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Let M be a smoothly bounded orientable pseudoconvex
CR manifold of finite type with dimg M > 7 and assume that
the Levi-form of M has at most one degenerate eigenvalue.
Then we extend the given CR structure on M to an integrable
almost complex structure on S5 which is a complex manifold
containing M as a (locally) real hypersurface.

1. Introduction.

Suppose that M is an abstract smoothly bounded orientable CR manifold
of dimension 2n — 1 with a given integrable CR structure & of dimension
n — 1. Since M is orientable, there are a smooth real nonvanishing 1-form 7
and a smooth real vector field Xy on M so that n(X) =0 for all X € S and
n(Xo) = 1. We define the Levi form of & on M by in([X’, X"]), X', X" € S.
We may assume that M C M , in C*° sense, where M is a smooth manifold.

Ever since the discovery of non-realizable CR-structures on M with
dimg M = 3 [15], the question of local embeddability of M as a real hyper-
surface in C" has been one of the main interests in CR-geometry. In [12],
Jacobowitz and Treves also showed that there is (M, S), of nondegenerate
Levi-form with only one positive eigenvalue, which can not be realizable.
However, Kuranishi [13] showed that (M,S) can be realizable provided M
is strongly pseudoconvex and dimg M > 9. Later, Akahori [1], Webster [17]
proved the same result when M is strongly pseudoconvex and dimg M > 7.
Recently, under certain conditions on the Levi-form, Catlin [5] extended the
given CR structure on M to an integrable almost complex structure on a
2n-dimensional manifold €2 with boundary so that the extension is smooth
up to the boundary and so M lies in b§2. This leads to a solution of the
local embedding problem provided M is pseudoconvex and the Levi-form of
M has at least three positive eigenvalues (so dimgpM > 7).

In this paper, we consider a local embedding problem of a given CR
structure on M when M is a pseudoconvex CR manifold of finite type with
one degenerate eigenvalue and dimgM > 7. For given positive continuous
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functions g1, go on M, where g = go = 0 on bM, we define
So ={(z,t) € M x (—00,0] : —g1(w) <t <0},
5;2 ={(z,t) € M x[0,00): 0<t < ga(x)}.

Theorem 1.1. Let (M,S) be a smoothly bounded pseudoconver CR man-
ifold of finite type and the Levi-form has corank one and dimpM > 7.
Then there exists a positive continuous function g1 on M and a smooth
integrable almost complex structure £ on Sy such that for all x € M,
Loy NCTM = S;. Furthermore, if Je : TS, — TS, is the map as-
sociated with the complex structure L, then dt(Jz(Xo)) < 0 at all points of
My = {(z,0);x € M}.

In [7, 8], the author showed that the given CR structure on M can be
extended smoothly to an integrable almost complex structure on 5;2 (i.e.,
the concave side of M), for some g2, when M is a pseudoconvex CR manifold
of finite type and the Levi-form has co-rank one and dimg M > 3. Since
the extension of CR structures is essentially unique [5, Theorem 4.2], we
can patch the integral structures on Sg‘g and S, smoothly to get an inte-
grable almost complex structure Sy, =S, U Sgt which contains M as a real
hypersurface. By virtue of Newlander-Nirenberg theorem [14], S, is then a
complex manifold and we have the following local embedding theorem.

Theorem 1.2. Let (M,S) be as in Theorem 1.1. Then (M,S) can be locally
realized as a real hypersurface in C™.

Remark 1.3. When dimg M = 7, all the previous results [1, 5, 17| were
for strongly pseudoconvex CR manifolds while Theorem 1.2 includes local
embedding theorem for some pseudoconvex CR manifolds of dimg M = 7.
We leave the local embedding theorem of general pseudoconvex CR manifold
of finite type as open.

In [5], Catlin has introduced certain nonlinear equations which come from
deformation theory of an almost complex structure (Section 2). The lin-
earized forms of these equations are simply the d-operator from A% @ 710
to A%2 @ T1Y (Section 2). The solutions of these equations represent suces-
sive corrections that must be made in the iterative process of solving the
nonlinear equation.

In order to solve this O-type equation, we take, for each zo € M, a special
smooth complex valued coordinates ¢ = ((1,...,(,) defined near xy. Then
a careful analysis of the local geometry of M near x( will give us a family of
plurisubharmonic functions with maximal Hessian near zg. Thanks to these
functions, we construct a smooth positive function g(z,t) = g(x), = € M,
g(x) = 0 on bM, so that the hypersurface M, := {(x,t) € M x (—1,0];t =
—g(x)} is pseudoconvex (a bumping theorem), and it patches smoothly with
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bM. Using this function g we can define an almost complex manifold S

defined as above. In solving O-type equation on S 4 » We assign the Neumann
condition on M, and a Dirichlet condition on M to preserve the existing CR
structure on M.

To overcome difficulties in subelliptic estimates for O near bM, we choose
a Hermitian metric on S, so that S, takes on the form S. = M x [—¢,0]
(Section 4). To this end, we choose, for each xzy € M, a non-isotropic ball
of size § = g(z¢) in the transverse holomorphic direction and of size 6/ in
strongly pseudoconvex tangential holomorphic directions, and of size 7(zg, )
in the weakly pseudoconvex tangential holomorphic direction.

Section 5 is devoted to showing subelliptic estimates for the d-type equa-
tion on each non-isotropic ball. Since the Levi-form has at least (n — 2)-
positive eigenvalues, the usual 1/2 subelliptic estimates hold for the com-
ponents which contain the normal component, or for the components which
do not contain the normal component but contain the weakly pseudoconvex
component. To get a (1/m)-subelliptic estimates for the remaining compo-
nents we use an important feature of My, that is, M, is strongly pseudo-
convex with the estimates n([L, L])(z,t) = g(z)|L|> on M,. This estimate
is also a key one in controlling the boundary integral terms on M, occuring
from integration by parts.

Then we get uniform subelliptic estimates for 0 on each non-euclidean
ball, and then we get the so called “tame estimates” which are required
in the simplified version of Nash-Moser theorem [16] for the approximate
solution to the linearized equation.

2. Deformation of almost complex structures.

Let (M,S) be a CR manifold as in Section 1 and set Q@ = M x (—1,1). In
this section we extend the given CR structure § on M to an almost complex
manifold (€2, £), and consider a deformation problem of the almost complex
structure £ on  so that the new (deformed) amost complex structure is
integrable (or close to be integrable).

Assume that £ is an almost complex structure on 2. Let A be a smooth
section of T1(£) = A% (L) ® £, where A% (L) denotes the set of (0, 1) forms
with respect to £. Observe that if A is sufficiently small, then the bundle
LA ={L+A(L); L € L} defines a new almost complex structure. If w is a
section of AM0(L), then w — A*w is a section of A10(£A4) where the adjoint
A* maps from AY0(L) to A%1(L) and is defined by (A*w)(L) = w(A(L)),
for all L € £ and w € A'Y. We want to choose A so that

(2.1) (w— A*W)([L + A(L), L" + A(L")]) = 0.
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Let L = L' 4 L" denote the decomposition of a vector L € CT, where
L'e £, and L” € L,. For sections Ly, Ly of L, we define

(2.2) (D2A)(Ly1,Is) = [L1, A(Lo)] — Lo, A(T1)] — A([L1, I2)"),  and
(2.3) F(L,,I») = L1, o).

Note that these definitions are linear in L; and Lo and hence Dy A and F
are section of I'? = A%2(L£) ® £, and F measures the extend to which £ fails

to be integrable. By (2.2) and (2.3) we can write the linearized equation (in
A) of (2.1) as

(2.4) DyA = —F.
Also if we define D3 : I? — I'* = A%3(L) ® £ by
(2.5)
D3B(Ly, Lo, L) = [L1, B(La, L3)]' — [La, B(L1, L3)] + [Ls, B(L1, L))’
— B([L1, Lo]", L3) + B([L1, Ls]", L2) — B([L2, L3]", L1),

for B € T2, then it follows that D3F = 0 [5, Lemma 3.2].

If £ defines a CR structure on M C b and if we want £4 to define the
same CR structure on M, then this means that A must satisfy A(f’) =0
on M whenever L' is a section of £ that is tangent to M. This is a Dirichlet
condition on some of the components of the solution of (2.4). Then by

solving the extension problem formally, we get the following proposition [5,
Theorem 4.1].

