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Let M be a smoothly bounded orientable pseudoconvex
CR manifold of finite type with dimg M > 7 and assume that
the Levi-form of M has at most one degenerate eigenvalue.
Then we extend the given CR structure on M to an integrable
almost complex structure on S§; which is a complex manifold
containing M as a (locally) real hypersurface.

1. Introduction.

Suppose that M is an abstract smoothly bounded orientable CR manifold
of dimension 2n — 1 with a given integrable CR structure & of dimension
n — 1. Since M is orientable, there are a smooth real nonvanishing 1-form 7
and a smooth real vector field Xy on M so that n(X) = 0 for all X € S and
n(Xo) = 1. We define the Levi form of S on M by in([X’, X"]), X', X" € S.
We may assume that M C M , in C'*° sense, where M is a smooth manifold.

Ever since the discovery of non-realizable CR-structures on M with
dimg M = 3 [15], the question of local embeddability of M as a real hyper-
surface in C™ has been one of the main interests in CR-geometry. In [12],
Jacobowitz and Treves also showed that there is (M,S), of nondegenerate
Levi-form with only one positive eigenvalue, which can not be realizable.
However, Kuranishi [13] showed that (M, S) can be realizable provided M
is strongly pseudoconvex and dimg M > 9. Later, Akahori [1], Webster [17]
proved the same result when M is strongly pseudoconvex and dimg M > 7.
Recently, under certain conditions on the Levi-form, Catlin [5] extended the
given CR structure on M to an integrable almost complex structure on a
2n-dimensional manifold €2 with boundary so that the extension is smooth
up to the boundary and so M lies in b§2. This leads to a solution of the
local embedding problem provided M is pseudoconvex and the Levi-form of
M has at least three positive eigenvalues (so dimgpM > 7).

In this paper, we consider a local embedding problem of a given CR
structure on M when M is a pseudoconvex CR manifold of finite type with
one degenerate eigenvalue and dimgM > 7. For given positive continuous
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functions g1, go on M, where g1 = go = 0 on bM, we define
S, =1{(z,t) € M x (—00,0] : —g1(x) <t <0},
S; ={(z,t) € M x[0,00) : 0<t<ga(x)}.

Theorem 1.1. Let (M,S) be a smoothly bounded pseudoconver CR man-
ifold of finite type and the Levi-form has corank one and dimgpM > 7.
Then there exists a positive continuous function g1 on M and a smooth
integrable almost complex structure £ on Sy such that for all x € M,
Loy NCT'M = S;. Furthermore, if Je @ TS, — TS, is the map as-
sociated with the complex structure L, then dt(Jz(Xo)) < 0 at all points of
Mo = {(z,0);x € M}.

In [7, 8], the author showed that the given CR structure on M can be
extended smoothly to an integrable almost complex structure on S;z (i.e.,
the concave side of M), for some g2, when M is a pseudoconvex CR manifold
of finite type and the Levi-form has co-rank one and dimg M > 3. Since
the extension of CR structures is essentially unique [5, Theorem 4.2], we
can patch the integral structures on S;Z and S, smoothly to get an inte-
grable almost complex structure Sy, =S, U S;; which contains M as a real
hypersurface. By virtue of Newlander-Nirenberg theorem [14], S, is then a
complex manifold and we have the following local embedding theorem.

Theorem 1.2. Let (M,S) be as in Theorem 1.1. Then (M,S) can be locally
realized as a real hypersurface in C™.

Remark 1.3. When dimg M = 7, all the previous results [1, 5, 17| were
for strongly pseudoconvex CR manifolds while Theorem 1.2 includes local
embedding theorem for some pseudoconvex CR manifolds of dimg M = 7.
We leave the local embedding theorem of general pseudoconvex CR manifold
of finite type as open.

In [5], Catlin has introduced certain nonlinear equations which come from
deformation theory of an almost complex structure (Section 2). The lin-
earized forms of these equations are simply the d-operator from A% @ 710
to A%2 @ TV (Section 2). The solutions of these equations represent suces-
sive corrections that must be made in the iterative process of solving the
nonlinear equation.

In order to solve this O-type equation, we take, for each zg € M, a special
smooth complex valued coordinates ¢ = ((1,...,(,) defined near xy. Then
a careful analysis of the local geometry of M near x( will give us a family of
plurisubharmonic functions with maximal Hessian near zg. Thanks to these
functions, we construct a smooth positive function g(z,t) = g(x), x € M,
g(z) = 0 on bM, so that the hypersurface M, := {(z,t) € M x (—1,0];t =
—g(x)} is pseudoconvex (a bumping theorem), and it patches smoothly with
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bM. Using this function g we can define an almost complex manifold S

defined as above. In solving O-type equation on S, , we assign the Neumann
condition on M, and a Dirichlet condition on M to preserve the existing CR
structure on M.

To overcome difficulties in subelliptic estimates for @ near bM, we choose
a Hermitian metric on S, so that S, takes on the form S. = M x [—¢,0]
(Section 4). To this end, we choose, for each zy € M, a non-isotropic ball
of size § = g(z0) in the transverse holomorphic direction and of size §'/2 in
strongly pseudoconvex tangential holomorphic directions, and of size 7(zg, )
in the weakly pseudoconvex tangential holomorphic direction.

Section 5 is devoted to showing subelliptic estimates for the d-type equa-
tion on each non-isotropic ball. Since the Levi-form has at least (n — 2)-
positive eigenvalues, the usual 1/2 subelliptic estimates hold for the com-
ponents which contain the normal component, or for the components which
do not contain the normal component but contain the weakly pseudoconvex
component. To get a (1/m)-subelliptic estimates for the remaining compo-
nents we use an important feature of My, that is, M, is strongly pseudo-
convex with the estimates n([L, L])(z,t) 2 g(z)|L|> on M,. This estimate
is also a key one in controlling the boundary integral terms on M, occuring
from integration by parts.

Then we get uniform subelliptic estimates for 0 on each non-euclidean
ball, and then we get the so called “tame estimates” which are required
in the simplified version of Nash-Moser theorem [16] for the approximate
solution to the linearized equation.

2. Deformation of almost complex structures.

Let (M,S) be a CR manifold as in Section 1 and set Q = M x (—1,1). In
this section we extend the given CR structure S on M to an almost complex
manifold (€2, £), and consider a deformation problem of the almost complex
structure £ on 2 so that the new (deformed) amost complex structure is
integrable (or close to be integrable).

Assume that £ is an almost complex structure on 2. Let A be a smooth
section of T1(£) = A% (L) ® £, where A%!(L) denotes the set of (0, 1) forms
with respect to £. Observe that if A is sufficiently small, then the bundle
LA ={L+A(L); L € L} defines a new almost complex structure. If w is a
section of AM0(L), then w — A*w is a section of AM0(£4) where the adjoint
A* maps from AYY(L) to A%(L) and is defined by (A*w)(L) = w(A(L)),
for all L € £ and w € A%, We want to choose A so that

(2.1) (w— A*W)([L + A(L), L" + A(L")]) = 0.
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Let L = L' 4+ L" denote the decomposition of a vector L € CT, where
L'e £, and L" € L,. For sections L1, Ly of L, we define

(2.2) (DoA)(Ly1,Is) = [L1, A(Lo)] — (Lo, A(T1)] — A([L1, I2)"),  and
(2.3) F(L,I») = L1, o).

Note that these definitions are linear in L; and Lo and hence Dy A and F
are section of I'? = A%2(£) ® £, and F measures the extend to which £ fails

to be integrable. By (2.2) and (2.3) we can write the linearized equation (in
A) of (2.1) as

(2.4) DyA = —F
Also if we define D3 : I'? — I' = A®3(L) ® L by
(2.5)
D3B(Ly, Lo, L3) = [L1, B(Ls, L3)| — [L2, B(L1, L3)]’ + [L3, B(L1, L2)]
— B([L1, Lo)", L3) + B([L1, Ls]", L2) — B([L2, L3]", L1),

for B € T2, then it follows that D3F = 0 [5, Lemma 3.2].

If £ defines a CR structure on M C b2 and if we want £4 to define the
same CR structure on M, then this means that A must satisfy A(f’) =0
on M whenever L is a section of £ that is tangent to M. This is a Dirichlet
condition on some of the components of the solution of (2.4). Then by

solving the extension problem formally, we get the following proposition [5,
Theorem 4.1].

Theorem 2.1. Suppose that M is an orientable CR. manifold of dimension
2n—1 such that the CR dimension equals n—1. Then there exists an almost
complex structure L* on Q@ = M x (—1,1) such that L* is an extension of
the CR structure on M, and such that it is integrable to infinite order at M
in the sense that if w is a section of AY°(L*) and Ly, Ly are sections on*,
then w([L1, Ls]) vanishes to infinite order along M.

By Theorem 2.1, we have an almost complex structure £* on €2, that is
integrable to infinite order along My = {(z,0);2 € M}. Then we have the
following theorem which is a formal solution of local embedding problem.
One can refer a proof from [3, Proposition 3].

Theorem 2.2. Let xyg € M. Then there are a small neighborhood U of
xo and a constant ¢ > 0 so that for each x € M NU, there are (almost)
holomorphic functions fi,..., f, defined on U so that if Fy = (f1,..., fn),
then Fy(x) =0, and

(a) |[dFy| > c on U, and

(b) Lf; vanishes to infinite order at xo, for each L € L.
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Remark 2.3. Suppose L € Sy, ). Then (Fy,).L differs from a section of
TYO(F,,(M)) by a vector field which vanishes to infinite order at 0. There-
fore the image Fy, (M) is a smooth real hypersurface in C™ with defining
function given by r(w) =t o F, !(w).

