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THREE-DIVISION RATIONAL POINT

Hizuru Yamagishi

A universal family of elliptic curves of rank 4 with 3-division
rational points is constructed. The base space is shown to be
an elliptic K3 surface whose group of sections is of infinite
order. Thus we obtain infinitely many such elliptic curves
with mutually distinct j-invariants.

1. Introduction.

In [5], we have reduced the problem of constructing elliptic curves of rank
n (n ≥ 1) with generators to the problem of finding rational points on a
certain variety Vn using the theory of twist. Moreover we have obtained all
elliptic curves of at least rank n (1 ≤ n ≤ 7), by parametrizing all rational
points on Vn.

The aim of this paper is to construct a universal family of elliptic curves
of at least rank 4 with 3-division rational points by applying our previous
results. When we treat such problems, it seems that the condition, existence
of a 3-division rational point, is classified as a special type. Therefore this
condition is one of the characteristics of this paper. Furthermore, by the
universality of V4, the extra condition for elliptic curves to have 3-division
rational points should give rise to a subvariety of V4. Our results will deter-
mine the structure of the subvariety W4 quite explicitly. More precisely we
will see that W4 is a K3 surface with many lines on it. Using these lines, we
can provide W4 with a structure of elliptic surface and we find the rank of
the group of its sections is at least 1. Thus we obtain a universal family of
elliptic curves with 3-division rational points whose rank is at least 4, which
is prametrized by an elliptic K3 surface with infinitely many rational curves.
By universal family we mean that every elliptic curve of rank 4 with a 3-
division rational point is a member of our family. We are aware that there
are several attempts to construct some examples of such elliptic curves. But
the universal nature of our result assures us that any such examples live in
our family.

This paper is organized as follows.
In Section 2, we review the theory of twist and the defining equation of

the base space in the case of rank ≥ 5 in [5].

231



232 HIZURU YAMAGISHI

In Section 3, the equation of the base space for the case of rank 4 is
derived from that for the case of rank 5. It is shown to be rational threefold
and its rational points are parametrized.

In Section 4, we determine the subvariety of the base space, which corre-
sponds to the elliptic curves with nontrivial 3-division point. We show that
it has the structure of an elliptic surface of rank ≥ 1.

In the final Section 5, we construct an example of an elliptic curve of rank
≥ 4 with 3-division rational point by our method.

2. Twist.

We recall the theory of twist developed in [5]. Let E be an elliptic curve
over a number field k defined by the equation:

E : y2 = ax3 + bx2 + cx+ d,(1)

and let f(x) be the right hand side of (1). For integers n ≥ 2, let Vn be the
variety defined by the equations

Vn : y2
i = f(x1)f(xi+1), i = 1, . . . , n− 1.

Since Vn is birational to the quotient variety of En by the action of (−id, . . . ,
−id), the degree of the field extension k(En)/k(Vn) is equal to 2. The
following result is fundamental.

Theorem 2.1 ([2, §4]). Let Ef(x1) denote the quadratic twist of E asso-
ciated to the extension k(En)/k(Vn). Suppose Endk(E) ∼= Z. Then the
defining equation of Ef(x1) is given by

Ef(x1) : f(x1)y2 = f(x),

and the rank of Ef(x1)(k(Vn)) is n. Its generators are given by (x1, 1),
(xi+1, yi/f(x1)) (i = 1, . . . , n− 1).

By Theorem 3.1 in [5], any given elliptic curve of rank n is obtained by
specialization at a certain rational point on Vn.

In order to investigate the rational points on Vn, we put xi = αi−1

(i = 1, . . . , n), and we regard them as independent variables. We denote
k(α0, . . . , αn−1) by K and regard Vn as a variety over K. Then for n ≥ 5,
Vn is expressed as follows.