Theorem 2.1. Suppose that M is an orientable CR. manifold of dimension
2n —1 such that the CR dimension equals n—1. Then there exists an almost
complex structure L* on Q = M x (—1,1) such that L* is an extension of
the CR structure on M, and such that it is integrable to infinite order at M
in the sense that if w is a section of AY°(L*) and Ly, Ly are sections on*,
then w([L1, Ls]) vanishes to infinite order along M.

By Theorem 2.1, we have an almost complex structure £* on €2, that is
integrable to infinite order along My = {(z,0);2 € M}. Then we have the
following theorem which is a formal solution of local embedding problem.
One can refer a proof from [3, Proposition 3].

Theorem 2.2. Let xo € M. Then there are a small neighborhood U of
xo and a constant ¢ > 0 so that for each x € M NU, there are (almost)
holomorphic functions fi,..., f, defined on U so that if Fy = (f1,..., fn),
then Fy(x) =0, and

(a) |[dFy| > c on U, and

(b) Lf; vanishes to infinite order at xo, for each L € L.
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Remark 2.3. Suppose L € S, ). Then (Fy,).L differs from a section of
TYO(F,,(M)) by a vector field which vanishes to infinite order at 0. There-
fore the image F, (M) is a smooth real hypersurface in C" with defining
function given by r(w) =t o F, !(w).

In order to define the type of g € M, we use the (almost) holomorphic
function F, constructed in Theorem 2.2:

Definition 2.4. Let (xo,U, Fy,) be as in Theorem 2.2. Then we let the
type of zg be equal to the type of Fy (xg) = 0 € C", on the hypersurface
F,,(M), in the sense of D’Angelo [9].

Set T'(xg) = the type of xg € M, and set
(2.6) T(M) = max{T(xg) : zo0 € M} = m.

Assuming that the Levi-form of M has (n — 2)-positive eigenvalues, we may
assume that m is an even integer.

Let us take (€2, L£*) constructed in Theorem 2.1. Choose a smooth real
vector field Xy on 2 that satisfies Xot = 0 and 1n(Xp) = 1 in Q. Set
Yo = —Jr+(Xo) so that Xo + Yy is a section of £* that is transverse to the
level set of t. Let G : 2 — €2 be a diffeomorphism such that G fixes Mg
and

G*}/E)|(w,0) - m7

Since M is orientable, we may assume that dt(J-(Xo)) < 0. Thus dt(Yp) >
0 along My, which shows that G preserves the sides of My; i.e., G maps
O~ = {(x,t);—1 < t < 0} into itself. If we set L0 = G.L*, then clearly
7= —iG4(Xo +1Yp) is a section of £° such that along My,

xr € M.

~ d
Z=—iXo+ 2.
1Xo + ot
We write Z = X + g(x,t)% where Xt = 0, and set L, = g~'Z. Then

L, = % + X where Xt = 0. We fix a smooth metric (, )o that is Hermitian
with respect to the structure £° on .

3. A bumping family of pseudoconvex CR manifolds.

Let M, Q, Xy and £° be as in Section 2. In this section, we will construct
one parameter family of pseudoconvex CR manifolds { M} s~¢ which connect
smoothly with bM. For this purpose we use the analysis of local geometry
near zo € M [8, Section 3.

Assume that g € M. Then there are coordinate functions x1,...2xo,
defined on a neighborhood U of T, with the property that xs, = t and
that zp(2',t) = x(2’,0), k < 2n, for (2/,t) € U, and that T = —Xo

at all points of U N M. We take an orthonormal frame {Ly, ..., Ly} of £°
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defined on U. Let zy € U be fixed for a moment. If Zj is replaced by
L= ZZ;} UjiLi, where U = (Uj;) is a suitably chosen unitary matrix,
then we have:

(31)  on(Ly, Ta)(wo) = Sjpds(ao) = dylw), 1<Gk<n—1,

where dy < -++ < dp_1, and d;(z0) is a smooth function defined on U
satisfying do(z) > do > 0 on U for a uniform constant dy > 0.

In the sequal we let 9;, 1 <1 < n, denote the holomorphic partial deriva-
tives in [-th variable of the local complex valued coordinates. We also let (53

denotes dg or 55. We recall the following special coordinates near xg € M
[8, Proposition 3.1].

Proposition 3.1. For each xg € U and positive integer m, there are smooth

complex valued coordinates ¢ = (C1,...,Cn), Cn = t + iwon—_1, defined near
xg so that in C—coordinates the vector fields Ly, ..., L,_1, can be written as
0
3.2) + = + by ( +d .
( E ar(¢ E 1(¢ 5Cl (e(¢) +id(¢)) pr—
0 — 0
=—+ E af’ E + idy )
8<a — l ( — 8([ (C) (C)) 8.T2n_1

where 2 < a <n —1. Also the caeﬁﬁczemﬁ functions satisfy

(3.3) 9]0\ bi(0) = &D)af(0) = DD (0) =0, j+k<m, 2<1<n—1,
3,000e(0) =0, i=0,1, i+j+k<m, 2<B<n—1, and
(01 — 01)°d(0) = (01 — 01)°ea(0) = (01 — 91)%dn(0) = 0, s < m.

Now assume that xop € M NU and let us take the smooth complex valued
coordinates ¢ = ({1, ...,(,) defined near xy as in Proposition 3.1, and write
the vector fields Lq,..., L,_1 in this special coordinates. Let b(¢) = e(¢) +
id(¢) be the coefficient function of 9/0x2,—1 in Ly, and let b,,—1(¢) be the

(m —1)-th order Taylor polynomial, in ¢; and (;, of b(¢). Let a(¢) be a real
valued function defined by

a(¢) = Im [8?1 m— 1] = > andd,
0<j+h<m—2
and set
A(wo) = max{lajr| : j+k =1}, 1=0,1,...,m—2.
For each § > 0, we define

(3.4) 7(20,0) = oe gr<11n {(6/A( xo))l/HQ}
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Then the author showed in [8] that
(3.5) 9905 ay(0)], |050785b(0)] < 627~ UTRHDY 54k <m/2 1, and
(3.6) 1030y n((L1, Lal)(0)] < 627~ G404 gk < mj2 — 1,

for 2 < a,3,1 <n—1, and for v = (10 x (m/2)!)~1.
By virtue of the definition of 7(zg,d) in (3.4) it follows that §/2 < 7 <
61/ and if ¢ < ¢”, then

(3.7) (818" )27 (20,0") < T(wo, ") S (8/8")Y ™7 (0, 8").

For each § > 0 and zg € M, we define the type of g with respect to § > 0
as

(3.8) T (w0, 8) = min{l + 2; (5/Ay(z0))"/"*? = 7(x0, 6)}-

Now let us cover M by a finite number of neighborhoods U,,, v = 1,..., N,
in 2 so that in each U,, Proposition 3.1 holds. Let {x,} be a partion of
unity subordinated to the coordinate neighborhoods {U,} of Q, and let m
be a given positive integer.

For any j,k > 0, j > 1, we define

v U jo17k—1 -
i) = S L7 I (L, D) (@), = € U,

and set
CY(x)= Y L@, 1<1<m—1,
jtk=1
and then set

N
Ci(z) =Y xCf ().
v=1

Set M = (m + 1)! and for each § > 0, we define

m -1/2M
(3.9) u(,8) = (Z a" l“(x)éw/l“) .
=1

Note that ", Cj(z) > 0 if the type at z is less than or equal to m.
Therefore u(x, ) is defined intrinsically and it is a smooth function of § > 0
and z, for z satisfying Y ;" , Ci(z) > 0.

Let us fix xg € M NU and take the smooth complex valued coordinates
¢=1((1,-..,¢n) defined on M NU as in Proposition 3.1. For each § > 0, set
7 =7 =7(x0,0) and 7, = /2, 2 < k < n — 1, and then set

(3.10) Ps(zg) ={z e R*™ || <7, 1 <i<n—1, || <6}

Thanks to the estimates in (3.5), (3.6) and the definition of T'(xg,d) in
(3.8), and the Taylor’s theorem argument, we have the following proposition.
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Proposition 3.2. If x € Ps(x¢), then

(3.11) 7(z0,0) ~ p(z,9).
Corollary 3.3. Suppose x € Ps(xg). Then
(3.12) 7(x0,0) = 7(x,9).

Proof. If we set x = xp in (3.11), we see that p(z,d) ~ 7(xg,0). Since this
holds for xzy = z, it follows that p(z,d) ~ 7(z,9). Hence (3.12) follows. O

Note that u(x,d) is defined intrinsically. That is, it does not depend
on the choice of a specific coordinates. Proposition 3.2 and Corollary 3.3
show that the quantity 7(z,0) is also defined invariantly, up to a universal
constant, with respect to the coordinate functions.

