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We study bounded univalent functions f(z) that map the
unit disk into itself such that f(0) = 0 and the angular limits
f(¢r) with the angular derivatives f’({x) exist at fixed points
Cx of the unit circle, K = 1,...,n. We use a general inequal-
ity of Schiffer-Tammi type obtained earlier by the authors and
discuss the cases of the equality sign. Sharp estimates of func-
tionals are obtained in classes of such functions. An explicit
form of extremal functions is deduced. Since one of the meth-
ods of solution is based on the extremal partition of the unit
disk, we are also concerned with some geometric problems. In
particular, we study the problem of the maximum of the sum
of the reduced moduli of digons and circular domains. As a
corollary we derive sharp estimates of functionals dependent

on (|f(0)[; |f"(¢1) £ (¢2)D)-

1. Introduction and preliminaries.

We denote by D the unit disk {z: |z] < 1} and set T := dD. An important
notion in the problems of the boundary behavior of conformal maps (see
[10]) is the Stolz angle at a point ¢ € T that is of the form

Ac={2€D: |arg(1 - (2)[ <0, |z = (| <n},
) T
with 6 € (0, 5), n € (0,2cos 6).

We say that f has the angular limit a € C at ¢ € T if f(¢) — a as z € A,
z — ( for any Stolz angle A; at (. We denote this angular limit by f(¢). If
the limit f(z) — a exists for all z € D, z — ¢, then f becomes continuous
at ¢ as a function in D U {C}. As one can see in [10] univalent functions
in D have the angular limits at almost all points in T but are continuous
there only in some restricted cases. Let us consider functions f that map the
disk D into itself. Then the angular limit f({) exists for almost all ¢ € T.
Moreover, the exceptional set in T has zero capacity.
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426 CH. POMMERENKE AND A. VASIL’EV

We say that f has the angular derivative f'(¢) at ¢ € T if the finite
angular limit f({) exists and if

NVOEY(6

2—(,2€A¢ z — C

= f'(0).

The angular derivative f’(¢) exists if and only if the analytic function f’(2)
has the angular limit f'(¢) (see [10, Proposition 4.7]). Generally very little
can be said about the existence of the angular derivative. However, for self-
maps of D the Julia-Wolff lemma (see [10, Proposition 4.13]) implies that
the angular derivative f/({) exists for all points ¢ where the angular limit
f(Q) exists and | f(¢)| = 1 even without assumption of univalence. Further-
more, for the case of univalent functions the McMillan Twist Theorem [8]
says that the angular derivative is finite at almost all such points. Thus, the
points ¢ such that |f({)| = 1 are of particular interest.

In [11] we studied some extremal problems for univalent functions f :
D — D such that f(0) = 0 and the angular limits (whose absolute value is
equal to 1) exist as well as the finite angular derivatives at certain points
of T. Several inequalities have been derived to obtain sharp estimates of
functionals dependent on the angular derivatives. We have proved that the
functions are bilipschitz in the set of T where the angular limits exist as
well as the finite angular derivatives. In particular, we have considered the
noncompact class of functions f(z) : D — D such that f(0) =0, f(1) =1
with the angular derivative f’(1) fixed. We have found the sharp lower
estimate |f'(1)| > 1/4/|f(0)], the lower estimates of |f(z)| dependent on
the value of | f/(0)| fixed. In [17] A. Vasil’ev has used the extremal partition
of D by digons to deduce the sharp lower boundary curve for the range of
the system of functionals (|f(r)|,|f"(r)]), 0 <r < 1.

In [11, Theorem 2.1] we have derived two positive semi-definite quadratic
forms from the Schiffer-Tammi analog [12] for the Grunsky inequality (com-
pare [9, Corollary 4.3]). §2 is devoted to the explicit form of the extremal
functions for these forms to vanish. As a corollary we obtain the sharp es-
timate of a functional dependent on |f/({1)| and |f/((2)|. Namely, we will
derive the inequality

(1.1) f(G) = f(¢) S 1
. - 2 29

G =G VIF O (COIRLf (G)I
which is sharp for all (1,(o € T and t1,to > 0, t; + to = 1. In particular,
for t; =ty = 1/2 we have the inequality [11, Corollary 3.3]. The extremal
functions will map D onto D with one or two analytic slits.

An important part of the theory of conformal maps is conformal invariants
and various notions connected with them. One of the topical conformal
invariants is the modulus of a doubly connected hyperbolic domain in the
Riemann sphere C or a Riemann surface. This modulus remains the same

2t 1to
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under a conformal map. Another quantity which is very much used in the
theory of distortion is the reduced modulus m(D, a) of a simply connected
hyperbolic domain D with respect to a fixed point @ € D which we call a
circular domain. Let the symbol R(D,a) stand for the conformal (interior)
radius of a domain D C C with respect to a point a with a # oo, or
R(D,o0) = €7 where ~ is the Robin constant otherwise. Then m(D,a) =
5 log R(D,a) or m(D,00) = —5=1log cap (0 D) (see e.g., [3, 5, 6]). If f
is a conformal map from D into C, f(a) # oo, then the reduced modulus
changes according to the rule m(D,a) + 5=log |f'(a)] = m(f(D), f(a)).
Or, if D is a simply connected hyperbolic domain, a € D, |a] < oo and
f(z)=a-1/(z—a)+ap+ai(z —a)+... is a conformal map from D, then
m(f(D),o0) = m(D,a) — 3 log a_1].

We are concerned also with another quantity that has appeared rather
recently in [2, 7, 14] and now is used actively for extremal problems for
conformal maps (see [2, 7, 16, 17]) which is called the reduced modulus of
digon. Let us mention here that a discussion about the term digon-bigon-
biangle that has appeared in [11, p. 89] does not belong to the authors and
has been added to the final version of the paper by the editor of the journal.
Now we define the reduced moduli of digons. For details we refer to the
papers by E.G. Emel’yanov [2], G.V. Kuz’'mina [7], some recent results can
be read in [14].