Theorem 2.2 ([5] Theorem 3.6). For n ≥ 5, Vn is K-birational to the va-
riety over K defined by the equations∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 1 1
α0 α1 α2 α3 αi

α2
0 α2

1 α2
2 α2

3 α2
i

α3
0 α3

1 α3
2 α3

3 α3
i

Y 2
0 Y 2

1 Y 2
2 Y 2

3 Y 2
i

∣∣∣∣∣∣∣∣∣∣∣∣
= 0, i = 4, . . . , n− 1
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in the projective (n− 1)-space Pn−1 with coordinate (Y0, . . . , Yn−1).

3. On the base space of generic family of rank 4.

In [5], there are marked differences between the way of treating with V4 and
that of Vn (n ≥ 5). But for our purpose, it is convenient to express V4 in a
similar form to Vn (n ≥ 5).

Theorem 3.1. V4 is K-birational to P3. More precisely the K-rational
points on V4 are parametrized by the coordinate (Y0, Y1, Y2, Y3) of P3 as
follows:

(a, b, c, d, y1, y2, y3) = (a, b, c, d, eY0Y1, eY0Y2, eY0Y3)

where a =

∣∣∣∣∣∣∣∣
1 1 1 1
α0 α1 α2 α3

α2
0 α2

1 α2
2 α2

3

Y 2
0 Y 2

1 Y 2
2 Y 2

3

∣∣∣∣∣∣∣∣ , b = −

∣∣∣∣∣∣∣∣
1 1 1 1
α0 α1 α2 α3

α3
0 α3

1 α3
2 α3

3

Y 2
0 Y 2

1 Y 2
2 Y 2

3

∣∣∣∣∣∣∣∣ ,

c =

∣∣∣∣∣∣∣∣
1 1 1 1
α2

0 α2
1 α2

2 α2
3

α3
0 α3

1 α3
2 α3

3

Y 2
0 Y 2

1 Y 2
2 Y 2

3

∣∣∣∣∣∣∣∣ , d = −

∣∣∣∣∣∣∣∣
α0 α1 α2 α3

α2
0 α2

1 α2
2 α2

3

α3
0 α3

1 α3
2 α3

3

Y 2
0 Y 2

1 Y 2
2 Y 2

3

∣∣∣∣∣∣∣∣ ,

e =

∣∣∣∣∣∣∣∣
1 1 1 1
α0 α1 α2 α3

α2
0 α2

1 α2
2 α2

3

α3
0 α3

1 α3
2 α3

3

∣∣∣∣∣∣∣∣ .
Proof. It is enough to show that the existence of the birational map of V4

to P3. Let ϕ be the map of V4 to P3 given by

(a, b, c, d, y1, y2, y3) 7→ (f(α0), y1, y2, y3),

and ψ be of P3 to V4 given by

(Y0, Y1, Y2, Y3) 7→ (a, b, c, d, eY0Y1, eY0Y2, eY0Y3).
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For any element (a, b, c, d, y1, y2, y3) ∈ V4,

ψ ◦ ϕ(a, b, c, d, y1, y2, y3)

= ψ(f(α0), y1, y2, y3)

=


∣∣∣∣∣∣∣∣

1 1 1 1
α0 α1 α2 α3

α2
0 α2

1 α2
2 α2

3

f(α0)2 y2
1 y2

2 y2
3

∣∣∣∣∣∣∣∣ ,
∣∣∣∣∣∣∣∣

1 1 1 1
α0 α1 α2 α3

α3
0 α3

1 α3
2 α3

3

f(α0)2 y2
1 y2

2 y2
3

∣∣∣∣∣∣∣∣ ,∣∣∣∣∣∣∣∣
1 1 1 1
α2

0 α2
1 α2

2 α2
3

α3
0 α3

1 α3
2 α3

3

f(α0)2 y2
1 y2

2 y2
3

∣∣∣∣∣∣∣∣ ,
∣∣∣∣∣∣∣∣
α0 α1 α2 α3

α2
0 α2

1 α2
2 α2

3

α3
0 α3

1 α3
2 α3

3

f(α0)2 y2
1 y2

2 y2
3

∣∣∣∣∣∣∣∣ ,

f(α0)ey1, f(α0)ey2, f(α0)ey3

 .