For each ¢ > 0, we set Q. = M x (—1,¢e) and set S(e) = M x (—¢,¢).
Then one can construct bounded plurisubharmonic weight functions so that
the Hessian of these functions satisfy certain essentially maximal bounds in
a thin strip S(e) of My. The heart of these construction is the so called
“doubling property” of Ps(zg), which comes from the relation in (3.12). For
a detailed proof of the following theorem, one can refer Section 3 of [8]. For
each small § > 0, we set 7 (x) = 7(x,0),7(z) = ...7_1(z) = 6%/, and
Tn(x) = § as before.

Theorem 3.4. For all small § > 0, there is a plurisubharmonic function
hs € C*°(Qys) with the following properties:

(i) |hs(z)| <1, 2 € UNQs.

(i) For all L =377_,bjL; at x € UN S(9),

(3.13) 00hs(z)(L,L) ~ Z |bj(:c)]27‘j_2(x), and
j=1

(iii) [Dhs(z)| < Callieym, “*(x), where D* = 98] ...0"0)" and
o = PBi + .

In Ds-equation, we will assign a Dirichlet condition on one side of bS,,
and the Neumann condition on the other side of S, . This fact leads us
another difficulty which was not occurred in 1/2-subelliptic estimates of
Catlin in [5]. To overcome this difficulty, we need the following lemma.

Lemma 3.5. Let xo € M NU and set ¢}, = 00t(L1,Ly), 1 <k <n. Then
for each small § > 0, we have

(3.14) It (2)] < (57’(270,5)*2, x € Ps(xz9), and
(315) |C?k($)| 5 51/27($0a5)_1+’77 T e Pg(l’o), 2<k<n,

where v = (10 x (m/2)!)~ L.
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Proof. See [8, Lemma 3.7]. O

Now we want to construct one parameter family of pseudoconvex CR
manifolds {M;}s>o, which connect up smoothly with bM, the boundary
of M. In the sequel, we let m be the type of M defined in (2.6) and let
o1(z, k) = o1 (z, k~3™) = 71 (2, k™) denote the quantity defined in (3.4) for
§ = k3™ and set oj(x,k) = k™32 j=2,....,n—1, and o, (z, k) = k™.
We also set 2/ = (2/,0) € M. Let d(z) = d(z') € C®(M) be a smooth
defining function of bM, independent of ¢, such that d(z’) > 0 for all 2’ € M.

Theorem 3.6. There exist a smooth one parameter family of pseudoconvex
CR manifolds Ms, 0 < s < sg, My = M, each defined by Ms = {(2/,t) €
Q;ry(2',t) =t + sG(a') = 0}, and a large integer Ko such that:

(i) G(2') is a smooth plurisubharmonic function in ' € M, G(z') > 0 on
M and G(z') =0 on bM,

(i) iof L = 22:1 bjL; satisfies Lrs(a’,t) = 0, and if d(a’) ~ @, for
k> Ko, then G(z') =~ 27% - (logk)™!, and

(3.16) 90rs(L, L)(2',t) 2 s+ G(x ZU] x,k)72|bj)%,  and

(iﬁ) S’LlG(l'/)’ g O'1<1‘,k> . Bgrs(Ll,fl).

Proof. We cover bM by a finite number of neighborhoods B(z,,a), x, € bM,
a>0,v=1,2,..., Ng. Since dist (2, bM) = d(x') near bM, there is a small
constant by > 0 such that

My, = {z € M;d(z) > by} D M — UY° B(z,,2a).

We cover M — Ul],VilB(xl,, 2a) by finite number of neighborhoods B(z,,a’),
where B(x,,2a’) C My,, v = No+1,...,N. Set V, = B(z,,3a), v =

.,No, and V,, = B(z,,2d"), v = Ny +1,...,N. In each V,, we may
assume that there exist coordinates * = (x1,...,29,) with the property
that z9, = t and that zx(a',t) = zx(2/,0), k < 2n, for (2/,t) € V,, and
0/0wa,—1 = —Xo at all points of M NV, and that Proposition 3.1 holds.
Let ¢, (2',t) = ¢, (2/,0) be C* functions supported in V,,, v = 1,..., N,
and ¢, = 1 on B(x,,2a), v = 1,..., Ny, and ¢, = 1 on B(x,,d), v =
No+1,...,N.

For each V,,, v = 1,..., Ny, we consider a function g, defined by g, (z) =
d(x")¢,(2"). Then supp g, C V,, and g, (2/,t)= g, (2')= d(2') =~ dist(z’,bM)
on B(z,,2a). We take the complex valued coordinate functions ¢ = ({3, ...,
(n) defined in V,, as in Proposition 3.1 and let = (z1,...,z2,-1,t) be the
real coordinates of (. Set Dy = 9/0xy, 1 < k < 2n. We may assume that
these coordinates satisfy {¢ € M : 32" |#:(¢)[2 < 1} € V;, N M.
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Let K be a large integer still to be chosen. For all k > Ko let ¢y, (2/,t) =
¥k, (2") denote a function defined on V,, v =1,..., Ny, and satisfies

1 1
d /
et D) <) < gy

Yrp(2') =0 if d(a') >

(3.17) Yrpo(2) =1 if

or d(x') <

1
log(k + 3)’ logk’

and
(3.18) | DYy ()| < Cok?el.
Similarly we define vk, , as

1
log K
1
< log(Ko + 2)’
and so that the direct analog of (3.18) holds for k£ = K.

For all k > Ky, define Ay, (x) = hg-sm(x), where hs is the function
constructed in Theorem 3.4, for § = k=3, Let L = > i1 biLj and x =

(2/,t) € supp ¢¥,,. Then (3.13) shows that if [¢| < k=37,

n

Vrop(2) =1 if d(z) >

Vi, (@') =0 if d(z')

(3.19) 00 ky(L, L) () = Y |brl?oy (2, k) 2.
=1
Set
No oo
Gi(a',t) = Gi(2') =D Y 27%g, (@) (2) (Mg (2, 0) + 2).
v=1k=Kj

Then for those z with d(z) ~ @, we can show, as in the proof of Theo-
rem 2.3 in [6], that

(3.20) 00G (x)(L,L) ~ 27 *(log k)! zn: oj(z,k)72|bs|?.
j=1

By virtue of (3.18), (3.20) and from the property (iii) of Theorem 3.4, we
have

(3.21)
’LlGl(ﬂf)’ 5 2_k0'1($, k—3m)—1 . (lOg k?)_l S 0'1(33, k‘3m)65G1(x)(L1,f1),

and by virtue of (3.17) and (3.18), we easily obtain that
[DGi(2)] < Ca2 FkP0 2 € supp .

Thus as d(x) — 0, G and all of its derivatives vanish to infinite order.
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Note that we may assume that d(z) > by > 1/log Ky on M, provided
Ky is sufficiently large. Set Ag = hK(;3m, where thsm is defined as in

Theorem 3.4. Set

Go(z',t) = Go(z') = 27 Ko Z b (@) (No(z',0) +2),
v=No+1
where supp ¢, C B(x,,2d"), ¢, =1 on B(x,,a’), v =Ny +1,...,N. Thus
if 2 = (2/,t) satisfies |t| < K;*™, and d(x) > by, then as in the proof of
Theorem 2.3 in [6], we also have that

(3.22) 09G(L, L) (x) = 2750 " 0(w, Ko) 2[b,[*.
j=1

Note that g,, ¥ ., ¢, and d are independent of ¢ and hence so do Gy and
G1. Set
(3.23) G(r) = G(2') = Go(x) + G1(x).
Then (3.20) and (3.22) show that G(z) is a smooth plurisubharmonic func-
tion which vanishes on bM, independent of t. For all 0 < s < 1, set
(3.24) rs(z',t) = t(2') + sG(2).
Since Ay, + 2 = 1, it follows that

G(z) ~27% - (logk)!,

for those z = (2/,t) with d(2') =~ 1/log k, k > K, provided K| is sufficiently
large. Since |sG(x)| < 52750 << 1, (3.20) and (3.22) imply that

(3.25)  99G(x)(L,L) ~ 27" (logk)~ Z\b Poj(xz, k)72, [t < k3M,

because o1 (z, k=3™) ~ o1 (2, k™) by (3.12).

