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‘We consider the L,— L, estimates of solutions to the Cauchy
problem of linearized compressible Navier—Stokes equation.
Especially, we investigate the diffusion wave property of the
compressible Navier—Stokes flows, which was studied by
D. Hoff and K. Zumbrum and Tai-P. Liu and W. Wang.

1. Introduction.

In this paper, we consider the Cauchy problem of the following linearized
compressible Navier-Stokes equations:

(1.1) pt +ydive =0 in (0,00) x R™,
vy — alAv — fVdivo +yVp =0 in (0,00) x R",
pli=0 = po,  vlt=0 = vo in R,
where v = v(t,z) = T(vi(t,),...,va(t,z)) a vector valued unknown func-

tion, p = p(t,x) is a scalar valued unknown function; ¢ is time variable;
we denote the spatial point of n-dimensional Euclidian Space R™ by z =
(T1,...,20) (n 2 2);

I I R
=0 T o T
7=1 J
. - 0v; ([ 0p dp '\
dlvv—j:1axj, Vp—(axl,...,axn ;

po and vy are given initial data; o and - are positive constants and § a non-
negative constant. Concerning the decay property, asymptotically, the solu-
tion decomposed into sum of two parts under the influence of a hyperbolic
aspect and a parabolic aspect. One of which dominates in L, for 2 < p < oo,
the other 1 < p < 2. For p = 2, the time asymptotic behavior of solutions is
similar to the solution of pure diffusion problem. Namely, the decay at the
rate of the solution is similar to the solution of a linear, second order, strictly
parabolic system with L initial data. Moreover, the decay order of the term
that is given by the convolution of Green functions of diffusion equation and
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wave equation is better than the solution to pure diffusion system. On the
other hand, for p < 2, the asymptotically dominant term reflects the spread-
ing effect of the solution operator for the standard multi-dimensional wave
equation. As a result, the solution may grow without bound in L,, for p < 2.
This result was investigated by D. Hoff and K. Zumbrun [2, 3] in the case
of the Navier-Stokes system describing the compressible fluid flow, and Y.
Shibata [6] in the case of the linear viscoelastic equation. D. Hoff and K.
Zumbrun [2, 3] considered the linear effective artificial viscosity system as
the first approximation of the compressible Navier-Stokes equation in sev-
eral space dimension. The Green function of this system is written exactly
by the convolution of the Green function of diffusion equation and wave
equation. In view of this, they gave the pointwise estimate and L,, estimate
of the Green function in [2, 3], and L,, estimate for the solutions to the non-
linear problem in [2]. But, the Green function of the system (1.1) and the
linear viscoelastic equation is not written exactly. Tai-P. Liu and W. Wang
[4] gave the pointwise estimate for the solutions to the system (1.1) and the
nonlinear problem in odd multi-dimension case, and Y. Shibata [6] gave the
L, estimate for the solution to the linear viscoelastic equations by directly
using Fourier transform method. The main difference of the structure to
the solutions between (1.1) or effective artificial viscosity system and linear
viscoelastic equation is the Riesz kernel R;(z) = F~1[&;/|¢]] (x), where F~1
denotes the Fourier inverse transform. The Green matrix of the system (1.1)
and effective artificial viscosity system includes the Riesz kernel. Since the
convolution operator v — R;*u is not bounded from L to L; and from L,
to Lo, if we consider L1 or Lo, estimate, then these features will lead to
a great deal of cancellation in the convolution operator of the Green func-
tion. D. Hoff and K. Zumbrun [2] overcame this difficulty by applying the
weak version of the Paley-Wiener theorem to the general, symmetrizable,
hyperbolic-strictly parabolic systems. In this paper, we shall estimate di-
rectly using Fourier transform method in [6]. In particular, we shall detect
the cancellation in the Green function.

2. Main results.

First of all, we shall introduce the solution operator of (1.1). Applying the

Fourier transform with respect to © = (x1,...,2,), (1.1) is reduced to the
following ordinary differential equation with parameter £ = (&1,...,&,) €
R™:

W (6,6) +ivE - o(t,€) =
(2.1) (.6 +algPot,6) + 5 (5 0(t,€)) +ivEp(t,€) = 0,

p(0,€) = po(§), 9(0,£) = 1o(§),
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where

u(t, &) = / e u(t, x)de, 0 (€) = / e~y (x)dx.
By (2.1) we have

(2.) {m )+ (a+ B)EPL(t,€) +421¢2(t,€) = 0,
(0,6) = po(§), pt(0,€) = —ivE - 1p(§).

The characteristic equation corresponding to the (2.2) is

(2.3) N2+ (a+ B)IE[PA+221¢ = 0.
The roots A\ (§) of (2.3) are given by the formula
(2.4) Ae(§) = —A (16 £ VIEF = BeP)

where A = (o + )/2,B = 2v/(a+ ). When [¢| # 0, B, the solution of
(2.2) is given by the formula

(2.5)
. A (g)eA,(s)t L (§)€A+(€)t R P (e S (3 L
S W B WO s W e WIS

Since Ay (&) = A_(&) when || = B, as the solution of (2.2), when B/2 <
|€| < 2B, we use the following formula

1 (= + eR)e _
(26) 8= 2m7€z2 (a+ B)JeP=+ e )

iy et

2mi Jr 22+ (a + B)IE[Pz +2IE
where I' is a closed path containing Ay (£) and contained in {z € C|Rez <
—co} and ¢ is a positive number such that

(2.7) max Reli(§) < —2c¢p.

dz & - 00(8),

(2.8) {‘f{m + alelo(t,€) = f(1,€),

where
o dp
fe = S {706 |

Therefore, by (2.5) and (2.8), the solution of (2.6) given by the formula:
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when [€] # 0, B,

(2.9)  0(t,€) = e () + / t e o9 f(s, €) ds

0

) A (O _ A (Ot
= e—okPtge) - wf(e )M)

Ar(§) — ( )
L AHOE = A(QAOF gz ) €€ D)
A (&) = A-(§) [
and when B/2 < [£| < 2B,
8(t,€) = e~alPeg(e) - 8 - a2 5o(€)

2mi Jr 22+ (a + B)|€%2 + ~2[€)?

1 (z +[€])e” 3 —a§|2t> £(€-0(8))
" <2m7£z2+<a+5>r§2z+fﬂ\§r? de—e '

Let ©0(€), par(€) and poo(€) be functions in C°°(R™) such that

1 |fl=B/2, 1 [§]z2B,
(210)  ¢o(6) = {0 dsmn 0= {O o< /35,
em(€) =1 = 9o(§) — poo(§).
Put
(2.11) Eo(t) = (Eo,(t), Eo(t)),
EOO(t) = (Ew,p(t)’EOO,v(t))a
Eo () (po, vo)(z) = F " [00(€)p(t, €)] (),
Eo.(t)(po, vo)(x) = F " [po(£)a(t, )] (),
Eoop(t)(po,v0) () = F 1 [(par(€) + oo (§))(t, )] (),
Eoow(t)(p0,v0) () = F 1 [(oar(€) + ¢oo(€))0(t, )] ()

N
[IA

Noting that ¢ () = 1 for B/v2 €] £ V2B and ¢y (€) = 0 for
|€] = 2B or [£| £ B/2, by (2.10) and (2.11) we see that (p(t,z),v(t,x)) =
Eo(t)(po,vo)(x) is a solution of (1.1). The main purpose of the paper is to
show the following two theorems.