Note that y2
i = f(α0)f(αi) (i = 1, 2, 3), and divide each coordinate by

f(α0)e. Then the first-coordinate of this becomes∣∣∣∣∣∣∣∣
1 1 1 1
α0 α1 α2 α3

α2
0 α2

1 α2
2 α2

3

f(α0) f(α1) f(α2) f(α3)

∣∣∣∣∣∣∣∣×
1
e
.(2)

Adding (−b × (the third row) − c × (the second row) − d × (the first row))
to the fourth row of the matrix of the determinant in (2), we find the value
of (2) to be equal to a. By a similar row transformation the i-th coordinate
(i = 2, 3, 4) becomes b, c, d, respectively, so ψ ◦ ϕ = idV4 . Conversely for
any element (Y0, Y1, Y2, Y3) ∈ P3,

ϕ ◦ ψ(Y0, Y1, Y2, Y3)(3)

= ϕ(a, b, c, d, eY0Y1, eY0Y2, eY0Y3)

= (aα0
3 + bα0

2 + cα0 + d, eY0Y1, eY0Y2, eY0Y3).

Since eY0
2 = aα0

3 +bα0
2 +cα0 +d, the rightmost side of (3) is (eY 2

0 , eY0Y1,
eY0Y2, eY0Y3). It means that ϕ ◦ ψ = idP3 . Consequently these maps are
inverse to each other.

It follows from this theorem that the equation of the elliptic curve which
corresponds to a point (Y0, Y1, Y2, Y3) ∈ P3 is given by

ey2 = ax3 + bx2 + cx+ d,(4)
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and that the coordinates of four rational points on it are (αi, Yi) (i =
0, 1, 2, 3). One can check this fact easily by tracing the map ψ. Moreover
we recall the following result which shows the universality of the variety V4:

Theorem 3.2. Any elliptic curve over k with four k-rational points comes
from a k-rational point of V4.

4. Base space of the family of rank 4 with three-division rational
point.

The equation of an elliptic curve with 3-division rational points is expressed
in general as

y2 = ax3 + (bx+ c)2,(5)

where the coordinate of a 3-division point is (0, c). Therefore the condition
that the elliptic curve defined by (4) has a 3-division rational point is

b/e = Z2
1 , c/e = 2Z1Z2, d/e = Z2

2 .(6)

This is transformed as follows.

Lemma 4.1. The variety W defined by Equation (6) is a K3 surface.
Moreover this is K-birational to the elliptic surface W4 over P1 with co-

ordinate (λ, µ) defined by the following simultaneous equation:

− (α3
1λ

2 − α3
0µ

2)2Y 2
2(7)

+ α2
2(α

6
1λ

4 − 4α0α
4
1α2λ

3µ+ 4α3
0α

2
1α2λ

2µ2 + 4α2
0α

3
1α2λ

2µ2

− 2α3
0α

3
1λ

2µ2 − 4α4
0α1α2λµ

3 + α6
0µ

4)Z2
1

+ 2α2(α6
1λ

4 − 2α0α
3
1α

2
2λ

3µ− 2α4
1α

2
2λ

3µ

+ 4α3
0α1α

2
2λ

2µ2 + 4α0α
3
1α

2
2λ

2µ2 − 2α3
0α

3
1λ

2µ2

− 2α3
0α1α

2
2λµ

3 − 2α4
0α

2
2λµ

3 + α6
0µ

4)Z1Z2

+ (α6
1λ

4 − 4α3
1α

3
2λ

3µ− 2α3
0α

3
1λ

2µ2 + 4α3
0α

3
2λ

2µ2 + 4α3
1α

3
2λ

2µ2

− 4α3
0α

3
2λµ

3 + α6
0µ

4)Z2
2 = 0,
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− (α3
1λ

2 − α3
0µ

2)2Y 2
3(8)