For all small s > 0, the set M; = {z;7rs(z) = 0} then defines a smooth
manifold of dimension (2n — 1) and can be joined smoothly with bM. Let
L =3%7"_,bjL; satisfies Lr; = 0. Then as in the proof of Theorem 2.3 in [6]
we can show that

00ry(a',1)(L, L) 2 5277 (log k)™ Y (!, k)72 |b, 2,
j=1
for those (2/,t) € M such that d(a') ~ @, k > Ky. This proves (3.16).
Property (iii) follows from (3.21) and (3.22). O

To obtain a subelliptic estimates near My, we want to construct a family
of plurisubharmonic functions with large Hessian defined near M, (instead
of My in Theorem 3.4). The estimates in (3.16), at t = —sG(2'), is an
important ingredient to the construction of these functions.
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Assume zg € M and let z = (x1,...,29,-1,t) = (2/,t) be coordinate
functions defined on a neighborhood U of zy such that 9/0x2, 1 = —Xo
along M NU. We may assume that d(zg) ~ (logk)~! for some k > Kj
and hence that G(z¢) ~ 27%. In terms of these coordinate functions, let
rs = (2h, —sG(2))) € My N U be fixed for a moment. We also assume that
G(zl) ~ 27% . (logk)™!. Let {L1,..., Ly} be an orthonormal frame of £°
defined on U. Set

(3.26) Lj=1L;— (Ljrs)(Lyrs) 'Ly, 1<j<n—1, and
L, =L,
Then Ljrs=0,5=1,2,...,n— 1
Define new coordinates = = (71, ...,Z2,) on U by:
Ti=x;, 1=1,2,...,2n—1, and

Ton =t + sG(z) = rg(2, t).

In new coordinates, My N U and M, N U corresponds to the points on U
where To, = sG(2') and 0, respectively. Therefore

0 0
X = ——= — G _ ! >
0 0T2p—1 sGan-1(@ )8$2n
along M N U, where Go,_1(2') = 0/0z2,_1G(z'). By taking affine trans-
formation C,, : R?" — R?", C,.(Z) = (u1,...,u2,), Ly can be written
as:
0 0

3.27 Ll = —i-% i <k<n-1.
(3.27) tle, Dugk 1 oug,
By virtue of Proposition 3.1, for the point z (instead of zp), we then have
local complex valued smooth coordinate functions ¢ = ((1,...,(,) defined
near x; € M, so that the vector fields Lq,...,L,_1 can be written as in
(3.2) satsfying (3.3) in ¢ coordinates.

Let x = (x1,...,22,) be the real coordinates of (, where zg9, = t +

sG(a') = rg(a2’,t), and set Dy, = 9/0x, 1 <k < 2n. For | > 0 we set

GO = Y IDYG(E),

la’|<

where o/ = (o, ...,a2,-1)’s are multi-indices. Let w/ be dual of L;, 1 <
j<mn.Let 0<e<sandset . = (2/,eG(2')). So z. € Mj if and only if
€ =0, and z. € My if and if ¢ = s.

Assuming that G(z) ~ G(2') ~ 27% . (logk)™!, for some k > Ky, we
obtain from (3.16) that

(3.28) 0rs(L1,L1)(xe) = (s — )G(a oy (z, k) 2.
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Since L,, = 0/0x2, —iXp along M NU, it follows that w™ = 1/2(dza, +1in)

along M NU. Therefore we can write, at ., as
n 1 . o / '
W = i(dmn +1in) + (s —e)O Z (DiG(a") + G(2)) day
=1
Because L, = (1 + O(s|GW(2)|))0/0x2, + X where Xz, = 0 on U it
follows that dry, = (1 + O(s|GM(2')]))w™ on U. Since L0 is integrable to
infinite order along My one obtains, for 1 <i4,j <n — 1, that
(3.29)
09rs(Li, Lj) = 0rs([Li, Lj]) + (s — €)°O(G(2')%)
= "([Li, L)) (1 + sO(IGW (@)])) + (s —£)°O(G(')?),

at the point z.. Combining (3.28) and (3.29) one then obtains that
(3.30) 00rs(Ln, L1)(ze) = w"([L1, L1])(x2),

independent of € > 0 for all 0 < e < s.

For each small p > 0, set § = pG (). Following the notations in (3.2)-
(3.4), we let 7(zs,0) be the quantity defined in (3.4) for the point zs. Set
m =7(1s,0), 75 =02,2<j<n-—1,7, =4, and set

Bplas) ={C: |Gl <7, 1<) <n}.

Since 11 < 0™ < (log k)™, it follows that d(z') ~ (logk)~! on P,(z), and
hence that

(3.31) G(2') = 27% . (logk)™!, for (a/,x2,) € Py(xs).
Also the estimate in (3.18) implies that
(3.32) (G ()] g 27 PR S Gal)

for (2/,z9n) € P,(zs), provided Ky is sufficiently large. Here v = (10 x
(m/2)!)~1. Note that for those 2’ with (2/,z,) € P,(zs), zc € P,(x,) if and
only if 0 < e < p. In the sequal, we assume that 2p < s.
By virtue of the definition of 7(zs, pG(2%)), and by (3.12), (3.31), we
obtain that
(3.33) jw([Ly, La))(2)| S pG(a')7(x, pG(2)) 72, @ € Pp(xs).
Also the estimates leading to (3.6) hold similarly except the error terms
s31Gm D) (2)]3 < s2G(2')? (by 3.32), and hence one obtains that
(3.34)
W([L1, o) (x)| S 0V + 82G(2")2, x € Py(xs), 2<a<n-—1.
Assuming that 2p < s, we obtain, from (3.28) and (3.29), that

(3.35) W' ([L1, L1]))(z) = sG(2')oq (x, k‘)_l > SQG(ZE/)2, x € Py(xs),



324 SANGHYUN CHO

and hence the error term s2G(2')? in (3.34) can be absorbed into the esti-
mates.
For each p > 0, set

Sp={(@' ) : (~p—$)G) <t < (p— )G} N,

in (/,t) coordinates. (Note that za, = t+sG(z').) Set 71 (z) = 7(z, pG(2)),
7/ (x) = (pG(2')'/?, 2 <j<n—1,and 7(z) = pG(z').

We now consider the two cases, w”([L1, L1]) ~ 6772 and w™([L1, L1]) <
6772 on P,(xs). The first case corresponds to the case that T'(zs,d) = 2
and the later case corresponds to the case that T'(zs,0) > 3, where T'(z5,0)
is defined as in (3.8). Then as in Theorem 2.1 in [6], one can construct a
family of local plurisubharmonic functions g,, , satisfying all the properties
in the theorem. Then by adding up these functions g, ,, we can prove the
following theorem as in Theorem 3.4, in each thin neighborhood S, of Mj,
(instead of Mp). This is a crucial one to get subelliptic estimates for the
forms supported near M in Section 5.

Theorem 3.7. For all small p > 0, there is a plurisubharmonic function
h, € C*(§2) with the following properties:

() ()] <1 on O,
(it) if L =>_7_; bjL;, then

(3.36) DO, Z b;*7;(x) 72, z€S,NU,

(iii) |Dhy(@)] < Ca iy 7 ™ (2).

Set ¢, (x) = w™([L1, Ly])(x), 1 <1 <n—1. Using (3.33), (3.34) and the
property (iii) of Theorem 3.7, we can prove the following proposition.

Proposition 3.8. For all small p > 0, and for each o = (aq,...qy), we

have
(3.37) ety () Dy (x)] < Catf(z ﬁ
k=1
and, for2<l<n-—1,
(3.38)
|C?l(l‘)Dahp($)‘ <, (7—5(1;)%7—10(1,)—1-‘!-7 + 52G(_7;/)2) H(Tlf(l'))_aky

k=1

forallz € S(p)NU.
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4. Special frames for almost complex structures.

In this section we want to construct a special dilated coordinates defined
near o € M. Let us take the smooth function G(2'), (z/,t) € 2, and one
parameter family of pseudoconvex CR manifolds M with defining function
rs =t + sG(z') as in the previous section. Assume that T(M) = m < oo,
where T'(M) is defined as in (2.6).

For any ¢, 0, 0 < ¢ < 0 < 1, we set s = £0”™ and set r4(2',t) =
t + e0?™G(2') and define

(4.1) S.o ={(2',t) €Q;G(2') >0 and —eo®™G(2)) <t <0}.

Remark 4.1. The quantities ¢ and o will be fixed later. If we set g(2') =
e-02™.G(2'), then g is the required positive function in the definition of

S, in Section 1 and S; , equals S .

