the proof of [40,

5.7]; the second only occurs when D° = T} Dg; and the last is for s € M\M?O).

G
Taking fixed point groups, we can calculate % as above, and see that

it is less than 3/¢?2, as required: The only close call occurs when DY = T} Eg
and (M N D)° = Ty Ds; here |W (D)\W(G)/W (M)| = 2, so s“ N M contains
two M-classes, and we have
|(T1E6)U.2 : (T2D5)U’ + ’(T1E6)0.2 : (F4)U’

|GU : (T1E6)0| ’

the right hand side of which is actually greater than 2/¢*2, but less than
3/q%.

If instead D # Ty Eg, Ay Dg or Ty Dg, then by [40, Theorem 2], dim s& —
dim(s® N M) > 27. In the notation of 4.5, set z = dim Z(D"). If z > 3 then
dim D < dimT35D4 = 31, so dim s¢ > dim G — 31 = 102 while dim sM <
dim M — 7 = 72 (this is clear for s € MY, and follows from [40, 1.4] for

fpr(s, Q) <
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s € M\M?), giving dim s¢ — dim(s® N M) > 30. Hence the right hand side
of (f) is at most

\W(G) : W(Eg).2].2.2(q+1)7.2  224(q+1)7
POH76(q — 1)6 Plg—1)6
And if z < 2 the right hand side of () is at most
224(q + 1)?
@22 6(q — 1)8’
which is larger. Hence by (1), we have

224(q + 1)?
¢¥T2=6(q — 1)6

fpr(s, Q) <

This yields the bounds required for Theorem 2 in this case.

Next let M? = A;. If DY # T Eg then [40, Theorem 2] gives dim s% —
dim(s® N M) > 31. If also z > 3 then dims® > 102 while dims™ <
dim M — 7 = 56, giving dim s — dim s™ > 46. Hence as above, (1) gives
(W (E7): W(A7).2|.2.2(g+ 1)%.2  288(q+ 1)

@31 =5(q —1)7 (g -7
This gives the result. And if D° = T} Eg we can similarly use 4.5 to get
(|W(Eg).2\W (E7)/W(A7).2|+1).2.2(¢ + 1).2
#0g— 1) |
Observe that the relevant number of double cosets is 1, as Spg(2) =
O (2)Og (2) (see [13, p. 46]). The required bounds follow.

Entirely similar calculations handle the remaining possibilities M? =
A1D6, A2A5 and A?D4

Now suppose G = Eg. Here MY = T\ D5, To Dy, A1 A5 or Ag’.

Consider first MY = T1 D5. Assume D does not have a normal subgroup
D5 or As. Then by [40, Theorem 2], dim s& —dim(s“ N M) > 20. As above,

(1) gives

fpr(s,2) <

fpr(s, ) <

[W(Es) : W(Ds)|-2(g +1)*3
¢'"(q—1)° ’
which yields the bounds required for Theorem 2.

Now assume D has a factor As. Here [40, Theorem 2] gives dim s& —
dim(s® N M) > 16. As |D : D° is not divisible by 3, then we lose the
number 3 (= f) in the numerator above. We may also replace |W(Eg) :
W(Ds)| by |W(D)\W (Es)/W (Ds)|, which is equal to the inner product

<1W(E6) 1W(E6)
W(D) > “W(Ds)

see that this is at most 3. Hence

fpr(s, Q) <

), and from the induced characters given in Section 2 we

3.2(q+1)?
fpr(s, Q) < =L
pr(87 ) — q13(q _ 1)57
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which is enough to give the bound required in this case.

Finally, assume that D = DsT;. As above, the possibilities for D N M
depend only root systems, and not on the characteristic. To calculate these
possibilities we take p = 0 for now. Then M = Cg(t) for an involution ¢.
Moreover, t € D, and the image of ¢ in the associated orthogonal group
SOy is either an involution of the form diag(—1%,1%) or diag(—1%,12), or a
matrix diag(—i°,i°), where i is a fourth root of unity. The first involution
diag(—1%,15) has centralizer A1 A5 in G, since its action on the irreducible
27-dimensional module Vg (\;) is diag(—1'2,1'5); the second involution has
G-centralizer T D5 and D-centralizer T D4.2; and the third element has G-
centralizer T7 D5 and D-centralizer T5A4.2. Resuming our calculations in
the finite group G, and taking fixed points, we obtain the desired upper
bound 2/¢'? for Nsc‘;sgiaMlM

This completes the proof for M = TyDs. The remaining possibilities
T2D4,A1A5,A% for MO are treated in similar fashion, and we leave this to
the reader.

Now let G = Fy. By [40, Theorem 2], dims% — dim(s% N M) > 8. If
M = By then as before we may take z = 2 in 4.5, giving

(W (Fy) : W(By)|-2(g +1)* _ 6(q+1)?
¢°(q—1)4 (g — 1)+

This gives the conclusion, except when ¢ = 2. For ¢ = 2, [39] gives much
information about the action of G, = Fy(2) on Q = Fy(2)/B4(2): The
rank is 5, and in the notation of [13, p. 167], the permutation character is
la+1105a 4 1377a+ 23205a + 44200a. The fixed point ratios of all elements
of Fy4(2) can be read off from this permutation character, and the result
follows. The remaining possibilities for M are dealt with using the same
methods.

Finally, the case G = (G5 is similar and straightforward, and we leave it
to the reader. (]

fpr(s, Q) <

5. Proof of Theorem 2, Part (III).

Continue to let G be an exceptional algebraic group of rank [ over the
algebraically closed field K of characteristic p > 0, and let o be a Frobenius
morphism of G such that G, is a finite exceptional group of Lie type over
F,, where ¢ = p®. Assume that G, # 2Fy(q) or “Ga(q) (these cases will
be dealt with in Section 6). Let X be an almost simple group with socle
L=3G..

In this section we handle Case (III) of Theorem 2, in which H is a maximal
subgroup of X which is not parabolic or of maximal rank. Write Q@ = X/H,
and let s, u be nonidentity semisimple and unipotent elements of prime order
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in H. Also let ¢ be a field or graph-field automorphism of L of prime order,
and 7 a graph automorphism of prime order (if these exist).

For the case where G = (9, we shall use the fact that the maximal
subgroups of G, = G2(q) are known by [14, 34].

The first result is taken from [45, Theorem 2], and classifies the possibil-
ities for H into various types.

Proposition 5.1. One of the following holds:

(1) H = Nx(M,) for some mazimal o-stable closed subgroup M of G of
positive dimension (not parabolic or of maximal rank);

(2) H is one of the local subgroups given in [11, Theorem 1(II)];

(3) G = Eg and F*(H) = Alt5 X A1t6;

(4) H is of the same type as G (possibly twisted) over a subfield of Fg;

(5) H is almost simple, and not of type (1) or (4).

We shall deal with each of the cases in 5.1 separately. First it is convenient
to handle root elements.

Lemma 5.2. Assume that Case (4) of 5.1 does not hold. Then the conclu-
sion of Theorem 2(I111)(a) holds for u a long root element (or a short root

element if (G,p) = (Fy,2) or (Ga,3)).
Proof. Suppose u is a long root element. Observe that uX = u® . The
conclusion certainly holds if |H| < [u®7|/q°¢, so we may assume that

Go
(+) ) =

qec

Lower bounds for [u%7| are given in 4.2.

Assume first that H is not almost simple. If H is local then [11], together
with (x), implies that either G = G, p # 2 and H = 23.L3(2), or G = Er,
p# 2and H = M,, where M = (22 x D;).S3. In the latter case, by [40,
1.13], we have u € M® = Dy, and moreover, u is a root element of M°. This
Dy lies in a subgroup A7 of G. If Vg denotes the 56-dimensional G-module
V (A7), then by [47, Section 2|, Vs | A7 = Va,(A2) @ Va.(Xs), and hence

Vse | Dy = Vp,(A2) @ Vp,(A2).

It follows that if u € Dy then Cy,,(u) has dimension 2dim Cp, (u), which
by [40, 1.12] is 36. However, as u is a root element of G, dim Cy;(u) = 44
by [38], so in fact w ¢ H in this case. For the case where G = Gy and
H = 23.L3(2), observe that (*) forces ¢ = 3; but elements of order 3 in H
act on V7 = Vg, (\1) as J2 @ Ji, so by [38] are not root elements (in fact
they are in the class G(a1)).

Thus we can assume H is non-local. Clearly Case (3) of 5.1 is impossible
by (x). Therefore by [45, Theorem 2], H = M,, where M is one of the
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following;:

G=Eg: M=GyFy

G = E7 M= GQCg or A1F4
G=Es: M= (AGs).2
G=F;: M=AGs.

By [40, 1.13(iii)], v € M?, and by [40, 1.13(ii)], u lies in one of the simple
factors of M? and is a long root element therein. Thus [u% N H| is equal
to the number of long root elements in the two factors of H, which is given
by [40, 1.12], and it follows that |u®> N H|/|u®"| < 1/¢°¢, as required.

We have dealt with the case where H is not almost simple, so assume now
that H is almost simple.

Suppose p # 2. Denote by Lie(p) the set of all simple groups of Lie
type in characteristic p. If F*(H) ¢ Lie(p), the list of possible isomorphism
types for F*(H) is given by [49]. Using this together with the bound (x),
we see that the only possibilities in which H\F*(H) can have an element
of order p are: G, = Fy(3), H = D4(2).3 or 3D4(2).3, or G, = G2(3),
H = Ly(8).3. Suppose z is a long root element in H\F*(H). In the case
where F*(H) = D4(2), x permutes transitively three commuting subgroups
S3, and so for some involution ¢ we have (z,z!) = Alty; this is not possible
as x is a long root element. Similarly, in the other cases = acts on a Sylow
2-subgroup of Ly(8) and we obtain the same contradiction.

