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In this note, we compute the Tian’s ag(M)-invariant on
CP2#2CP2. Our result is an improvement of Abdesselem’s
result in Abdesselem (1997). As a consequence, we obtain a
good estimate of Ricci curvature on CP2#2CP2 by studying
certain complex Monge—Ampeére equation.

1. Introduction.

It is well-known that the ag(M)-invariant introduced by Tian plays an im-
portant role in the study of the existence of Kéahler-Einstein metrics on
complex manifolds with positive first Chern class ([T1], [T2], [TY]). Based
on the estimate of ag(M)-invariant, Tian in 1990 proved that any complex
surface with ¢1(M) > 0 always admits a Kéhler-Einstein metric except in
two cases CP2#1CP2 and CP?#2CP?2, i.e., the blow-ups of CP? at one point
and two points respectively ([T2]). Instead of K&hler-Einstein metric, Koiso
constructed a Kéhler-Ricci soliton on CP2#1CP? ([Ko]). But it is still un-
known that there is a Kihler-Ricci soliton on CP2#2CP2 or not. Recently,
the author studied a sufficient condition for the existence of Kéhler-Ricci
soliton on a complex manifold with ¢; (M) > 0 in the sense of Tian’s ag(M)-
invariant ([Zh]). In this note, we compute the Tian’s ag(M)-invariant on
CP?#2CP? and wish that our estimate was an important step towards find-
ing the Kihler-Ricci soliton on CP2#2CP2. Kihler-Ricci soliton can be
regarded as a good replacement when a Kéahler manifold with ¢y (M) > 0
doesn’t admit a Kéhler-Einstein metric ([Cal, [Ha]). The uniqueness prob-
lem of such metrics was solved by Tian and the author recently ([TZ1],
[TZ2], [TZ3]). Our result is also an improvement of Abdesselem’s result
([ADb]). As a consequence, we obtain a good estimate of Ricci curvature on

CP2#2CP? by studying certain complex Monge-Ampere equation.

2. Reduction to a local estimate.

Let M be the blow-up of CP? at two points and let 7 be its natural projec-
tion. Without loss of generality, we may assume the two points p; = [0, 0, 1]
and py = [0,1,0]. Then M\ (7*pUn*py) is isomorphic to CP2\ ({p1 }U{p2}).
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If we choose an inhomogeneous coordinates (21, z2) = [1, 21, 23] of CP2, the
Kahler metric
Jv_1 _
wyo = 5 —00(log(1 + |21[%) + log(1 + |2/?) + log(1 + [21[* + [22[*))

can be extended to a Kahler metric g on M which belongs to ¢;(M). Clearly,
if we take the transformation of inhomogeneous coordinates p; : (w2, w1) =
[wo, w1, 1] — (21, 22) = [1, 21, 29], 1.e., 21 = w2 = w%, then we get a Kahler
metric on C?\ {(0,0)}, given by

V-1 _
- 00(log(1 + ]w2\2) + log(|wl]2 + ]w2\2) + log(1 + |w1|2 + |w2|2)).

“n = T
Similarly, after the transformation of inhomogeneous coordinates po
(wo,wy) = [wa, Lw1] — (21,22) = [1, 21,22, 1e., 21 = w%,zg = o, then

we also get a Kihler metric on C2\ {0,0}, given by

1 _
YL 98(108(1 + hual?) + log(fun [ + ) +log(1 + fun[? + funf?))
Let v;0(j = 0,1,2) and 0 be automorphisms of CP? given by,

Wy =

Vi0 t (205 255 22] — [20, €72}, 20],
00 : 22,1, 21] — [22, 21, 1].

Then ;¢ and og generalize a maximal compact subgroups G' of automor-
phisms group of M. Let

Pa(M.) = {6 € ()], + 006 > 0.sup6 0

and ¢ is G—invariant}.
In [T1], Tian introduced a holomorphic invariant

o) =sw{a| [ o, < Cla), v o € Felirg)}.

which is independent of the choice of Kéhler form w,. In this note, we shall
estimate the number of ag(M).

Let z; (i = 1,2) = |2|? (resp. y; = |w;|?). Then any G-invariant function
is of form ¢(z1,z2) and the integral can be divided into three parts,

/ e_a¢dvg:/ e~ duy,
M 0<z1<1,0<z2<1

+/ e~ duy, +/ e~ duy,.
0<y1<1,0<y2<1 0<y1<1,0<y2<1

So it suffices to estimate each of these three parts of the integral. Note that
the computation of part three of the integral is similar to part two.
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Let Ko(x1,z2) = log(1+x1+x2)+log(14+21)+log(1+x2) and K (z1,x2) =
Ko(x1,22)+¢(x1,x2). Then functions xi% (i = 1,2) are both strictly
increasing for variable z; € [0, 400). Clearly, '