We define a subbundle of £° on S. , by letting Ry ={L € [, )
0}. Clearly the map H defined by H(L) = L — (Lrs)(Lynrs) 'Ly deﬁnes an
isomorphism of S onto R (at all points of S; ). Set ui(z) = p(x,eG(z')),
pa(z) = .. 1 (z) = eY2G ()2, and p,(x) = eG(z'). We define a
weighted metric { , ) on £° by the relations
<H(LJ')’H(L1€)> Mj(x)_luk(x)_1<Lj7Lk>0a 1<jk<n-1,
(L, Lp) = e 2p(x)"*™, and
(Lo, H(L;)) =0, 1<1<n-—1,

where L; € S, 1 <1 <n—1. Since p(x,0) is a smooth function of z and §,
it follows that < , > is a smooth Hermitian metric on £°. Now using the
special coordinates defined in Proposition 3.1, we will cover Sc , by special
dialated coordinate neighborhoods such that on each such neighborhood,
there is a frame L that satisfies required good estimates.

Proposition 4.2. There exist constants €y and og such that if 0 < & < gg
and 0 < o < o0g, then on S, there exist for all zo = (z(,,0) € M with
G(x) > 0 a neighborhood W (xg) C Se » with the following properties:

(i) On W (xg) there are smooth coordinates y = (y',y2n) where y' =
(Y1,Y2, - Y2n—1) 1S z'ndependent of t and where the function yo, is
defined by yo, = e LG (2") "try(2',t) — 0®™, s0 that W (zo) = {y; |¥/| <
o, —a*™ < yo, < 0}. Thus, MoNW (z0) and MsNW (zq) correspond to
the points in W (zo) where ya, = 0 and —a*™, respectively. Moreover,
the point (x(,0) € Q corresponds to the origin.

(ii) The above coordinate charts are uniformly smoothly related in the sense
that if W(po) and W (xg) intersect, and if y and yo are the associated
coordinates, then

Do (yo) ") < Claf
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holds on that portion of R®*™ where o (yg) ' is defined. The constant
C|q| is independent of €, o, and xo.
(iii) On W (xg), there exists a smooth frame L1, ..., Ly, for L such that if
2n
wl, ..., w" is the dual frame, and if Ly, and w* are written as Zl bi; %
]:
2n
and ) di;dyj, then
j=1
sup  {|Dybr;(y)| + [Dydi; ()|} < Clays
yEW(:Eo)
where C|| is independent of xo, j, k, € and o.
(iv) With the frames as in (i), set ¢}y = w"([L1,L;]), | = 2,...n. Then
there is an independent constant C' > 0 such that

(42) swp )] < Com
yGW(l'o)

(v) There are independent constants ¢ > 0 and C > 0 such that if By(x)
denotes the ball of radius b about v € S, with respect to the metric

(, ), then

(4.3) By (z0) C W(x0) C Beo(o),
and if Vol By(z9) denotes the volume of By(xo) with respect to { , ),
then

(4.4) cb?"1o?™ < Vol By(zg) < CH* L™,

Proof. We will sketch the proof. For a detailed proof, one can refer [5,
Proposition 5.1]. We first cover M by a finite number of neighborhoods V;,,
v=1,...,N,in Q such that in each V,, there exist coordinates (u1, ..., uy)
with the property that ug, = t and that ug(v/,t) = ug(u/,0), k < 2n, for
(u',t) € V,,, and that 9/0ug,—1 = —Xp, at all points of M NV,. Also we
can arrange the neighborhoods V,, so that Proposition 3.1 holds on each V..

For any point g € M NV, we take coordinate functions ¢ = (¢{,..., (%)
constructed as in Proposition 3.1. Let us denote by EZ , the vector fields Ek,
1 < k < n, written in (“-coordinates as in (3.2), satisfying (3.3). Set
0p = eG(x(). Let 7(x0,00) and p(x,6y) be the quantities defined in (3.4)
and (3.9) respectively with respect to the point o € My. By Proposition 3.2
it follows that w(zo,60p) ~ 7(x0,00).

Set po = p(xo,6p) for a convenience. Let x = (2/,t) be the real coor-
dinates of (V. We define new coordinates y = D, (z) = (y1,...,%2n) by
means of dilation map D 4, : R?" — R?" given by:

(4.5)

_ _ —1/2 2 _ _ _
(@', t) = (g wr, iy o, 0y Ps, .05 P wan g, 05 \wan 1,6 G(2)) ML),
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In terms of the y-coordinates, we define an open set Wj(xg) by

(4.6) Wy(zo) ={z € V, N Sep; |yr(x)| <0,
k=1,2,...2n -1, —0*™ < yo, () < 0}.

Note that in Wy(xo), y2n = 0 and y2, = —0>™ coincide with r¢(2',t) =
ea?™G(x') and rs(a',t) = 0, respectively, the boundaries of S, ,. As in (3.26)
weset LY = LY —e; Ly, j <n—1,and Ly = L;, where e; = (L¥rg)(Lhrs) ™1,

and then define a frame Lq,..., L, in Wj(zg) by setting
(4.7) Ly = pu(z,eG@))LY, Ly =eY?G(d))2LY, 2<k<n-—1,
L, =¢eG(z")LY.
Then it follow from (3.32) that
lex] S ea™|GW (af)| << o™ Gopu(wo,00) ™, 1<k <n-—1.

We set W (zg) := W,(x) for a sufficiently small o > 0. Then (4.2) follows
by using the estimates in (3.37) and (3.38). The other properties follow as
in the proof of Proposition 5.1 in [5]. O

Let us take the dilated coordinates y = (y1,. .., y2,) defined in (4.5). In
the sequel we let LJ"» and wf;, 1 < j < n, be the vector field and its dual form
written in z-coordinates as in (3.26) defined on V,, 3 xy. Also let L; be the
vector fields defined in (4.7) and let w’ be its dual frame, 1 < j < n.

We may assume that d(xg) := dist (z9,bM) =~ (logk)™! =~ d(z'), (2/,t) €
W (xp), for some k > Kj as in Section 3. Also it follows that G(z') ~
27% . (logk)~! for (2',t) € W(zo). By (3.28)-(3.30) we then have

(4.8) WM([L1, L)) = e G (a') " (. eGla)) 2w (LY, L))
2 e 1G(a') u(z,eG(a"))? - sG(a")or (z, k)~
> o2 u(z,eG(a))? - oy (x, k)72, on M,.
We also want to get estimates for w™([L1,Li]), 2 < k < n —1, on M,.
Let us set 6 = (€0?™G(x}))™7, where v = (10 x (m/2)!)~'. For each

xs, € M,, we consider the coordinate functions ¢ = ((1, ..., (,) constructed
in Proposition 3.1 about the point x5, € M,, and set 77 = 7(zs,,0), 7/ =

J
612, 2<j<n—1, 7/ =0, and set
Ps(zs,) ={GIGI <17, 1<j<n}

We cover M,NW (x) by polydiscs, Ps(zs,), xs, € MsNW (xo) so that any
(N +1) intersection of Ps(xs,)’s are empty. Let zs € M,. Then z, € Ps(zs,)
for some x¥ € M,. If we express the vector fields Ly, ..., L, in terms of the
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special coordinates about the point x;,, it follows from (3.34) that
(4.9) w"([L1, La]) ()
A ) |wp (LY, L) (2s) [
) (s, eG(2)))? (67(s,,0) 72 + s*G(2))*)
o) (s, eG(2y))
ea®™G (2! (s, eG(2)))?

(20t G ("))
, 2<a<n-—1,

5
5
5
)

where we have used the fact that 5772127 < 727 < 204G (20)2.
From (4.8) and (4.9) one obtains that

(4.10) W' ([L1, L)) (@) < eG(@o)w™([L1, Th]), 2<a<n— 1.

Using the special coordinates yi, ..., y2, and the special frames Lq,... Ly,
defined in (4.7), we want to define L?-operators with mixed boundary con-
ditions. We set

| fle,wy(@o) = sup {IDy f(y)l;y € Wi(zo), |a] <k},

and we extend this norm to vector fields and 1-forms.

In the process of subelliptic estimates for Ds-operator, we will see that a
certain boundary integral terms on My occurs. To handle these boundary
integral terms, we need the following lemma.