Thus we have v € F*(H). By Baer’s theorem we can find h € F*(H) such
that (u,u") is not nilpotent. Then (u,u”) = SLy(p?) lies in a fundamental
SLy in G. At this point we apply the main result of [1], which, together
with (x), gives the conclusion.

Now suppose F*(H) € Lie(p) (with p # 2). Let U, be a long root group
in G containing u, and define

H=(HU,).

Then by [46, 6.4], H and H stabilize the same subspaces of L(G). We
are assuming that Case (4) of 5.1 does not hold. Hence [48, Theorem 4]
implies that F*(H) acts reducibly on some G-composition factor of L(G).
Since u acts on L(G) with exactly one Jordan block of size 3 and the rest
of size 1 or 2, it follows that H also acts reducibly. Therefore so does H,
and in particular, H is proper in G. Now U, is o-stable, as it is the unique
root group containing u, and hence H is o-stable. It follows that H = M,
for some o-stable maximal closed subgroup M of G of positive dimension.
Using (%) and [45, Theorem 2|, we see that one of the following holds:

G:Eﬁt M:F4,C4(p7é2) OrGg(p?é'?)
G=Fy: M=Gy(p=T).
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In all cases, [40, 1.13] implies that u is a long root element of M, the number
of which is given by [40, 1.12]. For M # Fj, we check that

 fuMe 1
fpr(u, Q) = |uGa| < ﬁ,
and for M = F; we similarly check that for G, = E§(q) (e = £), we have
1
f Q)= ——7F
pr(u, ) I

which gives the conclusion.

To complete the proof we must deal with the case where p =2 (and H is
almost simple). The main result of [71] gives a list of possible isomorphism
types for F*(H), and identifies u as a root involution for each type; we also
use (%) together with [49] to pare down this list when F*(H) ¢ Lie(2). The
upshot is that one of the following holds:

(a) F*(H) € Lie(2) and u € F*(H) is a long or short root element;

(b) F*(H) = D,(2°) and u ¢ F*(H) is a reflection;

(c) (F*(H),u) = S, and u is a transposition, where ¢ < 17,13,12,10,5
according as G = Eg, E7, Eg, Fy, Go;

(d) F*(H) = Fi,27(3),U4(3),L4(3), and u is a root involution (also
G = Eg for the first three possibilities).

In Cases (c) and (d), a simple check shows that |uf|/|uC"| < 1/¢%.

In Cases (a) and (b), let F*(H) = H(qp), a group of Lie type over F,,
where qo is a power of 2. Now H contains two root elements u,u” with
product a = uu” of order gy + 1, and a lies in a torus T} of a fundamental
SLs in G. The weights of 77 on L(G) are +2,+1,0. Hence if gy > 2 then
a and Tj stabilize the same subspaces of L(G). Thus H and H = (H,T})
stabilize the same subspaces of L(G). The weights £2 of T} occur exactly
once on L(G), so we see as before that H is reducible on L(G), and deduce
that H = M, with M maximal o-stable of positive dimension. Now the
conclusion follows as above.

This leaves the case where gy = 2. By 1.4, the rank of F*(H) = H(2) is
at most that of G. For each possible subgroup H(2) of G(gq) which satisfies
Lagrange’s theorem and (%), we use [40, 1.12] to calculate the number |[u |
of root elements (or reflections in Case (b)) in H, and check again that
|uf|/|uC| < 1/¢°¢, as required. O

In view of 5.2, we assume from now on that the unipotent element wu is
not a long root element (or a short root element when (G,p) = (Fy,2) or
(G2,3)).

Now suppose that x = s,u, ¢ or 7 is an element which violates the con-
clusion of Theorem 2(III); in other words, there is a maximal subgroup H as
in Theorem 2(III), such that fpr(x, X/H) is greater than the upper bound
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stated in Theorem 2. We may take x € H and replace X by the group (L, z)

(so X = 2%). In particular, if = u then X = L, and if z = s then X = L

or Gy, and st = s

Then, excluding the exceptional cases in Table 4 of Theorem 2, when z = s
or ¢ we have |[zL'NH| > |2%|/¢"¢; when z = u we have |z"' N H| > |2¥|/q¢¢;
and when z = 7 we have |2 N H| > |z¥|/er(¢q). The conjugacy classes of
field and graph-field automorphisms ¢, and of graph automorphisms 7 are

given in 1.1, and the next lemma follows from this, together with 4.2.

Lemma 5.3. As above, assume that x violates the conclusion of Theorem
2(IT). Ezclude the case where (G, H) = (*Fg(q), Fu(q)).
(i) If x = s, then, writing D = Cg(s), we have the following lower bounds
for |sE N H|:

G=FEs: |sEnH|>¢%™, and|s*NH| > ¢ if D pF;
G=E;: |s!nH| >, and|s* N H| > ¢*? if D $Fg
G=Fs: |s*NH|>q"Y and|s"NH|>¢*® if D $Ds
G=F;: |s!nH|>q" and|s* N H| > ¢*? if D ¢By.
(ii) If z = u, we have the following lower bounds for |u* N H|:

G=Fg: |[u!nH|>q®

G=E;: |[ufnH|>q"

G="FEs: |[ufnH|>¢®

G=F;: [ulnH| >V .

(iii) If x = ¢, of order r say, then Cp(z) = L(q"/") is a group of the same
type as G (possibly twisted) over F /-, and

" N H| > |L: L(¢"/7)|/q".

(iv) If x =7 (s0o G = Eg), then Cg, (1) = Fi(q), Ca(q)(p # 2) or Cpyq)(t)
(p = 2,t a long root element of Fy(q)), and

|zl N H| > |L: Cp(7)|/er(q)-

Remark. The following observation will be useful, in the special case
where ¢ = 2, x = s, G = Fg and D = T1D5. In this case, the fact that
1 # s € Z(D,) implies that G, = 2E4(2).3 and D, = 2D5(2) x 3, with s a
central element of order 3. Then s € G,\GY, so s is an outer automorphism
of F*(H). In particular, this case does not occur if F*(H) is a simple group
which has no outer automorphism of order 3.

Lemma 5.4. The conclusion of Theorem 2(111) holds in the case where G =
Es and F*(H) = M,, where M = Fy or Cy (p # 2).

Proof. Note that H = M,, unless x = ¢ or 7, in which case H = M,(x).
First consider the unipotent case x = u. For M = Fy, [38, Table A, p. 4130]
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lists the unipotent classes of M together with the corresponding classes in G,
from which it follows that with one exception, u® N M = u™; the exception
occurs for p = 2 with the class 241 in G, which is represented by two classes
in M, namely A; and jf). The required bounds for fpr(u, ) follow easily.

For M = Cy (still with x = u) we use the fact that the total number
of unipotent elements in M, is ¢>?, by 1.3(iii). Therefore we may assume
that |u®| < ¢32¢°¢ = ¢*. Tt follows from the unipotent class classification
(see [40, 1.7]) that u lies in class 2A4; of G. As shown in the last paragraph
of the proof of [40, 6.2], u must act as J3 @ Ji on the usual module for
C,. Thus dimv® = 32, dimu™ = 14, and the result follows easily on taking
fixed point groups under o.

Now we consider the case where x = s, a semisimple element. Observe
that M = Cg(7), where 7 is an involutory graph automorphism of G. We
refer the reader to the proof of the corresponding result for algebraic groups
in [40, 6.2]. We shall handle in turn the various possibilities for D = C(s):
These are

D =T,Ds, D> As, D = TyDy, D> Ay, D> A3, and D < A3.

Suppose first that D = T1D5. As 7 inverts 77, and s € M = Cg(7), it
follows that s is an involution and p # 2. We must have Cp,(s) = By and
Cc,(s) = C3Cs, with s9NM = sM and the required bound fpr(s, Q) < 1/¢'2
follows.

If D = A1 As then again s is an involution, and Cp,(s) = A1Cs, Cc,(s) =
A1C3. The bound follows in the Cy4 case, while for M = F; we have

[Fa(q) : (A1C3)(q)] 1
fpr(s, Q) = = ’
“D = B (Al ~ @ T )
as in the conclusion of Theorem 2 (see Table 3 when € = —1). The argument

for D = T} A5 is the same, replacing A; by T7.

Next let D = T5D4. Here Cy(s) = Cp(r) = BsTy,BeBTy for M =
Fy, C4 respectively, and s¢ N M falls into at most two M-classes (as T can
only be inverted in G). The required bounds follow.

At this point the proof is complete for M = Cj, since for the remaining
possibilities for D we have |s%| > ¢*® > |C4(q)|¢'?, giving fpr(s, Q) < 1/¢'2.
So assume from now on that M = Fj.

Now suppose D> Ay. Then D = AyTs (not AgA;Th, for 7 inverts the 717,
which would force s to have order 2, hence have centralizer A5A4;). Now
Ci(Ay) = Aq, so 7 normalizes an As centralizing this A; and containing
the A4. We established above that Ca,(7) = C3. However, Cy,(7) must be
a subgroup Bs = SOj5 acting irreducibly in this A4, whereas C3 does not
contain such an SOs, a contradiction.