1 8K0(331,:L’2) _ I 4 I ,
ox1 1+z1+22 14 m
aKo(l'l,l'Q) _ T2 To

0z _1+£U1+$2+1+$2‘

Since

0P(x1, )

€1 oz, |x1:+oo =0,

0p(x1, )

x287x2’m2:+oo =0,

by using the monotonicity, we get

8K(x1, SUQ)
2.1 0<op;————= <2,
( ) =1 o0z -
0 < 20K @L2)
6.%'2
Furthermore, we have:
Lemma 2.1.
oK < 3 <
— < — =z xo;
ox1 — 2.’1’;17 ="
0K < 3 o < T
Oxo — 2$27 2 ="
Proof. Since ¢ is G-invariant, by the transformatiom, w; = %, wy = é, ie.,
il 1
1= —"HYy2=—,
i) T2
we have ¢(y1,y2) = ¢ (y—ll, z—f) (for simplicity, we still use ¢(y1,y2) to mean

d(x1(y1,y2), x2(y1,y2)) here; similarly, K (y1,y2) and Ko(y1,y2) will denote

K(x1(y1,92),x2(y1,y2)) and Ko(z1(y1,y2), x2(y1,y2)), respectively). It fol-
lows

(2.2) 2016(1,y2) + y2020(1,y2) = 0,
and
201K (1,y2) + y202 K (1,y2) = 201 Ko(1,y2) + y202Ko(1,y2) = 3.
On the other hand, by using the convexity of K, one can check the function

with variable u,

d
U%K(lﬂyl, uys) = 2uy201 K (uy1, uy2) + uy20o K (uy1, uys)
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is strictly increasing (cf. [Re]). Hence we obtain that for any y; < 1,
20101 K (y1,y2) + Y202 K (y1,y2) < 201K (1,y2) + 4202 K (1, y2) = 3.

In particular, for any 0 < y; < 1, we have

3
(2.3) K (y1,y2) < 2
Since
8[((1‘1, 1‘2) - i 6K(y1, yg)
dxry  m Oy
by (2.3), we get
BK(.,”Ul, wz) 3
T < 2761’ x1 < wo.
On the other hand, by using the symmetry of K(x1,x9) for variables 1
and xo, we have

8[((1‘1,1’2) _ 8[((332,1‘1) . i@K(yl,yg)

0x2 Oz2 T Oy
Again by (2.3), we get
6—[( < i, 9 < x7.
Oxry ~ 29 -
U

Lemma 2.2. Let C; = {[20,1,0]},C2 = {[0,1, 22]}, C3 = {[20,0, 1]} be three
lines of CP2. Then ¢ € Pg(M,g) are uniformly locally bounded away from
the set of five curves U?zlﬂ'*ci u? 0 T Di-

1=

Proof. Since ¢ are almost subharmonic functions, by the normalization con-
dition sup,; ¢ = 0, one sees that there is a subset K C [0,2] x [0, 2] with
Lebseque measure bigger than 1 such that ¢ are uniform bounded on K.
Then by (2.1), it is easy to see that ¢(x1,x2) are uniform locally bounded
on [0,2] x [0,2]\ ((x1,0) U (0,22)). On the other hand, similar to (2.1), we
have
OK (y1,y2)
oy
0K (y1,y2)
Oy
Hence we can also prove that ¢(y1, y2) are uniform locally bounded on [0, 2] x
[0,2]\ ((y1,0) U (0,y2)). This completes the proof of lemma. O

O<y1 <27

< 3.

O<y2

Proposition 2.1. For any a < %, there is a uniform C such that

/ e du,, < C.
0<z1<1,0<22<1
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Proof. Let (z1,22) € S = {0 < z; < 1,0 < 29 < 1,21 < 2z2}. Then by
Lemma 2.1, we have

—K(z1,72) = /1 " K (z1,y)dy + /1 " K(x1,1)dr — K(1,1)
2 1
< —glnxl —2lnze — K(1,1).
Similarly, if (z1,22) € 8" ={0< 21 < 1,0 <29 < 1,29 < 21}, we have
—K(x1,29) < —glnxg —2lnz; — K(1,1).