In order to define the type of xyg € M, we use the (almost) holomorphic
function F}, constructed in Theorem 2.2:

Definition 2.4. Let (xo,U, Fy,) be as in Theorem 2.2. Then we let the
type of zg be equal to the type of F, (xg) = 0 € C", on the hypersurface
Fy, (M), in the sense of D’Angelo [9].

Set T'(xg) = the type of xg € M, and set
(2.6) T(M) = max{T(zo) : zg € M} = m.

Assuming that the Levi-form of M has (n — 2)-positive eigenvalues, we may
assume that m is an even integer.

Let us take (€2, £*) constructed in Theorem 2.1. Choose a smooth real
vector field Xy on 2 that satisfies Xot = 0 and 1n(Xp) = 1 in Q. Set
Yo = —Jr+(Xo) so that Xo +4Yp is a section of £* that is transverse to the
level set of t. Let G : 2 — €0 be a diffeomorphism such that G fixes M
and

GuYo|(,0) = t](z0)

Since M is orientable, we may assume that dt(Jz+«(Xo)) < 0. Thus dt(Yp) >
0 along My, which shows that G preserves the sides of My; i.e., G maps
Q" = {(z,t); -1 < t < 0} into itself. If we set L0 = G.L*, then clearly
7 = —iG4(Xo +iYp) is a section of L? such that along My,

xr € M.

Z =—iXog+ %
We write Z = X + g(w,t)% where Xt = 0, and set L, = g~'Z. Then
L, = % + X where Xt = 0. We fix a smooth metric (, )o that is Hermitian
with respect to the structure £° on €.

3. A bumping family of pseudoconvex CR manifolds.

Let M, Q, Xy and £° be as in Section 2. In this section, we will construct
one parameter family of pseudoconvex CR manifolds { M }s~¢ which connect
smoothly with bM. For this purpose we use the analysis of local geometry
near zg € M [8, Section 3.

Assume that g € M. Then there are coordinate functions x1,...xo,
defined on a neighborhood U of Ty with the property that xs, = t and
that z(2',t) = x(2’,0), k < 2n, for (2/,t) € U, and that Wi_l = —Xp

at all points of U N M. We take an orthonormal frame {L,, ..., Ly,} of £°
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defined on U. Let zy € U be fixed for a moment. If Ej is replaced by
L= ZZ;% UjiLy, where U = (Ujj) is a suitably chosen unitary matrix,
then we have:

(3.1) %U([Ljafk])(xo) = djkd;j(z0) == djk(x0), 1<jk<n-—1,

where dy < --+ < dp,_1, and d;(z0) is a smooth function defined on U
satisfying do(z) > dp > 0 on U for a uniform constant dy > 0.

In the sequal we let 9;, 1 <1 < n, denote the holomorphic partial deriva-
tives in [-th variable of the local complex valued coordinates. We also let 5@

denotes dg or 55. We recall the following special coordinates near xg € M
[8, Proposition 3.1].

Proposition 3.1. For each xg € U and positive integer m, there are smooth

complex valued coordinates ¢ = (C1,...,Cn), Cn = t + iwon—_1, defined near
xg so that in C-coordinates the vector fields Ly, ..., L,_1, can be written as
0
3.2) + + id ,
( Z Z 8 z O+ i) 5 —

) arry 9 o) ' -
_ a + ;al (C)% + ;bl (C)éfz + (ea(C) + zda(C)) 0Ton—1’

where 2 < a <n — 1. Also the coefficient functions satisfy

(3.3) 90\bi(0) = 9]0\ (0) = DBYB(0) =0, j+k<m, 2<1<n—1,
3,0001e(0) =0, i=0,1, i+j+k<m, 2<B<n—1, and
(61 —gl)sd((]) = ((91 — gl)sea(O) = (61 —gl)sda(()) = 0, S S m.

Now assume that xog € M NU and let us take the smooth complex valued
coordinates ¢ = ({3, ...,(,) defined near xy as in Proposition 3.1, and write
the vector fields Ly, ..., L,—1 in this special coordinates. Let b(¢) = e(¢) +
id(¢) be the coefficient function of 9/0x2,—1 in Ly, and let b,,—1(¢) be the
(m —1)-th order Taylor polynomial, in ¢; and (;, of b(¢). Let a(¢) be a real
valued function defined by

o -
a<<>—fm[8€ ]:— > .

0<j+k<m—2

and set
A(wo) = max{lajr| : j+k =1}, 1=0,1,...,m—2.
For each § > 0, we define
_ . 1/142
(3.4) 7(wo,0) = | min {(5/A(wo)) "}
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Then the author showed in [8] that
(3.5) [0107ay(0)], 1050785 b(0)] < 627~ UTRHDHY 54k <m/2 1, and
(3.6) 1030y n([L1, La])(0)] < 627~ G047 gk <mj2 — 1,

for 2 < a,B,1 <n—1, and for vy = (10 x (m/2)!)~L.
By virtue of the definition of 7(zg,d) in (3.4) it follows that /2 < 7 <
§1/m and if ¢’ < 6", then

(3.7) (/8" )27 (20,0") S T(wo, ') < (8/8") ™7 (0,8").

For each § > 0 and x¢p € M, we define the type of xy with respect to § > 0
as

(3.8) T(x0,8) = min{l + 2; (5/As(20))"/"*? = (20, 8)}-

Now let us cover M by a finite number of neighborhoods U, v = 1,..., N,
in  so that in each U,, Proposition 3.1 holds. Let {x,} be a partion of
unity subordinated to the coordinate neighborhoods {U,} of Q, and let m
be a given positive integer.

For any j,k > 0, j > 1, we define

v T jo17k—1 -
Ej,kn(x) = §LJ1 1Ll n([L1, L1])(z), x € U,

and set
CY(@)= Y |Lum@)f, 1<l<m-—1,
k=l
and then set

N
Ci(x) = xwCf (2).
v=1

Set M = (m + 1)! and for each § > 0, we define

m —1/2M
M/l1+1 _
(3.9) p(z,8) = (Z M ()5 2M/l+1> .
=1

Note that ", Ci(xz) > 0 if the type at z is less than or equal to m.
Therefore u(x, ) is defined intrinsically and it is a smooth function of § > 0
and z, for x satisfying ;" , Ci(z) > 0.

Let us fix xg € M NU and take the smooth complex valued coordinates
¢=(¢1,-..,Cn) defined on M NU as in Proposition 3.1. For each § > 0, set
=7 =17(x0,0) and 7, = /2, 2 < k < n — 1, and then set

(3.10) Ps(zo) ={z e R™ || <7, 1 <i<n—1, |¢] <6}

Thanks to the estimates in (3.5), (3.6) and the definition of T'(xg, ) in
(3.8), and the Taylor’s theorem argument, we have the following proposition.
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Proposition 3.2. If x € Ps(x¢), then

(3.11) T(z0,0) ~ p(z,9).
Corollary 3.3. Suppose x € Ps(xzg). Then
(3.12) 7(20,0) =~ 7(x,0).

Proof. If we set x = x¢ in (3.11), we see that pu(z,d) ~ 7(xg,d). Since this
holds for zy = z, it follows that u(z,d) ~ 7(z,9). Hence (3.12) follows. O

Note that u(x,d) is defined intrinsically. That is, it does not depend
on the choice of a specific coordinates. Proposition 3.2 and Corollary 3.3
show that the quantity 7(z,d) is also defined invariantly, up to a universal
constant, with respect to the coordinate functions.

For each ¢ > 0, we set Q. = M x (—1,¢e) and set S(e) = M x (—¢,¢).
Then one can construct bounded plurisubharmonic weight functions so that
the Hessian of these functions satisfy certain essentially maximal bounds in
a thin strip S(e) of My. The heart of these construction is the so called
“doubling property” of Ps(zp), which comes from the relation in (3.12). For
a detailed proof of the following theorem, one can refer Section 3 of [8]. For
each small § > 0, we set 7i(z) = 7(x,0),7(z) = ...7_1(z) = 6'/2, and
Tn(x) = § as before.

Theorem 3.4. For all small § > 0, there is a plurisubharmonic function
hs € C*°(Qs) with the following properties:

(i) [hs(2)| <1, 2 € UNQs.

(i) For all L =377_ b;L; at x € UN S(9),

(3.13) 0hs(x Z b ()7 %(z), and

(iil) |[D%hs(x)] S Collpey 7 “*(x), where D* = 8?1511...85"52” and
= Bi + i

In Ds-equation, we will assign a Dirichlet condition on one side of ng_ ,

and the Neumann condition on the other side of bS; . This fact leads us

another difficulty which was not occurred in 1/2-subelliptic estimates of
Catlin in [5]. To overcome this difficulty, we need the following lemma.

Lemma 3.5. Let o € M NU and set ¢}, = 00t(L1,Ly), 1 <k <n. Then
for each small § > 0, we have

(3.14) |ty (2)] < (57'(:1:0,5)*2, x € Ps(zp), and
(315) |C?k:('r)| 5 51/2T(x075)_1+’y> T e P(;(l'o), 2 S k g n,
where v = (10 x (m/2)1)~*
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Proof. See [8, Lemma 3.7]. O

Now we want to construct one parameter family of pseudoconvex CR
manifolds {M;}s>o, which connect up smoothly with bM, the boundary
of M. In the sequel, we let m be the type of M defined in (2.6) and let
o1(z, k) = o1 (z, k~3™) = 71 (2, k™) denote the quantity defined in (3.4) for
6 = k3™ and set oj(x,k) = k=32 j=2,....,n—1, and o, (z, k) = k™.
We also set 2/ = (2/,0) € M. Let d(z) = d(2') € C*°(M) be a smooth
defining function of bM, independent of ¢, such that d(z’) > 0 for all 2’ € M.