—
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Theorem 2.1 (L; — Lo and Ly — Ly estimate of Ey(t)).
(1) For anyt > 0, we have

167 02 Eo () (po, v0) | 1o ()
Jtle|

_(3n-1
< Cian(+ 0 T ol + ool en]

187 0% Eo, (t) (90, v0) | .o (R

_(Sn 1+ \
S Cjan(l+t) V7

) leolzy @ + loll )]

_ Q+j+\a|
+ Gian(+ 07 E) gl oy,
Here and hereafter, we write
N Y olal
ag = a1 ;cl = 9.1 a..an?
ot Oxi'...0xn"
a=(ag,...,an), o] = a1 + -+ + an,

77777 means the constant depending on A, B, ....
(2) For anyt >0, we have

10/ 0% Eo(t)(po, vo)l| 1., (r)
é Cj,a,n(l + t)q

_Jtlel
2 [HPOHLl(R”) + HUOHLl(R“)] )

where
n—1 .
(n) if n = 3 and n is an odd number,
qn) =
% if n 2 2 and n is an even number.

Remark. The estimate (1) is better than [3, Theorem 1.2] when n = 2,
j=0and |a| =0.

Theorem 2.2 (L — Ly and Lo, — Lo estimate of Ex(t)). Let p = 1 or
oco. For any t > 0, we have

10/ 0% Esc. () (po, v0) 1, ()

et —(j—k
< ™™ [ Ol gy + I

+ Ciane™ [t o)l st i1 gy + 1901 g |
10702 Enc.o (1) (00 m)HL,,Rn
< Chame™ [Ckt™ T oo lyy2tt101 gy + 190yl o

+ Chame™ (14 75) [Clt™ 0™ gl okt gy + 190 ot oy | -
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Here and hereafter, we put K+ = max(K,0) and

Wy (R") = { u € LyR") | lulwp@n = Y 105ullr, ) < o
|| =k

Y. Shibata [6] gave the L, — L, type estimates for the solution to the
linear viscoelastic equation:

{vtt —Av—Av; =0 in [0,00) x R™,

(2.12) v(0) = vg, v:(0) =1 in R™.

The solution of (2.12) are representated by the Fourier transform as follows:
When [¢] # 0,2

Ay (€)M — \_(&)er+ Ot A (O _ A ()t

Ar(€) = A-(8) %(&) + NGESNG 01(6),

f)(t7 f) =

where
e = V=P
2

A£(§)

and when 1 < [£] < 4,

. 1 (z + |€]2)e? N 1 et .
£6) = % d 4 74 dzi (£),
o(t, ) ] 200(§) 4 201 ()

2w Jy 22+ €2+ [EP 2mi J,, 2% + [€]%2 + [
where v is a closed path containing A4 (£) and contained in {z € C|Rez <

—co} and ¢ is a positive number such that

Re) < —2¢.
Jax Re +(&) = —2¢o

The difference of the structure to the solutions between (1.1) and (2.12) is
the Riesz kernel R;(z) = F1(¢;/|¢])(z). The Green matrix of the solution
of (1.1) includes the Riesz kernel (cf. (2.9)). Since the convolution operator
u — Rj*u is bounded from L, to L, for 1 < p < oo, the following theorems
directly follow from [6, Theorems 2.1 and 2.2].
Theorem 2.3 (L, — L, estimate of Ey(t)).
(1) Let M be the positive number =2 1 and let 1 £ p < q < o0, (p,q) #
(00,00),(1,1). Then, for any t € [0, M|, we have
10705 Eo(t)(po, v0) || Ly®n)y S Crpaganm [lpollz, @y + 1ol L, @) -

(2) Let 1= p<2=q=<o00. Foranyt >0, we have
18708 Eo () (po, vo) ||z, )
Jtle

_(n(l_1
< a1+ 07 BGTD75) [o0ll o + ooll ]
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Remark.

(1) The estimate (1) in Theorem 2.1 is better than the estimate (2) in
Theorem 2.3 with (p, q) = (1, 00).

(2) By Theorem 2.1 and Theorem 2.2, the estimate (1) in Theorem 2.3
also holds when (p,q) = (1,1) or (oo, ).

Theorem 2.4 (L, — L, estimate of E(t)). Let 1 < p < co. For any t >
0, we have

16703 Eoc.(t) (P, v0) |1, ()

—ct |, =N
g j,a,p,Ne ‘ |:t 2 ||p0||WI§2j+\a|7N72)+(Rn) =+ ||p0||WI|,a(R"):|

— _N
+Cjapne [75 2 HUO||W]§2]'+\a|—N—1)+(Rn) + ||00’Wzga|—1>+(Rn)] ;

10705 Eoc,u (1) (p0, v0) |, ()

—ct |,—N
< Cimve™™ [ H 100l gt oy + 100l ot |

o+ ol

N
C; e~ it 2 ||v , _ .
+ CjanN | 0HW752J+|04—N>+ wllel =27 gy

(R

3. Proof of Theorem 2.1 (1).

To prove Theorem 2.1 (1), we put

A _ A_(£)eM ()1
31)  Lu(t,z)=F"! [M@ A (6) — igg %@)1 o
Liaftya) = —inF | 1€ S = e
12(%, v NGESHGRE 7

Loi(t,x) = "Lia(t, 2),
L22(t, ac) = Kl(t,x) + Kz(t,l‘) — K3(t,$),

Ki(t,z) = F! _e*O"é‘ztgoo(f)] (x)I, I is unit matrix,

A (MO ) (MO g,

R T
Kg(t, .’IJ) =F - )\+(§) — A—(f) ’5‘2 900(5)] ( )7
Ks(t,z) = F ! eaf|2t£’é|%80o(§)] (),

and then, from (2.5) and (2.9) it follows that

Lui(t,:) Liao(t,) Po
3.2 Ey(t = )
(3-2) 0(t)(po, vo) <L21(t, ) Laa(t,)) * \wo
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where * denotes the spatial convolution. In view of the Young inequality, in
order to get Theorem 2.1 (1) it suffices to show that for ¢ > 0

3n71+J+|OA\)

(3.3) 10} 08 L1y (t, M poo ey S Chamt™C 1 T2 ),
(3.4) 10/09 Laa(t, )| 1o 2y = Ciamt (MJFHTIQ‘L
(3.5) 10702 K1 (1, )| o ey < ot~ B+,
(3.6) 10703 Ka(t, )| oo ) < Ciramt™ *+*">
(3.7) 167 9% K(t, - M@ < Clamt™ (3+5145)