+ α2
3(α

6
1λ

4 − 4α0α
4
1α3λ

3µ+ 4α3
0α

2
1α3λ

2µ2 + 4α2
0α

3
1α3λ

2µ2

− 2α3
0α

3
1λ

2µ2 − 4α4
0α1α3λµ

3 + α6
0µ

4)Z2
1

+ 2α3(α6
1λ

4 − 2α0α
3
1α

2
3λ

3µ− 2α4
1α

2
3λ

3µ

+ 4α3
0α1α

2
3λ

2µ2 + 4α0α
3
1α

2
3λ

2µ2 − 2α3
0α

3
1λ

2µ2

− 2α3
0α1α

2
3λµ

3 − 2α4
0α

2
3λµ

3 + α6
0µ

4)Z1Z2

+ (α6
1λ

4 − 4α3
1α

3
3λ

3µ− 2α3
0α

3
1λ

2µ2 + 4α3
0α

3
3λ

2µ2 + 4α3
1α

3
3λ

2µ2

− 4α3
0α

3
3λµ

3 + α6
0µ

4)Z2
2 = 0.

Proof. Since the equations in (6) are quadric forms in Y0, Y1, Y2, Y3, Z1, Z2,
W is a (2, 2, 2)-complete intersection in P5. By Jacobian criterion, one can
check that it is nonsingular, so it is aK3 surface. Moreover the first equation
of (6) eZ2

1 − b = 0, is expressed as∣∣∣∣∣∣∣∣∣∣

1 1 1 1 0
α0 α1 α2 α3 0
α2

0 α2
1 α2

2 α2
3 1

α3
0 α3

1 α3
2 α3

3 0
Y 2

0 Y 2
1 Y 2

2 Y 2
3 Z2

1

∣∣∣∣∣∣∣∣∣∣
= 0.

Similarly, the second and third equations are also expressed as∣∣∣∣∣∣∣∣∣∣

1 1 1 1 0
α0 α1 α2 α3 1
α2

0 α2
1 α2

2 α2
3 0

α3
0 α3

1 α3
2 α3

3 0
Y 2

0 Y 2
1 Y 2

2 Y 2
3 2Z1Z2

∣∣∣∣∣∣∣∣∣∣
= 0,

∣∣∣∣∣∣∣∣∣∣

1 1 1 1 1
α0 α1 α2 α3 0
α2

0 α2
1 α2

2 α2
3 0

α3
0 α3

1 α3
2 α3

3 0
Y 2

0 Y 2
1 Y 2

2 Y 2
3 Z2

2

∣∣∣∣∣∣∣∣∣∣
= 0.

This simultaneous equation is equivalent to the inequality

rank


1 1 1 1 0 0 1
α0 α1 α2 α3 0 1 0
α2

0 α2
1 α2

2 α2
3 1 0 0

α3
0 α3

1 α3
2 α3

3 0 0 0
Y 2

0 Y 2
1 Y 2

2 Y 2
3 Z2

1 2Z1Z2 Z2
2

 < 5(9)

by Proposition 4.2 which is stated later. By several elementary transforma-
tion, this matrix S1 becomes

S1 → S2
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where

S2 =


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 α3

0 α3
1 α3

2 α3
3

0 0 0 C0 C1 C2 C3

 ,

C0 = Y 2
0 − α2

0Z
2
1 − 2α0Z1Z2 − Z2

2 ,

C1 = Y 2
1 − α2

1Z
2
1 − 2α1Z1Z2 − Z2

2 ,

C2 = Y 2
2 − α2

2Z
2
1 − 2α2Z1Z2 − Z2

2 ,

C3 = Y 2
3 − α2

3Z
2
1 − 2α3Z1Z2 − Z2

2 .

Consequently (9) is equivalent to rankS2 < 5, i.e.,

rank
(
α3

0 α3
1 α3

2 α3
3

C0 C1 C2 C3

)
< 2.