Theorem 3.6. There exist a smooth one parameter family of pseudoconvex
CR manifolds Ms, 0 < s < sp, My = M, each defined by My = {(2/,t) €
Qrs(a’,t) =t + sG(2') = 0}, and a large integer Ky such that:

(i) G(2') is a smooth plurisubharmonic function in ' € M, G(z') > 0 on
M and G(z') =0 on bM,

(ii) if L = Y75 , bjL; satisfies Lrs(a’,t) = 0, and if d(z') = @, for
k> Ko, then G(z') =~ 27% - (logk)™!, and

(3.16) 90rs(L, L) (2',t) 2 s+ G(x ZO'] z,k)72|bj)%,  and

(iii) s|L1G(2")| < o1(z, k) - 90rs(Ly, Ly).

Proof. We cover bM by a finite number of neighborhoods B(z,,a), x, € bM,
a>0,v=1,2,..., Ny. Since dist (2/,bM) ~ d(z") near bM, there is a small
constant by > 0 such that

My, = {z € M;d(z) > by} D M — UY° B(x,,2a).

We cover M — UivilB(xl,, 2a) by finite number of neighborhoods B(z,,a’),
where B(x,,2a’) C My,, v = No+1,...,N. Set V,, = B(z,,3a), v =

.,Ng, and V,, = B(z,,2d"), v = Ny +1,...,N. In each V,, we may
assume that there exist coordinates x = (x1,...,29,) with the property
that z9, = t and that zx(a',t) = zx(2/,0), k < 2n, for (2/,t) € V,, and
0/0wa,—1 = —Xo at all points of M NV, and that Proposition 3.1 holds.
Let ¢, (2',t) = ¢,(2/,0) be C* functions supported in V,,, v = 1,..., N,
and ¢, = 1 on B(zy,2a), v = 1,...,Np, and ¢, = 1 on B(x,,d'), v =
No+1,...,N.

For each V,,, v = 1,..., Ny, we consider a function g, defined by g, (z) =
d(z")¢y(2"). Then supp g, C V,, and g, (2, t) = g, () = d(2’) = dist(a’, bM)
on B(z,,2a). We take the complex valued coordinate functions ¢ = ({3, ...,
(n) defined in V,, as in Proposition 3.1 and let = (z1,...,z2,-1,t) be the
real coordinates of (. Set Dy = 9/0xy, 1 < k < 2n. We may assume that
these coordinates satisfy {¢ € M : 32" |#:(¢)2 < 1} € V;, N M.
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Let Ko be a large integer still to be chosen. For all k > Ko let ¢, (2/,t) =

Yk, (") denote a function defined on V,, v =1,..., Ny, and satisfies
1 1
3.17 =1 if —— <d@) < ———,
BT ) =1 ) <) S g1 2)
1
L) =0 if d2') > ——— dlz') < ——
P (2) i (x)>log(k+3)’ or (x)<log/~c’
and
(3.18) | D%y, ()] < Cok?l.
Similarly we define v, , as
1
y / — 1 'f /
VYKo (x) if d(z') > log Ko
1
S =0 if d@') < ——
qiz)KOy (':E) 0 1 (x)<10g(K0+2)’

and so that the direct analog of (3.18) holds for k£ = K.
For all k > Ky, define Ay, (x) = hg-sm(x), where hs is the function
constructed in Theorem 3.4, for § = k3™, Let L = > j=1bjLj and x =

(2',t) € supp ¥,,. Then (3.13) shows that if |t| < k=™,
(3.19) 99, (L, I)( Zyb,\ oz, k)~
Set

G (1) Z S 270 g, (@) (2) (Mg (o, 0) +2).

v=1k=Kjy

Then for those x with d(x) ~
rem 2.3 in [6], that

1 .
fogk+ We can show, as in the proof of Theo-

(3.20) 900G (z)(L,T) ~ 2 *(log k)~ Za] (z, k) 2|bj]2.

By virtue of (3.18), (3.20) and from the property (iii) of Theorem 3.4, we
have

(3.21)
[L1G1(2)] S 27 %o (e, k™) 71 - (log k) ™! S o1 (2, k~*™)00GH () (L1, L),

and by virtue of (3.17) and (3.18), we easily obtain that
[DGi(2)] < Ca2 F kP 2 € supp iy

Thus as d(x) — 0, G and all of its derivatives vanish to infinite order.
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Note that we may assume that d(xz) > by > 1/log Ky on Mp, provided
Ky is sufficiently large. Set Ag = hKJ3m, where hKJSW is defined as in

Theorem 3.4. Set

Go(z',t) = Go(z') = 27 Ko Z éu (@) (No(z,0) +2),
v=No+1
where supp ¢, C B(xy,2d'), ¢, =1 on B(x,,d’), v =Ny +1,...,N. Thus
if 2 = (2/,t) satisfies |t| < K;*™, and d(x) > b, then as in the proof of
Theorem 2.3 in [6], we also have that

(3.22) 09Go(L, L)(x) ~ 2750 "o, Ko) 2 [b,[*.
j=1

Note that g,, ¥, ¢, and d are independent of ¢ and hence so do G and
G1. Set
(3.23) G(r) = G(2') = Go(x) + G1(x).
Then (3.20) and (3.22) show that G(z) is a smooth plurisubharmonic func-
tion which vanishes on bM, independent of t. For all 0 < s < 1, set
(3.24) rs(z',t) = t(a') + sG(2').
Since Ay, + 2 = 1, it follows that

G(z) =~ 27" (logk)™!

for those z = (2/,t) with d(2’) ~ 1/log k, k > Ky, provided K is sufficiently
large. Since |sG(z)| < 52750 << 1, (3.20) and (3.22) imply that

n
(3.25)  90G(x)(L,L) = 27%- (logk) " > |bj[?0(2, k)%, [t < k™,
j=1
because o1 (x, k™3™) ~ oy (2, k~3™) by (3.12).

For all small s > 0, the set My = {z;7s(z) = 0} then defines a smooth
manifold of dimension (2n — 1) and can be joined smoothly with bM. Let
L =3%7"_,bjL; satisfies Lrs; = 0. Then as in the proof of Theorem 2.3 in [6]
we can show that

00rs(a',t)(L, L) Z 527" - (log k) ™" Y~ o’ k) 72 [by %,
j=1
for those (z',t) € M, such that d(z') ~ =% gk:’ k > Ky. This proves (3.16).
Property (iii) follows from (3.21) and (3.22). O

To obtain a subelliptic estimates near My, we want to construct a family
of plurisubharmonic functions with large Hessian defined near M, (instead
of My in Theorem 3.4). The estimates in (3.16), at t = —sG(2'), is an
important ingredient to the construction of these functions.
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Assume zg € M and let z = (x1,...,29,-1,t) = (2/,t) be coordinate
functions defined on a neighborhood U of g such that §/0xs, 1 = —Xj
along M NU. We may assume that d(zg) ~ (logk)~! for some k > Kj
and hence that G(z¢) ~ 27%. In terms of these coordinate functions, let
rs = (2), —sG(2))) € My N U be fixed for a moment. We also assume that
G(zl) ~ 27% . (logk)™'. Let {L1,...,Ly,} be an orthonormal frame of £°
defined on U. Set

(3.26) Lj=1Lj— (Ljvs)(Lyrs) 'Ly, 1<j<n—1, and
Ln=Ly.
Then Ljrs =0,57=1,2,...,n— 1.
Define new coordinates = = (Z1,...,T2,) on U by:
Ti=x;, 1=1,2,...,2n—1, and

Ton =t + sG(z') = rg(2, 1).

In new coordinates, My N U and M, N U corresponds to the points on U
where Ty, = sG(2') and 0, respectively. Therefore

0 0
Xo=———= — 8Gop_1(2") =,
0 0T2p—1 S 1(x>8962n
along M NU, where Go,_1(2") = 0/0z2,_1G(z'). By taking affine trans-
formation C,, : R*® — R?", C,(Z) = (u1,...,us), Ly can be written
as:
0 d

(3.27) Lis. 0 1<k<n-1.

= —1
Ougr—1  Ougy

By virtue of Proposition 3.1, for the point x5 (instead of z(), we then have
local complex valued smooth coordinate functions ¢ = ((,...,(,) defined
near r; € M, so that the vector fields Lq,...,L,_1 can be written as in
(3.2) satsfying (3.3) in ¢ coordinates.

Let x = (x1,...,22,) be the real coordinates of (, where zg9, = t +
sG(a') = rg(a’,t), and set Dy, = 9/0xy, 1 <k < 2n. For I > 0 we set

GO = Y IDYGE)),

lo’|<

where o/ = (a1, ...,a2, 1)’s are multi-indices. Let w’/ be dual of Lj, 1<
j<n.Let 0<e<sandset . = (2/,eG(2")). So z. € Mj if and only if
e =0, and z. € My if and if ¢ = s.