Let D be a hyperbolic simply connected domain in C with two finite fixed
boundary points a, b (maybe with the same support) on its piecewise smooth
boundary. It is called a digon. We set the region S(a, ) that is a connected
component of D N {|z — a|] < e} with the point a on its border. Denote by
D, the domain D \ {S(a,e1) U S(b,e2)} for sufficiently small €; 2. Denote
by M(D.) the modulus of the family of arcs in D, joining the boundary
arcs of S(a,e1) and S(b,e2) that lie in the circumferences |z — a| = 1 and
|z — b| = €2 (we choose a single arc in each circle so that both arcs can be
connected in D;). If the limit

1 1
(1.2) m(D,a,b) = lim + —log 1 + —log e

1
€1,2—0 <M(D€) Pa ©b ) ’

exists, where ¢, = sup A, and ¢, = sup A are the inner angles and A,y
is the Stolz angle inscribed in D at a or b respectively, then it is called the
reduced modulus of the digon D. Various conditions guarantee the existence
of this modulus, however, even in the case of piecewise analytic boundary
there are examples [14] which show that it is not always the case. The
existence of the limit (1.2) is a local characteristic of the domain D (see
[14, Theorem 1.2]). If the domain D is conformal (see the definition in
[10, p. 80]) at the points a and b, then [14, Theorem 1.3] this condition is
sufficient for the limit (1.2) to exist.
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More generally, suppose that there exists a conformal map f(z) of the
domain S(a,e1) C D onto a circular sector so that there exists the angular
limit f(a) which is the vertex of this sector and with the angle ¢,. If the
function f has the angular finite nonzero derivative f’(a) we say that the
domain D is also conformal at the point a (compare [10, p. 80]). If the digon
D is conformal at the points a, b, then the limit (1.2) exists [14].

Suppose that there exists a conformal map f(z) of the digon D (which
is conformal at a, b) onto a digon D’ so that there exist the angular limits
f(a), f(b) with the inner angles 1, and 1, at the vertices f(a) and f(b)
which we also understand as the supremum over all Stolz angles inscribed
in D’ with the vertices at f(a) or f(b) respectively. If the function f has the
angular finite nonzero derivatives f’(a) and f/(b) then ¢, = 14, ©p = U,
and the reduced modulus (1.2) exists and changes according to the rule

(13)  m(F(D), @), F(B)) = m(D,ab) + 5-log|'(a)| + - log| /D).
If we suppose, moreover, that f has the expansion
f(z)=w + (2 — a)%/%(cl +e(z—a)+...)
in a neighborhood of the point a, and the expansion
F(2) = w2 + (2= b))/ (dy + da(z —a) +...)

in a neighborhood of the point b, then the reduced modulus of D changes

according to the rule

(14)  m{f(D). f(@). £0) = m(D.a.b) + - logler|+ -
a

Obviously, one can extend this definition to the case of vertices with the

infinite support.

We also consider a quantity which is called the reduced modulus of a
triangle. It closely connected with the reduced modulus of a digon. For
details we refer to the paper by A.Yu. Solynin [14].

Let D be a hyperbolic simply connected domain in C with three finite fixed
boundary points z1, 2o, and a on its piecewise smooth boundary. Denote by
D, the domain D \ S(a,e1) for a sufficiently small e. Denote by M (D,) the
modulus of the family of arcs in D, joining the boundary arc of S(a,e) that
lies in the circumference |z — a| = ¢ with the leg of the triangle D which is
opposite to a. If the limit

) 1 1
ma(D,a) = }jli% <M(DE) + o log 5)
exists, where @, is the inner angle defined as before, then it is called the
reduced modulus of the triangle D. The conditions for the reduced modulus
to exist are similar to those for the reduced modulus of digons. It turns
out that the reduced modulus exists if D is conformal at a. If there exists

log |dy].



ANGULAR DERIVATIVES ... 429

a conformal map f(z) from the triangle D onto a triangle D’ so that there
exists the angular limit f(a) with the inner angle 1, at the vertex f(a), if
the function f has the angular finite nonzero derivative f’(a), then ¢, = 1,
and the reduced modulus of D exists and changes [14] according to the rule

1
ma(f(D), f(a)) = ma(D,a) + T log |f'(a)|-
a
If we suppose, moreover, that f has the expansion

F(2) =w + (z — a)P/%a(c; + co(z —a) +...)

in a neighborhood of the point a, then the reduced modulus of D changes
according to the rule

mAumef@»:=mAuxa>+ijgwm

In §3 we consider two cases of extremal partitions of D by digons and
circular domains, and calculate the extremal value of the weighted sum of
their reduced moduli.

In §4 we apply the results of §3 to derive some sharp estimates for function-
als in the class of bounded univalent functions with the angular derivatives
fixed. Also we give there another proof of (1.1) to examplify the method.

In many cases, the extremal function is the classical conformal Pick map

4oz
2
(1 —z++/(1—2)? +4az)
of D onto D\ [~1, —a/(1 + /T — a)?]. It satisfies the identities

Pa(2) az Pa(2) az

pa(z): =az+...

(1-pa(2))?  (1-2)2" (1+pa(2))? (1-2)*+4az
We denote rotations of the Pick function by g (2) = €"p, (e ~"2) specifying
every time the angle s.

2. The equality in the Schiffer-Tammi inequality.
Let the function f(z) = az+ ... (0 < a < 1) be univalent in D and let
f(D) € D. We define aj;, = ag; (j,k = 0,1,...) and aj, = ay; (j,k =
1,2,...) by

(2.1) log M = Z CljchjCka (2,¢ € D),

22) gl f(FQ) =YY" ap s (2CeD).
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We mention that here and further on the removable singularity has been
removed. M. Schiffer and O. Tammi [12] have shown that

(2.3) Re ii ajk)\j)\k + ii a;k)\ij < i ’)\]]:Z|2
=0 k=0 k=1

j=1k=1

for \g e R, A\, € C (k=1,2,...); the case Ao = 0 is due to Z. Nehari (see
also [9, Theorem 4.2]).

In [11] we have derived two positive semi-definite quadratic forms from
the Schiffer-Tammi inequality (2.3); compare [9, Corollary 4.3]. For the
completeness we also give here the proof.

Theorem 2.1 ([11, Theorem 2.1)). Let f(z) = az+ ... be univalent in D
and f(D) CD. If z, € D and w, = f(zy) forv=1,...,n and if v, € R,
(v=0,...,n), then

1 - w
2.4) xflog— +2 yarg —~
(2.4) zglog " + ;xox arg -

n n J—
azuzy, wy—w, 1—w,w,
+ x,7, log LA . — | >0,
uz:l ; wuWy 2y — 2y 1—24Zy
and
(25) 2log - 123 o, log |2
. zhlog — ToT —
0 ga 0%y 10g -
v=1
L. 2y — 2 1—w,w
+ T2y lo = . E 21 >0,
ZZ Hey gw“—wy 1—2zuzy | —

p=1v=1

where by (w, —wy)/(z, — 2,) we understand the derivative f'(z,) in the case
w=v.