It is obvious that

Djo0F {e-m (@k fﬁ) <f>] ()

< Can [ emelePig 9l ag
RTL

< Cignt +gh4)

which show (3.5) and (3.7). In view of (3.1), we put

68 Koltr) = 7 | S = 6)| o)
| A+ (6) = A-(8)
i A (Ot A ()t

(3:9)  Kyai(t,z)=F" ArlEe WG ) Eg ¢(f)¢0(§)] (),
A (£)eh A (Ot

(310)  Kya(t,z)=F* A-(E)e WO +Eg w(f)wo(ﬁ)] (2),

where ¢ = ¢Y(w) € C‘X’(S“;‘l)v St = {¢& e R*|[¢] = 1} and 9(¢) =
¥(&/)€]). By (2.3) and (2.4), we know that
(3.11) A (OA-(§) = AB¢P?,

Ae(€) +A-(8) = —24[¢P,

AL (6)? + 2400 (6) €] +11¢” = 0,
and then
(3 12) val(t?x) atK¢ 0( ; )a
’ ng(t,ﬂ?) = —8tKw 0( ,.73) + 2AAK¢,0(75,:L‘).
(

Therefore, in order to show (3.3),
following theorem:

3.4) and (3.6) it suffices to show the

Theorem 3.1. Let n 2 2. For anyt 2 0, we have

ALK o, < Cpan(1 41 ()
10705 Kot )| Lo @) S Cam(1 +1)
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To prove this theorem, first of all, we shall estimate Ky o(t,z) near the
light cone. Namely, we shall show that for ¢+ > max(1, (R/Ro)*) and |z| =
Ryt

3n—3 , j+laf
Tt

(3.13) 8tj(3§éK¢70<t,x) < Cj,a’n(l + t)7< R

where R is the number appearing in Lemma 3.2, below and Ry is the fixed
number such that Ry < /4. To obtain (3.13), we shall use the following

lemma concerning the stationary phase method (cf. Vainberg [9, pp. 29-35]):

Lemma 3.2. Let g(w) € C®(S"1), "1 = {¢ € R*||¢| = 1}. Then,
there exist a R > 1 and a C; such that

/ eir(i-w)g(w) ds,,
Sn—l

If we put [£| = r, we have
Ar(§)=-A (7“2 +ir\/ B2 — 7“2> = (r).

Since we may assume that ¢o(§) = ¢o(|¢]) = ¢o(r), by using the polar
coordinate we have

. LA™ [ A (r)eM Ot X _(r)er-mt
0705 Ky o(t,x) = <2ﬂ_> /0 + )/\+(r) _)\—ET; rlal =0 (r)dr

' /s I ) p(w) S,

where & = z/|x|. Let ¢ > 0 be a number determined later on. Let us
consider the case where |z|e 2 R, below. Since r|z| 2 €|z| = R when r = ¢,
by Lemma 3.2

/ ei(iw)r\ﬂ (iw)aw(w) ds,,,
Sn—1
Noting that ¢o(r) = 0 when r > B/v/2 (cf. (2.10)), we have

0702 K ot 2)]

€ o
=C {/ prtatlel=2 gp 4 / e_AT%T"_2+‘j+|0‘|(7“|96D_n7_1 dr} )

0 €

n—1
SCyr— 2, 2SN r>R

< Colrz)) "7 .

If we make the change of variable; rv/t = s in the last integration and if we
use the assumption: |z| 2 Rpt, then we have

. . _(3n=3_ j+lo
\agam,o(t,x)] < Cjan {enﬂﬂallﬂ (sl )}.

Choose € > 0 in such a way that

entital—1 _ = (25
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When |z| = Rot and ¢t = max(1, (R/Rg)*), we see that

n—1, j+lo|
4 2 1
— Ryt "HT > Roth > R.

n— j+ o ;
‘x’ﬁ 2 Rot . t*<3 a 3+J P} >/(n+]+|a‘71)

Therefore, we have (3.13).
Now, we shall show that for ¢ =2 1 and |z| < Ryt

. _(3n=3_ jtlof
(3.14) ‘agag‘[{w’o(t,x)’ < Cjant (3 =3 4 1t )
If we put
1t 1
f©) = Vi-Id Pale?). o) =55 | =
then by Taylor’s formula we have
_ N . _
a5y e O S 4 <af$m’£‘t> . (1€g(€l*))
MO A ©  Za\" T ) 3D
+ e M Ry (8, ¢)),
where
Rn(t,[€])
1 ' N [ G €t +r1€B 900 (1113 0(1€12)2) YT
= W ; (1—9) € (17‘§| g(‘ﬂ )t)
— —i . N+1
_ o Elt=ivlEPg(l€*)to (—W|§\39(|E\2)t) a0
In fact,
A (Ot _ —AIEPL Filgl (16Nt — o —AlEPt Finlglt+iv|€Pg(1€1*)t
Put
i 3 2 dkh
h(9) = eFEPaER) 0 B (k) (g) = W(Q)
Since
1 1/t
h(1) = h(0) + I'(0) + - - - + —hM(0) + / (1= 6)VrN D (6) do,
N N! Jo
we have
eTEPg(E)t — 1 4 (j:zfy\§|3g(|§|2)t) + ... N (:l:w|£|3g(|£]2)t)
1 1 i . N+1
+ N'/o (1 — )N PRIl (i feg(|g|?)e) "

)
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Since
(ivl€Pale))™ e — (inlePg(le2)e) ™ el
= {or (et — )} (1g(1ef) "
= 2i (9)Y sinyl¢[t) (1€12g(1€12)e)"™

noting that A\ (§) — A_(&) = —2iv|¢| f([€]), we have (3.15).
We shall use the following lemma.

Lemma 3.3 (cf. Mizohata [5], Evans [1]). Put

sin ||t -~
1 h(@} (x).

Then, for suitable constants a, we have

wit,)= Y aadelt / 22 (9°h) (2 + t2) dS

0<al<n52 lz=1

w(t,x) = F ! [

for odd n =2 3; and

2% (0gh) (z + tz)
w(t,z) = aat""“/ 2 "
ogc%nf |2|<1 \/m

for even n = 2.

Regarding (3.15), we put

Al

_ 1€
Gelbe) =F !<|5|>

at0) =27 | (92 T) Gt )| .

(1€Pg(1e[2)t) (e >soo<5>] (),

Since

ot () o) 0 = ot [T )] @,

€l

by Lemma 3.3 we have

€l

(3.16) Ky o(t, ) Z ' 95w(t, x)

209
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where
(3.17) & Pwy(t, x)
min({+k,|a|+1)

o e G L

/| . Akl (8§+5+5a§"“@) (t,x +~tz)dS
|8|=t+k—m " 1?

for odd n = 3;
= min(¢+k,|a|+1)

£, 5,8 (e

k=0 v |<n 2 m=0

dz

/ Praad ((%?JFBJFJQ{*]CGQ) (t,x 4+ ~tz)
l21=1

V1—1z]?

for even n = 2.

|0|=t+k—m

The following proposition and lemma play an essential role to prove Theo-
rem 3.1.