Applying Proposition 4.2 again, we obtain the equations∣∣∣∣α3
0 α3

i
C0 Ci

∣∣∣∣ = 0, i = 1, 2, 3.(10)

Therefore the variety W is defined by the equations

α3
0Y

2
i − α3

iY
2
0 − α3

0(αiZ1 + Z2)2 + α3
i (α0Z1 + Z2)2 = 0,

i = 1, 2, 3.

Further the variety W is K-birational to W4. In fact, let ρ be a map of W4

to W defined by

ρ : (Y2, Y3, Z1, Z2, λ, µ) 7→(
−α0(α3

1λ
2 − 2α2

0α1λµ+ α3
0µ

2)Z1 − (α3
1λ

2 − 2α3
0λµ+ α3

0µ
2)Z2

−α3
1λ

2 + α3
0µ

2
,

α1(α3
1λ

2 − 2α0α
2
1λµ+ α3

0µ
2)Z1 + (α3

1λ
2 − 2α3

1λµ+ α3
0µ

2)Z2

−α3
1λ

2 + α3
0µ

2
,

Y2, Y3, Z1, Z2

)
.

Then this map is K-birational. Consequently the assertion of the lemma
follows.

Remark. By (10), W contains 16 lines defined by the equations

Yi = (−1)εi(αiZ1 + Z2), εi = 0 or 1, i = 0, 1, 2, 3

which we denote by `(ε0ε1ε2ε3). The rank of the intersection matrix is 11,
however, so these are not independent in Néron-Severi group of W .
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Remark. In the above lemma, αi (i = 0, 1, 2, 3) are assumed to be
independent variables. But W is still a K3 surface even if we assume only
that αi ∈ k∗ are distinct.

Proposition 4.2. Let m < n, and let a1, . . . ,an be column vectors of size
m. Suppose that any m vectors of these are linearly independent. Then the
simultaneous equation∣∣∣∣a1 . . . am ai

Y 2
1 . . . Y 2

m Y 2
i

∣∣∣∣ = 0, i = m+ 1, . . . , n

is equivalent to the inequality

rank
(

a1 . . . an

Y 2
1 . . . Y 2

n

)
≤ m.(11)

Proof. Inequality (11) means that each vector
(

ai

xi

)
(i = m + 1, m +

2, . . . , n) is expressed as a linear combination of
(

a1

x1

)
, . . . ,

(
am

xm

)
. There-

fore

m = rank
(

a1 a2 . . . am

x1 x2 . . . xm

)
= rank

(
a1 a2 . . . an−1 an

x1 x2 . . . xn−1 xn

)
.

The converse is clear.

Lemma 4.3. The rank of the group ES(K) which consists of the sections
on elliptic surface W4 over P1 is greater than or equal to 1.

Proof. It is sufficient to prove this when αi = i + 1 (i = 0, . . . , 3). Then
singular fibers are checked to be of type I4 in Kodaira symbol at (λ, µ) =
(0, 1) and (1, 0), I2 at (3 ± i

√
23, 16) and (1 ± i

√
7, 8), and I1 at the

roots of (4096λ8−1187840λ7µ+1544192λ6µ2 +670720λ5µ3 +263296λ4µ4 +
83840λ3µ5 +24128λ2µ6−2320λµ7 +µ8). These values of (λ, µ) are given by
the poles of j-invariant of the generic fiber (see Lemma 4.4). The 16 lines
l(ε0ε1ε2ε3) ⊂W mentioned above are transformed into W4 by the birational
map in Lemma 4.1 as follows: Lines l(00ε2ε3) (ε2, ε3 = 0 or 1) are sections,
l(01ε2ε3) (respectively l(10ε2ε3)) are four P1s which constitute the singular
fiber at (λ, µ) = (1, 0) (respectively (0, 1)), and l(11ε2ε3) are exceptional.
We now show that the rank of ES(K) is at least 1 by using the sections
l(00ε2ε3). We will check this by looking at their intersection points with the
singular fiber at (λ, µ) = (3 + i