Proof. (a) First we set

n
Ao = —xo, )\k:iz a:,,z];, (k=1,2,...)
v=1

and obtain from the definitions (2.1) and (2.2) that

o0 n
. Wy
apo = log a, E agoAL =1 E xy log ;
oz,
k=1 v=1
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azuz, Wy, — W
AR AN = g g x,%, log AV K ),
WuWy 2y — 2y

e
j=1k=1 p=1lv=1
e

(2.6) Z aipAj A = — Z Z z,xy log (1 —w,w,),
j=1k=1 p=1r=1
oo 1 n n
(2'7) Z%|)\k|2 = _sz#xulog(l_zuzu)'
k=1 p=1v=1

Hence (2.4) follows from the Schiffer-Tammi inequality (2.3).
(b) Now we set

n n
)\0=—$0+Z$V, /\k:Zm,,z’lf, (k=1,2,...).
v=1 v=1

We obtain from (2.1) and (2.3) that

N\, = 2 _ -v p__ v
Z Z ajpANjAr = Tglog o — 21 Z x, log - + Z Z x,7, log =
j=1k=1 v=1 p=1lv=1

while (2.6) and (2.7) continue to hold without change. Hence (2.5) follows
from the Schiffer-Tammi inequality (2.3) (]

Now we discuss the equality sign in (2.4) and (2.5).

Proposition 2.2. Let f(z) = az + ... be univalent in D and f(D) C D
a > 0. Assume z, € D, w, = f(2,), and z, € R, &1 + -+ 1z, = 1 f
(v=1,...,n). Suppose that

azuzy, w, —w, 1—w,w

2.8 z,2,lo pey B L. )
(2.8) ;;M & wuWy 2y — 2y 1—2,2,
Then

n

az 2)/w, 1 —w, f(2)\”

2.9 El
(2:9) o) H< 1—z/zl, 1-%,2 ’

v=1
provided

n
Wy,
2.10 T,arg — =
(2.10) ;:1 yarg —
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Proof. We use an elementary result. If

n n
(2.11) Zzb/w:”uxv >0 for xg,...,2, €R,
p=0rv=0
n n
(2.12) SN buwmpw, =0,
pn=1v=1
then

n
(2.13) > oy, = 0.
v=1
The inequality (2.4) of Theorem 2.1 satisfies (2.11) with

1
boo = log —, bo,,:arg%, (v=1,...,n),
a 2y

azpzy, wy—w, 1—w,w,

by = log , (v =1,...,n).

WpWy 2 — 2y 1 =242,

Moreover, our assumption (2.8) satisfies (2.12). Thus, our assertion (2.10)
follows from (2.13).
The same Theorem 2.1 satisfies (2.11) now with z € D,

og| 22 ) LGP
o =18 | i T |
|0 f@ w1
boy = log w,,f(z). 71— | (v=1,...,n),

and by, for (u,v =1,...,n) is defined as before. Now, the assumption (2.8)
and the equality (2.13) imply that

Zn:xl, log az, f(z) —wy, 11— f(x)wy
v=1

z

w,f(2)  z— 2 1-—2z,
for z € D. Finally, the equalities 1 + --- + z, = 1 and f/(0) = « yield the
assertion (2.9). O

=0

Remarks.

1. The method of contour integration used by M. Schiffer and O. Tammi
gives no information about the equality sign problem.

2. If there exists a univalent function f(z) = az+ ... univalent in D and
f(D) € D, a > 0 which satisfies (2.9), then

v

]

oz,z2, W, —w, 1—w,w
pev u v pWy _ _

- : _17 (M_la"'vn)a

o w2z = 2 1— 2,2,

and this implies (2.8).
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Now we deduce the precise form of the extremal function.

Theorem 2.3. Assumex, >0, (v=1,...,n), z1+---+x, = 1, the points
2, € T are fized and z, # 2, for p # v. Let points w, € T preserve the same
cyclic order in T as the points z, and w, # w, for p # v. Suppose that

(2.14) Z T, arg z, = qu arg w, (mod2m).

v=1
Then there exists apg = ap(wi,...,wy) so that 0 < apg < 1 and g = 1 if
and only if w, = z,, (v =1,...,n). The function ap(wi, ..., w,) depends
continuously on w, and the functional equation
(2.15) UQ =% , z€D

ﬁ::]:s

(1 —wyf(2))?  I1(1—zz)%

1 v=1
has a unique solution f(z) = az+... which is univalent in D and f(D) C D
if and only if 0 < o < ap(wi, ..., wy).

Proof. Set the complex vectors Z = (z1,...,2,), W = (w1,...,w,). We
define the function

(2.16) 9(2,2) = :

z € D.

n )

[T(1—zz2)%

v=1
This function is univalent in D and g(ID, Z) is a starlike domain. Rewriting
this formula for z = € we obtain

(Hz“)l—[zy O _ 247 ) Tv,
v=1

v we deduce

Putting z, = ¢

217)  g(e,Z) = <f[ <—z4”>w> f[l (Sin 9 _29”>_2%.

v=1 v=

We set ©,, = > z, arg (—%,) and obtain from (2.17) that
v=1
(2.18)
C\g¢(D,Z) = U{rexp nt2m(z1+ -4 x): r(Z) <r< oo},

where 7, = r,,(Z) > 0. We deduce from (2.14) that
(2.19)

C\g(D,W) = U{Texp nt2m(z1+ -4 x))): 1 (W) <r < oo},
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with the same value of ©,,. Now define

(W
(2.20) ag(W) = min TTV((Z)),
with Z fixed. Equation (2.15) can be written as
(2.21) 9(f(2), W) =ag(z,Z), z€D.

First we assume that Equation (2.15) or (2.21) have a unique solution
f: D — D. Therefore,

(2.22) ag(D,Z) C g(D,W).
We deduce by (2.18) and (2.19) that
(2.23) ary(Z) <r,(W), for v=1,...,n

and by (2.20) that a < «ayp.

Vice versa, if a < ag, then (2.23) holds which implies (2.22). This yields
that Equation (2.21) has a unique univalent solution.

Finally, if ap > 1, then 7,(W) > r,(Z) for v = 1,...,n. So, g(2,Z) =
g9(z, W) = z+ ... implies that r,(W) =r,(Z) and W = Z. O

Corollary 2.4. Let f : D — D and f(z2) = az +.... We have equality in
the inequality

(2.24) szumylog azZuzy f(zu) — f(20) ' 1— f(zu)m -

)f(zu) fu T Rv 1- Z/LZI/ -

p=1v=1

if and only if the extremal function f is the unique solution of (2.15) and
0<a<a(W).