Proposition 3.4 (Shibata-Shimizu [7]). Let o be a number > —n and put
a=N+o0—n where N 2 0 is an integer and 0 < o < 1. Let f(&) be a
function in C*°(R™ — {0}) such that

9 f(€) € LiRY), = N;
9] < Cylel P, e#0. 7y,

Then, we have

\f—l[f@)](x)\gca,n( max c)m (e, 20

[y EN+2
where Cy p, 15 a constant depending essentially only on n and o.

Lemma 3.5. Let a be a nonnegative number and 1 (t,€) be a function such
that

U(t,) € CX([R" —{0}), "t=0,
vt O] £ CleleP, e #0, Ty, iz,
Put
glt.2) = F 7 [P (2, )| (),
where 3 > 0. Then, we have
(3.18) l9(t, z)| = Ca,ﬁ,nlx‘_(a+n)7 z # 0,

9(t,2)] < Capat™ "2, t>0.
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Moreover,

_lol
Hg(ta ')HLl(R”) é Coc,ﬁmt 2, a> 0, 1> Oa

/ lg(t,z)|dz < Cppoa(l+log(l+1t), a=0,t>0.
|z| S At

Proof. By the formula of derivative of composed function (cf. Simader [8,
p. 202]):

el
(3.19) 9¢h(g Zh > (8?19(5)) (03”9(5)) :
o1+t =7
o] 21
we have
, 7] ,
ape P =3 (anre M| ST (gl - (8 leP)
v=1 a1+ Foay=y
o[ 21

Since
(3.20) 8g”|£!M‘ < Gy, |eM1oil g £ 0,

(t|§|2)Me—BIE\2t < CMB€—§\£|2t7
we have

vl
(3.21) (age*ﬂlf‘% C, S (pryre Ml N fepprlaaltlan)
v=1

o1t tay=y
lai| 21

<C i: BI€2t) e Plelt g =

< Omlsr'”'e—f'f‘gt, £#0,
and the Leibniz’s rule we have

(3.22) ’3;1 (e_mf‘th/)(t,f))) < Cap, 7e—§|§|2t|£|oc bl g £0, Y.

Therefore, by Proposition 3.4 we have (3.18).
By the assumptions, we have

(323)  |g(t.a)| <C /R e PP g gg = O 5" /R e B i dp

_atn
§ a,ﬁ,nt 2
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By (3.18) and (3.23), we have

_atn —(otm
190t )l < Congint™ 3 43+ Capn / 2]~ g
PENYG 22V

é Ca,,@,nti%a a >0,

and also

/ lg(t,z)| dx < C@ntg/ de = Cgpa, a=0,1t<1,
lz| At lz| <At

/ lg(t, )| de < Cgpt™2 / dz +Ca,, / 2| "dx
o] At o £VE ViS|e| <At

= Cppa(l+logt), a=0,t=1
which completes the Proof of Lemma 3.5.

Concerning the estimate Gy(t,x), we have
(3.24)
ag'*’“ag””c:g(t,x + Vtz)} < Cjrapods+ ,ytz|—(2(j—k)+|a\+\ﬁ|+|5|+n).
In fact,
o OITITOG (¢, )

min(j—k,l) , . —Alg2t
_ 1 J—k\e _A|€|2)ikmm e yatB+o
4 [ X (10") ey ey

o (\5!29(\512)t)£w(f)wo(f)] ().

By (3.20), (3.21) and (3.22) we have

min(j—k,f) j—k 67%|£|2t 4
ag( 3 ( ) (= Ale[2y - (ig)oo+5

m ) f(I€l)

m=0

~8%”(\£|29(|§|2)t)%<5>¢0(5>>

2(j—k 8|—
< Cjkapsiul] (G=FR)+lal+[Bl+6]=|ul

Therefore, by Lemma 3.5, we have (3.24).
First we consider the case when n is an odd = 3. When |z| = 1, |z| £ Rot,
and Ry < 7/4, we have

|z +ytz] 29t — || Z (v — Ro)t 2 St

DO |2
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Therefore, applying (3.24) to (3.17), we have for |z| < Ry and ¢ = 1
(3.25)

0701, )

j . min({+k,|a|+1)
1~ [ C+k\ (ol + D! a1,-m
<IS() T el X () e
k=0 |°“§HT_3 m=0
S ijk@’/&u/ (& + ytz| QU a3l gg
|6|=+k—m |z|=1
j . min({+k,|a|+1)
1~ [ (+k\ (ol + D! as1,-m
IS0 T el X () e
k=0 |a\§"7_3 m=0
Z Cj&aﬂ’wf@(jfk)+\a|+\ﬁ|+|5\+n) ds
|6|=t-+k—m |2[=1

< Cjpumt™ (+Bl++n—1)
Next, we consider the case when n is even = 2. By (3.17) we have

‘Ggﬁfw(t, x)’

min(¢+k,|a|+1)

ii() S e Y (g;;’“) anmtam-m

k=0 ‘a|§% m=0

‘ (8{*&?”*‘5@) (t,x + vtz)‘

A

Cjka,8.6,0 / dz.
5|=@§+;€m |21 VA El
Put
‘ (ag—’“a:?*ﬁ”ae) (t,z + 'ytz)‘
dz =1 +1I,
/|z|<1 V1|22
where
‘ <8g_k6§+ﬁ+5Gg) (t,x + 'ytz)‘
I = / dz,
12/t V1=]z?
‘ (ag—kag?*ﬁ”c:g) (t,z + Vtz)‘ )
Z.

H:/
|21£3 V1—|z?
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When 1/2 < |z| £ 1, |z| £ Rot, t 2 1 and Ry < 7/4, we have
|z +tz] = L~z 2 ( RO) t> ¢
2 4
Then, by (3.24) we have

1< Cjpapset QORI HalFIBIHO ) / dz

1< /1= [2[F

When |z] < 1/2, |z| < Rot, t 2 1 and Ry < /4, we have

3 3
|z + tz| < gt +Rit St VI-RP2 \2[
Therefore, putting p = x 4+ vtz, by Lemma 3.5 we have
2 i
ms (91 Foe+o9G, ) (1) dp

3 JIp|<3yt

< Cjka,8,8.0m

g3 QUK HalHBHS)  when 2(j — k) + |af + | 8] + |6] = 1,

(1 + logt) when 2(j — k) +[a| + 6] + 6] = 0
and £ =0,

n when 2(j — k) + |a] + 8] + 16| =0
and £ = 1.