Lemma 4.3. There are a frame X1,..., X, for L and its dual frame 0,
., n" so that if we set ¢, =n"([ Xy, Xy]), 1 <k <n—1, then

ctn =0 on W(xg), k=2,....,n—1, and
‘C?n’s,W(:co) < Csa2m

Proof. See [8, Lemma 4.3]. O

Recall that a deformation of £V is a section A of the bundle T''(S. ;). In
terms of the special frames in W (zg), we write A = Z?,l:l Aﬂwl ® Lj, and
then define

A)ls =) Z|D"‘Aﬂ and

la|<s j,l=1
| Als w (o) = sup{|A(y)|s; ¥ € W(zo)},
and suppose that A satisfies
(4.11) | Al 42043, (20) < €0,

for a sufficiently small g > 0.
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We define A(S: ) to be the space of sections A € T%!(S, ,;0) such that
along My, A(L) = 0 whenever L € T%' N CT M. From now on, we assume
that A € A(S.,). Then we can define a deformation £4 of £° by

L' ={L+AI):T Ll z€S..}

In terms of the frame X7i,..., X, and its dual frame n',..., 7" in W (o)
constructed in Lemma 4.3, we define

X=X +AX;), j=1,...,n,
and let 77?% be the dual frame. Set
(4.12)

1 _ .
LA =oi (Xj‘ — (XY (Xr) 1X,i‘>, 1<j<n—1, Lj=X;

and
(4.13)
wh=oTanh, 1<j<n—1, W= |ni+ > (Xfr)X)
j=1
Obviously, the frame wf;‘, for j = 1,...,n, is dual to LA, and LA = 0 for
1<j<n—1.

-1

Assuming that A satisfies (4.11) for sufficiently small gy < o277 it
follows from Lemma 4.3 that

(410)  super o WAL TED@) S 1AL, 2 <k <n1,
—A 1
(4.15) SUD, e (a) [k (L1, Ly ) ()] < Co®™ 1 + oM/ A,
where the constant C' > 0 is independent of zy, o and €.
In order to measure how L;‘, j=1,2,...,n, depend on A, we define
Pr(y; A) = Z H [AW) Ik, -
kN

\k1|+ +|kN|<k

Lemma 4.4. If A satisfies (4.11) for sufficiently small ey, then the following
pointwise estimates hold for y € W (x):

1
(416)  |Lf — 01 Ly|s < Cso4Py(y; A), |LA — Ly|s < CoPy(y; A),
(4.17) Wk — o1k, < Coom 1P (g A), Wl — W[ < CsPs(y; A).

Proof. From the expression of Li and w¥ in (4.12) and (4.13), the error
terms are the finite product of derivatives as in (4.16) and (4.17). O
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Lemma 4.5. Assume A satisfies (4.11). Then
(4.18) WAILE T S cGEA(ILL T, 2<k<n—1,
Proof. By virtue of Lemma 4.4, we can write
7A —
WAL, ) = 02w (L1, Te)) + O(|Al2).
Since A vanishes to infinite order along My (in x-coordinates), we have
|DSA(x)| < eto®mG(2")4, |a] < 2. In terms of y-coordinates, we then have
(4.19) |Als < 207G ()2
Hence (4.18) follows by combining (4.8), (4.10) and (4.19). O
For the subelliptic estimates on the forms supported on M,, we still
have to construct a family of plurisubharmonic functions with large Hes-
sian in dilated coordinates y. By virtue of Theorem 3.7, there is a fam-
ily of plurisubharmonic functions {he,(x)},>0 defined on S5 = {(2',t) :
(—ep—ea?™)G(z') <t < (ep—e0?™)G(2')}. In y-coordinates, we can write
Sp =S5 = {(¥, y2n); [y2n + *"| < p}.
Set W(:Eo) = Wee(x0), for some C > 1, and set
pi(e) = p(z,eG(a)), () =e'2G@)? 2<k<n-1,
pin(T) = e’;‘G(JJ/),
and for any p > 0, we set
ph(x) = plw, pGa’)),  pf(x) = (peG(a!)'/?, 2<k<n—1,
Wb (2) = peG(a).
Theorem 4.6. Assume that A satisfies (4.11) for a sufficiently small eg >

0. Then for each small p > 0, there exists a C™ plurisubharmonic function
Ap defined on W(xg) 2 W(xo) such that

(i) [\l < 1in W (o),
(ii) for ally € S, "W (o), and LA = > =1 bj L , we have

(4.20) 90X ,(y) Z b () () 2,
(ii) |L4No[2 S 09X, () (L4, T, |
(iv) [DOA| < Ca [Ty py” () (g ()~
Proof.
Let {hep}ep>0 be the family of plurisubharmonic functions constructed in

Theorem 3.7. Set A\y(y) = hep 0 D' (y), where Dy, is the dilation function
defined in (4.5). It is clear that A, is plurisubharmonic and satisfies (i). Let
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{L¥,...,L"} be an orthonormal frame defined on V,, in 2-coordinates, and
let LY = L” — e]L 1<j<n—-1,L= ZT’L, be the vector fields defined in
(3.26) where ej = (Lj rs)(L¥rs)~t. Note that the frame {L1,...L,} defined
in (4.7) can be written as Lj = i (v) LY, 1 < j <n. If weset L = > ", b;L;
then it follows from (3.36) and by functoriality that

(4.21) 90X, (y)(L, L) = 9dh.p(z)(dD,'L,dD; L)

= 90hep(z ijﬂj y’zbﬂ‘a
~ Zlb )P hj () ()72

Note that the vector fields Lf’s and its dual forms wi"s are written as
n (4.12) and (4.13). Since A vanishes to infinite order along My, it follows
that |Al2 < e20%™mG(2')%. Therefore one obtains, from (4.21), that

90N () (L, ) ~ 907, (y) (L, I) + O(| L) b Zlb WZICINTACT

This completes the proof. O

Next we show that there exists a smooth Hermitian metric on S, , such
that for all o € M the frame L4}, ..., L7 given by (4.12) is orthonormal.
For L € £° and A € A( 50) satlsfymg (4.11), define a bundle isomor-
phism P4 : £° — LA by Pa(L) = L + A(L). Define a homomorphism
Hy: L4 — RA, where RY = {L € £A; Lr = 0}, by
Lr A Lan A
SO s el i1

Ha(L)=L -

Then H4 o Py is an isomorphism of R onto R4, We define a metric (,)a
on LA by

((Hao Pa)Ly,(Hao Pa)Lo)a = (L1, La), L1,L2 €R,

(LA, LYA =1, and

<(HAOPA)L1,L >A—O f1€73.
Note that L,‘;‘ is actually globally defined, so that the above conditions de-
termine a metric on £4. Since Lj,j=1,2,...,n—1, defined in (4.7), are an

orthonormal basis of £, it follows that LA (HAOPA)L]-, ji=12,...,n—1,

are an orthonormal basis of £4 with respect to (, )a.
Let dV denote the volume form associated with the Riemannian metric
(, ). In the coordinates (yi,...,Y2n) in W(xo), we can write dV = V (y)dy,
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where dy = dy;1 . . . dys,, and where V satisfies

Vs w(wo) < Cs, d inf V >c >0,
V]s,w (x0) and 0 (y) >c

where ¢ is independent of o, ¢, and zg. Let S: , be defined as in (4.1). We
will define the inner product for two functions g, h € C*°(S; ) by

(4.22) (g,h):/ gh dv.

Let A%9(S. ,; A) denote the space of (0, q)-forms with respect to £4 on
Se o, and set
1%9(S. o3 A) = A%(S. 3 A) @ £
We can extend the inner product of (4.22) to the forms I'%4(S. ,; A) using the

component functions. We recall the D, operators defined in (2.4) and (2.5).
Then by integration by parts it follows that, if U = Y. U, L4 € TO*(S.; A)

is supported in W (xg), D!, the adjoint operator of D,, is defined by
pPp q q

% - A, A
423) D=3 (00, -3 oA THT U, | L4,
v weoo g
where

n
(4.24) FU, == > D (LU + U i
|J|=k—1 j=1
n
_ ZWA LA LA UZ]K KK
|K|=k—2 (=1 i<j

Now we extend the definition of the operators D, and D; to the L?-spaces
with mixed boundary conditions as in [5, Section 6], and we denote their
extensions by T, and T,. Let B(S:q;A) C I'%F(S.; A) denote the set of
forms U = Y > U/L;{ such that U/ vanishes on M, when n € J, and

L |J]=q
vanishes on My when n ¢ J. Then we can approximate U € Dom(T},11) N
Dom(Ty) by Uy, € BY(S:,s; A) in the graph norm of Ty, and T [5, Lemma
6.4]:
Lemma 4.7. Let U € Dom(S)NDom(T™). Then there exists U, € B(S; o}
A) such that

Jim (U = Ul + 15U, = SU|| + |1 TV = T*U|) = 0

Finally suppose that we have proved the estimate
(4.25) IU1? < T U + ISU|1?)
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for all U € BY(S;»;A). Then Lemma 4.7 shows that (4.25) holds for all
U € Dom T*NDom S. Then from the usual 9-Neumann theory it follows that
for all G € Lg(SE,J; Tj’o), there exists an element NG € Dom(7™) N Dom/(S5)
such that

ING| < C?|G]l,
and
(G, V)= (T"(NG), T*V) 4+ (SNG,SV), V € Dom(T*) N Dom(S).