The inequality 0 < a < 1 yields that the space of the extremal functions
for (2.24) depends on n — 1 real parameters, because, the function ag(W)
is continuous and ap(Z) = 1 by (2.20).

Corollary 2.5. Letw = f(z) be a conformal map of the unit disk into itself,
f(0) =0, such that for two points z1,zo € T the angular limits wy = f(21)
and we = f(z2) are also lie in T. Suppose also that the angular derivatives
f'(z1), f'(22) are finite. If f'(0) = «, then the inequality

2t1to 1

=z / t12| £/ o2

Vel f'(z) 7] f/(z2)[*2
holds and is sharp for all ti,to € (0,00). If t1 +ta = 1, then for all a €
(0, ap(wy,w2)] the extremal map w = f*(z) is the unique solution of the
equation

(2.25) ‘f“)

21 — 22

(2.26) w w?w? _ oz zilz?
' (w—w1)2 (w —wy)?t2 (2 — 21)2t1 (2 — 29)22”
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Remark. In terms of quadratic differentials the extremal function maps
the unit disk D onto itself minus one or two slits along the trajectories of
the differential

1/1(w)dw2 _ 1 (w B ein)2(w B ei£)2

= dw?
A2 w2 (w — w1)?(w — we)? v

where £, n are calculated by the equations £ +n = 7 4+ arg w; + arg wy and

The latter assertion about the differential we will establish in §4.

3. Moduli and extremal partitions.

We consider in this section a general problem about the extremal partition of
the unit disk and deduce the properties of the weighted sum of the reduced
moduli of digons and circular domains.

Let D be the unit disk and D' =D\ {0}. On the boundary T of D we fix
two points ¢; = e, (o =2, 0 < 0; < 0 < 2.

1. The first problem about the extremal partition we formulate as follows.
Set a nonzero weight vector (¢1,t2) with nonnegative coordinates. We con-
struct two intervals v; = (0,e¥1) and v, = (0,¢2) in I'. These curve
system {71,772} we call admissible in analogy with the terminology of [15].
Now we consider the pairs of non-overlapping digons (Dj, D3) on I asso-
ciated with the curve system {vi,72}, i.e., the digon D; has its vertices at
0,e%, j = 1,2. We require the digons D; and Dy to be conformal at the
vertices and to satisfy the condition of compatibility of angles and weights,
ie., go[(f) = % is the inner angle of the digon D; at the origin and gpé =T
is the inner angle of the digon D; at the boundary point (;, j = 1,2. The
reduced moduli m(D;,0,(;) exist. We call the system of defined digons the
admissible system of digons.

The results obtained in [2, 4, 6, 7] (see also [14]) imply that any collec-
tion of non-overlapping admissible digons associated with the curve system
(71,72) and the condition of compatibility of angles and weights satisfies the
following inequality

(3.1)
tim(D1,0,e") + t3m(D2,0,€"%2) > tim(D7,0,e”") + t3m(Dj3, 0, €%2)

for a fixed weight vector (t1,t2) with the equality sign only for D; = Dj.
We denote this minimum by M (t1, 2,0, e, ) showing its dependence
on parameters.
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Each D; is a strip domain in the trajectory structure of a unique quadratic
differential

(z — €)?(z — ')
ZQ(Z _ ei91)2(z _ ei92)2
associated with the problem of the extremal partition (see [2, 6, 7, 14] for
the details). The factor A is positive because of strip domains and the local
trajectory structure close to the origin (p(z) = Z%(l +...)). Here A, v, and
f are functions of ¢1,¢s. For D7 there is a conformal map gi(2), z € D7
satisfying the differential equation

(3.3) 2 (gﬁi;)z = 2p(2),

that maps D} onto the digon H* = {2z : Imz > 0} with the vertices at 0
and oo.

The critical trajectories of (z)dz? split D’ into at most two strip domains
{Dj} associated with the admissible system (one of D} can degenerate).

(3.2) o(z)dz? = A dz?, A>0,

Theorem 3.1. Let t1,t; € (0,00), 0 <6y <Oy <27, 0o — 01 < 7. Then
, to
m(D*,0,e") = = 1log ————
(D )= oty 18 3 0]
; t1 1
m(D5,0,e%) = L iog ——
(03 ) Tl g2|sin @|
In the differential (3.2) we have

(t1 + t2)? .1 fta—t1 . 01 —02 01 + 6o
A = - =
472 , P=sin to + 11 S 2 + 2 ’

VZF_/B+91+027

and two critical trajectories of the differential @(z)dz? starting from the

(1) _ 21

origin under the angle @5’ = e end at the points e® and e*7.

Proof. First we observe that the unit circle T is a trajectory of the differential
(3.2). Therefore, —p(e?)e??df? > 0 at all regular points of T. This implies
that B4+~ =7m 4+ 01 + 05.
.01+6
Rotating the configuration by z — ze' 2 without loss of generality we
assume that 65 € (0,7/2] and 0; = —6s.

Close to the origin the map g;(z) has the expansion g; = /e (c14...).
2

Tending in (3.3) z — 0 for j = 1 we obtain (25711>)2 = A. Close to the origin
o

the map go(z) has the expansion gy = P (c2 +...). Tending in (3.3)

(t1+t2)?

17 and see

z — 0 for j = 2 we obtain (sz))Q = A. We calculate A =
%o
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that the extremal domains D7, D3 satisfy the condition of compatibility of
weights and angles. Close to the point ! the map g;(z) has the expansion
g1 = (z =€) (dy +...). Tending in (3.3) z — €' for j = 1 we obtain

2t1 __ 1 _ sinpB i —1 [ ta—t1 _:
s =1~ s or 3 = sin (—sm 01).

to+t1

Suppose j = 1. We take the square root in (3.3) and integrate it putting
the branch of the root so that g(0) = co and g(e¥?) = 0. We normalize the
function g(z) so that the part of the the boundary of Dj lying on the unit
circle is mapped into the real axis. Therefore, normalizing the imaginary
constant in the logarithm and exponentiating we obtain

i0 —ify \ta/t1 . _

(3‘4) 91(2) — (Z — ¢ 1)('?1;26 1) 2/t 61(91%_g%>

2t

Suppose j = 2. By analogy to the previous case we obtain

— ’L’91 tl/tg _ 7i91 . to—t P
(3-5) 92(2) = =) t1+t(22 ‘ )el(el 22,521_5115722)

2 2ty

The reduced modulus of the digon H* with respect to its vertices at 0 and oo
is equal to zero. Therefore, calculating the derivatives of the maps g1 and go
and using the formulas (1.3), (1.4) on the change of the reduced moduli under
conformal map, we obtain the values of the reduced moduli m(D%,0, 1),
m(D},0,e%) asserted in Theorem 3.1. This finishes the proof. O

Remark. The case 03 — 07 > 7 can be treated similarly and the moduli in
Theorem 3.1 are the same interchanging v < 3.