Combining these estimations, we have for |z| < Rot and t = 1

(3.26)

’@jafwg(t,w)‘

. min(¢+k,|a|4+1)
1 ! +k (|Oé| + 1)‘ la|+1—m
<31 X oml X () e
k=0 N/ 1<jaj<nst m=0
N Cirassin {t—<2(j—k>+|a|+w|+|6\+n> i t—n—é(2(j—k)+\ﬁ|+lél)}
|| =€+k—m
j—1 , . min({+k,1)
J ¢+ |a01’ 1-m
205 (W5

3 Cjkﬁé[n{t (G —R)HBIH8+n) 4 p—n—3 (20~ k)+\ﬁ|+|5|)}
|8|=+k—m
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min(j+4¢,1)

j+E\ laal -
> (751 el
- Cipitm {t (b+j=me+|Bln) | y=n=3(E+i=m+18) (1 4 1og(1 4 1) }

_(3n=3_ j+IBl\_n=1_1¢ 3n—3 5 1
gcjw,n{(ulog(ut))t (Bt 221) g 24y — (B2 o) }

Next, we shall estimate the remainder term. By (3.15) and (3.16), we
have

OjoiF ! [N Ry (1,6)] ()

J . ;
-3 @ Fo [P Al ilE]) 0 R (1,6)] (@),

k=o

and

i Rt )

i~k
1 /1 NJZ (j_k> kb EiylEPg (el
o, ikt inePa(leP)o
2iry|E1f (1E[) V! 0( ) o\

4y
¢ - )
P <é> op eI (e g 6PN+ do

£2=0

j—k 4

3(N+j—k)+2(1—01)—la  N+1—4
< i Y 3 IOttt
£1=0¢2=0

Combining these estimations, we have

(3.27)

e e N

J -k 4
é Z Z Z tN+1 ZQ/ |£|3<N+])+2(1_£1)_£2_k+|6|e_A|f‘2t dg

k=04¢1=0

J 2
_ N4j+18l+G— k L) +G—41)
< Cian ) Z Dt

k=04¢1=0/42=0

N+ +\ﬂ\
S Cip Nt~ :
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By (3.25), (3.26), (3.27) and (3.13), we have

. _(3n—=3_ j+18l
(328) [0108K(t.0)] £ €yt (T

t > max(1, (R/Rp)*).

To complete the Proof of Theorem 3.1, we have to estimate the case when
0 <t < max(1,(R/Rp)*). But, it is obvious that

100 Ky olt )|

1\" A FA+Et _ )\ (£)i At
< (27r> /n(ig)ﬁ +(§)e ! (€)e

B
V2o
ng,ﬁ/ QTHWH”_er

0

g Cj:ﬂ/nl
Therefore, the Proof of Theorem 3.1 is completed.

4. Proof of Theorem 2.1 (2).

In this section, we shall show Theorem 2.1 (2). In view of (3.1), (3.2) and
Young inequality, it suffices to show that

o ) dtlal
(41) Hatjaz Lij(tv ')HL1(R") é ijﬂéan(l + t)Q( ) 2,
where ¢(n) = (n — 1)/4 for odd n = 3 and = n/4 for even n = 2. Since the
kernel of Ly1(t,x), L12(t,x) = Loy (¢, ) are the same as those of (2.12), (4.1)
directly follows from the results of [6, Theorem 2.1] when (7, j) = (1,1), (1,2)
and (2.1). Therefore, our task is to show (4.1) when (7,j) = (2,2). In view
of (3.1), we put

Lo(t, I’) — Kg(t, .%') — Kg(t,.il?)

_ 5 ng)ewt —-( @ eamwt) i%] @),

Then, we have
L22(t7 $) = Kl(ta J:) + LO(t’ l’), Kl (ta ‘T) = fil |:€7a|£|2t800(§):| (l‘)_[

Noting that ¢o(¢) = 0 when |£] = B/v/2, we have

(4.2) 10/ 07 K1 (8, ) | Lyiny S Cpn(L+1)77 2

In fact, putting
x(@) = F 1 po(9)] (x) € S(R™),

we have

1 |z —y|?
K\(t,z) = ——— T dy.
1(t, ) (drot)? /Rne tx(y)dy
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By Young inequality, we see that
K1 (t2) ||, mny = Cny >0,
When j + |5] 2 1, we have
DjofF ! [Pt (6)] = F () (—alePye o (¢)] |
and
02 (€ (—ale)00(©)) | < CspalelH18-I, € 20,

Therefore, by Lemma 3.5 we have

; 18l
10} K1 (t,2) || 1y ey < Cignt 772, t>0.

When 0 < ¢t < 1, since

PO [ 9] (1) = (08Pl { s | E )

N (271)3 / e (@AYl (¢ — Vaotz) dz,

we have
1070 K1 (t, )1y mey < Cjgms 0<t =1

Combining these estimations, we have (4.2).
Now, we shall show that

(4.3) 1902 Lo(t, M1y @m < Cjpnt?™ 2% 121,
By (3.15), we have
A (QeM O — 2 _(ger- )
A (6) —A(©)
A (

N ~ —Al¢? )
_, {Z 0k () o) + e A R |5|>}

2%\ e ) e
Mg i —Alglt
=5 ot () g UePao

N . 2
1., (siny[¢]t e AR o 2y 4\0
£ ot () o (wso (1ol )

0
+ o, (e’AmztRN(t, |5|)) .
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Since f(J€]) = 1+ |¢[29(¢[2), we have

P (Sinv\§|t> e~ APt
' [3 vf([€D)

: : 2 2
e [ (smvl&lt> i (smvlélt) €[2g(l€] >}'
‘ { ~le] e ) e

Combining these two estimations, we have

Mz

Lo(t,$) = Ll(t,{L‘) +L2(t IL‘ MO t l’
/=1

N N
+Z txz M€t$)+RN(tl‘)
E:O (= 1
where
Li(t,z) = F ! (at (Sing:{’t) - 1> e‘A'fzt%%so (5)} (z),
T e e i
Lo(t,z) = F 1 _(e AJEFE _ galel™y ) |2|2 (f)] (),
T sinv|€!t> e AP (e?)
Mi(t,x) = F _at( z G| @)
1 o1 i 041 sin7\§]t> e~ AlElt 2 2319
vl =7 | ( ) < (6P L) (@),
_ [ in t\ —Ae— Al
Mf(t,x):fl_é?f(S ,’g“g’) e (|§|29(|§|2)t)£§j§k@0(§)] (),
3 1| ae Sin’Y’f\t) ewatg(’ﬁ\Q)
Mty =7 la< g ) rep

(lePg(ee) §j£k<po(£)] (),

and

Ra(t.) =71 |0 (e Ry 116D Lk e©)) | o0

First, we shall show that
(4.4) 1L ()| ey S Cut®™, £ 21,
Put

golt.a) = F! [ Ai'zﬁgf;ws)] (a).
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Since
Li(t,x) + go(t, )

- (58) o]0 - [

by Lemma 3.3 we have

(4.5)  Li(t,z) + go(t, x)

=0 = > aa(yp)ldt /| | 2%(0%0) (t, z + ytz) dS
zl=1

| |<n773

- | .| @)