Assuming that G(z%) ~ G(2') ~ 27% . (logk)~!, for some k > Ky, we
obtain from (3.16) that

(3.28) 0rs(L1, L1)(xe) = (s — &)G(a oy (z, k) 2.
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Since L,, = 0/0xa, —iXp along M NU, it follows that w™ = 1/2(dza, +1in)

along M NU. Therefore we can write, at x., as
n 1 . <k / /
W= i(dmn +in)+ (s —e)O Z (DiG(2") + G(2)) day
=1
Because L, = (1 + O(s|GW(2")]))d/0x2, + X where Xz, = 0 on U it
follows that dry = (14 O(s|GW(2/)]))w™ on U. Since LY is integrable to
infinite order along My one obtains, for 1 <i4,j <n — 1, that
(3.29)
09rs(Li, Lj) = 0rs([Li, Lj)) + (s — €)’O(G(a')?)
= "([Li, L)) (1 + sO(IGW @)])) + (s — £)°O(G(')?),

at the point z.. Combining (3.28) and (3.29) one then obtains that
(3.30) 90rs(Ly, Ly)(we) & w"([L1, La]) (),

independent of ¢ > 0 for all 0 < e < s.

For each small p > 0, set § = pG (). Following the notations in (3.2)-
(3.4), we let 7(xs,d) be the quantity defined in (3.4) for the point z5. Set
m =7(1s,0), 7 =0/2,2<j<n—1,7, =4, and set

Bp(zs) ={C: ¢l =75, 1<j<nj.

Since 71 < 0™ < (log k)™, it follows that d(z') ~ (logk)~! on P,(zs), and
hence that

(3.31) G(2') = 27% . (logk)™!, for (2/,22,) € Py(xs).
Also the estimate in (3.18) implies that
(3.32) G ()] £ 27 PR € Gt

for (2/,29n) € P,(zs), provided Ky is sufficiently large. Here v = (10 x
(m/2)!)~. Note that for those 2’ with (2/,z5) € P,(z5), zc € P,(x,) if and
only if 0 < e < p. In the sequal, we assume that 2p < s.

By virtue of the definition of 7(zs, pG(2%)), and by (3.12), (3.31), we
obtain that

(3.33) W™ ([L1, L)) (2)] S pG(2')7(x, pG(a")) 72, @ € Py(xs).
Also the estimates leading to (3.6) hold similarly except the error terms
s3|GmHD (2 < s2G(2')? (by 3.32), and hence one obtains that
(3.34)
w"([L1, La])(@)] S 62777 + $°G(2)?, x € Pp(ws), 2<a<n—1.
Assuming that 2p < s, we obtain, from (3.28) and (3.29), that
(3.35)  W"([L1,L1))(z) 2 sG(z)a1(z, k)L > s2G(2))?, x € Py(ws),
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and hence the error term s2G(2/)? in (3.34) can be absorbed into the esti-
mates.
For each p > 0, set

Sp={(',t) : (=p—5)G(2') <t < (p - 5)G()} N,

in (2/,t) coordinates. (Note that za, = t+sG(z').) Set 71 (z) = 7(z, pG(z)),
) (x) = (pG(z' )2, 2 < j<n—1,and 7 (z) = pG(z).

We now consider the two cases, w™([L1, L1]) ~ 6772 and w"([L1, L1]) <
6772 on P,(xs). The first case corresponds to the case that T(zs,d) = 2
and the later case corresponds to the case that T'(zs, ) > 3, where T'(z5,0)
is defined as in (3.8). Then as in Theorem 2.1 in [6], one can construct a
family of local plurisubharmonic functions g,, , satisfying all the properties
in the theorem. Then by adding up these functions g, ,, we can prove the
following theorem as in Theorem 3.4, in each thin neighborhood S, of Mj
(instead of Mp). This is a crucial one to get subelliptic estimates for the
forms supported near My in Section 5.

Theorem 3.7. For all small p > 0, there is a plurisubharmonic function
h, € C*(Q2) with the following properties:

(i) |hp(x)] <1 on Q,
(11) ZfL = Z?:l bij, then

(3.36) DO, Z b;|*7;(x) 72, z€S,NU,

(iii) |Dhy(@)] < CaIljy 75 ™ (2).

Set ¢, (x) = w"([L1, Li])(x), 1 <1 <n—1. Using (3.33), (3.34) and the

property (iii) of Theorem 3.7, we can prove the following proposition.

Proposition 3.8. For all small p > 0, and for each o = (aq,...ap), we

have
631 @D (o) < Carb@)rt @) [[ (o
k=1
and, for2<l<n-—1,
(3.38)
(@)D hy(@)] < Ca (rh(@)3 (@) + 82G(@)) [T (7 ()7,

k=1
forallxz € S(p)NU.
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4. Special frames for almost complex structures.

In this section we want to construct a special dilated coordinates defined
near g € M. Let us take the smooth function G(2'), (2/,t) € 2, and one
parameter family of pseudoconvex CR manifolds M, with defining function

rs =t + sG(2') as in the previous section. Assume that T'(M) = m < oo,
where T'(M) is defined as in (2.6).
For any ¢, 0, 0 < ¢ < 0 < 1, we set s = £0?™ and set r4(2',t) =

t + e0?™G(2') and define
(4.1) S.o ={(2',t) € Q;G(2') >0 and —eo®™G(2') <t <0}.

Remark 4.1. The quantities ¢ and o will be fixed later. If we set g(z') =
e -0?™.G(2'), then g is the required positive function in the definition of

S, in Section 1 and S; , equals S .

We define a subbundle of £° on S. , by letting Ry ={L € E?x " Lry =
0}. Clearly the map H defined by H(L) = L — (Lrs)(Lynrs) 'L, defines an
isomorphism of S onto R (at all points of S ). Set ui(z) = p(x,eG(2')),
pa(z) = .. 1 (z) = eY2G(2")Y?, and p,(x) = eG(z'). We define a
weighted metric { , ) on LY by the relations

(H(Lj), H(Lg)) = pj(z) " pr(x) "Ly, Lido, 1<jk<n—1,
(Lp, Ly) = 5_290(16)_47”, and

where L; € §, 1 <1 <n—1. Since p(z,d) is a smooth function of = and §,
it follows that < , > is a smooth Hermitian metric on £°. Now using the
special coordinates defined in Proposition 3.1, we will cover S , by special
dialated coordinate neighborhoods such that on each such neighborhood,
there is a frame L that satisfies required good estimates.

Proposition 4.2. There exist constants €9 and g such that if 0 < e < &g
and 0 < o < o0g, then on S, there exist for all zo = (z(,,0) € M with
G(x) > 0 a neighborhood W (xg) C Se » with the following properties:

(i) On W (xg) there are smooth coordinates y = (y',y2n) where y =
(Y1,Y2, -, Y2n—1) 1S independent of t and where the function ya, is
defined by yo, = e 1G(z") " trg(2',t) — a®™, so0 that W (xo) = {y;|y/| <
o, —a*™ < yon < 0}, Thus, MoNW (z0) and MsNW (zq) correspond to
the points in W (xo) where yan, = 0 and —a>™, respectively. Moreover,
the point (x(,0) € Q corresponds to the origin.

(ii) The above coordinate charts are uniformly smoothly related in the sense
that if W{(po) and W (xq) intersect, and if y and yo are the associated
coordinates, then

Do (yo) )| < Clyy
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holds on that portion of R®*™ where o (yo) ' is defined. The constant
Cla| 1s independent of €, o, and xo.
(iii) On W (xg), there exists a smooth frame L1,..., Ly, for L such that if

0
J Byj

2n
wl, ..., w" is the dual frame, and if Ly, and w* are written as > by
j=1
2n
and Y di;dy;, then
j=1
sup {|Dybr;(y)| + [Dydij(y)|} < Clas
yEW(:Eo)
where C|y| is independent of xo, j, k, € and o.
(iv) With the frames as in (iii), set ¢j; = w™([L1, L)), | = 2,...n. Then
there is an independent constant C' > 0 such that

(42) s ehy)] < Co™m.
yGW(xo)

(v) There are independent constants ¢ > 0 and C > 0 such that if By(x)
denotes the ball of radius b about x € S, with respect to the metric

(, ), then

(4.3) By (z0) C W(x0) C Beoo(zo),
and if Vol By(x9) denotes the volume of By(xg) with respect to { , ),
then

(4.4) cb?"Lo?™ < Vol By(zg) < CH*~Lo?™.

Proof. We will sketch the proof. For a detailed proof, one can refer [5,
Proposition 5.1]. We first cover M by a finite number of neighborhoods V;,,
v=1,...,N,in Q such that in each V,, there exist coordinates (u1, ..., uay)
with the property that ug, = t and that ug(v',t) = ug(u/,0), k < 2n, for
(u',t) € V,,, and that 9/0ug,—1 = —Xp, at all points of M NV,. Also we
can arrange the neighborhoods V,, so that Proposition 3.1 holds on each V.

For any point g € M NV, we take coordinate functions ¢ = (¢{,...,C%)
constructed as in Proposition 3.1. Let us denote by EZ , the vector fields Ek,
1 < k < n, written in (“-coordinates as in (3.2), satisfying (3.3). Set
0p = eG(x(). Let 7(x0,00) and p(x,6y) be the quantities defined in (3.4)
and (3.9) respectively with respect to the point o € My. By Proposition 3.2
it follows that u(zg,6y) ~ 7(x0,0).

Set po = p(xo,0p) for a convenience. Let x = (2/,t) be the real coor-
dinates of ¢¥. We define new coordinates y = D,z (x) = (y1,...,Yy2n) by
means of dilation map D 4, : R?" — R?" given by:

(4.5)

_ _ —-1/2 —-1/2 — _ _
y(l‘lvt) = (/LO 1$17M0 1-’1)‘2,00 / Z3,... 390 / $2n72a‘90 151:2717176 IG(:E/) 1t)'
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In terms of the y-coordinates, we define an open set Wj(xg) by

(4.6) Wiy(zo) ={x € V, NSz 03 |yr(x)| <D,
E=1,2,...2n -1, —0°™ < yo,(x) < 0}.