√
23, 16). Let C1 (respectively C2) denote

the curve defined by (7) (respectively (8)) with (λ, µ) = (3 + i
√

23, 16).
Then C1 (respectively C2) intersects with l(0000) and l(0001) (respectively
l(0010) and l(0011)). The equation of C1 is given by

− i
√

23Y2 + 21Z1 + 25Z2 = 0,(12)

23Y 2
3 + 1168Z2

1 + 2632Z1Z2 + 1513Z2
2 = 0,(13)
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and hence is isomorphic to a conic in P2 with coordinate (Y3, Z1, Z2).
Let i =

√
−1 and k1 = Q(

√
23,

√
73, i). Then by using k1-rational point

(Y2, Y3, Z1, Z2) = (−21i, 4i
√

73,
√

23, 0), we can parametrize k1-rational
points of C1 by

(Y2, Y3, Z1, Z2) =
(
i
√

23(−483t2 + 200i
√

23
√

73t+ 34027),

− 4(23i
√

23
√

73t2 + 15134t− 1513i
√

23
√

73),

23(23t2 + 1513),

− 184(i
√

23
√

73t+ 329)
)
.

Let C1 ∩ l(0000) = P1, C1 ∩ l(0001) = P2 and C1 ∩ C2 = {P3, P4}. Then
the values ti (i = 1, . . . , 4), of the parameter t at Pi are

t1 = −8
3
− 1

3

√
73− 1

3
i
√

23 +
11
69
i
√

23
√

73,

t2 =
8
3
− 1

3

√
73 +

1
3
i
√

23 +
11
69
i
√

23
√

73,

t3 =
1
21
i
√

671 +
100
483

i
√

23
√

73,

t4 = − 1
21
i
√

671 +
100
483

i
√

23
√

73.

Let σ be an automorphism of P1 given by

σ : t 7→=
(t− t3)(t2 − t4)
(t− t4)(t2 − t3)

,

which maps P2, P3, and P4 to 1, 0, and ∞ respectively.
Then

σ(t1) =
(
−27413i

√
671 + 53009i

√
23 + 2785

√
23
√

671− 966395
)
/1119744.

Since the absolute value of σ(t1) is found to be (347−
√

23
√

671)/324 6= 1,
σ(t1) is not a root of unity. Hence P1 is of infinite order on the singular fiber
at (λ, µ) = (3 + i

√
23, 16). Therefore l(0000) provides us with a section of

infinite order of the elliptic surface. Thus the rank of ES(K) is at least 1.
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Lemma 4.4. The j-invariant of the generic fiber of W4 with αi = i + 1
(i = 0, 1, 2, 3) is

(4096λ8 − 1187840λ7µ+ 22777856λ6µ2 − 12600320λ5µ3

+ 7562368λ4µ4 − 1575040λ3µ5 + 355904λ2µ6

− 2320λµ7 + µ8)3

/(429981696λ4µ4(8λ2 − 2λµ+ µ2)2(8λ2 − 3λµ+ µ2)2

(4096λ8 − 1187840λ7µ+ 1544192λ6µ2 + 670720λ5µ3

+ 263296λ4µ4 + 83840λ3µ5 + 24128λ2µ6 − 2320λµ7 + µ8)).

In particular, the elliptic surface W4 is nontrivial.

Proof. We transform the equation of the generic fiber which is given by (7)
and (8) to the canonical form. Let

x = Z1 − t(λ− µ),

y = Y3 − t(2λ− 3µ),

z = Y2 − t(λ− 2µ),

t = Z2/(−2λ+ µ).