&E
= Y aa(la]+ D(p)lt / (O0g0) (b, + ytz) dS
o252 =
Y ety / 299984 go) (1, + t2) dS
ol 52 jol=1 1=

when n is an odd 2 3. In view of Lemma 3.3, we see that

(4.6) ao/ ds = 1.
|z]=1

In fact, putting

wlt,z) = ! [SiTg'f'tiz(@} (@),

by Lemma 3.3, we have

h(z) = we (0, )

= > a1+t 2%(8%R)(x + tz) dS
<n=3 |z|=1 t=0
lal= %3
+ Z gt Z/ 22T (eHOR) (z + t2) dS
<n 3 |§| 1 t=0

= (ao /|Z|:1 dS) h(z),
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which implies (4.6). Combining (4.5) and (4.6), we have
(4.7  Li(t,x)

= ap /Z|:1 {g0(t,z + vtz) — go(t,x)} dS

+ > aa(l+]al)(yt) 2%(05 90)(t, x + ytz) dS
1<]al<n52 ==L

+ Z ag (1)l Z/ 2010900 g0 (¢, + ytz) dS.
ol 252 jol=171=1=1

Similarly, we see that
(4.8) Ly(t,x)
t tz) — t
—ao/ go(t, z + 7t2) 2!Jo( 2)
|21 V1= 7]

t, t
+ Z an(1+ o) ’ytlo"/ *(9290)( x+72)dz

2
1§|a|§n 2 1 - |Z’

Oé+5 aa+5 t,x—i— tz
o Z o(1t) MHZ/ )(|Z|2 i )dz

<
la|< 52 jg]=1 712151

when 7 is an even = 2. Concerning the estimate go(¢,x), we have

. el
49)  1070%g0(t, Vs < Cramt T E), a2 1.

In fact, we have

oL golt, ) = F! [e-A'“( AP ) Lk (@) @
and
o (( A 6)" 5% g <s>)'<03, banl€PEHE e 2,

Therefore, (4.9) follows from Lemma 3.5. Since
bd
olts +9t2) — goltsx) = [ Ziloo(t.o -+ t20)) ds
0

1
= / (Vago)(t, x + vt20) db - vtz
0



LINEARIZED COMPRESSIBLE NAVIER-STOKES EQUATIONS 221

by (4.9) we have

(4.10)

ao /|z|:1{90(t’ +ytz) = go(t, )} dS

Ll(R")
1
< agt / / / 12| |(Vago) (£, 2 + 7£20)| dOdSdz
n Jlz|=1J0

Cnt

N|=

A

when n is an odd = 3; and

(4.11)

t,- tz) — t,-
ao/ go(t,- +vtz) go(,)dz
|z|<1

V 1_‘Z|2 L1(R™)

n s \ VAE

II/\
m\»—A

when n is an even = 2. Therefore, by (4.7), (4.9) and (4.10) we have

lox lo]
LAt ey SCad 2+ >0 5+ 3 5

1=]a|sn52 o] <252
<Ot T
when n is an odd = 3; and by (4.7), (4.8) and (4.11) we have

1 lof+1
) 5 tz
1<l 252 la| <252

IL1(t, )2, (gn) S Cn

B3 —N—

A

Cpt

when 7 is an even = 2, which implies (4.4).
Next, we shall show that

Ji+18l
4

(412)  [0]O7L1(t, )|y @) S Cjpnt ™™™ tz1,j+16l 21
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By (4.7) we have

= ap 007 {go(t,  +tz) = go(t,2)} dS
|z|=1
j j min(k+1,|al) |O[|'
(1) X wrld X Syt
k=0 N7 1gjej<ngt m=0

/ . L0 (BRI K ) (1 o 1 yt2) dS

617
i min(k,a+1)
J (|Oé| +1)' |oe| 1 1—m
) T ey e
k=0 V" ogjagngs m=0
/ 20RO BRI K (1 0 4 ytz) dS
16|=k—m+1* 121=1

when n is an odd 2 3; and by (4.8) we have

(4.14) & PLy(t,x)
j 58 _
:ao/ 8/0z {go(t, & +712) — go(t,2)} .
211

V1-=lz?

7 j min(k+1,|al) |a|'
(1) T wrlad X St
=0 %7 1gjajsnz? m=0 '

V1= |z|?

/ z“+5(3§+ﬁ+68g7kgo)(t, x + tz) &
m Y 12151

|8 =k—
i . min(Elal) 014 1))
J : ||y 1—m
) T ey e
k=0 %7 ogjajs2z? m=0

dz

/ 2P  go) (8, @ + yt2)
2|1

VAt

|6|=k—m~+1
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when n is an even n = 2. By (4.9) we have

(4.15) |lao [ &]9Hgo(t, +tz) — go(t, ")} dS
|Z‘:1 Ll(R")
<ao [ _ {1h02tt  e + 10E O 0t M } 05
= Cj,ﬁ,nt_ (j+‘%l);
and
(4.16) ao/ %Gg{go(t, +t2) — golt, )} dz
|Z‘§1 V - |Z|2 L1(R™)
< ao/ \|8f6£go(t, 7tz Ly ey + ||3ga§go(t7 ITAED &
= V1—1z]2
< Cjﬁmt_(j—i_@).
Putting

n-2 when n is an even = 2,

{"23, when n is an odd 2 3,
7

by (4.9), (4.13), (4.14), (4.15) and (4.16), we have
10708 Ly (¢, )| 2, ey

which implies (4.12).
Now we shall estimate

010} Lalt,) = (= AV | (e 97 = ) (i) Vot (o)

Since

1
e~ AEPE =0kt _ (o A)|ef2 / ¢ —0AIEPt=(1-0)alé Pt g
0
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we have

~Alg2t _ —alel? )9 S8k
o { (e et - cmelePt) i) (e |

< Cpgql€)PHIoF2=Inly e £ 0.

Therefore, by Lemma 3.5 we have

(4.17) 10607 L(t, Yy < Copnt %) 450
Next, we shall show that for ¢t > 1
107 02 M (¢, Me we) = Cj,ﬁ,ntq(n)_%,
wis)  LIOEME e  Coppatr ™Az,
10708 M2 (L, )| 1, ey < Cpant™™ 2, €20,
1o 07 M (¢, e, ®me) = Cj,g,e,ntQ(")_W, 0>1

To do this, we put
1/}0( ) 77|§\2t g(|§’2)

vf(lf\)gjgk%(f)’
vit.) = P (a0 € tuolc).
V() = e‘é"ﬁzt%<\5|29<\5|2>t>%5m<5>,
ttem) = 1 SELL g iy g )

Then, we have

Mj(t,z) =F1 0, (Sinﬂé‘t) '5'2% (t, & } (),
_ 1 [ g1 (sinyfglt) — 42
wrgy D= [ () 10 o),
M3 (t,z) = F~' |of T'f‘ SR (1, 6)] (@),
Mp(tw) = F1 [of () e (e, 6| (o),