Since dvg, < Cidzy A dxg A dO (where d© = df; A dfa, 0 < 0; < 27,0 <
02 < 27), we have

/ e~ vy,

0<z1<1,0<z2<1

< Oy (/ —i—/ ) e~ K @12) 4o doy
S ’

1 xro —3a
< 202/ / x? $2_2adw1dx2
0 Jo
4 Lo_8a_9,
= CQ/ {L'2 2 dxg.
0

Clearly, if a < %, we get

/ e dvy, < C.
0<z1<1,0<z2<1

3. Blow-up transformation.
Lemma 3.1. Let k < 1 be a positive number and A, = {0 < y1 < k,0 <
y2 <1, and y1 < kya}. Then for any (y1,y2) € A, it holds
3 2+3k k
O K < - :
Y202 K (y1,y2) < 5 +4+2k + 5+ ok

Proof. Make transformation yj = y2 < 1,95 = % < k. Then y1 = yjyh, y2 =

y}. Moreover, one can check
1 9
st =0 (7. 2).
Hence

(3.1) 2019(1, y5) + y2026(1, y3) = 0.
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Since

Ko(y1,y) = logyy +log(1 +¢) +log(1 + v5) + log(1 + 1y + y1)
= logy + Ko(y1,45);
then
/ /
(3.2) Y202 K (y1,92) = yigz;@f?(yi,yé) + yzgzzaﬂ?(yiayé)
= y101 K (y1,y5) — y202 K (41, 3) + 1
< 01K (y1,15) +1
<K,y +1

/
< K (Lyp) + 20K (L yh) + 1.
On the other hand,

(3.3) 201 K0(1,y5) + y502 Ko (1, y5)
2+ 3yh Yh

=1+ )
24y, 1+

Hence combining (3.1), (3.2), (3.3), the lemma is proved.
Lemma 3.2. Let 0 < § < 3. Then for any (y1,y2) € Ay, we have

—3logy1 — (3 — O)logys — K (k, 1), or

—K(y1,12) <
( ) {_é(g + d)logyr — crlogys — K (k, 1),

2+3k k
4+2k + 242k

where ¢, = % +
Proof. First we assume that 0K (k,1) > 2 — 6. Then by the fact
2k01 K (k,1) + 02K (k,1) < 3,
we have
ko, K (k 1)<1 §+5
T =5\ 2 '
By using the monotonicity, we get

(3.4) x@lK(:n,l)S;(;—i—(S), VO<ax<k.

On the other hand, by Lemma 3.1, for any 0 < y < 1, we have

1 /3 243k k
. K <-1|= .
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Combining (3.4) and (3.5), we get

— K(y1,v2)
1 k
= agK(yl,y)dy+/ " K(z,1)dx — K(k,1)
Yo Y1
1/3 3 243k k
<—=(2 —(2 A - .
< 2<2—|—5>logy1 <2+4+2k+2+k>logy2 K(k,1)

In the other case of K (k,1) < % — 4, by the monotonicity, we have
3 1

Combining 01 K (y1,y2) < %, we get

— K(y1,92)
1 k
— [ Ky + | 9K 1de ~ K1)
Y2 1
3 3
< —§logy1 -5~ § | logys — K (k, 1).
The lemma is proved. O

Lemma 3.3. Let k > 1 and Ap = {0 < 31 < %,0 <o < o=, and yp <
kys}. Then for any (y1,y2) € Ak, we have

- K(yh Z/2)
_%logyl - b110gy2 - K(%a ﬁ)v lf iBQK(%7 i) < bl
< ¢ —3(3 = bj)logyr — bji1logys

—K(3, 35); if bj < 3p0K(3,55) <bjt,
where by = % —0, and bjy1 =3 — (%)] 3—0b1), j=1,2,....
Proof. The proof is similar to that of Lemma 3.2. We omit it. O

Lemma 3.4. There are a positive number o > % and a uniform constant

C such that
/ e *dv,, < C,
A4

where Ai ={0<y < %,0 <y <1, and iy < %yg}.

Proof. Let cg = 2 + % < % Then it is clear that there are two positive
numbers «ag > % and dp such that ¢y — % < 0710 — %60. We first suppose that

for all (y1,y2) € (0, i] x (0,1],

3 3 1
—K(y1,92) < §logy1 - <2 — 50) logys — K <4, 1> .
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Since

dvg, < Cre X0dy; Adys AdO < Cf(y1 + y2)'dy1 A dya A dO,

we have

/ e~ dvy,
0<y1<3,0<y2<1
/ e K= (=) Ko gy, A dys A dO
0<y1<4,0<y2<1
1 01
P 1 _3a _(3_5
< Cg/ / (y1 +y2) "7y, 2 yg(2 ) dyy dys
0 0

1
1 (1 _3a_1-a —(2-¢ ),lfia
SCg/ /y12 Syp 2T dyndys,
o Jo

where s and t are two positive numbers satisfying % + % = 1. By choosing

t < 2 sufficiently closely to 2, we see that there are positive numbers s,¢ and
a > % such that

3 1- 3 1—
£+ a<1,anda — =9y ) + a<1.
2 s 2 t

Hence we obtain a uniform constant such that

(3.6) / e dv,, < C.
0<y1 <k,0<y2<1

By (3.6) and Lemma 3.2, we may assume that for any (y;,y2) € A

1,
4

3 1
—K(y1,y2) < — (2 + 50> logy; — cologys — K <4, 1) .