Then we see that it has a rational point (x, y, z, t) = (0, 0, 0, 1). Hence
by the standard method (see e.g., [1]), the (2, 2)-intersection is transformed
into the quartic form with a rational point P , and into a Weierstrass form
y2 + a1xy + a3y = x3 + a2x

2 + a4x+ a6, where

a1 = (λ− 2µ)(8λ3 + 20λ2µ− 19λµ2 + 2µ3)

(−128λ5 + 3520λ4µ− 2880λ3µ2 + 832λ2µ3 − 178λµ4 + 3µ5)

/(6λµ(2λ− µ)(2λ− 3µ)2(8λ2 − µ2)(8λ2 − 3λµ+ µ2)),

a3 = 16(λ− 2µ)(8λ2 − 2λµ+ µ2)

(8λ3 + 20λ2µ− 19λµ2 + 2µ3)6

(−16λ4 − 32λ3µ+ 90λ2µ2 + 19λµ3 + 6µ4)

/(9λ2µ2(2λ− µ)3(2λ− 3µ)6(8λ2 − µ2)3(8λ2 − 3λµ+ µ2)3),

a2 = (8λ3 + 20λ2µ− 19λµ2 + 2µ3)2

(40960λ10 − 801792λ9µ+ 2912256λ8µ2 − 5442048λ7µ3

+ 7104000λ6µ4 − 6047408λ5µ5 + 3165264λ4µ6

− 1097752λ3µ7 + 266680λ2µ8 − 34067λµ9 + 1481µ10)

/(6λµ(2λ− µ)2(2λ− 3µ)4(8λ2 − µ2)2(8λ2 − 3λµ+ µ2)2),
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a4 = 16(8λ2 − 2λµ+ µ2)(8λ3 + 20λ2µ− 19λµ2 + 2µ3)7

(1024λ9 + 640λ8µ− 15040λ7µ2 + 31568λ6µ3 − 37424λ5µ4

+ 35216λ4µ5 − 19284λ3µ6 + 10869λ2µ7 − 6561λµ8 + 914µ9)

/(9λ2µ2(2λ− µ)4(2λ− 3µ)8(8λ2 − µ2)4(8λ2 − 3λµ+ µ2)4),
a6 = 0.

The j-invariant is computed to be the value in the statement of Lemma 4.4.

Theorem 4.5. There are infinitely many elliptic surfaces π(λ, µ) : E(λ, µ) →
C(λ, µ), (λ, µ) ∈ P1(K), such that, for infinitely many (λ, µ):

(i) E(λ, µ), C(λ, µ), and π(λ, µ) are defined over K,
(ii) π(λ, µ) : E(λ, µ) → C(λ, µ) is not isotrivial, namely the j-invariant of

its fibers is nonconstant,
(iii) C(λ, µ) is an elliptic curve with infinitely many K-rational points Pn

(λ, µ)

(n = 1, 2, . . . ),
(iv) the fiber π−1

(λ, µ)(P
n
(λ, µ)) is an elliptic curve of K-rank ≥ 4 with non-

trivial 3-division K-rational points.

Proof. Since (4) defines of a family of elliptic curves π : E → P3, we denote
by π′ : E′ → W the family of elliptic curves obtained from pulling back π
along the natural projection α : W → P3. And let C(λ, µ) denote the fiber
of the elliptic surface p : W → P1, and let π(λ, µ) : E(λ, µ) → C(λ, µ) be the
restriction of π′ : E′ → W to C(λ, µ) ⊂ W . Recall that we have a section
P : P1 → W of infinite order. It follows from Silverman’s theorem ([4])
that rational point on C(λ, µ) such that the specialization map for π(λ, µ)

is not injective has bounded height. Let P(λ, µ) = P ∩ C(λ, µ), then P(λ, µ)

is of infinite order at infinitely many (λ, µ), this implies that there is an
integer n0(≥ 1) such that for any integer n ≥ n0, nP(λ, µ) gives injective
specialization map. Letting Pn

(λ, µ) = (n+n0)P(λ, µ) (n = 1, 2, . . . ), we see
that Properties (i), (iii), (iv) hold true. Finally, we show that these families
π(λ, µ) : E(λ, µ) → C(λ, µ) satisfy Property (ii). Since π′ : E′ → W is a
pull-back of π : E → W , we have only to check that the j-invariant map
of the fibers of π|α(C(λ, µ)) is nonconstant. We show this by specialization.
Put αi = i + 1 (i = 0, 1, 2, 3) and (λ, µ) = (3, 1). Then the value j1 of
j-invariant of the elliptic curve π−1