Next consider D > A3. We have Ng(A3)? = A141A3Ty < A;As. Now
T inverts the T3 factor, so s lies diagonally in the A; A1, and hence in fact
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D = A3T5. Then Cp(1) = DTy or CoTs, and the former is impossible as
A1 A1 (both long root SLss) is not a Levi subgroup of Fy. Moreover, N (As)
and Npg,(C2) both induce groups of order 8 on 75 and T respectively, so
s¢NFy; = s™, and so

(A3T3) = (CoT3)o|

fpr(s, Q) <
pr(s, &) < |Gy : M, | ’

giving the required bound.

Lastly, suppose D < A3. If D = A3 then 7 interchanges two of the factors
and centralizes a diagonal subgroup Ay of their product, which is a short
root A in Fy. Since s has order 3 in this case, it follows that Cr,(s) = Agﬁg,
s N M = sM, and the result follows.

Now suppose D < A3. We now make a general observation. The number
of Fy-classes in s& N M is at most |[W(G) : W(Fy)| = 45, and hence, taking
s with |Cyz, (s)| minimal, we have

|Gs : Dy |Gy : My|

If D contains two factors Ag, these are interchanged by 7, and so Cp,(s) =
AsTy or A9 A1Ty. Hence by (xx)

Da|

() fpr(s,2) <45

(A3A1T)), : (AaTh),|
|Gy : M, | ’

which gives the result. Therefore D has at most one factor As, so D <
A9 A1 A1 Ty, and now the required bound follows directly from (xx).

It remains to consider the cases where x = ¢, a field or graph-field auto-
morphism, or 7, a graph automorphism. Now ¢ is a Frobenius morphism
of both G and M, and hence by a standard argument using Lang’s theo-
rem (see [28, 7.2]), the coset M,¢ contains only one M,-conjugacy class of
elements of (prime) order |¢| = . Therefore

fpr(6. Q) < [9"7] _ |[Fala) : Fi(gV")] - 1Ca(a) : Cala'/)]
%] L+ Eg(q"/7)] L2 Eg(q"/7)]
and the result follows for z = ¢.

Finally, suppose x = 7. If C¢(7) # Fj, then by 1.1 we have |Cg, (7)| <
¢*¢, and the bound fpr(7,Q) < is(M,)/|L : CL(7)| gives the result, using
1.3(i) to bound ia(M,).

So assume that C(7) = Fy. This case requires a fairly delicate analysis.
First consider the case where M = Cy4 (so p # 2). Then there exists ¢ € M
such that 7¢ centralizes M, and so 7¢ N M consists of all elements 7ct,
where t is an involution in Fy with centralizer A;C5 (not By, as By does not
lie in C4); hence fpr(7,Q) = |M, : (A1C3)s|/|L : (F4)s|, giving the required
bound.

fpr(s, ) <45
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Now suppose M = Fy = Cg(7). For p odd, 7% N Mt consists of all
elements 7¢ with ¢ an involution in M with centralizer By, and the required
bounds follow. Now let p = 2. The involution classes in M7 (apart from {7}
itself) are of the form 7C, where C' is one of the involution classes Al,gl,

g&z)’ A1 A; in Fy. Of these, we claim that only the class 7C with C = Aq lies
in 7¢. For by 1.1, we know that Tua, (1) & 7¢ (where oy is the highest root
of Eg). Conjugating this by uq, (1), we see that Tua(1)ta, (1)uag (1) & 7Y,
and this is of the form 7¢ with ¢ in class A; A, of Fy. Finally, for C' = Z?), we
can take the representative as 7Ua342(1)U1232(1) (where ajazasay denotes the
F4—1“00t Z aiai). As an element of Eﬁ this is TU122321(1)U111221(1)U112211(1),
which is (TU122321(1))U111221(1), hence is not in 7€.

Thus 7¢ N M = 7C, where C is the class /Tl of I, and hence
|[Fa(q) : ¢°Cs(q)]
fpr(T7 Q) = €
|E§(q) : Fi(q)]
giving the result. O

Lemma 5.5. The conclusion of Theorem 2(111) holds if H is as in Case (1)
of 5.1.

Proof. In this case, H = Nx(M,) for some maximal o-stable closed sub-
group M of G of positive dimension and not parabolic or of maximal rank.
We exclude the possibilities G = Eg, M = F4 or C4 dealt with in the previ-
ous lemma. By [45, Theorem 1] and the bounds in 5.3, the possibilities for
M are as follows:

G M T

Eg G2F4 xr =S, D= Cg(s) > E7

E; AFy
GQCg xr =S, D> E6

Eg AsGo r=8 D>Ds, orx=r
Bs(p=2) =35, D> Ds

F4 AlGQ(p7£2) $:S,D:B4
Go(p=7) r=s8,D=DBy

Gy Ai(p>7)

Consider first G = Eg. Here M = G2F, and Cg(s) = A1E7 or T Er.
By [40, 1.3], s% N M splits into at most |W(G) : W(E7)| = 240 M-classes,
with representatives s; (1 < i < k), say. Now |W(M)| = 2233, so it fol-
lows that for each i, W(Cys(s;)) has order at least 2°33/240, hence at least
58. Also Cjs(s;) is connected, and it follows easily that |Cyy, (s:)| > ¢'°.
Consequently, estimating \SG” N M| as in the proof of 4.5, we deduce that

240.|G2(q)|-| Fu(q)|

Go
|s¥ N My| < 410 ,
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which contradicts 5.3.

Likewise, for M = G3C3 < E7, we have |W(G) : W(Eg)| = 56, |W(M)| =
2032 50 [W(Ch(s;))| > 10. In this case |Cps(s;) : Car(s:)°| < 2, so it follows
that Cys(s;) contains A3Ty, CoTs or AxT3. The result follows as before,
except when ¢ = 2. In this case s has order 3, and we have |s% N M,| <
i3(G2(q) x C3(q)). By 1.3 this is less than ¢3!, contrary to 5.3.

A similar argument handles the case where G = Eg,M = A3Gs and
x = s. Here |W(Ch(si))| > 3, so either Cps(s;) is connected and contains
A2Ty or AgTh, or |Car(si)/Cu(si)°] = 3 and |s| = 3. In the first case we
obtain the result as before, and in the second we use |s% N M,| < i3(M,)
together with 1.3 to contradict 5.3. And for M = B3, we have

(W(G) : W(Ds)||Bs(9)] _ 27|B3(q)]
(T3)0 ~(g—1)?
This contradicts 5.3 provided ¢ > 5. And for ¢ < 5 we have r = |s| <5, and
using [s% N M, | < i.(B3(q)) together with 1.3 gives the result.
When M = AyGo with @ = 7, we use the bound fpr(r, Q) < is(M,)/|7E|
to obtain the result.
Next consider G = Fy, M = A1G2. By [47, Section 2| we have

L(G) | A\Gy = L(A1G2) & (V(4) @ V(A1)

Using this we check that all involutions in M not in the A; factor act on L(G)
as (124, (—1)28), hence have centralizer A1C3. As Cg(s) = By, it follows that
s N M C A giving a contradiction to 5.3. And if M = G (p = 7) then
|sG N H| < ia(H) < ¢*°, contrary to 5.3.

The case with G = Gy is trivial (just use estimates for class sizes in G,
compared to |M]), so it remains to deal with the case G = E7, M = A Fy.
For the unipotent case x = u, we may assume that |u”| < ¢°¢|ulNH| < ¢%,
and hence w is in one of the unipotent classes 24;,3A7,3A4), A2 of G (see
[40, 1.7]). Write u = wouy with ug € Aj,u; € Fy. There are at most 20
unipotent classes in Fy (see [63, 65]), so we may assume that

5% N M,| <

G 40
H lu=| ¢
> > —.
> 0~ 0
It follows that up lies in one of the classes Cs(ay),. .., Fy of Fy, listed in

order as in [38, Table 4]. However, by [38], elements in each of these classes
have more than one Jordan block of size 5 or more on L(F}), whereas u has
at most one such block on L(G), a contradiction.

Now suppose x = s, a semisimple element. If |s| = 2 then by 1.3,
|sGe N H| < iy(H) < ¢*', contrary to 5.3. Hence s has odd (prime) order.
Moreover, we have |s¢| < |H|¢"¢ < ¢77, whence (by [40, 1.1] for example)
Ci(s) must be Th Eg or Ty Dg. Write F' for the factor Fy of M. The proof
of [40, 6.3] shows that there is a rank 1 torus T < F such that s € T3, and
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moreover that p = 2 and Cg(s) = T1 Fs. There is an element ¢ € T} of order
3 such that Cq(s) = Cg(t). Asin [40, 6.3], we see that s% N F, splits into at
most three Fj-classes, with Fy-centralizers T1Bs, T1C3 or AsAs; moreover,
the centralizer A9 A5 does not occur when D = T Eg. It follows that
|My : (T1B3)s| 1
fpr(S,GU/MJ) < QT < qTG’

as required.

Finally, if x = ¢, a field automorphism, then ¢ is a Frobenius morphism of
M, so the coset M,¢ has only one class of elements of (prime) order |¢| = r,
and Cyr, (¢) = A1(¢*")F4(¢*/"). The result follows. O

Lemma 5.6. The conclusion of Theorem 2(III) holds if H is as in Case (2)
or (3) of 5.1.

Proof. In this case the only possibility for H which satisfies the bounds in
5.3 is G = Go, H = 23.L3(2) (with p # 2). For z = u, we have the result
unless |[u®| < ¢°¢|u®s N H|, which forces ¢ = 3. But elements of order 3
in H act as J2 @ J; on V7 = Vz(\1), so by [38] are in class G2(a1), which
gives [u®| > ¢?(¢*> — 1)(¢® — 1)/6, contradicting the above inequality.