Concerning the estimate 1/1? (t,€), we have

OLUE(EE)| < CudeP M,

Therefore, if we put

gt @) = F [0k )] @),

then, by Lemma 3.5 we have

: —(145+ 12
(4.20) 1800 GE (b, )l ey < Crpoent” ),
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In view of (4.19) and (4.20), we consider the function:

Nt =7 [of (1) 611 9)] ),

where G(t,x) satisfies the following conditions:

. 181
(421 108Gt sy < ot ().
In order to prove (4.18), it suffices to show that
i j+18]
(4.22) 1070 Ne(t. )l oy O ent?™ 27

By (3.17), we have
HOPN(t, x)

j min(¢+k,|a|+1)
(1) X e X (hh)eraner

k=0 N jo|n50 m=0
/ P (agw”ag—’“c:) (t,x +tz) dS
|6|=t+k—m * 121=1
when n is an odd 2 3; and
& OINy(t, z)

i . min({+k,|a|+1)
L+ k m o
S (1) 2w X (R oo

k=0 ‘O‘|<HT_2 m=0

Lotd (8§+’8+68f’kG) (t, 7 + t2)
/ dz
|| <1

— 22
|6|=+k—m |2
when n is an even = 2. Therefore, by (4.21) we have

18702 Ny (¢, ')HLl (Rn)

min(¢+k,|al+1)

< C]ﬁznz Z Z t|a\*|ﬁ2|*£*j7j+7;l—k

k=0 la|=p(n) m=0
= Cjgent!
which implies (4.22).

J+18]+£
(n)—+=5+

In order to estimate the remainder term Ry (¢, z), we consider the func-

tion:

RE (o) = F7H g, (1.9 (@),
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where

r]jf,’¢(t,§)
—Al€1? 1
_ et / (1 — O)N M1 IR gg
2|1 (1€D Jo

- (FEPg(E*) M (€ po(9),
and ¢ € C°(R"™ — {0}) satisfies the condition:

e < e, e 2o

If (&) = %, then we have

(4.23) R(t, ) = 0, {(R}Q,w(t, z) — Ry, (t, x)) tNH} .

First, we observe that

(420)  |oF {(~ Al £ inlel1 + BIEP)a€P)) (1)1 (1.6 }|

< CjpnglePNTHHIHAE2O -G g < g <1, g0,
In fact, by the formula of derivative of composed function (cf. (3.19)), we
have

(4.25)

e -+ole gl

Kl
- Z(iz‘fyt)feﬂ’ylf\(1+9\§|2g(|5\2)t)
/=1

Yo {IE+01EPg(E)) - a8 {IEl(L + 019 (1)) } -

ot [4++]ae|=[3]
lovi |21

Since

o¢+ {I€l(1+ 0leg(€P)}| < Canlél 1], € € supp o,

by (4.25) we have

|9]
‘3geiw|£\(1+9\£|29(|£\2)t)‘ < s Z(ﬂﬂ)ﬂﬂ*\élj ¢ € supp o.
=1
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Therefore, we have for £ € supp ¢o and & # 0
02 { (Al = inlel (1 + 0l g (1<) () r (1 ) }

|6—v|
: _ _ A2 _S—
< Cs Y [gPNTHIEIBE ST N " (1)) g 710
0<vss =1
[6—v|
: _ _ A2 _
< Cs Y [gPNTHHIEIBIRle IR N " g e
0<Svss (=1

Since |¢]~¢ < C5/¢|7191 (0 £ £ £ |8]) when & € suppgg and & # 0, by the
above inequality we have (4.24). Since

n
(120) =Y e
Jj=

in view of (4.24) by n + 1-times integration by parts, we have
ooiRE (1.0
s (52) o) [ [
A (Al irlel (1 + 0l (1EP)) (i€)r ,(1,€) } dedd
when N > n/3. Therefore, by (4.24) we have
‘3]35}# (t x)’ < C]-,g,Nm]a:\(””)/ |§,3N+2+j+lﬁ\72(n+1)67%IE\Qt d¢
Rn

3N+j+|8|—n
< Cjpnple| T

On the other hand, by (4.24) with § = 0 we have
N A I R
R

_ 3N+2+j+[8|+n
= Cjpnt 2 :

Combining these two estimations, we have

(4.27)
10/ 09 R (. )|y oy

3N+2+4j+|8]+n 3N+ ~Ha|
i.B.Nn {/ t~ 3 dx + / e \x!‘”“ dx
|lz| =Vt |z|2V/

__ 3N+|al+jtl-n
= CjpNnl R =
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By (4.23) and (4.27), we have
N—ntj+|5-1

1 _N—n+4j+[B-1 n
(428)  [OORN (L N myeny S Cipnt™ 2, E2Z1, N>

Combining (4.4), (4.12), (4.17), (4.18) and (4.28), we have (4.3). To com-
plete the Proof of Theorem 2.1 (2), we have to show that

(4.29) 16]0 Lo(t, )Ly @n) < Cam, 0St 1.
Regarding the relations:
A (€) = —AlEP FavlelF €D,

we put
3
Lot,x) = 3 F 1 [yt 9)] (),
j=1
where

¢wgyZM&fmﬁ(mwmﬁ_éwua)§@ o6,

207 (D <P
s, [ e VIEIFUEDE _ givl€l (€Dt
z/a(t,g)—ef"“(e e )gm% e

Y3(t,€) = <e’A|5‘2t - €7a|§|2t> %%@ ()

First, we shall estimate F~! [¢1(t,€)] (x). By the formula of derivative of
composed function (cf. (3.19)), we have

(4.30)

PBelelf et

Kl

=D (Figt) NIRRT a2 (el (€D - 98 {IEIF(1ED)

(=1 ot |4+ e |=[d]
ovi|21

Since B
Qly 1*‘Oél/| P
05 Il ()| < Ca e, el < s €# 0,
by (4.30) we have

(4.31)  [ofernielr '€*>f)<caz|f|f B < colel ™, el 640,

= V2
By (4.31) and Leibniz’ rule, we have

o8 {ofunt. 0G0 )| < Cnalsl T, 161 620,
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Since supp 1 (t,-) C {¢ € R"||¢] £ B/+/2}, by Proposition 3.4 with (a, N, o)
= (1,n,1) we have

/0 F 1 (6] (2)] £ Cramlal ™1, Vo 0.

On the other hand, we have

ofo5 7 (1) )] £ Cran [, 16146 £ Crn
=V

Therefore, combining these two estimations, we have

(4.32)

H%%f*wwfmwqugqmﬁj‘ i | ywﬂﬂm4
|lz|=1 |z|21

g Oj,a,n-
Next, we shall estimate F-1 [o(t, €)] (z). By Taylor’s formula, we have

: agee [ §ik
ot €) = iy f (€]t ‘Asmwﬂaﬂmmnw“ﬂwaa.