2m

Note that in Wy(x0), y2n = 0 and y9, = —c*™ coincide with rg(z’,t) =
eo?™G(z') and rg(a, ', t) = 0, respectively, the boundaries of S 5. Asin (3. 26)
we set L = L”—e]Ln, j<n-—1,and L} = L” where e; = (Lkrs)(L”rs) ,
and then deﬁne a frame Lq,..., L, in Wy(xo) by setting

(4.7) Ly = pu(z,eG@))LY, Ly =eY?G(d))iLY, 2<k<n-—1,
L, =¢eG(2")LY
Then it follow from (3.32) that
le| S e0®™|GW (xf)| << o™ Oop(o,00) ™, 1<k <n—1.

We set W (zp) := Wy (x) for a sufficiently small ¢ > 0. Then (4.2) follows
by using the estimates in (3.37) and (3.38). The other properties follow as
in the proof of Proposition 5.1 in [5]. O

Let us take the dilated coordinates y = (y1,. .., y2,) defined in (4.5). In
the sequel we let LJV and wlj;, 1 < j < n, be the vector field and its dual form
written in z-coordinates as in (3.26) defined on V,, 3 x¢. Also let L; be the
vector fields defined in (4.7) and let w’ be its dual frame, 1 < j < n.

We may assume that d(xg) := dist (zg,bM) ~ (logk)~! ~ d(z'), (2',t) €
W (zg), for some k > Ky as in Section 3. Also it follows that G(2') =

k. (logk)~! for (a/,t) € W (o). By (3.28)-(3.30) we then have

(4.8) WM([Ly, L)) = 71 G(2') " (a, eG(a") 2wl (LY, L))
2 e 1G(a') u(z,eG(a'))? - sG(a')or (z, k)~
> o2z, eG(z')? - oy (x, k)72, on M,.

~

We also want to get estimates for w™([L1, Li]), 2 < k < n —1, on M,.
Let us set 6 = (e0?™G(x}))™7, where v = (10 x (m/2)!)~'. For each
xs, € M,, we consider the coordinate functions ¢ = ((1,. .., (,) constructed
in Proposition 3.1 about the point x5, € M,, and set 7{ = 7(zs,,9), 7V =

J
612, 2<j<n—1, 7/ =0, and set
Ps(zs,) ={G Gl <77, 1<j<n}

We cover M,NW (xg) by polydiscs, Ps(xs,), s, € MsNW (z0) so that any
(N +1) intersection of Ps(xs,)’s are empty. Let x5 € M,. Then zs € Ps(zs,)
for some x¥ € M,. If we express the vector fields L, ..., L, in terms of the
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special coordinates about the point x,, it follows from (3.34) that
(4.9) W™ ([L1, L)) ()

)|wp (L1, La)) ()|

)? (07 (xs,,6) 2T + 5'G(a)")
(2ot G ("))

2, 2<a<n—1,

where we have used the fact that 5772127 < 727 < £204MmG (20)2.
From (4.8) and (4.9) one obtains that

(4.10) |w™([L1, La)) (2)]? < eG(xo)w™([L1, L1]), 2<a<n—1.

Using the special coordinates yi, ..., y2, and the special frames Lq,... L,
defined in (4.7), we want to define L?-operators with mixed boundary con-
ditions. We set

| fle,wy(@o) = sup {|Dy f(y)l;y € Wi(zo), |af <k},

and we extend this norm to vector fields and 1-forms.

In the process of subelliptic estimates for Ds-operator, we will see that a
certain boundary integral terms on My occurs. To handle these boundary
integral terms, we need the following lemma.

Lemma 4.3. There are a frame X1,..., X, for £ and its dual frame 0,
., n" so that if we set ¢, =n"([ X, Xp]), 1 <k <n—1, then

ctn =0 on W(xg), k=2,....,n—1, and
|0711n‘s,W(:r:0) S CSUZm.

Proof. See [8, Lemma 4.3]. O

Recall that a deformation of £° is a section A of the bundle I'}(S. ;). In
terms of the special frames in W(zo), we write A =377, Ayw! ® L;, and
then define

AWl =D > ID§Au(y)l, and

la|<s j,l=1
|[Als,w(zo) = sup{|A(Y)ls;y € W(zo)},
and suppose that A satisfies
(4.11) | Al 2043w (o) < €0,

for a sufficiently small g > 0.
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We define A(S: ) to be the space of sections A € T%!(S, ,;0) such that
along My, A(L) = 0 whenever L € T%' N CT M. From now on, we assume
that A € A(S.,). Then we can define a deformation £4 of £° by

C'={T+AT)TeLd ze8.,).

In terms of the frame X7,..., X, and its dual frame n',..., 7" in W (o)
constructed in Lemma 4.3, we define

X} =X;+AX;), j=1,...,n,

and let ni‘ be the dual frame. Set

5= (X - (0 X ) 1<g<ne L= X

and
(4.13)
) n—1
Wy=oTan, 1<j<n—1, wi=|ni+ > (X)X
j=1
Obviously, the frame wi‘, for j = 1,...,n, is dual to Lf, and L;‘r =0 for
1<j<n—1.

Assuming that A satisfies (4.11) for sufficiently small gy < 27" it
follows from Lemma 4.3 that

n —A

(4.14)  supyewug Wi (L T S oYY AL, 2<k<n—1,
n TA m—+1

(4.15) SUPyemw (ao) Wi (L1 Ly ) ()] < Co™™a + o4 Ay,

where the constant C' > 0 is independent of zg, o and €.
In order to measure how Lf, j=1,2,...,n, depend on A, we define

Py A= > 1AWk

k1, kn v=1
|k1]++kn|<k

Lemma 4.4. If A satisfies (4.11) for sufficiently small €y, then the following
pointwise estimates hold for y € W(xo):

1
(4.16) 1L — 07 Ly|s < Coo/*Py(y; A), |L2 — Ly|s < CoPy(y; A),
(417) W =0T iWk] < CooT IRy A), W — W' < CuPu(y; A).

Proof. From the expression of L{ and w¥ in (4.12) and (4.13), the error
terms are the finite product of derivatives as in (4.16) and (4.17). O
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Lemma 4.5. Assume A satisfies (4.11). Then
(418)  WAR(E D] S eGa@ ALY T, 2<k<n—1.
Proof. By virtue of Lemma 4.4, we can write

RLY ) = o2 (L1, T) + O(|Alb).

Since A vanishes to infinite order along My (in z-coordinates), we have
|IDYA(z)| < e*o®mG(2')4, |al < 2. In terms of y-coordinates, we then have

(4.19) |Aly < e20™G(2)2.
Hence (4.18) follows by combining (4.8), (4.10) and (4.19). O

For the subelliptic estimates on the forms supported on M,, we still
have to construct a family of plurisubharmonic functions with large Hes-
sian in dilated coordinates y. By virtue of Theorem 3.7, there is a fam-
ily of plurisubharmonic functions {he,(x)},>0 defined on S5 = {(2',t) :
(—ep—ea?™)G(z') <t < (ep—e0?™)G(2)}. In y-coordinates, we can write

Sp =S5 ={(¥/, y2n); lyan + ™| < p}.
Set W(:Bo) = W (o), for some C' > 1, and set
pi(e) = p(z,eG()),  p(e) =<?G@)? 2<k<n-1,
pn(7) = eG(a'),
and for any p > 0, we set
ph(x) = plz, peGla')),  pf(x) = (peG(a)'/?, 2<k<n—1,
ph () = peG(a’).
Theorem 4.6. Assume that A satisfies (4.11) for a sufficiently small gy >

0. Then for each small p > 0, there exists a C™ plurisubharmonic function
Ap defined on W(xo) 2 W(xg) such that

(i) [\l < 1in W (),
(ii) for ally € S, "W (o), and LA = > i=1bj L , we have

(4.20) 90N, (v) (L, T Z g P 20 )2,
(i) |L4No[? S 09 () (L4 T, |
(iv) [D*A| < Ca Tl py” () (g ()~
Proof.
Let {hep}ep>0 be the family of plurisubharmonic functions constructed in

Theorem 3.7. Set A\y(y) = hep 0 D' (y), where Dy, is the dilation function
defined in (4.5). It is clear that A, is plurisubharmonic and satisfies (i). Let
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{L¥,... ~n} be an orthonormal frame defined on V,, in z-coordinates, and
let LY = L” — e]L 1<j<n—-1,L= ’,’L, be the vector fields defined in
(3.26) where ej = (Lj’frs)(L;;rs) . Note that the frame {L1,...L,} defined
in (4.7) can be written as Lj = i (2) LY, 1 < j <n. If weset L =>"_, b;L;,
then it follows from (3.36) and by functoriality that

(4.21) 90X, (y)(L, L) = 9dh.,(2)(dD,' L,dD; L)

= 00hep(z Z bjp; L, Z b]:“]

~Z|b )P () uf () 2.