Now consider the semisimple case x = s. If s has order 7 then Cg(s) =
ATy or Ty, so |s¢7| > ¢ and if s has order 3 then it acts on Vi as
(a,a, ™, a1 13), where a is a cube root of 1, so has centralizer AT} in G
(rather than As). The required bound follows easily for these cases. Finally,
if s is an involution then [s%| > ¢® and we use fpr(s,Q) < ig(H)/|s%|
together with 1.3. (]

Lemma 5.7. The conclusion of Theorem 2(111) holds if H is as in Case (4)
of 5.1.

Proof. In this case, by [46, 5.1], there are three kinds of subgroups H of the
same type as G:
(A) Gy =G(q), H=Gs = G(qo), where 0" = 0 and ¢}, = ¢;
(B) G, = Inndiag(Es(q)), H = G,, = Inndiag(%Es(¢/?)), where 7 is a
graph automorphism of G;

(C) G, = Fy(q) or Go(q) and H = 2Fy(q) or “Ga(q) respectively, where
q= 22a+1 or 32a+1.

First observe that if x = ¢ or 7, then x acts as a field, graph-field or graph
automorphism of H, and the result follows using 1.1. So assume from now
on that x = s or w.

We handle Cases (A) and (B) together. If x = w is unipotent, then
its class in G, and in H is determined by its the labelling of its class in
G. Hence |u”| and |u” N H| can be worked out using the lists of classes
and centralizers of unipotent elements to be found in [59, 60, 63, 65]. In
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particular, |u”|/|u” N H| = f(q) is a rational function of gy of degree
(r — 1) dimu®, and f(qo) is easily seen to be greater than ¢°¢, as required.

When z = s is semisimple, let C' = Cg(s), and C = DT with D semisim-
ple, T' a central torus. Note that |C' : CY| < f, the order of the fundamental
group of G. Then Cg, (s) contains (DT'), (or (DT)r,) with index at most f,
and likewise for C(s). Moreover, s% N H consists of at most f H-classes
(see [68, 1,3.4 and 11,4.4]). Tt follows that |s%|/|s% N H| = g(qo) is a
rational function of g of degree (r — 1)dim s%, which is easily seen to be
greater than ¢"¢, as required.

Finally, consider Case (C). The conjugacy classes in 2Fy(q) and the corre-
sponding classes in Fy(q) are given explicitly in [64], and the result follows
in this case. In %G2(q), by [73], unipotent elements of prime order have
centralizers of size ¢® or 2¢%, and correspond respectively to elements of

G2(q) with centralizer orders ¢°® (class Agg) in [38]) or 2¢* (class Ga(ay)).
And semisimple elements in 2Ga(q) are either regular, or involutions with
centralizer 2 x Ly(q), and correspond to regular elements or involutions with
centralizer A1 A1 in Go. The result follows. O

Lemma 5.8. The conclusion of Theorem 2(111) holds if H is as in Case (5)
of 5.1, with F*(H) ¢ Lie(p).

Proof. In this case the possibilities for S = F*(H) are given by [49].
If S = Alt,, the bounds of 5.3 imply that one of the following holds:

G=F;: c=120r13,g=2,2 =s,D =T1FEg
G=Fg: 9<c<12,q=2, and if x = s then D =T} D5
G=Fy: 7<c<10,q=2,2 =u.

In each case, x has order 7 = 2 or 3, and using |x¥ N H| < i,(S.), we obtain
the result using 1.3 and also the remark after 5.3.

Next suppose S is a sporadic group. Here [49] and the bounds of 5.3
(together with the remark after 5.3) imply that one of the following holds:

G:E6: S:FiQQ(q:20r4)
G=F,: S=J:q=2)
G=Gy: S=J(qg=11), Jo(q=14).

First consider G = Eg,S = Fiy. If ¢ = 2 then L = G, = 2Eg(2) by
Lagrange’s theorem. The embeddings of Fisy in 2Eg(2) are identified and
studied in [31]; there are precisely three conjugacy classes of subgroups Fligo
in 2E6(2), permuted by Out(L) = S3. Referring to [13, pp. 192, 156], we
check that the irreducible character yig93g of L restricts to each subgroup
Figg as a sum x1 + X78 + X429 + X1430 of irreducible characters. From this it
is easy to see which classes in a subgroup F'igs.2 lie in which classes of L.2,
hence to calculate |z N H|/|z*| for each x € L.2 of prime order, and to show
that it satisfies the required bound. If ¢ = 4 then G/, = E4(4) by Lagrange,



FIXED POINT RATIOS 445

and G, = Inndiag(FEs(4)) = E¢(4).3. The bound in 5.3 shows that z = s and
D =T1Ds5. Then D, = 3 x D5(4), with central 3-elements lying outside the
simple group Eg(4). But this means that © € Eg(4), whereas x € S < Fg(4),
a contradiction.

For G = Fy, S = Js with ¢ = 2, the bound in 5.3 implies that x = u, and
we obtain the result using |z¥ N H| < iy (H).

When G = G9, S = J; with ¢ = 11, the only case which does not
yield to trivial bounds has x = s of order 3, with D = Ay and D, =
SU3(11). But from [32] we see that an element of order 3 in J; has
trace 1 on the 7-dimensional Go-module V (1), whereas x acts on V(A1)
as (a,a,,a”t,a!, a1, 1) (where « is a cube root of 1), hence has trace
—2.

For G, = G2(4) with H = J, we use [13, p. 97] to see that fpr(s, ) <
7/52 (with equality for 3A-elements of Jo, which have centralizer SL3(4) in
G2(4)), and fpr(u, ) < 1/13 (with equality for 2A-elements of .J2), as in the
conclusion of Theorem 2.

Now suppose that S € Lie(p’). Then [49] and 5.3 show that one of the
following holds:

G=Fs: L4(3),U4(3),927(3), G2(3), all with ¢ =2
G=Fy: S L4(3)( = 2), °Da(2)(q = 3)
G=Gy: S=1Ly13),Us(3).

For G = Fjg, the remark after 5.3 shows that S = Q7(3). If 2 has order
r=2or 3 we use |[z¥ N H| <i.(H) and 1.3 to obtain the result. And if =
has order greater than 3 then z = s and |s%| > |G, : (T2 D4)o| > 246, while
|H| < 234, giving the conclusion in this case.

Now consider G = Fy,S = L4(3). For z = s of order greater than 3,
we have |s%| > 26| H|, giving the conclusion. And for = of order r = 2 or
3 we use |2 N H| < i,(H). For S = 3D4(2),q = 3, 5.3 forces z = s and
D = By, so x is an involution. From [32] we see that the largest class of
involutions in S have trace 1 on the 25-dimensional module V' = Vi (\4),
whereas involutions with centralizer By have trace —7. Hence 2% N H lies
in the smallest class of involutions of .S, and the result follows in this case.

Lastly, for G = G5 there are unique classes of subgroups L2(13), U3(3).
The classes of elements of these subgroups can be identified in G2 using [13]
and the action on the 7-dimensional module Vi;(\1). Hence the fixed point
ratios can be calculated, and the result follows easily. (]

Lemma 5.9. The conclusion of Theorem 2(111) holds if H is as in Case (5)
of 5.1 with F*(H) = H(qo) € Lie(p), a group of Lie type over Fy, where
qo > 2.

Proof. Suppose S = F*(H) = H(qp) € Lie(p), where qp is a power of p and
go > 2. By the conditions of 4.1(5), H(qp) is not of the same type as G, and
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also H # M, for any positive-dimensional closed subgroup M of G. For
G = G2 the maximal subgroups of GG, are known, and none falls into this
category; thus G # Gs.

By [48, Theorem 1], one of the following holds:

(a) qo0 < 91

(b) S = Ai(qo), *Ba(qo), "Ga(qo) or A3(16) (e = =£).

First consider Case (b). For S = Aj(qo) with g9 = p?, choose a prime r
dividing p?* — 1 but not dividing p’ — 1 for 1 < i < 2a (by [74], such a prime
exists, except when a = 1, or p?® = 25; we can assume neither of these hold,
by orders). Then r divides |G|, and it follows that if ¢ = p® then 2a is
at most kb, where k is the largest integer such that a factor ¢* — 1 occurs
in the order formula for |G,|. Therefore qo < ¢'%,¢% ¢% or ¢5, according
as G = Eg, E7, Eg or Fy, respectively. This contradicts the bounds in 5.3,
except when G = Fj. In this case, go cannot be ¢°, as this would mean that
S had an element of order (¢% + 1)/(2,q — 1), whereas Fy(q) has no such
element. Hence the above argument using the prime r shows that ¢y < ¢%,
which gives a contradiction using 5.3 again.

The argument for S = 2Bs(qo) or XGa(qo) is similar. Reasoning as above
using [74], we obtain, for G = Es, E;, Eg, Fy respectively, qo < ¢°%,¢%,¢%,¢*
(S = ?Ba(qo)), and g0 < ¢°,¢°,¢%,¢* (S = "Ga(qo)). Except for G = F,
this contradicts 5.3. And for G = F}, 5.3 implies that |z| = 2 and we use
|z¥ N H| < i3(H) to obtain a contradiction.