We will call N the Neumann operator associated with D.

5. The subelliptic estimate for D,.

In this section we prove a subelliptic estimate for the Dg,-Neumann problem
with almost-complex structure £4. We set ¢ = 2 in this section.

We first define tangential norms that will be used in the estimates. For
any s € R, set

12 = / / F(E, yon) P(L+ €2)°dE dyan,

where f(€,y2n) = Jr2n—1 e~ Ef(y yan)dy'. For any integer k > 0 and any
s € R, set
k

126 =2

7=0
Finally for any integer m > 0 and f € C*°(W(xp)), set

117 = D 105 FI%

laj<m

2

99 f
Yl

By using the coefficients of U, we can easily define all of the above norms
for any section U of T%9. We recall that A(S:,) is the space of sections
A e T%L(S, 5;0) such that along My, A(L) = 0 whenever L € T%!' NCT M,.
Then the goal of this section is to prove the following subelliptic estimate:

Theorem 5.1. Suppose T(M) = m < oo and that A is a section of A(Sc.o)
that satisfies (4.11) for some small ey > 0. Then there exist small positive
constants o1 and €1 so that ife < e1, if o < 01, and if |Alyiong3,w (o) < €
then the Dg-Neumann problem on S, with coefficient o for the almost-
complex structure LA satisfies the following estimate for all forms U €
B9(Se,; A) that are compactly supported in W (zo):

(5.1) o TUIP+ LAU) + o2 [UIA < CISUIP + IT*U ),
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where LAU) = LAU') + LAU"), and LAU") = LAU) + LAU), and
where

n
—A
LAU") = > (IERU7 12+ ITU 1) + 3 3 IEud 1,
(=1 k=1|J|=q (=1 |J|=q
neJ neJ
» n n—1 A n A
LAO) = (AU 12+ IZRUF 1) + 2 D2 IZLU/ 1P, and
(=1 k=1|J|=q (=1 |J|=q
leJ leJ
n¢J ngJ
n n—1
LA(D) SIS S IT Y S T
(=1 k=1 |J|=q (=1 |J|=q (=1 |J|=q
Ln%J 1n¢J lnéJ

We let C' > 1 and 0 < ¢ < 1 be the independent constants which may
vary in various estimates. For convenience, in all that follows, we omit the
notation A from the frames Lf!,..., L, and w},...,w%, and LA(U). We
first state some necessary lemmas for the proof of Theorem 5.1.

If n > 3, then the (n — 2) positive eigenvalue condition on the Levi-form
of M guarantees the existence of at least one positive eigenvalue. Then the
classical theorem of Héormander shows that:

Lemma 5.2. Assume that n > 3 and A satisfies (4.11). Then for all f €
Co°(W(zo)),

n—1 L
(5.2) H AR < €3 (IEL AP + IEEAIP) + Cllf I
k=1

Note that in W(xg), we have technically chosen so that ys, = 0 and
Yon = 0™ coincide with the boundaries of Se,o- Then the following lemma
can be proved by modifying the proof of Lemma 7.7 in [5].

Lemma 5.3. Suppose that f € C3°(W (x0)) and that f vanishes either on
My or on M,. If o is sufficiently small, say o < o1, then there exists a
constant C independent of €, o, and xg so that

(5.3) o HfIF < CAfIE + 1L f11%),
where En =L, or L,.
To handle the commutator terms, we need the following lemma:

Lemma 5.4. Assume that n > 3. Let U € By(S:,s; A) be compactly sup-
ported in W(xgy), and suppose that A satisfies (4.11). Assume that |K| =
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q—1 withn ¢ K and that 1 < k < n—1. Set ¢, = w"([Lg, Ly]) and
d", =w"([Ly, Ly]). Then

(5:4) (R LaUp ™ UFF)| < C(aLAU) + o HUP),
(5:5) (i LU ™ UFF) | < CoLAU) + o H|U).
Proof. (4.14) and (4.15) are the key estimates for the proof of (5.4) and
(5.5). One can refer a proof from [8]. O

For each small p > 0, we set

Sp={(, yn); ly2n + > < p} N W(mo),

and let A, = h,5, o D;!(y) be the plurisubharmonic weight functions con-
structed in Theorem 4.6 where 6y = eG(x).

Lemma 5.5. For each k, 1 <k <n—1, set ¢, = w"([L1,Lg]). Then
1 -
(5.6) supyeg, |cfy (Lado) (y)| S 027(x,80)*7 (2, pdo) 2,
1
(5.7) supyes, el (Lado) (W) S op~ 27 (2, d0)7(x,p00) ", 2<k<n-1.

Proof. Note that cf;, = wﬁ([L‘f‘,f?]), where w’ and L{l’s are defined in
(4.12) and (4.13). Therefore it follows that

(5-8) () = 02" ([L1, TR (y) + O(|AR), 1<k<n—1.
Since |A]1 < ep? in Sy, (5.6) and (5.7) follow from the estimates in (3.37),

~

(3.38), (5.8) and from the fact that ep? < pr(x, 8)7(, pdo) L. O

We now want to prove Theorem 5.1. We follow the standard O-type
estimates, while we need a special attention to the components Ul‘] , with
Lin¢J, on My. Assume U = 37", 3", U/w! - L € BY(S: 4, A) with
supp U C W (zp). Then from (4.23) and (4.24) it follows that

T*U = D,U = BU + C|U],
where
(5.9) BU = — En: > En:(LjU{K)wK L.
I=1|K|=¢-1Jj=1
Also (2.5) shows that
(5.10) SU = Dg1U = AU + C|U|,
where

(5.11) AU = zn: > zn:(ijlJ)wﬂ - L.

I=1]J|=qj=1
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Combining (5.9)-(5.11) one obtains that
(5.12) IAU|? + |BU|? < 2||SU|1? + 2| T*U|1* + C|U|1*.
Let us write U = U’ + U”, where

U = i > U@’ L, and, U = i d» Uvfw’ -1,

I=1 J]=¢ I=1 |J]=g
neJ né¢J

and let L(U) = L(U'")+L(U") be defined as in the statement of Theorem 5.1.
Then we can write:

(5.13)
IAU|? + (| BU|? = |AU"||* + | BU"||* + || AU"||* + | BU'||” + E(U",U"),

where E(U’,U") denotes the (sum of) inner products (AU’, AU") and (BU’,
BU").

Note that the Levi-form of M, has at least (n—2)-positive eigenvalues and
U’ = 0 along M,. Since n > 4, there are at least two positive eigenvalues
along M,. Therefore we may proceed in the standard way as in [10, 11] for
U’ and we get

(5.14) |AU||? + | BU'||? > c<L(U’) +/ |U’|2dS>.
Mo
Set E(o,U) = o'/*L(U) + 0=5/2||U||2. Note that U} = 0 on My and

Ul”K = 0 on M,. Then by typical integration by parts method and by
Lemma 5.4 one can show that

(5.15) \B(U',U")| < CE(o,U).
Combining (5.13)-(5.15) we conclude that

(5.16) |AU||? + |BU||> > ¢ <L(U’) +/ \U’]st>
My
+|JAU"|)* + | BU"||> — CE(0,U).

Let us write U” = U + U, where

U=> > U/w'-L; and 5:2 d UL

I=1|J|=2 =1 |J|=2
leJ 1,n¢J
n¢J

Then we can write

(5.17)
|AU” | + |BU"||* = ||AU|* + | BU|* + || AU|* + | BU|]* + E(U,U),
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where E(U,U) denotes the (sum of) inner products (AU, AU) and (BU, BU).
A typical term of E(U,U) looks like:

(L UM, LUI%) — (LU Ui, 2 <k <n—1.

If we perform integration by parts again, all the terms, except the term

(c?jLnUllk, Uljk), are bounded by F(c,U"). Observe that

. " . R . "
(ClenUzlk, Ulj ) = _(CllelkanUl] ) — ((anlj)Uzlk7Ulj )

—7jk
—/ C?iLlelkU‘; dS.