2. Now we consider another problem about the extremal partition of D’
In D’ with two fixed boundary points (i, (s we set the admissible homotopy
curve system ~(™) = ('yl,vém)), m = 1,2. For definiteness we assume 0 <
0, < 0 < 2m, 0 — 01 < 7. The case 0y — 0; > 7 is symmetric as it was
mentioned in the remark after Theorem 3.1. The curve v; is a circle {z :
|z| = e} for a sufficiently small . wém) is the segment [e1) ¢%] for m = 1
or the broken line with the legs [e?1, —1¢¥(02701)/2] and [—1ei(02—01)/2 ¢if2)
for m = 2.

We consider the pairs of non-overlapping domains (D1, D3) in D' associ-
ated with the curve system ("), i.e., Dy is a simply connected hyperbolic
domain, 0 € Dy, and D, is a digon with the vertices at (1,(2. We require
the digon D3 to be conformal at its vertices and to satisfy the condition of
compatibility of angles and weights, i.e., p¢, = ¢¢, = 7 are the inner angles
of the digon Djy. Therefore, the reduced modulus m(D2, (1, (2) exists. We
call the system © of such (Dy, Dy) the admissible system of domains.

We set a weight nonzero vector (¢1, t2) with nonnegative coordinates. The
results in [2, 7] (see also [14]) imply that any collection of non-overlapping
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admissible domains associated with the curve system ™) = (71, Vém)) and
the condition of compatibility of angles and weights for digon satisfies the
following inequality

(3.6) t2m(Dy,0) — t2m(Ds, ¢1, G) < t2m(D},0) — tim(D3, (1, (o)

for the weight vector (t1,12) fixed with the equality sign only for D; = D7,

j =1,2. We denote this minimum by /\/lgm) (t1,t2,0, e, e%2) displaying its

dependence on parameters.
6146
Rotating the configuration by z — ze' 2% we assume that 65 € (0,7/2]

and 91 = —92.
We consider m = 1. Under the conformal transformation

z+1/z —2cos 09
2 — 2cos b9

(3.7) z—

the extremal configuration (D7, D3) is mapped onto the extremal configu-
ration (B7, B3) in the following problem on the extremal partition which is
given in Theorems 3.2-3.3.

Let Sy = C\ {0, a} be the twice-punctured complex plane. Assume a # 1
and the case a = 1 is the limiting case as a — 1.

We consider on Sy the admissible system (71,7v2) where 1 = {2z : |2| =
1/e} and 72 = {z : |z — a| = a} so that ¢ is sufficiently small such that v
and 3 do not intersect. With this admissible system we associate admissible
pairs (Bj, By) of circular domains B in Sy so that co € B and digons Bj
with the vertices at 0. Each digon By has its inner angles 7 at 0 (the
condition of compatibility).

Let 8 be the set of all pairs (B, B2) each of which consists of a circular
domain and a digon associated with the admissible system (v1,72). Then
the problem of the extremal partition of Sy consists of maximizing the sum
t2m(By, 00) — t3m(B2,0,0) as (By, By) € B. Without loss of generality,
we assume t; = t, tg = 1, t € [0,00), and the maximum of this sum we
denote by M (t,a). There is a unique pair (Bj, Bj) which is extremal in
this problem. B is the circular domain and B3 is the strip domain in the
trajectory structure of the differential

_ 2
6(2)d2? = —AM, A>0, c<O.

Here A and c are functions of t. If t = 0, then Bf = () and B = C\(—o0, a] is
the digon with two vertices with the same support 0. In this case M (0,a) =
2 log 4a. If t — oo, then D = C\ [0,a]. In this case M(c0,a) = 5= log 4/a.
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Theorem 3.2. Let 0 <t < oo. Then

1 4¢2 1 [/« 1
B =—log— — — (= —tan"' =
m( 1700) 27T Og a(1+t2) 7t (2 an t)a

2 4a at (7 1
B%,0,0)=-log ——=+ — [ = —tan"' = ] .
m( 277) Wog1+t2+7(‘(2 an t)
The constants for the differential ¢ are A =t/4rw?, ¢ = —a/t?.

Proof. We consider the mapping u = u(z) whose inverse is
_ca+1+(a—1)cosu

(c+1)+(c—1)cos u’
and obtain the representation of the differential ¢ in terms of the parameter
u in regular points

(3.9)  ¢(2)dz% = Q(u)du?

(3.8)

4Ac(a — ¢)?(1 + cos u)?

_ du?.
((c+ 1)+ (c—D)cos w)2((a+ 1) + (a—L)cos u)2 ™"
Here
atl >1, and ctl <1.
a—1 c—1

Now we study the trajectory structure of this quadratic differential that
is a complete square of a linear one. The differential Q(u)du? has zeros of
order 4 at the points m + 2wk which are the images of ¢ under the mapping
u(z). Furthermore, u(0) = £ny, so that Reng =0incasea < lor Reny =7
in case @ > 1, and

nk:cos_lu_ia, =12...,n,....
1-a
For definiteness, assume now a < 1. Then u(co) = 6 = cos™}(1+¢)/(1—c),
0y € (0,7) and O, ny are the poles of second order. The points u(a) = 27k
are regular for this differential.

Consider a fixed branch of the function u(z) which maps C \ [e, a] onto
the strip 0 < Rew < m. The circular domain B} = u(D7) is bounded by
the critical trajectory of Q(u)du? starting and ending at 7 enclosing the real
point 6. The strip domain BY = u(D3) is bounded by the same trajectory,
the imaginary axis, and the straight line Reuw = 7.

Let ¢j(u), j = 1,2 be conformal mappings from the domains B;-” onto the
unit disk D and the digon C \ [0, c0) respectively, such that ¢(;(6p) = 0 and
C2(no) = 0, Ca(—mo) = oo. These functions satisfy in the domains B} the
differential equation

(3.10) tc?ll((;;) = 27v/—Q(u)du,
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and in the domains BY the differential equation

(3.11) dea(w) _ o VOQ(u)du,

CQ(
or in terms of the parameter z
d 2
(3.12) t < Guluz )> = —4n2p(2)d2>

)
C1(u(z2))
)

dCZ(U( ) 27 120(2)dz?
(3.13) <<2<u< >>> = 4mole)d

Letting z — oo in (3.12) in the case of j = 1 or z — 0 in (3.13) in the
case of j = 2, we obtain A =t/47? and ¢ = —a/t.