Finally for (b), if S = A5(16), then 5.3 forces ¢ = 2 and G = Eg or Fy.
But EF (2) does not contain A5(16): For e = — this is implied by Lagrange;
and L3(16) contains L2(16) x 5 lying in a parabolic, whereas no parabolic
of EE(2) contains such a subgroup.

Now consider Case (a), ¢ < 9. For ¢y > 2, [44, Theorem 3] deter-
mines all maximal subgroups H such that F*(H) = H(qy) as above, and
rk(S) > 2rk(G) (where rk(S) denotes the untwisted rank of 3, i.e., the rank
of the corresponding simple algebraic group). The conclusion is that for such
subgroups, either H = Nx (M, ) with M of positive dimension, or G = Fjg
and S = 245(5) or 2D5(3). In the latter cases the bound of 5.3 is violated.
Hence

rk(S) < %rk(G).

It is shown in [50, 1.2] that for such subgroups, |[H| < ¢% or ¢3° - 4log, q if
G = FEg or E7, so these cases are out by 5.3.

Thus G = Eg or Fy. Further, the bounds in 5.3 force either ¢ > ¢, or
(G, S) to be one of (Eg, B3(q) or C3(q)), (Fi, B2(q) or Ga2(q)). Moreover, in
these cases, t = s, D = T1D5 if G = Eg, and D = By if G = Fy. In the
Fy cases, x is an involution, and using |z* N H| < iy(H) we see that 5.3
is violated. And for G = Fg, x has order r dividing ¢ £ 1, and we check
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that i.(S) < ¢' (use 1.3 for r = 2,3 and check directly for r = 5,7), again
contradicting 5.3.

Therefore gy > ¢. Since gy < 9, the only possibilities for (q,qo) are
(3,9), (2,4) and (2,8).

Consider the first two cases. Here gy = ¢2, so S is a group over F
of untwisted rank at most jrank(G), of order dividing |G,| = |G(g)|, and
satisfying the bounds of 5.3. Inspection shows that the only such possibilities
for S are among the following:

G=FEs: S=A5(¢%), Ba(q?), Ga(q?)
G="F;: S=A45),Baq?), Ga(q?).

Consider G = Fg. As A3(¢?) has an element of order (¢® —1)/((¢* —
1)(4,q%> — 1)), and G, has no such element (see [5]), we have S = By(q?) or
G2(q?). For x = u now use 1.3(iii); for z = s, we have ¢ # 2 by the remark
after 5.3, so ¢ = 3 and |s| = 2 and the result follows using iz(H) in 1.3; and
for x = ¢ or T we also have |z| = 2, which again gives the result using io(H)
in 1.3.

Now let G = Fj. Here S = Ga(¢?) is ruled out, as Ga(q?) contains an
element of order ¢* + ¢? + 1, whereas Fj(q) has no such element (see [5]). If
S = Ag(qZ), then 5.3 implies that x = s and D = By, whence ¢ = 3. Now
io(H) < 3%, giving a contradiction by 5.3. Lastly, let S = Ba(¢?). If 2 = u
then i,(H) < ¢'% by 1.3(iii), contrary to 5.3. Therefore x = s, and 5.3 implies
that ¢ = 3 and D = B4. We argue that in fact, B2(9) £ F4(3). For suppose
X = B3(9) < F4(3), and consider the possible nontrivial composition factors
for X on the irreducible 25-dimensional Fy(3)-module Va5 over F3. The
irreducible X-modules over F3 of dimension 25 or less are V' (10) @ V (10)®)
of dimension 10, V(02) @ V(02)® of dimension 20, V(01) ® V(01)®) of
dimension 16, and V(10) ® V(10)® of dimension 25. The involutions of
Fy(3) act as either (—1'6,1%) or (—1'2,1'3) on V5. However, one checks
that on any set of composition factors for X of dimension adding to 25, one
of the involutions in X does not act as either of these possibilities. Therefore
B3(9) £ Fu(3).

This finishes the case where (¢,q0) = (3,9) or (2,4). Finally, consider
the other case, in which ¢ = 2,qp = 8. Here Lagrange restricts us to the
following possibilities:

G=Eg: S=A5(8),A5(8), Ba(8)
G:F4: SZBQ(S)

Now A§(8) has an element of order (2!2 — 1)/(23 — ¢), whereas E§(2) has
no such element ([5]); and By(8) has an element of order 65, which likewise
cannot lie in E§(2). This leaves us with S = A5(8). Here 5.3 implies that
x = s and D = T1D5. As we have seen before, this means that x has order
3 and is an outer automorphism of G/, = 2Fg(2), hence acts as an outer



448 R. LAWTHER, M.W. LIEBECK, AND G.M. SEITZ

automorphism of S. All such are conjugate to a field automorphism of S,
so |zG N H| <|S: A5(2)] < 2%, contrary to 5.3. O

Lemma 5.10. The conclusion of Theorem 2(III) holds if H is as in Case
(5) of 5.1 with p =2 and F*(H) = H(2), a group of Lie type over Fa.

Proof. First consider G = Eg. When ¢ = 2, x = s and D = T} E7 we have
|s| = 3. Hence 5.3 implies the following bounds: If ¢ = 2 and = = s, then
either i3(H) > ¢% or |s¢eNH| > ¢®; if ¢ > 4 and & = s then |sC NH| > ¢%;
and if x = u then iy(H) > ¢%. Noting that rk(S) < 8 by 1.4, we deduce
that H(2) is one of the following:

AS(2), D<(2), Ds(2), Br(2) all with ¢ = 2,
E7(2) with ¢ =2 or 4.

Suppose H(2) # A§(2). Then H(2) contains Dg(2). The latter contains
(S3 x S3 x D4(2)).2 = (32 x D4(2)).Dihg (where Dihg indicates a dihedral
group of order 8 induced on the 32). Using [40, 1.2] we see that either
Ca(3?)? = Ty Eg, or Cg(32%) is a product of classical groups. In the first case,
Na(T2Es) = (TaEg).(S3 x 2) does not induce Dihg, so this does not occur.
In the second, the subgroup D = Dy(2) lies in a factor D, (4 < n < 6)
of Cg(32)Y. Since H'(D4(2),V(\1)) = 0 (see [33]), D lies in a natural
connected subgroup Dy of D,,. Now

LG) | Diy=VM)EaV()PeViaeV

(see [62, 1.8]), where V' has composition factors V' (Ag) (of dimension 26) and
0%, Pick an element ¢ € D of order 15. Then ¢ lies in a subgroup As of Dy,
and in a torus 7} = {diag(a, a?,a*,a®) : a € K} of this A3. One checks that
Cy(t) = Cy(T1), from which it follows that D and Dy = (D, T}) stabilize
the same subspaces of L(G). Therefore H and H = (H, D4) stabilize the
same subspaces of L(G).

We claim that H is reducible on L(G). For suppose otherwise. Since
by [48, Theorem 4|, H(2) = F*(H) is not irreducible on L(G), we must
have L(G) | H(2) = V1 & --- @& V4, a direct sum of conjugate modules V; of
dimension 248/t, permuted transitively by an outer automorphism of H(2)
of order ¢. It follows that ¢ = 2. Pick an involution y € H — H(2). Since y
interchanges Vi and Vb, it has 124 Jordan blocks of size 2 in its action on
L(G). But there is no such involution in Eg, by [38].

Therefore H is reducible on L(G), from which we deduce that H # G.
Moreover, H is o-stable, since Dy is uniquely determined by D, hence is
o-stable. Therefore H = M, for some o-stable maximal closed subgroup M
of positive dimension in G, contrary to our earlier assumption.

Finally, suppose H(2) = Ag§(2). Here 5.3 forces x = s and D = T} Ex.
Then s has order 3, so |t N H| < i3(H), giving a contradiction by 1.3
and 5.3.
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Next consider G = E7. Here the bounds in 5.3 imply that H(2) is of one
of the following types:

AZ(2) (C =6,7), Bd(z) (d = 5,6, 7)? DZ(2) (6 =5,6, 7)a F4(2>7 E§(2)

with ¢ = 2 or 4.

If H(2) contains A4(2), then we can choose an element ¢t € H(2) of order
31. Because (t) is a Sylow subgroup of G, we know that ¢ lies in a subsystem
subgroup A4 of G, and indeed lies in a rank 1 torus

T) = {to = diag(a,o?, o, a®,a7 ) 1 a € K} < Ay.

From [47, Section 2] we see that if V¢ denotes the 56-dimensional G-module
V(A7), then Vzs | Ay has nontrivial composition factors Va,()\;) for i =
1,2,3,4. One checks that on the sum of these four modules, t, has just
the eigenvalues o with 0 < k < 15. Tt follows that the 31-element ¢ and
the torus T} fix precisely the same subspaces of Vsg. Therefore, if we define
H = (H,Ty), then H and H fix the same subspaces of Vsg. By calculating
the dimensions of irreducible H-modules of dimension up to 56, we see easily
that H is not irreducible on Vsg except possibly if H(2) = A7(2), in which
case Vs | H(2) could be the sum of two 28-dimensional modules permuted
by an outer automorphism of order 2. Excluding the latter possibility, we
have H < G, and now we obtain H = M, with M of positive dimension
as above. And if H(2) = A7(2), we redefine H = (H(2),T1). Then H <
G and contains A%(2), from which it follows that H = Az, a subsystem
subgroup. The embedding of H(2) in this A7 is determined by [46, 5.1],
and we conclude that H = Ng_ (H(2)) lies in Ng(A7). Hence H = M,
again.