Let p=1— % (3 + do) > 0. Then

(3.7) /A e~ du,,

=

1 iyz _o0(3 5
< 04/ dy?/ (g1 +y2) Um0y 2 G O)yQ_COO‘Odyl
0 0
1 ,p
Cy 1 wY2 1 o B
= / dy2/ (y{ + o) (1 ao)y2 X0 dy,
p 0 0
1 ,p
Cs (! b —0=00) _1-ag
= / dyz/ wo oy Ty
p 0 0

1
_ —(1—
SCG/ yh 0 ( aO)dy%
0
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where s and ¢ are two positive numbers satisfying % + % = 1. By the choice
of numbers &y and «y, it is clear p — apep — (1 — ag) > —1. Hence

(3.8) /A e dy,, < C.
1

By combining (3.6) and (3.8), the lemma is proved. O

Lemma 3.5. For any positive number €, there is a uniform constant C
depending only on € such that

/ 67(%76)¢dvg1 <C,
As

where Ay = {0 <y < 3,0 <yp < 10, and y1 < 5ys2}.

Proof. From the proof of Lemma 3.4, we may assume that

11
bi < 1062K (2 10> < byt

for some integer j, and

1 11
—K(y1,12) < —5(3 — bj)logyr — bjtilogys — K (2, 10) ,

where bj 11 =3 — (1) (3—=b1), and b; = 3 — 5.

LetaO:%—eandp—l——(B—b)>O Thenonecancheckp—

aobjt1 — (1 —ag) > —1+ €, for some positive number € depending only on
e. Hence similar to (3.7), we get,

1

10 _ = (1—

/A e_a°¢dvgl < C/ yg aobj+1—(1 aO)dyg <
5 0

The lemma is proved. O

Lemma 3.6. There is a positive number o > % and a uniform constant C

such that
/ e *dv,, < C,

where AL ={0<y; <1,0<ys < 1 £, and y1 > 5ya}.

Proof As in the proof of Lemma 3.1, we make a transformation, y; =
Y1, Yh = y2 <z L Then y; = 9}, yo = ¥/, yb. Moreover, one can check

1 yh
o(y1, ¥ =¢<7>-
(1 2) yi yi

Hence
2016(1,5) + y502¢(1,y3) = 0.
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Since
Ko(y1,v5) = log(1 + y5) 4 log(1 + y1y5) + log(1 + 145 + v1),
then, for any y) < %,

2y At
24y, 1+

261K0(17y/2) + yéaQKU(Lyé) =1+ < 2.

It follows that for any y} <1, and ¢} < %,
25100 K (1, 45) + Y202 K (41, ) < 2.
In particular, there is a positive number § such that
1-9¢ 2(1 -6
0K 0h) < 1L and 0k oty < 20,
1 2

Hence one can choose a positive number o > % such that

1

L 1

5 VR
/ ey, < Cy / dy / e Kb dy; < C.
AL 0 0

Combining Lemma 3.4, Lemma 3.5 and Lemma 3.6, we obtain:

Proposition 3.1. For any positive number €, there is a uniform constant
C depending only on € such that

1
/ e_(5_6)¢dv91 <C.
0<y1<1,0<y2<1

Proof. By Lemma 3.4, Lemma 3.5 and Lemma 3.6, it suffices to prove that

for any (y1,y2) € (0,1] x (0,1] \ (UA1 U A5 U AL), ¢(y1,y2) is uniformly
4

bounded. This follows from Lemma 2.2 immediately. O

Combining Propositions 2.1 and 3.1, we prove:

Theorem 3.1. Let M be the blow-up of CP? at two points. Then ag(M) >
1

-

Remark 3.1. In [Ab], Abdesselem proved (M) > 1 on CP?#2CP2. The-
orem 3.1 is an improvement of Abdesselem’s result. we guess that ag(M) =
5 on CP?#2CP2.
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4. Estimate of Ricci curvature.

In this section, we prove:

Theorem 4.1. Let M = CP?#2CP2. Then there exists a Kihler metric
with its Kdhler form w € c¢1(M) such that Ricci curvature of w is not less
than 3.

1

Proof. Choose a G-invariant Kéhler form wy € ¢;(M) of M. Then there is
a smooth function A such that

Ric(wg) —wy = g@gh,
h _
f M€ Wy = f MW
We consider the following complex Monge-Ampere equations with one pa-
rameter ¢ € [0, 1],

det(gij + ¢ij) = det(gﬁ)eh_w,

Then by a result in [T1] together with Theorem 3.1, we conclude that for
any t < %, there is a smooth function ¢ solves the above equation on ¢. It
follows

Ric(wg) = twg + (1 — t)wy > twe.
The theorem is proved. O
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