Now we calculate the reduced modulus of the circular domain. The part
[0 + 0, 7] of the orthogonal trajectory of the differential Q(u)du? for suf-
ficiently small ¢ has a preimage [—1/e1,¢] under the mapping u(z). From
(3.8) we derive

V—c(a —c)

(3.14) 5=

g1+ O(ed).

These two segments have the image in the ¢-plane [ee??, ¢?8]. Without loss
of generality assume 3 = 0.

Let z = f1({) = A_1/C + Ao + A1( + ... be a function from D onto
Bj. Then the reduced modulus of Bj can be calculated as m(Bf,o0) =
+log 1/|A1|. We have directly from (3.9)

(3.15)

/=0 = 2v—cA ( ! - ! )

c+1l4+(c—1cosu a+1+(a—1)cosu
1 d ttan ¥ — tan g
=4+ <tlog ni va — 2tan ! HQ).
21 du ttan § 4+ /a Va

Let us choose the branch of the root such that we have (4) in front of
the previous expression. Moreover, tan(6y/2) = /—c = y/a/t. Integrating
(3.10) along the described segments we derive

 ttan BP0 — /g 2 (m . itan b0t
cexp | = | = —tan™" ———
 ttan 00;5 ++va Pltlz \/a

_ (Z:\/’? oxp (3 (;T ~ tan! 1)) 5+ 0(8)

and, finally, using (3.14) we obtain

a(l+t?) 2 (7 1
AlzTexp <t <2—tan E .
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Then the modulus m(Bj, c0) has the form stated in Theorem 3.2.

Next we calculate the reduced modulus of the digon B with respect to
its two vertices with the same support 0. For this we consider the strip
domain B¥ in the u-plane and the segment of the imaginary axis [0, 79 — id]
that belongs to the critical trajectory of the differential Q(u)du?®. It has a
preimage [€1,a] in the z-plane under the mapping u(z). We calculate from
(3.8) that

(3.16) 5= c\f:(?%l)al +O(E2).

For these two segments there is an image in the {-plane [1,1/¢] that belongs
to the boundary of the digon C\ [0, 00) which is the image of the domain Bj
under the map (2(u(z)). We find that the lengths of the segments [e, 1] and
[1,1/¢] are equal in the metric |d¢|/|¢| and, therefore, 1 = (2(0). Let z =
f2(¢) = B_1/¢+Bo+B1(+. .. be the conformal map from C\ [0, co) onto Bj.
Then the reduced modulus of B} turns out to be m(B3,0,0) = 2 log |B_4].
Here we understand this derivative as one of the angular derivatives in B3.
By (3.15) we have

; ttan ¥ — tan
(3.17) Qu) = + . 4 <t loganfti\/a ~ 2tan~! 2 2) .
T 2

ttan 2 ++/a Vva

Again we choose the branch of the root such that we have (4) in front of the
right-hand side of (3.17). We have tan(ny/2) = i\/a. We rewrite Equation
(3.11) as

ttan £ — tan 2
d zi tlog M —2tan"! ) du.
¢ du ttan 5§ ++/a Vva

Since we use the complex tangent, we better transfer the right-hand side
using the transform identity

1 1+14
tan™! w = — log * z.w'
21 1—w
Then,
p 1+ tan%
(3.18) T \fu — log va
u t tan % 1 _ ;s
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Integrating (3.18) along the segment [1,1/e] in the left-hand side and along
the vertical segment [0,19 — 6], Imny > 0, in the right-hand side, we deduce

ng—18

1+Z.tan 5 .
SR (V) (S B
l—itan 02 ttan% 2
Vva

_1—a _11_3 9
W exp <2t <tan ; 2>>5—|—O(5 ).

Finally, using (3.14) and substituting ¢ = —a/t?> we obtain

4a ™ 1
Bi| = —— 2t = — 2.
| B1] 1 tQGXp<t(2 tan t))

This leads to the expression in Theorem 3.2. The case a > 1 can be obtained
by applying the mapping w = kz, where k > 1/a. This leads to the same
expressions. U

Let S1 = C\ {c1,0,a1}, a1 > 0, ¢; <0, be the thrice-punctured complex
plane. We consider on S; the admissible system (v1,72) where v = {z :
|z| = 1/e} and v2 = {z : |z — a1 — €| = a1 + €}, so that ¢ is sufficiently
small. Let 9B be the set of all pairs (Bj, B2) consisting of a circular domain
and a digon associated with the admissible system (71, 72). The condition of
compatibility for the digon B, is the same as before. The inner angles of Do
at the vertices over 0 are w. Then the problem of extremal partition of S}
consists of finding the maximum of the sum t2m (B, 00) — t3m(B2,0,0) as
(B1, B2) € B. Without loss of generality, assume t; = ¢, to = 1, t € [0, 00),
and the maximum of this sum we denote by M (t,c1,a;1). There is a unique
pair (Bf, B3) that is extremal in this problem. Bj is the circular domain
and Bj is the strip domain in the trajectory structure of the differential

(z — b)%d2?
22(z—a1)(z —¢1)

(3.19) Y(2)d2* = —A , A>0, b<O0.

Here A and b are functions of t. For ¢ € [0, A /_“—él] the problem can be

reduced to that in the previous case with a = a1. If ¢ — oo, then B} =
C\ [c1,a1]. In this case M (o0, c1,a1) = 5= log 4/(a1 — c1).

Theorem 3.3. Let a—é <t<oo. Then

—c1 —

1 4 1 (= —C1
Bj,00) = —1 — — (= —tan™! ,
m( 1 OO) 2T o8 al — C1 7Tt<2 an CL1>

2. -4 4t -
m(B;a 07 0) = — log 21€1 + — E _ tan—l C1 .
T ap—c1 T \2 ay

The constants for the differential 1 are A =t/4w?, b= —/—aic1/t.
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The proof is similar to that for Theorem 3.2
By Theorems 3.2-3.3 and the conformal transformation (3.7) using the
formulas of the change of the reduced moduli (see §1) we obtain that in the

problem about /\/lgl)(t, 1,0, (1, C2) for all 0,609 such that |f2 — 61| < 7 and
for

020
1 — cos =57+ —tan92_61

0<t<y|]—m"F="— =
V14 cos 792501 4

the reduced moduli are expressed as

1 2t? 1 1
m(D7,0) = — log e T tan~lZ ,
2m (14+2)(1 —cos=2572) 7t \2 t
2 4 1—cos®sh 4 /1 1
D3 =1 2 — (= —tan"!t > ).
m( 27(17C2) T 0g 1+ ¢2 sin 92551 + T <2 an t)
For
0y — 0
t> tan — !
the reduced moduli are expressed as
0y — 6,

miDL0) = ==

2 . 03— 0 t
m(D3, (1, C2) = ;log <2sm 2 5 1> + ;(92 — ).