Note that the vector fields L;"s and its dual forms wi"s are written as
n (4.12) and (4.13). Since A vanishes to infinite order along My, it follows
that |Alz < e20*™G(2')%. Therefore one obtains, from (4.21), that

= —A — - - _
DN, () (LA, L) = 00N, (y)(L, L) + O(|A)[bI* = Y b () () 2.
j=1
This completes the proof. O

Next we show that there exists a smooth Hermitian metric on S. , such
that for all o € M the frame L4, ..., L7 given by (4.12) is orthonormal.
For L € £° and A € A(S.,) satisfying (4.11), define a bundle isomor-
phism P4 : £° — £A by Ps(L) = L + A(L). Define a homomorphism
Hy: LA — RA, where RY = {L € £L4; Lr = 0}, by
Lr X A__ Ly, A

Hy(L) =L — .
A Xiir Lilyon "

Then H4 o P4 is an isomorphism of R onto R4. We define a metric (,)a
on L4 by

((Hao Pa)L1,(Hao Pa)La)a = (L1,La), L1,Ly € R,

(LA, LY 4 =1, and

(HaoPa)Li,Li)a=0, Lj€R.
Note that L,‘? is actually globally defined, so that the above conditions de-
termine a metric on £4. Since Lj,j=1,2,...,n—1, defined in (4.7), are an
orthonormal basis of £, it follows that L;‘ = (HaoPs)Lj,j=1,2,...,n—1,
are an orthonormal basis of £4 with respect to { , ) 4.

Let dV denote the volume form associated with the Riemannian metric
(, ). In the coordinates (yi,...,y2n) in W(xo), we can write dV = V (y)dy,
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where dy = dy1 . . . dys,, and where V satisfies

Vlsw(o) < Cs, and — infV(y) > ¢ >0,
V]s,w (o) JEW a0) (y)

where ¢ is independent of o, ¢, and zg. Let S; , be defined as in (4.1). We
will define the inner product for two functions g, h € C*(S;») by

(4.22) (g,h) = /5 gh dv.

Let A%9(S, ,; A) denote the space of (0, q)-forms with respect to £4 on
Se o, and set
TS, 53 A) = A%(S 05 A) @ LA
We can extend the inner product of (4.22) to the forms I'%%(S. ,; A) using the

component functions. We recall the D, operators defined in (2.4) and (2.5).
Then by integration by parts it follows that, if U = > U, L4 € TO*(S.; A)

is supported in W (o), Dy, the adjoint operator of Dy, is defined by

@2) pw=> (U, - Z Za | )T 10, | L2,
where

(4.24) U, =— Z Z(L;*Uy + ;Ui

_ i ZWA([LA LA])UZ]K oK

|K|=k—2 (=1 i<j

Now we extend the definition of the operators D, and D; to the L?-spaces
with mixed boundary conditions as in [5, Section 6], and we denote their
extensions by T, and T,. Let B(S:;A) C I'%#(S.; A) denote the set of
forms U = Y. > U/L{ such that U/ vanishes on M, when n € J, and

L |J]=q
vanishes on My when n ¢ J. Then we can approximate U € Dom(T},41) N
Dom(Ty) by Uy, € BY(S:,+; A) in the graph norm of Ty41 and T [5, Lemma
6.4]:
Lemma 4.7. Let U € Dom(S)NDom(T™). Then there exists U, € B(S; o}
A) such that

Jim (|Uy = Ull + 15Uy = SU|| + |[T*Uy = T'U]) = 0

Finally suppose that we have proved the estimate
(4.25) IU? < C(T* U + (ISU1?)
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for all U € BY(S;,;A). Then Lemma 4.7 shows that (4.25) holds for all
U € Dom T*NDom S. Then from the usual 9-Neumann theory it follows that
for all G € Lg(SE,U; Tj"o), there exists an element NG € Dom(7™)NDom/(S5)
such that

ING|| < C2|Gll,

and
(G, V)= (T*(NG), T*V) + (SNG,SV), V € Dom(T*) N Dom(S).

We will call N the Neumann operator associated with D,.

5. The subelliptic estimate for D,.

In this section we prove a subelliptic estimate for the Dg,-Neumann problem
with almost-complex structure £4. We set ¢ = 2 in this section.

We first define tangential norms that will be used in the estimates. For
any s € R, set

1112 = / / F(E o) (1L + [€]2)°de dyan,

where f(£,12n) = Jen—1 e~ Ef(y yan)dy'. For any integer k > 0 and any
s € R, set

k 2
=0 a %n
Finally for any integer m > 0 and f € C“(W(mo)), set
IF17 = D> 1Dy fI%
|lo|<m

By using the coefficients of U, we can easily define all of the above norms
for any section U of I'%?. We recall that A(S:,) is the space of sections
A e T%L(S, 5;0) such that along My, A(L) = 0 whenever L € T%' NCT M,.
Then the goal of this section is to prove the following subelliptic estimate:

Theorem 5.1. Suppose T(M) = m < oo and that A is a section of A(Seo)
that satisfies (4.11) for some small e > 0. Then there exist small positive
constants o1 and €1 so that if e < e1, if o < 01, and if |Alpyon3 W (o) < €
then the Dg-Neumann problem on S, with coefficient o for the almost-
complex structure LA satisfies the following estimate for all forms U €
B1(S: 53 A) that are compactly supported in W (zo):

(5.1) o TUIP+ LAU) + o2 |[UIA < CISUIP + IT*U|2),
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where LA(U) = LAU') + LAU"), and LAU") = LAU) + LAU), and
where

n
—A
LA = > (IERU7 12+ ITU 1) + 3 3 LU
(=1 k=1|J|=q (=1 |J|=q
neJ neJ
» n n—1 A n A
LAO) = > (IERU7 12+ IT0 1) + 32 D2 IZRUd 1%, and
(=1 k=1|J|=q (=1 |J|=q
leJ leJ
n¢J ngJ
~ n n—1 n A n 4
LA) = SOIEUI R+ Y0 D IR+ Y T
(=1 k=1 |J|=q (=1 |J|=q (=1 |J|=q
1,n¢J 1,n¢J 1,ng¢J

We let C > 1 and 0 < ¢ < 1 be the independent constants which may
vary in various estimates. For convenience, in all that follows, we omit the
notation A from the frames L!,... LA, and w},...,w%, and LA(U). We
first state some necessary lemmas for the proof of Theorem 5.1.

If n > 3, then the (n — 2) positive eigenvalue condition on the Levi-form
of M guarantees the existence of at least one positive eigenvalue. Then the
classical theorem of Héormander shows that:

Lemma 5.2. Assume that n > 3 and A satisfies (4.11). Then for all f €
C°(W(zo)),

n—1 L
(5:2) HIAIE <> (AR + IZEFIE) + ClfI
k=1

Note that in W(zp), we have technically chosen so that y2, = 0 and
Yon = 0™ coincide with the boundaries of Se.o. Then the following lemma
can be proved by modifying the proof of Lemma 7.7 in [5].

Lemma 5.3. Suppose that f € C3°(W(x0)) and that f vanishes either on
My or on M. If o is sufficiently small, say o < o1, then there exists a
constant C independent of €, o, and x¢ so that

(5:3) o NFIP < CUAIE + ILaf ),

where En =L, or L,.
To handle the commutator terms, we need the following lemma:

Lemma 5.4. Assume that n > 3. Let U € By(S:,s; A) be compactly sup-
ported in W(xo), and suppose that A satisfies (4.11). Assume that |K| =
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q—1 withn ¢ K and that 1 < k < n—1. Set cf = w"([Ly,Ly,]) and
d?, =w"([Ln, Ly]). Then

(5-4) |(cln LnUFS, UP)| < C(aLAU) + 07U,
(5.5) (diy LUP S, UFF)| < CoLA(U) + o H|UP).
Proof. (4.14) and (4.15) are the key estimates for the proof of (5.4) and
(5.5). One can refer a proof from [8]. O

For each small p > 0, we set

S, = {4, yn); yan + 02| < p} N W (o),

and let \, = h,s, o Dz !(y) be the plurisubharmonic weight functions con-
structed in Theorem 4.6 where 6y = eG(x).

Lemma 5.5. For each k, 1 <k <n—1, set ¢, = w"([L1,Lg]). Then
1 _
(5.6) supyeg, |et1(Lady) (v)| S 027 (2, 80)*7 (2, pdo) 2,
1
(5.7) supyes, [cik(Lado) )| S op~ 27 (2, 00)7(x, pd0) ™', 2<k<n—1.

Proof. Note that c, = wﬁ([Lf,f,?]), where w’ and Li{l’s are defined in
(4.12) and (4.13). Therefore it follows that

(5.8)  c(y) = o2w™([L1, Lk (y) + O(JA]), 1<k<n—1.

Since |A]1 < ep? in Sy, (5.6) and (5.7) follow from the estimates in (3.37),
(3.38), (5.8) and from the fact that ep? < p7(z, do)7 (2, pdo) L. O

We now want to prove Theorem 5.1. We follow the standard O-type
estimates, while we need a special attention to the components Ul‘] , with
I,n ¢ J, on M,. Assume U = > ', Z\J|=q UleJ - L; € BY(S;», A) with
supp U C W (zp). Then from (4.23) and (4.24) it follows that

T*U = D,U = BU + C|U],
where
(5.9) }: > }: LU sk - 1.
=1 |K|=¢—1j=1
Also (2.5) shows that
(5.10) SU = DU = AU + C|U],
where

(5.11) AU = zn: > zn:(ijlJ)wJ

=1 |J|=q j=1
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Combining (5.9)-(5.11) one obtains that

(5.12) IAU|? + || BU|? < 2||SU|* + 2| T*U|* + C||U|1>.
Let us write U = U’ + U”, where
n n
U=> > U/%"-L;, and, U" =) U/w’ L,
I=11J|=q =1 1J]=q
neJ né¢J

and let L(U) = L(U’")+L(U") be defined as in the statement of Theorem 5.1.
Then we can write:

(5.13)

| AU +|BUJ? = [ AU"| + | BU"|* + | AU"| + | BU'|* + E(U,U"),
where E(U’,U") denotes the (sum of) inner products (AU’, AU") and (BU’,
BU").