This leaves the cases H(2) = 24¢(2), 247(2), 2D5(2), F4(2) and %E4(2) to
deal with. A subgroup 2E6(2) must act on Vi with nontrivial composition
factors just Va7 and V5 (where Vaor = Vi (A1)). But the acting group on
Va7 is a triple cover 3.2Eg(2), which is not simple, so H(2) # 2Fg(2). And if
H(2) = F4(2) then the only nontrivial composition factors of Vz¢ | H(2) are
Vas = Vi, (Ni) (i =1 or 4). Since H(Vi, V(0)) = 0 by [33], it follows that
H fixes a nonzero vector in Vsg, hence lies in a positive-dimensional proper
subgroup of F7, giving a contradiction in the usual way.

Next consider H(2) = 2A47(2) = Ug(2). This contains a subgroup 3 x
SUs(2) with centre 32, and from the centralizers of 3-elements in G, = E7(2)
we see that the SUg(2) lies in a subsystem group As of G. If Vig = Via(A7),
then Vig | As is a direct sum of submodules V' ()\;) (i € {1,2,3,4,5}) and
trivial modules, so A; and SUg(2) fix the same subspaces of Vz6. The group
(H(2), As) is reducible on Vs and normalized by H (as As is uniquely
determined by SUg(2)), so we see in the usual way that H = M, for some o-
stable maximal subgroup M of positive dimension, contrary to assumption.
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Now let H(2) = U7(2). Here 5.3 implies that ¢ = 2,2 = s and D = T} Eg,
so s has order 3. Let M be a subgroup SUg(2) of H, with centre (¢). Then
Ca(t) = Az As or Th Eg. In the former case, M and Ajs fix the same subspaces
of V56 and we argue as in the previous paragraph. So suppose C(t) = T1 Fg
(so s is conjugate to t). As

Vis | BEs =V (A1) @V (e) @ 0%

(see [47, Section 2]), t acts on Vsg as (?7, (a™1)?7,12), where a € K is a
cube root of 1. It follows that

Vas | U7(2) = Vo @ Vi @ A2 Vr @ A2V,

where V7 is the usual module for U7(2). Moreover, s € U7(2) must act as
(a® 1) or ((«=1)%,1) on V5. It follows that |s% N H| < 2|U7(2) : SUs(2)|,
contrary to 5.3.

It remains to consider H(2) = 2D5(2). Again 5.3 forces ¢ = 2,2 = s and
D = T1Eg. The action of s on Vig is given above. The nontrivial irreducible
modules for H(2) of dimension 56 or less are V();) for i = 1,2,4,5, of
dimension 10, 44, 16, 16 respectively. It is easy to check that there are
no combinations possible, of dimension adding to 56, on which an element
s € H(2) of order 3 can act with only 2-dimensional fixed space.

Now let G = Eg. Here the bound of 5.3 implies that one of the following
holds:

q=2: H(2)= 2A5(2), Bs(2), D§(2) or Fy(2)
g=4: H(2)=DB42),D52)(d =5,6) or Fy(2).

As before, if H(2) = F4(2) then H fixes a 1-space of Va7, leading to H = M,
a contradiction.

Consider ¢ = 2. The case H(2) = B4(2) is ruled out for z = s using the
remark after 5.3 and the bound for i3(B4(2)) in 1.3, and for x = u or 7 using
the bound for ip(H) in 1.3. If H(2) = Dg(2) then H contains a subgroup
3 x D;(2), with centre (t), say. Then Cg(t)" = TyDy, so D;(2) < Dy
and we see in the usual way that these two subgroups of G fix the same
subspaces of Va7, leading to H = M, with M of positive dimension, a
contradiction. And if H(2) = Ug(2), the remark after 5.3 forces s to be an
outer automorphism of G, = 2E4(2), so H contains Ug(2).3, which contains
3 x Us(2). Say (t) is the centre of the group. The only possibility for Cg (1)
is 2D5(2). Then Us(2) < A4 < D5 < G, and the subgroups Us(2) and Ay fix
the same subspaces of Vo7, giving a contradiction in the usual way.

For ¢ = 4, Lagrange forces G, = Eg(4). If z = s and D = T} D5 then
D, = 3 x D5(4), with central 3-element lying in G,\GY, so this is not
possible. Therefore 5.3 implies that either 2 = s and [s% N H| > 428 or
x € {u,¢,7} and ix(H) > |u? N H| > 4%'. It follows that x = s and H(2) =
D§(2) or Bg(2). However, both of these contain a subgroup 3 x D§(2),
whereas G contains no such subgroup.

—~~
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Finally, when G = Fj, 5.3 implies that H(2) is B4(2) or D§(2), with
q = 2. However, the classes of such subgroups in Fy(2) are determined in
[41], and all are of the form M,. This completes the proof. O

This completes the proof of Theorem 2(III), apart from the case where
G, = 2Fy(q), %G2(q), 3D4(q) or 2Ba(q), which we shall deal with in the next
section.

6. Completion of proof of Theorem 2.

By the work in the previous sections, what remains for us to do in order to
complete the proof of Theorem 2 is the following;:

(i) To prove Theorem 2(c,d) (the case of outer automorphisms);
(ii) to prove Theorem 2 for L = 2Fy(q)’, %G2(q), 3D4(q) and ?Bs(q).

We carry this out in this section.

We adopt the notation of previous sections, except that in this section
our simple exceptional group L = G, = G(q) is also allowed to be 2Fy(q)’,
XGa(q), ®Da(q) or 2Ba(q). Let 1 # x € Aut L be of prime order. As usual we
assume that X = (L,z), H is a maximal subgroup of X containing x, and
Q= X/H.

We shall prove the bounds for fpr(z, ) required for the conclusion of
Theorem 2 in Cases (i), (ii) above. First we deal with some of the outer
automorphisms.

Lemma 6.1. The conclusion of Theorem 2(c) holds when x = ¢, a field or
graph-field automorphism of L of prime order.

Proof. Suppose x = ¢, of prime order r. Observe that ¢ extends to a
Frobenius morphism of G such that ¢ = ¢" or (7¢)". In Section 5 we
handled the case where H is as in (III) of Theorem 2, i.e., not parabolic or
reductive of maximal rank. (We did not do this when L =2 Fy(q)’ or "Ga(q),
but we will cover this in Lemma 6.2 below.) Thus we assume that H is
parabolic or of maximal rank.

Suppose first that H is parabolic, so Ng_ (H) = P, where P is a o-stable
parabolic subgroup of G. We claim that ¢ normalizes P. For suppose that
P, lies in another parabolic subgroup P’ of G. Now a Borel subgroup of P,
contains a regular unipotent element, which lies in a unique Borel subgroup
of G. Therefore P and P’ share a common Borel subgroup, and since both
contain P, it follows that P = P’. Hence ¢ normalizes P, as claimed.

Now ¢ is a Frobenius morphism of the connected group P. Hence by a
standard argument using Lang’s theorem, the coset P,¢ has just one P,-class
of elements of order r (cf. [28, 7.2]), and hence ¢%> N P,¢ = ¢=. Moreover,
Cp,(¢) is the corresponding parabolic of the group Cg, (o) = G(¢*/").
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Thus, writing P, = P(q) we have

G“(q"/") : P(¢"/")]
pr‘ ¢7 GO’ PO' =

(0 GolFo) = 1610+ Plo)

Routine computation shows that this is less than ﬁ(q), as required for The-

orem 2, except when G = G5 and r = 2, in which case it is less that 1/er(q),
as required.

Now suppose that H = Nx(M,) = Nx (M), where M is a o-stable re-
ductive subgroup of maximal rank in G. By [43], either the subgroup M is
as in 4.1; or (G,p) = (Fy,2) and M® = ByBy or Ty, with ¢ a graph-field
automorphism (i.e., with fixed point group of type 2Fy); or (G, p) = (Ga,3)
and M° = T with ¢ a graph-field automorphism. The cases where M is a
maximal torus, or is as in 4.3 are quickly ruled out as in that proof.

In the action of M, on L(G), there is a unique summand on which M, has
the same composition factors as it does on L(M). It follows that M?¢ = M.
As above using Lang’s theorem we see that ¢©= N H¢ falls into at most
|M/MP°| H-classes. By 1.6, if z = dim Z(M°) and [ = rank(G), we have
|MO| < (g + 1)7qi™M== while |M£| > (¢ — 1)lgdmM=D/r " from which
we obtain the bound

fpr(¢, Q) <

[M/MOL g + 1)7.g"m M
(ql/r _ 1)l‘q(dimM7l)/r.|¢L| ’

This gives the bound required for Theorem 2(c) in all cases in 4.1. O

Lemma 6.2. The conclusion of Theorem 2 holds when L = Z2Fy(q)" or
Ga(q).-

Proof. First consider L = 2Fy(q)’. The maximal subgroups of L are de-
termined in [56]. For ¢ > 2 they are just parabolics, subgroups 2Fy(qo)
with ¢ = ¢fj, together with the maximal rank subgroups (?Ba(q) x ?B2(q))-2,
Bs(q).2,245(q) and some maximal torus normalizers. And for ¢ = 2 they
are these, and also Ly(25) and L3(3).2. The parabolics have been dealt with
in Section 2 (together with 6.1). Suppose now that H is one of the maximal
rank subgroups or 2Fy(qo).