Therefore, we have

‘62 {(if)aag¢2(t7§)}‘ < Cjaslel0L €40

Employing the same argument as in F ! [11(t, £)] (z), we have
(4.33) 16]05F ~ [a(t, )] ()l Ly @y E Ciram-

Finally, we shall estimate F~! [¢3(,€)] (z). Since

1
1/)3(t,£17) — (A _ a)t/o 6*((179)A+9a)|£‘2t dag]gkwo(g),

we have

08 { &) 0l us(t, ) }| < Casle 1.
Therefore, employing the same argument as in F~! [41(t, )] (z), we have
(434) 10702 s, €)] (V1 iy < Craom

Combining (4.32), (4.33) and (4.34), we have (4.29), which completes the
proof.
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5. Proof of Theorem 2.2.

In this section, we shall prove Theorem 2.2. First, we consider the part where

€] > v2B. Since A+ (€) = —A (|§y2 + /] - BQ|§]2> when |¢| = V2B, we

write:

(5.1) A (€) = —ARP + 14+ u(6), A=) =—1—pu(&),

where

4 2 1 3
u(&)zi@g (g) o) = [ -5 E- )0

Note that g(B2%/|£]?) € C* when |¢] = 2. In view of (2.5) and (2.9), we put

Li(tu(z) = F! :M%(i)ﬁ(é)l (2),
My p(t)u(z) = F :M%(S)ﬁ(é)l (@), I8l=1,
Ko oo(t)o(a) = F :Aii(g) o ?t) Lo (5)170(5)] (@),
K1 oo(t)vo(z) = F ! :e—alﬁ'% <6]k ‘Eﬁ’ > (5)170(5)] (@).

By [6, Theorem 4.2.1], we have for p =1 or oo

(5-2) ||6£6§L+(t)u”Lp(R”) < Cj,k,at_(j_k)e_CtHUH 2k+(Ja|=1)F
Wy (R™)

161020 5 (2)ully i) < Coat™ Il s gy 181 =1,

1002 (L (t)u = e™"0) 1, ey < Ciae™ Nl o1+ -

10702 M (2l 1, ) < Chae™ Nl ot gy 181 = 1.

Now we shall show that for p =1 or oo

(5.3)

10708 ks oo (00l ) S Cram (14473) 170 gl o

(Rm)?

Cja
_1 —(7— —C
Cja < +1 2)t U=Pe tHUOHWI?kHa\(Rn)'

[IA

187 02 k1 00 (t)v0 |1, () <
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Put
A JeA ()t 2yi—kg
Ky gultoa) = 7 [ A ﬁaﬁ%m@l (@)
I L S [
Kyjp(t,x)=F! [ 1+ |€]2)
- <6mz - ﬁg’ff) sooo(i)] (),
for j £k <0, and then
(5.4) HOCK ¢ oo (t)vo = Ky j1(t,-) % 02 (1 — A)Fuy;
(55) 85'8‘3[(1700(75)@0 == Kl,j,k(ta ) * 83?(1 — A)kvo.

By (5.1) we have for |¢| = /2B
e+ (8) j—
" {Mfw (1 + €2V nty @H

(5:6) 07 1Py e o

—(j—k) _—cit|e|—|v| ,—c2)€|?t \4
g Cj,k‘,l/t (] )e 1 ‘f‘ I |e 2|§| , V’

and also we have

—alg|2)ieolelt 2)j—k
5 ag{< €2 (1+ €2 emée (QH

(1+1EP2) € ¥

§Cj,k,yf(j*k)efclt|§]*|”‘e*cz‘ﬂzt, Y.

Therefore, using (4.26) and the integration by parts n + 1 times, by (5.6)
we have

—(j—k) ,—cit

t (‘7 )8 ‘a / |€|—n—1€—02|§|2t df
2" Jiezvas

t—(j—k’)e—clt

é Cj,kﬂ’LW’

(5.8) L+ k(@) S Cjpm

and by (5.7) we have

t_(j—k’)e—clt
(5.9) ’Ll,j,k(taxﬂ é Cj’k’nw
On the other hand, by (5.6) we have
(5.10) Ly jr(t,2)] = Cj,k,nt(jk)eclt/ e—e2lél’t ge
l&lzv2B

< Cppnt 0P 5,



232 T. KOBAYASHI AND Y. SHIBATA

and by (5.7) we have
(5.11) |1 jk(t, )] < Cjpnt U H =27t
Therefore, by (5.8) and (5.10) we have

(5.12) L4562y )

. n 1
§ Cj,k,nti(]ik)eiclt t 2 / dx + / Tntl dx
2| <V 2|2V 2]

< Cjknm (1 + t‘%) t=U—k)e—ert,
and by (5.9) and (5.11) we have
(5.13) 11kt My < Con (1 + f%) =i=k)g=ert,

By (5.12), (5.13) and the Young inequality, we have (5.3).
Next, we shall show that for p =1 or oo

(5.14) (OO - co(t)v0ll, @) S Cikant™ e luo ]y aksial -
Put
| A gg
0 (t,x)=F"" T oo | (),
G, ) [ms) (@ g =] )

and then
(5.15) K_ o(t)vo(x) = £_(t,-) * vo.
Now, we shall prove that
(5.16) 107 €~ (t, )| o oy < e

By (5.1) we have for |¢| = /2B
g8 J A (OOt g8,
N —A(© Er 7

Therefore, using (4.26) and the integration by parts n — 1 times, by (5.17)
we have

(5.17)

oo<£>}‘ < Cjp(1 +0)Plemt e[ 210,

|~ 0 < 2 S 15

j < . —ct
oi-t.2)] < Cine {|w|—<n+1>, o2 1

which implies (5.16). By (5.16) and the Young inequality, we have (5.14).

In order to complete the Proof of Theorem 2.2, we have to estimate the
part where B/2 < || = 2B (cf. (2.10)). In view of (2.6) and (2.9), below, if
we put
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(5.18)
e (= + E)e |
Naslt#) = 507 | e e TR SV ©Oen(©)| @

_ 1 . * .
Nl,’lb(tﬂ x) - ﬁf‘ |:27§ T 22 + (O( +ﬂ)’€|2z +72|€’2 d2¢<§)90M(§):| (x)v

Noy(t,2) = F4 e Pt (€)pu ()] (@),
where ¢ € C°°(S"1) and ¢ = (£/|€]), then we have

FH om(€)p(t,€)] (x) = Now(t,-) * po + Nip(t, ) * vo;

F o (€)o(t,€)] (x) = Niy(t,-) * po + No(t, ) * v + Nay(t, ) * vo.
If we use (4.26) and (2.7), then we see easily that

NNy y(t,2)| £ Cjane ™ z|™, YN =0, integer.

Therefore, applying the Young inequality to (5.18) we have
(5.19)

17 o () (5, 0) ()] |z, @) E Chape “ll(p0,v0) L, @n), 1=p S oo
Combining (5.2), (5.3), (5.14) and (5.19), we have Theorem 2.2.
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