Note that the Levi-form of M, has at least (n—2)-positive eigenvalues and
U’ = 0 along M,. Since n > 4, there are at least two positive eigenvalues

along M,. Therefore we may proceed in the standard way as in [10, 11] for
U’ and we get

(5.14) |AUY|2 + | BU'|2 > c<L(U’) +/ yU'|2ds>.
Mo

Set E(o,U) = o'/*L(U) + 0=°/2||U||2. Note that U} = 0 on My and
Ul”K = 0 on M,. Then by typical integration by parts method and by
Lemma 5.4 one can show that

(5.15) \E(U',U")| < CE(o,U).
Combining (5.13)-(5.15) we conclude that
(5.16) |AU||> + | BU||> > ¢ (L(U’) +/ \U’2d3>
My
+[|AU"|]* + | BU"|]* — CE(0,U).

Let us write U” = U + U, where

n

U=> > U/w' L and 5:2 UYL

I=1]J|=2 =1 |J|=2
leJ 1,n¢J
n¢J

Then we can write

(5.17)
IAU” | + |BU"||* = |AU|* + | BU|* + || AU|* + | BU||* + E(U,U),
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where E(U,U) denotes the (sum of) inner products (AU, AU) and (BU, BU).
A typical term of E((} , (7) looks like:

(L UM, LUI%y — (LU ThUi®), 2 <k <n—1.
If we perform integration by parts again, all the terms, except the term

(C?jLnUllk, Uljk), are bounded by F(c,U"). Observe that

. " . R . ”
(ClenUzlka Ut) = _(CllekaLnUl] ) = ((anlj)Ullka ui™)

—ik
—/ C’f] llk(]‘l7 ds.
M,

Therefore one obtains that
(5.18)

~ n—1
|B(U,0)| < CE(@,U) +C | Y /M (02 |UM 2 + o3|y 2| U7* 2 ds
jik=2 " Mo

Let us estimate ||AU||2 + || BU||2. Note that n > 4, and the Levi-form of
M, has at least (n — 2)-positive eigenvalues (and hence at least two positive
eigenvalues). Hence for each fixed J with 1 € J, n ¢ J, there is at least one
k,2 <k <n-—1, such that k ¢ J. This is the property for the estimates for
U in [10], and we get

(5.19) |AU|? + | BU||> > ¢ (L(ﬁ) +/ |(7|2ds>.

o

Combining (5.16)-(5.19) we conclude that

(5.20) ||AU|* + |BU|? zc<L(U')+L(ﬁ)+/ \U’Pds+/ |(7]2ds>
Moy Mo

. n—1 ]
oot S0 [ je it pas

J,k=2

+ |AU||?> + |BU||> = CE(c,U").

Finally let us estimate |AU||? + |[|[BU||2. In this case we can not get the

boundary integral term [ M, |(7 |?ds which is necessary for the 1/2-subelliptic
estimates for the Dy equation. Therefore we need to use the family of
plurisubharmonic functions with large Hessian near M, constructed in The-
orem 4.6.

If n > 5 then Catlin’s theorem [5, Theorem 7.1] shows that 1/2 subel-
liptic estimates hold because there are at least three positive eigenvalues.
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Therefore let us assume that n = 4. Then we can write

. n
U = Z Ul23623 . Ll7
=1
and hence

(5.21)

~ ~ n
IAT | + |1 BU|* =Y [IL U 1P + LU P + 1L2UP |1 + || Ls U217 -
=1
By integration by parts, we get

1= 1 1 ~
6:22)  GILUPIE = GILUPE+ 3 [ i0PPds + O(E(. D).
Combining (5.20)-(5.22) one obtains

(5.23) ||AU||2+||BU||220<L(U)+/ |U’|2ds+/ |z7|2ds)
My M,
1 ~ 9 1 n (772
Lot [ opds
3 3 s

3 ~
N / 20 2ds — Co~ 5T,
j=2"Mo

provided o is sufficiently small.
Let A € C°(W (zg)) with |A] <1 and for f € C°(W(zq)) we define

172 = / PV
W (xo)

Then %||LiUP|? > §||L1U|]3 because e > 1/3. Let us estimate
1L U213

With the notation §; = e*Lie~?, we can write
(5.24)

(61U, 6,07\ = LUK + O(0 AN U P) + O(E (0, T)).
Since we have the following commutation relation
(61, L1] = Ly Ly A + [L1, L1] — (L1 M\) Ly,

we obtain from (5.24) that
(5.25)  [|ILWUP|? = [LUP IR + (L1 L UE?, UFP)

(ZCHL U, U ) (ZdlLUQ?’, 23>A

+ 00 (LNTPR) + O(E(0. D).
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Note that the terms ( ?IfnUl%,Uf?’),\ and (X071 el L,UP, U, are

dominated by the error term CE(o, U ). By integration by parts one ob-
tains

(5.26) (C?anU1237 U123) = (11 (Ln )\)U UlZS)A

- / L |UP e ds + O(B(o, 1)),
Mo

and for 1 <i<n—1,

(5.26') <Zd LU, U )

Combining (5.23)-(5.26) we conclude that

(Zd (LNUE 23) + O(E(0,U)).

A A

(5.27)

|AU|?> + |BU|> > ¢ <L(U) +/ |U"|ds +/ |I7\2ds>
Moy M,
f((Llle (Zd (Li)) U, U>

2 ~|? 5
+/0 gc?l—ca—%j;\c?j? ‘U ds — Co ™2 ||U||?

CD

+ <c11( AT, U) — Co 1| (LN T2
A

By virtue of the estimates in (4.18) and from the fact that eG(2') < o,
the boundary integral terms in (5.27) satisfy

3

2 = = 1 p~
(5.28) / c?lyUPds—ca—éZ/ 20 2ds > / & | T[2ds.
9 Ju, pacipvA 9 Jm,
With the notation
n
90X = Ajpw! AT,
jk=1

the second line of (5.27) is equal to (A11U?3, U3),. Now suppose that |A| <
1 on W(xzg). Let Cj be the constant appeared in the last line of (5.27)
and let x(t) denotes the function (¢'/%/3C1)e! and set ¢ = x()\). Then
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X' () > Cla_%x’(t)Q and we get
(5.29) o Ut = X (D) Aty + X" ()| (LAt ]

oi
>
—9C

— 1
1 AMitits + Cro~ 1y (8)? (L)t |2

Thus if we replace A by ¢ in (5.27), we obtain, from (5.28) and (5.29) that
(5.30)

AU+ 10 2 ¢ (L) + [ 0Pas+ [ (0Pas)
Mo Mo

+ ot (AU, 0) + (e (LT, U)y — Co™ 52| T2

Now we take the family {\,},~0 of plurisubharmonic functions with large
Hessian constructed in Theorem 4.6 and replace A in (5.27) by these func-
tions. By Lemma 5.5, and by the fact that 7(z,d) =~ u(z,d), we have the
following pointwise estimates at the point y = Dy, () € S,:

— = 1 _ =
(5.31) |11 () (LaXp) DIV (9)1?] S 02 (., 60)*ul, pdo)~*|U (y) .
Also it follows from (4.20) that
(5-32) Ma(y) 2 (@, 80)*r (x, poo) 2.

Combining (5.30)-(5.32) and the fact that 7(x, do)%7(z, pdg) 2 = p~2/™
(by (3.7)) it follows that, for each 0 < p < 2™ /2, there is A = A, so that

AT |2 + |BU|? 2 03 (AU, U) + L(O) 2 o/4p~=||U|]* + L(D).
Then by the theorem of Catlin [2] the subelliptic estimates of order 1/m

hold for the components U , and hence we get

1 = = =
(5.33) i lUlllL + L(U) < C(IAT|* + | BUP).

Recall that the estimates in (5.14) and (5.19) give us 1/2-subelliptic es-

timates for the components U’ and U. Hence we have, from (5.12), (5.30)
and (5.33), that

1 « _
04!HUH@ + L(U) < C(ISU|* + |T*U|*) + Co™*2||U |1,

By (5.3) we also have that o~ 4||U||? < C(|U|]% + |LU|?), and hence we

conclude that
(5.34) o U2 + L(U) + o1 |[U]|[A < CISU|? + | T*U|?),

for all U € BY(S;,»; A) provided o is sufficiently small.
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For the estimates of the non—tangential derivatives of U, we note that

LA = 52+ X, where X = 22" Yoy )% Therefore a standard argument
yields the inequality
(5.35)

2n—1

L <c 1+Z|b 2 wramss | UAIE + Il + 1£1),

Il

for all f € CSO(W(JUO)). This inequality can be applied with f = U/ and
one obtains (5.1) from (5.35). This completes the proof of Theorem 5.1.
We now define Sobolev spaces for sections of I'%4(S, ,; A). Recall that
the open sets By(z) satisfy (4.3) and (4.4) for each zy € M. Choose a set
T, = {z] € M,i € I} such that the sets B, /3(z{), i € I, cover S, and
such that no two points z7 and z§ satisfy |z — 29| < co/4 where | | is the
distance function on S. ,. It follows that the sets W(x7), i € I, cover S;
and that there exists an integer N such that no point of S, lies in more
than N of the open sets W (x?). Furthermore, there exist functions ¢;, (]

(that are independent of ya,,) € C§°(W (27)) such that > (? =1, such that
el
if z € supp (;, then ¢/ =1 in By, (), and such that both ¢; and (] satisfy

(5.36) Gilkaw(ae) + 1€k w (ag) < Cro ™"
Now let F be any section of I'%(S. ,; A). We define

||F||i,A = Z HQF”%,A,W(:E;’)’
iel
where

IGF N7 4w (o Z D GF 1R e

I=1|J]=q

and where F' = Z > Fw LA is the decomposition of F' in terms of
=11J]=q

the frame of W (zf). Moreover, the Sobolev norm || || w(s9) is taken with
respect to the y—coordinates of W (x7). We define H,S’q(S&g; le,o) to be the
set of all sections F of I'%9(S; ,; A) for which ||F|x < occ.