By 6.1 we may assume that = s or u, a semisimple or unipotent element
in G,. The conjugacy classes of G, are determined in [64], from which we
deduce the following information:

(1) 2F4(q) has two classes of involutions, with centralizers ¢°SLa(q) and
q'°?Bs(q);
(2) either |s| = 3 and Cg, (s) = SUs(q), or |s%| > ¢*0/3.
Now for x = u we use fpr(u,G,/H) < ig(H)/|u% |, which together with
1.3 gives the conclusion. And for = s the crude bound fpr(s,G,/H) <
|H|/|s%| is sufficient.
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Finally, for ¢ = 2 the subgroups L2(25) and L3(3).2 are easily dealt with
using [13, p. 74].

Now consider L = %G2(q), ¢ > 3. The conjugacy classes of L are found in
[73], and the maximal subgroups are determined in [34]: These are Borel
subgroups, subfield subgroups “G2(qq), involution centralizers 2 x La(q), and
some maximal torus normalizers (of maximal order 6(q + /3¢ + 1)).

Suppose H = 2 x Ls(q). If x = u then |Cf(u)| = 24¢2, so fpr(u,Q) =
2(¢>—1)/(q(¢* +1)(¢—1)) < 1/¢?; if x = s is an involution then fpr(x, Q) =
(14+q(g—1))/¢*(¢*—q+1); and if x = s has order greater than 2 then |z%7| >
|G, : Ty| for some maximal torus 7', and the result follows easily. Other
subgroups H are handled simply using the bound fpr(x, Q) < i.(H)/|2%|
and we leave this to the reader. (]

Lemma 6.3. The conclusion of Theorem 2 holds when L = 3Dy(q) or
“Ba(q)-

Proof. For ?Bs(q) the conjugacy classes and maximal subgroups are given in
[70]: The maximal subgroups are Borel subgroups, subfield subgroups and
torus normalizers (of maximal order 4(q + v/2¢g + 1)). For H = B, a Borel
subgroup, elements of L fix at most 2 points, while a field automorphism ¢
of order a (where a divides log, q) fixes ¢*/® + 1 points, giving fpr(¢, Q) =
(¢*/* +1)/(¢> +1). For other maximal subgroups, just use the fact that the
smallest semisimple and unipotent classes of elements of prime order in L
have sizes |L|/(q+ +/2¢+ 1) and (¢ + 1)(q — 1), respectively, and the result
follows easily.

Now consider L = 3D4(q). The conjugacy classes of elements of L can
be found in [17, 67]; and the classes of outer automorphisms of prime or-
der are given in 1.1. Long root elements of L have centralizer ¢°SLo(q%);
other unipotent classes have size at least ¢'%. And apart from involutions
with centralizer (SLs2(q) o SLa(q®)).(2,q — 1) and elements with centralizer
(SL5(q)o(q?+€q+1)).(3, g—e), semisimple classes have size at least ¢'7(g—1).

The maximal subgroups of L are classified in [35]: These are parabolics,
maximal rank subgroups (SLz2(q) o SLa(q?)).(2,q — 1) and (SL5(q) o (¢* +
eq +1)).(3,q — ¢€), subgroups G2(q), *D4(q0), PGL3(q) (¢ = § mod 3), and
the torus normalizers (¢? 4= q + 1)2.5L2(3), (¢* — ¢* + 1).4. The possibility
H = 3D4(qo) is handled as in 5.7, while the torus normalizers are small
enough to be dealt with easily by counting.

Suppose H is parabolic, say H N L = P,, where P is a parabolic subgroup
of the ambient algebraic group G = Dy (and L = G,). The case where
x € L was handled in Sections 2 and 3, and the case where z is a field
automorphism is dealt with as in the proof of 6.1. So let x be a graph
automorphism of order 3. For p # 3, x lifts to a semisimple automorphism
of G, so by [69, 7.5] stabilizes a maximal torus T" of P. Hence we see as in
the proof of [40, 3.1] that Cy(z) is a parabolic subgroup of Cr(z) = G2(q)
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or A5(¢q). Now there are 3 classes of elements of order 3 in Tz, represented
by z, 2y and zy~!, where y is an element of order 3 in 7. From the action
on Vp,(A2) we see that zy and xy~! are not G-conjugate to z, and hence
x9N P = 2P, Tt follows that fpr(z,Q) = |H : Cgx(z)|/|L : Cr(x)|, and the
result follows easily from this.

Now suppose p = 3 (and z is a graph automorphism of order 3). Note
that P = PQ or P134.

First assume P = Py and P = P*. Here P = N¢(U), where U is a long
root subgroup of G and U = Z(R,(P)), so x normalizes U, inducing an
automorphism. But Aut(U) is the multiplicative group of the base field, so
contains no elements of order 3. Hence U < Cg(z).

If Cq(z) = G, then Cg(x) contains just one class of root groups, hence is
transitive on the conjugates of P stabilized by x. It follows that & N Pz =
xf and we proceed as for p # 3. Otherwise, Cg(x) = Cg,(u) for u a long
root element of (G, so this is the derived group of a parabolic of G3. Here
we check that there are two classes of long root groups, the center and
noncentral root groups in the unipotent radical. Then % N Pz = :zf U xf ,
where Cp(z1) = Cg(x) = Us ATy and Cp(xe) = UgU1Ty. In both cases the
stabilizers are connected and an easy check gives the desired inequality.

Now assume P = Pj34 and P = P*. We first determine the conjugacy
classes of outer automorphisms. Let 7 be a graph automorphism for which
Pz = Pt and set Q = R, (P). Modulo @ the elements of order 3 in Pt are
represented by 7 and Tu, where u is a long root element of the Levi group
(which is centralized by 7). Now Q/[Q, @] is the direct sum of 3 copies of Us
which are permuted transitively by 7 and fixed by w. Similarly, [Q, Q]/Z(Q)
is the sum of 3 copies of Uy with similar action.

It follows that each element of order 3 in P is P-conjugate to an element
of either Z(Q)7 or Z(Q)Tu. The A; Levi factor centralizes 7 and acts on
Z(Q) as on the natural module. So elements of Z(Q)r are P-conjugate to
either 7 or 7U7211(1).

Now consider Z(Q)7u. We may take u = Upipo(1), which induces a
transvection on Z(Q). Conjugating by elements in a torus centralizing 7u
and elements of Z(Q)) we see that all elements in the coset are conjugate to
Tu = TUp100(1) or to 7Up100(1)U1111(1).

We have therefore shown that elements of order 3 in Px are conjugate to T,
TUo100(1), 7U1211(1), or TUp100(1)U1111(1). There are two classes of elements
of order 3 in G, with representatives 7 and 7v for v a long root element in
Ca(7). The last 3 representatives are all of this latter type. This is clear
for the first two. For the last representative, note that Upigo(1)Ui111(1) is
a regular unipotent element in an Ay centralized by 7. Using this and a
consideration of the action on L(G) we see from the dimension of the fixed
point space that the assertion holds.
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We can now complete the argument. If x is conjugate to 7, then from the
above we have &N Px = 2 and we proceed as before. On the other hand if
x is conjugate to Tu, then & N Pz is the union of 3 conjugacy classes. Each
class has a connected centralizer, as is easily checked, and the centralizer
has dimension at least 5. At this point we easily get the necessary bounds.

Now suppose H = G2(q). If z is a long root element of L then it is a long
root element of H also (see [40, 1.13]), so

|Ga(q) : ¢*SLa(q)| 1
fpr(z, ) = 13Da(q) : ¢°SLa(¢®)]  ¢* —q?+ 1’

as required for Theorem 1. For other unipotent classes, we simply use 1.3(iii)
to get i,(H) = ¢'2, and hence fpr(z,Q) < 1/¢*. For x semisimple the result
is clear using the above information on semisimple classes, except when x is
an involution, in which case we have

|Ga(q)|  [SLa(q)||SLa(¢?)]
|SLa(q)* 3D4(q)| ’

fpr(z, Q) =

giving the conclusion. When zx is a field automorphism, the result follows
as in 6.1. Now let = be a graph automorphism of order 3. If C(x) # G2(q)
then by 1.1, |[z¥] > ¢?°/2 and the result follows easily, so assume Cf(z) =
G2(q) = H. For p # 3 there are two classes of elements of order 3 in G3 with
centralizers As and A1T;. If y belongs to the latter class then consideration
of actions on L(D,) shows that zy is not conjugate to z. Hence z* N Hzx
consists of x, together with elements xy with y in the 3-element class of H
having centralizer As, and the required bound follows easily.

Now assume p = 3 in this case. Let zy € 2 N Hx, where y is an ele-
ment of order 3 in H. In the notation of [38], y lies in one of the classes

A, gl, g@, Ga(ay) of the algebraic group G2. We know that z is not con-
jugate to zy with y a long root element of Dy (see 1.1), so y is not in
class A;. If y is in class Ga(aq) then y is a regular element in a maximal
unipotent subgroup of a maximal rank Ay < Go. If we multiply y by a
root element u in the centre of this maximal unipotent subgroup, we again
obtain a regular unipotent element of As, so xy is conjugate to xyu with u
a long root element centralizing zy; therefore by the previous observation,

xy is not conjugate to x. If y lies in class Ag ), then y lies in Z(U) for U a
maximal unipotent subgroup of Ga. The group Z(U) has the form U,Ug,
where « is a long root and § a short root in the Go system. All elements of
Z(U)\(Uy U Ug) are conjugate by a maximal torus. Hence zy is conjugate
to zyUy(c) for suitable choice of ¢, and consequently zy is not conjugate to
x. It follows that z is only conjugate to itself and to xzy with y € A; a short
root element. Hence |z* N H| = 1+ |y < ¢5, which gives the result.
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Finally, when H = (SLa(q) o SL(q%)).(2,¢ — 1), (SL§(q) o (¢* + eq +
1)).(3,q — €), or PGL4(q), the argument is similar and much easier and we
leave it to the reader. 0

Lemma 6.4. The conclusion of Theorem 2(d) holds when G = Eg and
x =7, an involutory graph automorphism.