In the problem about Mgz) (t,1,0,(1,¢2) we use the conformal transfor-
mation
z+4+1/z—2cos 0y

z —

2+ 2cos 09
instead of (3.7) and deduce analogously for
0y — 0
0<t<tan ' 22—
4
the reduced moduli are expressed as
1 212 1 1
m(Dj, 0) = - log ! (”mn—l >
27 (1+2)(1 4 cos 25%)  wt \ 2 t
2 4 T4cos®h 44 /7 1
D} =21 2 — (= —tan"! =
m( 27(17C2) T 0g 1+ ¢2 sin 92591 + T <2 an t)

For

¢ > tan-t 2700
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the reduced moduli are expressed as

. 1 (6,—0 7
m( 1’0):7775(24 1—2>7

2 Oy — 0
m(D;a<17C2) = ;log (28111 2 1

)+fr<2w—(92—91>>-

The limiting case t — oo yields ./\/lgj)(oo7 1,0,¢1,¢2) = 0; t — 0 yields

1-— (—1)3 cos 2201 91
91 )

; 2
ME(0.1,0,61,62) = = log 4 =12

SlIl

4. Extremal problems.

In this section we apply the results about the extremal partition to finding
the sharp estimates of the functionals in the class of bounded univalent
functions f : D — D, f(0) = 0 with the finite angular limits and derivatives.
We start with functions that have the angular limits f(¢1), f(¢2) € T at the
points (1,2 € T and the finite nonzero angular derivatives f'(¢1), f'((2).

First of all, we give another proof of Corollary 2.5 using extremal parti-
tions and Theorem 3.1. We use the inequality (3.1) to derive the inequality
(2.25). Let f be an arbitrary mapping with the properties asserted in the
corollary. Without loss of generality, we again assume here that ¢; = (o.
We use the notations of Corollary 2.5. Let us fix the positive values of 1, to.
Let the pair of domains (D7F, D3) be an extremal pair for the minimum
M(ty1,ta,(1,C2) of the sum (3.1). Then the pair of domains (f(D7), f(D3))
is an admissible pair for the minimum M(t1, t2, w1, wy). Therefore, the in-
equality
(4.1)

t%m(f(DT)v 07 wl) + t%m(f(D;)’ 0, w2) > t%m(BTa Oa wl) + t%m(B;, 07 ’LUQ),

holds where (Bj, Bj) is the extremal pair for the minimum M (t1, t2, w1, wa).
By (1.3), (1.4) we deduce that
(4.2)  £im(f(D7),0,w1) + t3m(f(D3),0,ws)

= t%m(Di‘, 0,wr) + t%m(DS, 0, wa)

i —log [ /(I + = s —log | f/(G2)l +

Now we use Theorem 3.1 and calculate the moduli in (4.1) and (4.2). Thus,
normalizing ¢; +to = 1, the inequalities (4.1) and (4.2) imply the inequality
(2.25) in the assertion of Corollary 2.5.

Now we derive the extremal function w = f*(¢) and Equation (2.26). We
examine the function g;(¢) given by (3.4) that maps the domain D} onto

t t
M log a.
27



ANGULAR DERIVATIVES ... 445

the upper half-plane H*, and the function G; that maps the domain B}
onto H*. The function G satisfies the differential equation

4 (Ghte) =

By analogy to (3.4), we obtain

_ _ ta/t1 (= titta
Gr(w) = wl)(}fw ws) w;tl/zw;tzﬁg( FU2)
w 24
The superposition Gfl o g1(¢) after normalization f*(z) = az + ... gives

us Equation (2.26) defined in the domain Dj. Now we repeat the same
observations for G2(¢) that maps the domain B} onto H*t and satisfies in
D3 the differential equation

4(G) =)

The equation that we deduce for the superposition G5 Lo g2(¢) is the same
as for f*. The condition a € (0, ap(w1, w2)] follows from the subordination
of domains. Therefore, the function f* is defined in the whole disk D and
maps the extremal configuration (D7, D3) onto the extremal configuration
(BY, B3). Thus, it gives the equality sign in (4.1-4.2), and, therefore, also in
(2.25). O
Now we continue with bounded univalent functions f : D — D, f(0) =0
that have the finite angular limits f(¢) € T in the points of the arc of T
connecting two points (1,2 € T and the finite nonzero angular derivatives
f'(¢1), f/(¢2). This means that f is continuous and analytic on this arc.

6140
Lemma 4.1. Let D(01,02) denote the triangle D\ (—e 5 , 0] with a vertex
at the origin and the opposite leg {z : z = €,0 € [01,02]}, 0 < 2 — 01 < 27.
Then, its reduced modulus with respect to the origin is

1 2
D(01,05),0) = —log ——————.
ma(D(61,62),0) or 8 1 —008492591
0o+6
Proof. Obviously, one can rotate the configuration z — ze = So, we as-
sume 0; = —6,. Then, we transfer the triangle D(6;,62) onto the triangle
D(—m, ) by the map w(z) which is the solution of the equation
1 2 1
z+—-——1—cosbly | —— =w+ —.
z 1 — cos 05 w

We derive that |w'(0)| = # and, moreover, ma(D(—m,m),0) = 0. The
formula of the change the reduced modulus of a triangle under conformal
map and the mentioned rotation lead to the assertion of Lemma 4.2. O
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The Lowner Lemma (see [10, Proposition 4.15]) yields that if f(z) is a
conformal map f : D — D, f (0) = 0 which has the finite angular limits
f(ew) =¢€79,0¢€ [91,92], o< [01,02], 0<by—06; <2m, 0< 09— 01 < 2m,
then

(4.3) o9 — o1 > 09 — 0.

The equality sign is given by the identity mapping. Moreover, the following
assertion is true.

Lemma 4.2. Let f(z) be a conformal map f: D —1D, f(0) =0 which has
the finite angular limits f(e?) = €', o € [o1,09], 0 € [61,62], 0 < O — 0y <
2w, o9 — o1 < 2mw. Then, the mequalzty

1 — cos 220

(4.4) ey S IF(O) <1
2

1 — cos

holds. The left-hand side inequality is sharp with the Pick extremal function
92 (2), = % and o1 = arg g7 ('), o9 = arg g7 (e"?). The right-hand
side inequality is obvious due to the Schwarz lemma.