(3, 1)(2P(3, 1)) is found to be

j1 = −214 · 73 · 193 · 15708793 · 4760715067931192217073

/(39 · 512 · 113 · 133 · 67 · 1093 · 1793 · 3313 · 499 · 701

· 10867 · 797157433 · 298760704699).
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On the other hand, the coordinate of the 3P(3, 1) is

(Y0, Y1, Y2, Y3, Z1, Z2)

=
(
− 25680872604007019768601, 60334008325736285093543,
84930008841399708797543, −96853941305745707506191,

− 47892348489072614183836, 16389422432073597934975
)
,

hence the equation of the elliptic curve π−1
(3, 1)(3P(3, 1)) is

y2 = −332927132449509296787915458018761091898300120x3

+ 2293677043798775910716041318467302168403674896x2

− 1569855861302985575462683831931814449248128200x
+ 268613167656957249916861701374432584328250625.

Let j2 be the value of j-invariant of this elliptic curve. The elliptic curve
has a good reduction at p = 23, and its equation becomes

y2 = 19x3 + x2 + 9x+ 3,

so j2 = 19 and on the other hand j1 = 21. Consequently j2 is different
from j1. Let Cji = {P ∈ W ; j(π−1(P )) = ji} ⊂ W (i = 1, 2). The
above computation shows that each curve Cji (i = 1, 2) has a horizontal
component in the elliptic surface W . We see that π(λ, µ) is nonconstant.

Theorem 4.6. The construction by Theorem 4.5 is universal. That is, any
elliptic curve of rank ≥ 4 with 3-division rational point is constructed by this
method.

Proof. As we have seen in [5], every elliptic curve of rank ≥ 4 comes from
a rational point of V4. Moreover, by the explanation given in the beginning
of Section 4, any elliptic curve with 3-division point can be transformed to
the form (5). Hence every elliptic curve of rank ≥ 4 with 3-division rational
point arises as a rational point of W .

5. Example.

In this section, we give an example which belongs to our family.

Theorem 5.1. The elliptic curve defined by the equation

y2 = x3 + x2 − 132618863233487850497987693665x(14)

+ 18733773131738750737283986787748862815262400
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belongs to our family. The rank of its Mordell-Weil group is at least 4, its
independent four points are

(192389110733795, 583400181207775449375),(15)

(223557713735045, 508706369557047894375),

(254726316736295, 1216676657039879660625),

(285894919737545, 2046116787778740909375),

and its 3-division rational point is

(161220507732545,−1242314173258336839375).(16)

The conductor is

336097604736051248141403751202579296152060

= 22 · 3 · 5 · 11 · 13 · 67 · 109 · 179 · 331 · 499 · 701
· 10867 · 79715743 · 298760704699.

Proof. Put αi = i+ 1 (i = 0, 1, 2, 3) and (λ, µ) = (3, 1). Then, the point
P(3, 1) does not give an elliptic curve because it is a quadric curve. The
coordinate of 2P(3, 1) is

(Y0, Y1, Y2, Y3, Z1, Z2)

=
(
62391865/156689676, 163211155/470069028,

390353285/470069028, −218822425/156689676,

− 54980765/117517257, 398578715/470069028
)
.

It follows from (4) that the equation of the corresponding elliptic curve
π−1

(3, 1)(2P(3, 1)) is

12y2 =
201816906250
1192290917103

x3 +
12091538079940900
4603435230934683

x2(17)

− 43828325326833950
4603435230934683

x+
158864992051051225
18413740923738732

,

and four rational points are

(1, 62391865/156689676), (2, 163211155/470069028),

(3, 390353285/470069028), (4, 218822425/156689676).

Transforming (17) into the minimal form, we obtain Equation (14), four ra-
tional points in (15), and the 3-division rational point in (16). The regulator
of four points in (15) is found to be equal to 973.328878874 . . . , hence these
points are independent.
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