Proof. Suppose x = 7. By 1.1, Cq(7) = Fy or Cy(p # 2), Cg,(t) (p = 2),
where t is a long root element of Fj.

Suppose H is parabolic, say H = Nx(FP,), where P is a 7-stable parabolic
in G. The case where p = 2 was handled in 2.6, so assume p # 2. Then by
[69, 7.5], 7 normalizes a maximal torus and Borel subgroup of P, and we
see as in the proof of [40, 5.1] that C'p(7) is a parabolic subgroup of Cg(7).
The result follows easily from this: For example, suppose P = P». This
has Levi factor As, on which 7 centralizes C3 or D3, and it follows that if
Cq(1) = Fy then Cp(7) is a Cs-parabolic of Fy, while if Cq(7) = Cy then
Cp(T) is an Asz-parabolic of Cy. Therefore

_ |Fy(q) : C3(g)-parabolic] or |C4(q) : As(q)-parabolic]
|E¢(q) : A (q)-parabolic| |E§(q) - A5 (q)-parabolic|

giving the result.

The case where H is as in (III) of Theorem 2 was handled in Section 5, so
it remains to consider the case where H = Nx(M,), where M is reductive
of maximal rank (and 7-stable). We certainly have [7¢ N H| < io( My (7).
If Cg(7) # Fy then |79 > ¢*°, and the conclusion is clear using 1.3. So
assume Cq(7) = Fy. Here the conclusion follows in the same way using 1.3,
unless M = T1D5 or A1A5.

Consider M = T1Ds. If p # 2 then as 7 inverts 77, it centralizes an
involution t € T, and so Cy(7) = Cp,(t), which must be By (not A;Cs, as
this does not lie in Ds). Therefore fpr(7,Q) = |M, : Ba(q)|/|Go : Fi(q)l,
giving the result. And when p = 2, the outer involution classes of D5(7) are,
in the notation of [2] (see [40, 1.10]), b1, b3 and bs. Here by is a conjugate of
7 and Cp,(b1) = By; and bz = bju, with u, a root element of Ds, so b3 is
not G-conjugate to 7 (see 1.1). Finally, b5 acts as J3 on the usual Ds-module
Vio, and L(Es) | DsTy = L(DsT1) @ V(M) ® V(As), with bs interchanging
the 16-dimensional modules V' (A4) and V' (Xs); if bs were conjugate to 7 it
would centralize a 36-dimensional subspace of L(Ds), but this is clearly not
the case as L(Ds) involves V()\2) = A2Vig/N, where N is 1-dimensional.
We conclude that only by is conjugate to 7, and the result follows as before.

Lastly, consider M = A1As. If p # 2 then 7 centralizes the involution
in Z(M), so Cps(7) is an involution centralizer in Fy, hence is A;Cj3, giving
fpr(7, Q) = | M, : (A1C3)(q)|/|Go = Fu(q)|. If p = 2 there are four M-classes
of involutions in M7, with representatives 7, 7u, v/, 7uu’, where u,u’ are
long root elements in As, Ay respectively. We know by 1.1 that 7u and v’

fpr(r, Q)
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are not G-conjugate to 7. We claim that neither is 7uu’. To see this, embed
uu' € A; X Ay < Az, with 7 inducing a graph automorphism (fixing C5) on
As. From the action on L(A3) we see that 7uu’ cannot centralize a group of
type Cs, whence it is conjugate to 7u” with u” a root element centralizing
7. The claim follows. U

This completes the proof of Theorem 2.

7. The tables of polynomials for Theorem 2.

This section consists of Tables 7.1A-D containing the polynomials fp(q),
frs(q), gp(q) and hp(q) which define the bounds in the conclusion of The-
orem 2. Recall that L = G/, a simple group of exceptional Lie type over
F,.

qOur convention about labelling maximal parabolics in twisted groups is
standard: We label according to the corresponding twisted root system, as
described in [6, 13.3.8]. For example, the maximal parabolics of 2Fg(q) are
labelled according to the root system Fy: Thus Py, P», P3, Py correspond
respectively to the Eg-parabolics Py, Py, P35, Pig.
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P|  poly L = Es(q) Eq(q) Es(q)

Pl fra(e) = ¢ (¢®—1)(¢* - 1) (¢ —1) ¢ —q*+1
gr(@) = ¢® (@@ -1 -1) @ -1 -1 7'(¢* - 1)
hr(q) = 7 (q—1)? q'(¢° —2)(¢* - 1) q(¢® —1)(¢* - 1)

P3| fra(q) = (g —1) q"(¢—1) ¢(qg—1)
gr(e) = (@ -1(q-1) q"(qg—1) ¢ -1)(-1)
he(g) = ¢*(¢° —3)(g—1) q''(¢* = 1)(¢* = 1) ¢(¢® —2)(¢* - 1)

Py fra(q)=|  ¢'"(¢®—1)(g—1) q""(g—1) ¢®(g—1)
gr(q) = @ —q—1) a'*(¢®—q—1) (¢ -1)(g—-1)
he(q) = %(a®—2¢°+2¢°—4) | (¢* =3)(® —3)(®—1) |¢" (" —2)(qg—1)

Py fra(q) = @ —q-1) q%(q—1)? 3¢ (q—1)(qg—3)
gr(q) = 1¢*%(q - 1) q""(qg—1)* ¢’(q—1)°
he(q) = ¢°(¢° —4¢° +4q+ 1) éqlg( - Dg-1) q'°(q°> — 3q+3)

Py fral(q) = (¢ —1)° Y =1)(g-1) ®(q—1)
gr(q) = ¢*%(q—1)° 1 7"*(q—1)(g—3) q (¢ —1)(qg—1)
he(q) = ¢**(¢® —3¢> +2q+ 1) iqlg( -q-3%) |d @ —-2(¢-1)

P frala)= ¢ (¢ —1)(¢—1) ( -(¢*-1) - +1
gr(q) = ¢**(q—1)° B —1)(g—1) q'(¢® - 1)
hp(q) = 14%(* —q—32) éq“(q NN = D= H|ald® —1D)(¢* —1)

Pr fra(e) = ¢ (¢" - 1)(® - 1) ¢ —¢+1
gr(@) = @@ —1)(q—-1) ¢°(g—1)
he(q) =q¢°*(¢° — 2)(¢* —4)(¢®> — 2) 34" (¢" - 1)

Py fralq) = *q* = 1)
gr(q) = 7*(¢* - 1)
he(q) = ¢°(¢° — 1)(¢® — 1)(¢* — 1)

Table 7.1A. L = Es(q), E7(q), Fs(q).
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P | poly L = ?Eg(q) Fu(q)
P fral)=| ¢ -¢+1 *(¢* - 1)
frsla) = ¢’(g—1) ¢°(g—1)(p #2),
= +1(p=2)
gp(q) = | ¢"(¢* = 1)(¢* = 1) q"(¢—1)(p #2),
MNP -1)(p=2)
he(q) =| (¢" = 1)(¢* —1) - +1
Py | fralq) = ¢° ¢°(g—1)
frs@) =@ -1 -1) | 3¢ (¢ —1)(qg—3) (p #2),
¢g—1)(p=2)
gp(q) = q"%q—1) q"(¢—3) (p # 2),
(g1 (p=2)
hp(q) = ¢°(¢® - 1) P —1)(g—1)
P3| fpalq) = *(g—1) ¢*(qg—1)
fersl@) =]  3¢%(q—1) Flg-1)°(p#2),
¢lg—1)(p=2)
gr(q) = | ¢"*(* - 1)(¢—1) q"%q = 3) (p # 2),
(g1 (p=2)
he(q) = | ¢"' (¢ —1)(qg— 1) (* —2¢+2)
Py | fralq) = ¢°(g—1) - +1
frela) =1 (@ -1)(g-1) (> =1)%(p #2),
@ -1 (=2
gp(q) = q"(q—1) q"(¢—1)(p#2),
P -1)(p=2)
hp(q) = q"Mg—1) *(¢° - 2)
Table 7.1B. L = 2Fg(q), Fi(q).

459
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P poly L = Ga(q) 3D4(q) Fu(q)’
Pi | fralq) = ¢ +1 ¢ ¢
frel@=1q-1)@#3),| &@@-1) ¢ +1
¢ (p=3)
gp(e)=| 34*(0#3), ¢ g*(* - 1)
¢ +1(p=3)
hp(q) = 3@ +1) ¢ (¢? —2q+2) 3¢°
Py | fpalg) = 7 ¢t ¢ +1
frs(q) = ¢ (p # 3), (¢ —1) (g —1)
¢ +1(p=3)
gp(q) = ¢ (p #3), ¢*(¢® - 1) ¢(¢®—1)
¢ +1(p=3)
hp(q) = ¢ —q+1 @ -2 |+ +1)

Table 7.1C. L = Ga(q), *Da(q), 2Fu(q)’.

P poly L = *Gs(q) | *B2(q)

B fral@=] &+1 |¢#+1
(Borel sgp) | gp(q)= | ¢ +1 | +1
hp(q)= | ¢*—q+1 | P +1

Table 7.1D. L = XG5(q), *Ba(q).
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