Proof. We use the results by A.Yu. Solynin [14] about the extremal par-
titions. Let us consider the triangle f(D(61,62)) that is admissible in the
family of all triangles in D with the vertex at the origin, with the inner
angle 27, and the opposite leg lying on T connecting the points e, e'02,
The extremal triangle is D(o1,02). Then, due to the change of the reduced
modulus under a conformal map f(z) we have

ma(D(6y,6:),0) + % log |f'(0)] > ma(D(01,02),0).

Lemma 4.1 leads to the inequality we need. The assertion about the sharp-
ness is obvious. U

Remark. The Pick function which gives the equality sign to (4.4) is subject
to the choice of a € (sin? %, 1].

Suppose 0 < 02 —6; < 03 — 01 < 7. Set the functions x(¢), y(t) defined
in the segment

Oo=b1 72—

(4.5) tan
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by the formulas

(4.6)
212 2 1 T 0y — 01
t) = g -
@(t) (1+t2)(1—cos"22"1)eXpt(an i 2T )
(4.7)
4 (1 — cos 22571)? ™ Oy — 0y 11
t) = 4| = — —tan " —
VO = Ty e g e gy o P\ 5~ T g )
and in the ray
(4.8) t > tan 7291
by the formulas
1
(4.9) #(t) = exp o (6 — 1) — (72— o),
sin? 22591
sin® 257
The function z(t) is continuous and increases in
0y — 6 1 — cos 250
t e |tan = l,oo from ———2— to 1.
1 — cos 2257

Theorem 4.3. Let f(z) be a conformal map f: D — D, f(0) = 0 which has
the finite angular limits f(e¥) = €', 0 € [01,64], 0 € [01, 0] and the finite
nonzero angular derivatives f'(C1), f'(C2) in two points (; = €1, (y = €2,
0 < 0y—061 < m. We suppose that 0o — 01 < 09 — o1 < m, fized and we
consider all such functions. If o := |f'(0)|, then there exists a unique real

number
. 0o — 01
t” € [tan 1 , 00

such that x(t*) = a and |f'(¢1)f(C2)| > y(t*). This means that the range of
the system of functionals (|f'(0)], |f'(¢1)f'(¢2)|) as the set in the R?-plane is
bounded from the below by an arc of the curve I'™ which is given parametri-
cally by (z(t),y(t)) with t € [tan 92191 ,00].

Proof. In order to prove this theorem we use the inequality (3.6) and the
extremal partition of D by digons and circular domains. First we note that
the conditions of Theorem 4.3 satisfy the inequality (4.3). This implies that
the intervals (4.5), (4.8) are well-defined for oy, o9 given by the conditions of
Theorem 4.3. The conditions of Theorem 4.3 imply that f: D — D, f(0) =
0, and the function f has the finite angular limits f((1) = €1, f((2) = €%?
with a fixed value of o9 — 1. We consider all such functions with a fixed
|f'(0)] = a. The function z(t) increases. Moreover, Lemma 4.2 yields that
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there exists a unique ¢ = t* such that z(t*) = «. Let D} and D3 be extremal

circular and strip domains respectively in the problem of ./\/lgl) (t*,1,0,(1, o).
Then, the pair of the domains f(D7), f(D3) have the reduced moduli

(4.11) m(f(D3),0) = m(D§,0) + 5 log a,
and
(412)  m(f(D),¢7,¢%) = m(D5,G1, @) + ~ log |f/(G)F (@)

This pair f(D}), f(D}) is admissible in the problem of M{™ (¢*,1,0, f(¢1),
f(¢2)) for m =1 or 2. In our case o3 — 01 < 7, therefore, m = 1. This leads
to the inequality

(4.13) (t")°m(f(D7),0) — m(f(D3), €', e'?)
< (#*)*m(B},0) — m(B3, e’ ¢7?) = MV (#,1,0, £(G1), £(G))

where B} and Bj are the pair of extremal domains for Mgl) (t%,1,0, €1, i),
Given t from the interval (4.5) we calculate the reduced moduli with z(t),
y(t) provided by the formulas (4.6-4.7) and deduce that m(B7,0) = m(D7,0)
+o=log z(t*) and m(Bj, e, e92) = m(D3,(1,¢2) + Llog y(t*). Taking
into account z(t*) = « we finally derive from (4.11-4.13) the inequality
|f/(¢1)f(¢2)] > y(t*) which proves the assertion of Theorem 4.3 about the
estimate and the lower boundary curve I'". ([

Remarks.

1. One can deduce similar results for other distributions of 61,05, 01, 09
using M$(£,1,0, 1, Ga).-

2. From Theorem 2.1, formula (2.4) we get the inequality

(4.14)
1o ) (GQ)(F(G) = f(G2))? ( f(¢) f(<2>)2
2log 5 log G =G > | arg 2 arg G .
Theorem 4.3 implies that the inequality (4.14) describes a part of the curve

'™ which is parameterized by ¢ € [tan 2771, 0c]. The rest of '™ lies above

the curve given by (4.14) because the extremal function does not give the
equality sign in (4.14), say the extremal function maps D onto D) minus a
fork-shaped slit which can not be represented by Theorem 2.3.

3. Ome could assume f((1) = (1, f(¢2) = (2 which makes no use Theo-
rem 4.3 instead of (4.14) but this assumption leads only to the trivial case
of the identical map. Thus, the part of I'" which is not given by (4.14) is
always valuable.

Corollary 4.4. Let f(z) be a conformal map f: D — D, f(0) = 0 which
has the finite angular limits f(e?) = €7, 6 € [01,604], 0 € [01,09], 0 <
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oy — 01 < 27 and the finite nonzero angular derivatives f'(C1), f'(C2) in two
points ¢ = 01, ¢y = €2, |02 — 01| < 7. Then the inequality

— Oy — 6
(1.15) 7601 (@] = tan? P cot? 271

holds with the equality sign for the identical map as well as for the canonical
map g7(2), = 4% o,

with o = sin? 62191 sin 1

Proof. Let f be a map satisfying the conditions of Corollary 4.4. Then, by
analogy to (4.11-4.13), we deduce that the inequality

MEV(#,1,0,6%,¢%) + —log |f'(0)] — —log |f'(C1)f'(¢2)]
< MM (t,1,0,671, 12
holds for all ¢ > 0. Considering t — 0 we deduce the inequality (4.15). O
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