We want to get an estimate in global form. Define Q(U,U) = || T*U||? +
|SU||?. From the estimates in Theorem 5.1 and by using the partition of
unity as defined above, we obtain:

Corollary 5.6. Suppose that A satisfies (4.11) for all zo € M. Then there
exist a fixed small o and a constant €1 > 0 such that for all €,0 < € < &1,
and all U € Dom (T*) N Dom (.5),

U1 < CQU,U).
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Now let us fix o > 0 satisfying Corollary 5.6 and set W (xg) = W (xo).
Using Theorem 5.1 and the standard “bootstrap” method, we can get reg-
ularity estimates for the linearized equation. The proof is similar to that
in Section 9 of [5]. Here we use 1/m subelliptic estimates instead of 1/2
subellitic estimates. Set [J = DDy + Dy 1 Dg+1. Assume that A satisfies

(5.37) |Allzns < co.

Theorem 5.7. Suppose that (5.37) holds and that U is the solution of QU =
G where G € H,S’q(SE; T3°) for all k > 0. Then

107Uk + 1Dg1U Ik S Gk + (1 + [[All k4 2) [ Gllnra-

Now set £ = Dy, Dg+1U. Then we have the following estimates for the
error term E [5, Theorem 10.3].

Theorem 5.8. Suppose that A satisfies (5.37) and that OU = G, where
Dg1G =0 and G € H)'(Se; T°) for allk. Then E = D} Dgi1U satisfies

A A A
1Ellk—1 S NGIkIE nrr + [Gllnt tlF 7k + 1+ Ak 2) Gl E g
Note that F4 is Ds-closed. Since ¢ = 2, we immediately obtain:

Corollary 5.9. If A satisfies (5.37) and if U is the solution with respect to
LA of OU = FA, then V' = DU satisfies for allk =n+1,n+2,...

A A A A
1D2V" = FA e S NF st 1 ntr + [ Al A7 -

6. Embedding of CR structures.

In this section we will prove Theorem 1.1 using the estimates in Section 5.
First, we describe the nonlinear extension operator. For the details, one can
refer Section 11 of [5].

If A€ A(S.,) is sufficiently small and if we set P4(L) = L + A(L), then
La={Pa(L);L € L}. If weset Qa(w) =w— A*w, then A}L{O ={Qa(w);w €
AL0(L£)}. We define a nonlinear operator ® : A(S. ,) — I'%?(S. ) by:

(6.1) O(A) L', I",w) = Qa(w)([Pa(L’), PA(L"))).

Obviously, if ®(A) = 0, then L4 is an integrable almost complex structure
on S; . Note that there is a natural map Py : I’?L{Q — I'%2 defined by:

(PaB)(L1, To,w) = B(Pa(T1), Pa(T2), Qa(w)), BeT%

Therefore it follows from the definition of F4 in (2.4) that ®(A) = Pa(F4).
If we use the error estimates in Theorem 5.8 and Corollary 5.9, we then

obtain the following good estimates for the approximate solution of ®(A) +
d'(A)(d) = 0.
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Theorem 6.1. Suppose that A € Hi(S: .+, A) for all k and that A satisfies
(5.37). Then there exists da € Hp(Sz 0, A) for all k so that if k > n+ 2,

(6.2) lldalle S 12(A)k + [[Alle12l|®(A)lnr2, and
(6:3) [[2(A) + @'(A)(da) k-1 S DAkl P(A)Ins2 + | Alles2 | 2(A)]7 42

Note that the properties (6.2) and (6.3) of the nonlinear operator ¢ are
the crucial ingrediants in the application of simplified Nash-Moser iteration
process [16]. We now can prove the main theorem of this paper:

Proof of Theorem 1.1. We will show that ||®(0)||p < b for the small b > 0
and the integer D which are appeared in the variant of Nash-Moser theorem
[16]. The rest properties for the ®(A) in the hypothesis of Nash-Moser the-
orem can be proved using the relations in (6.2) and (6.3), and the estimates
for [J operator in Section 5.

We recall that F4 vanishes in infinite order along My (in z-coordinates!).
This can be stated in y-coordinates, and hence it follows that for each ¢ € I,

IGFO IR0 < Crve™e(af)™,

where (;’s are defined before (5.36). After summing up over z¢, we get
Roe < Crn Y olaf)Vel.

el
Since the choice of the points that was made before (5.36) shows that the
balls B% (x7), i € I, are all disjoint, we can obtain an upper bound on N (¢),
which is defined to be the number of i € I such that 27~ < ¢(27) < 27¢. In
fact, in terms of the ( , )op—metric introduced at the end of Section 2, the vol-
ume of Ber (z7) is roughly bounded below by entlg2n=l42m (o) 2mnt2)
gntlg2n=l42m . 9=2tm(n+2) "and the (, )o-volume of the region in S. , with
271 < p(x) < 27¢ is roughly bounded above by e0?™ - 272" Thus, we
conclude that

(65) N(ﬁ) 5 s—no_—(Qn—l)QQTnZ(n—i—l)'
Thus (6.4) and (6.5) imply that if N = 2mf(n + 1) + 1, then
12(Ao)llk = IF°ll0 S C - €

(6.4) | F°

for sufficiently small . In particular, if we set k = D, and choose € to be
sufficiently small, then it follow that ||®(A)|p < b. O

References

[1] A.T. Akahori, A new approach to the local embedding theorem of CR structures for
n >4, Mem. Amer. Math. Soc., 67(366), Amer. Math. Soc., Providence, R.I., 1987,
MR 88i:32027, Zbl 0628.32025.



344
2l
3]
(4]
(5]
(6]

7
)
9

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(17]

SANGHYUN CHO

D. Catlin, Subelliptic estimates for the O-Neumann problem on pseudoconvexr domains,
Ann. of Math., 126 (1987), 131-191, MR 88i:32025, Zbl 0627.32013.

, A Newlander—Nirenberg theorem for manifolds with boundary, Michigan
Math. J., 35 (1988), 233-240, MR 89j:32026, Zbl 0679.53029.

, Estimates of invariant metrics on pseudoconver domains of dimension two,
Math. Z., 200 (1989), 429-466, MR 90e:32029, Zbl 0661.32030.

, Sufficient conditions for the extension of CR structures, J. of Geom. Anal.,
14 (1994), 467-538, MR, 95j:32028, Zbl 0841.32012.

S. Cho, FEaxtension of complex structures on weakly pseudoconvex compact com-
plex manifolds with boundary, Math. Z., 211 (1992), 105-120, MR 94h:32030,
Zbl 0759.32012.

, Extension of CR-structures on three dimensional pseudoconvex CR mani-
folds, Nagoya Math. J., 152 (1998), 1-35, MR 2000c:32088, Zbl 0934.32026.

, Extension of CR Structures on pseudoconvex CR manifolds with one degen-
erate eigenvalue. Preprint.

D’Angelo, Real hypersurfaces, order of contact, and applications, Ann. of Math., 115
(1982), 615-637, MR 84a:32027, Zbl 0488.32008.

L. Hérmander, L? estimates and existence theorems for the O-operator, Acta Math.,
113 (1965), 89-152, MR 31 #3691, Zbl 0158.11002.

, An Introduction to Complexr Analysis in Several Variables, Van Nostrand,
Princeton, 1966, MR 34 #2933, Zbl 0138.06203.

H. Jacobowitz and F. Treves, Non-realizable CR structures, Inventiones Math., 66
(1982), 231-249, MR 83£:53022, Zbl 0487.32015.

M. Kuranishi, Strongly pseudoconvex CR. structures over small balls, Ann. of Math.,
115 (1982), 451-500, MR 84h:32023a, Zbl 0505.32018.

A. Newlander and L. Nirenberg, Complex analytic coordinates in almost complex
manifolds, Ann. of Math., 65 (1957), 391-404, MR 19,577a, Zbl 0079.16102.

L. Nirenberg, On a question of Hans Lewy, Russian Math. Survey, 29 (1974), 251-262,
MR 58 #11823, Zbl 0305.35017.

R.X. Saint, A simple Nash—Moser implicit function theorem, L’Enseignement Math-
ematique, 35 (1989), 217-226, Zbl 0702.58011.

S. Webster, On the proof of Kuranishi’s embedding theorem, Ann. Inst. Henri
Poincare, 6 (1989), 183-207, MR 90h:32042b, Zbl 0679.32020.

Received October 12, 1999. Partially supported by KOSEF 971-0102-011-2 and by GARC-
KOSEF, 1998.

DEPARTMENT OF MATHEMATICS
SOGANG UNIVERSITY

SEOUL, 121-742, KOREA

E-mail address: shcho@sogang.ac.kr