Therefore one obtains that

(5.18)

~ n—1
|E(U,U)| < CE@,U) +C | > /M (02 |U*2 + o3|y P|U7*2)ds
jik=2 " Mo

Let us estimate ||AU||2 + || BU||2. Note that n > 4, and the Levi-form of
M, has at least (n — 2)-positive eigenvalues (and hence at least two positive
eigenvalues). Hence for each fixed J with 1 € J, n ¢ J, there is at least one
k,2 <k <n-—1, such that k ¢ J. This is the property for the estimates for
U in [10], and we get

(5.19) |AU||? + | BU|> > ¢ (L(ﬁ) +/ \m?ds).

o

Combining (5.16)-(5.19) we conclude that

(5.20) HAUH2+HBU|Pzc<L(U’)+L(ﬁ)+/ \U’]2d3+/ \ﬁy%zs)
Mo M

L n—1 )
0o S0 [ je it pas

J,k=2

+ ||AU|? + | BU||> = CE(c,U").

Finally let us estimate |AU||2 + ||[BU||2. In this case we can not get the

boundary integral term [ M, \ﬁ|2ds which is necessary for the 1/2-subelliptic
estimates for the Dy equation. Therefore we need to use the family of
plurisubharmonic functions with large Hessian near M, constructed in The-
orem 4.6.

If n > 5 then Catlin’s theorem [5, Theorem 7.1] shows that 1/2 subel-
liptic estimates hold because there are at least three positive eigenvalues.
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Therefore let us assume that n = 4. Then we can write

- n
U=> U"w" L,
=1
and hence

(5.21)

~ ~ n
[AT|? + 1BU|* =Y [IL U + | ZaU|? + LU + | LsUP 7] -
=1
By integration by parts, we get

1 1 IV ~
622 ULV = ILUPE+ 5 [ U Pds + OB, D).
Combining (5.20)-(5.22) one obtains

(5.23)  |AU|?+ | BU>2 2c<L(U)+/ U’|2ds+/ |(7|2ds)
My M,
1 ~ 9 1 n 1772
Lo [ @ UPds
3 3 s,

3 ~
DD / 20 2ds — Com 5T,
j=2"Mo

provided o is sufficiently small.
Let A € C*°(W (zg)) with |A] <1 and for f € C°(W(zg)) we define

1712 = / PV,
W(mo)

Then L||LUP|? > §||L1U|]3 because e > 1/3. Let us estimate
ILL U3
With the notation §; = e’\Lle_’\, we can write
(5.24)
(61072, 8.0 = | LUK + O™ (LN TUPP) + O(E(o, 1)),
Since we have the following commutation relation
[61,L1] = Ly L\ + [L1, L1] — (L1 \) Ly,
we obtain from (5.24) that
(5.25)  [LUP | = LUK + (L LU, U
+ (Z A LU, U,23> (Zd LU, )
i=1 A

+ O (LNTPR) + O(E(0. D).
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Note that the terms ( ’flfnUIQ?’,Uf?’),\ and (Y071 ed LUP, U, are

dominated by the error term CE(o, (7) By integration by parts one ob-
tains

(5.26) (C?anUz%a U123)A = (C?l(Ln)‘)Ul%? U123)A

- / e |UP PeNds + O(E(o, 1)),

o

and for 1 <i<n—1,

(5.26/) (Zd ) (Zd (LNUZ 23) + O(E(0,0)).
A A

Combining (5.23)-(5.26) we conclude that

(5.27)

JAU|? + | BU|? >c<L<U>+ / s+ | |r712ds)
My My
1
§((L1L1A (Zd L/\UU>
2 n -1 n |2 =
+ §C]_1 — CU 2 Z ‘Clj’ U
Mo =

n (c’fl@mff, 17) o TN,
A

Cds Co3|U|2

By virtue of the estimates in (4.18) and from the fact that eG(2') < o,
the boundary integral terms in (5.27) satisfy

3

2 o~ = 1 =
(5.28) / c?lyUPds—ca—éZ/ 20 Pds > / & | T[2ds.
9 Ju, pacRavA 9 Ju,
With the notation
n
0N = Ajpw! AT,
jk=1

the second line of (5.27) is equal to (A11U73,U3) . Now suppose that |A] <

1 on W(xo). Let Cy be the constant appeared in the last line of (5.27)
and let x(t) denotes the function (¢'/%/3C1)e! and set ¢ = x()\). Then
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X (t) > C’la_%x'(t)Q and we get
(5.29) pnUBtE = X' (O ittt + X (O |(Lidt

1

o4 _ _1
> ——Aititr + Crom 1/ (8)2| (LAt [
9C4

Thus if we replace A by ¢ in (5.27), we obtain, from (5.28) and (5.29) that
(5.30)

AUP? 4 18U 2 ¢ (L) + [ 0Pas+ [ (0Pas)
My Mo

+ CU%()\H[?, (7) + C(C?l (EnA)ﬁ, [7))\ - 00_5/2”[7“2'

Now we take the family {\,},~0 of plurisubharmonic functions with large
Hessian constructed in Theorem 4.6 and replace A in (5.27) by these func-
tions. By Lemma 5.5, and by the fact that 7(z,d) =~ u(z,d), we have the
following pointwise estimates at the point y = Dy, (z) € S,:

- = 1 5 =
(5.31) | (W) (L Xo) WU ()1?] S 02 e, 80)? (i, po) (U (y)]*.
Also it follows from (4.20) that
(5.32) Mi(y) = 7(z, 0)%7(x, pdg) 2.

Combining (5.30)-(5.32) and the fact that 7(x, dg)?7(z, pdg) 2 = p~2/™
(by (3.7)) it follows that, for each 0 < p < 0?™ /2, there is A = A, so that

IAT|? +|BU|? 2 07 (AU, U) + L(U) 2 o4 p~= ||| + L(D).
Then by the theorem of Catlin [2] the subelliptic estimates of order 1/m

hold for the components U , and hence we get

1 = = = =
(5.33) iUk + L) < C(|AT|* + | BU).

Recall that the estimates in (5.14) and (5.19) give us 1/2-subelliptic es-

timates for the components U’ and U. Hence we have, from (5.12), (5.30)
and (5.33), that

1 “ _
04HIUH@ + L(U) < C(ISU|* + |T*U|*) + Co™ 2| U,

By (5.3) we also have that o~ 4||U||2 < C(|U||% + |LU|?), and hence we

conclude that
(5.34) o U2+ L(U) + o1 ||[U]|[A < CISU|? + |IT*U|?),

for all U € BY(S: »; A) provided o is sufficiently small.
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For the estimates of the non—tangential derivatives of U, we note that
L = dy2 + X, where X = Z2n Y (y) ‘Zj. Therefore a standard argument

yields the inequality
(5.35)

2n—1

L <c 1+Z|b 2 wramss | QA + I fI2 + 11),

Il

for all f € CSO(W(:):O)). This inequality can be applied with f = U/ and
one obtains (5.1) from (5.35). This completes the proof of Theorem 5.1.
We now define Sobolev spaces for sections of I'%4(S; ,; A). Recall that
the open sets By(zp) satisfy (4.3) and (4.4) for each zy € M. Choose a set
T, = {x] € M,i € I} such that the sets B, /3(z{), i € I, cover S.,, and
such that no two points z7 and zf satisfy |27 — 29| < co/4 where | | is the
distance function on S. 5. It follows that the sets W(x7), i € I, cover S¢
and that there exists an integer N such that no point of S, lies in more
than N of the open sets W(z?). Furthermore, there exist functions (;, ¢!

(that are independent of ya,,) € C§°(W (27)) such that > (? =1, such that
i€l
if x € supp (;, then ¢/ =1 in By, (x), and such that both ¢; and (] satisfy

(5.36) |Gilkw (ag) + 1Gilrw(ae) < Cro*
Now let F' be any section of FO’Q(SE,U; A). We define

IIFHi,A = Z HCiFHi,A,W(a:g)’
iel

Z D NGE IR e

I=11J]=q

where

|G F

and where F' = Z > Fwg LA is the decomposition of F' in terms of
=11J]=q

the frame of W (). Moreover, the Sobolev norm || |3 w(7) is taken with
respect to the y—coordinates of W(xy). We define H,S’q(Ss,g; Tj"o) to be the
set of all sections F' of T%4(S; ,; A) for which || F||xa < oo.

We want to get an estimate in global form. Define Q(U,U) = ||T*U||? +
|SU||?. From the estimates in Theorem 5.1 and by using the partition of
unity as defined above, we obtain:

Corollary 5.6. Suppose that A satisfies (4.11) for all zg € M. Then there
exist a fived small o and a constant €1 > 0 such that for all £,0 < £ < €1,
and all U € Dom (T) N Dom (.5),

IU]* < CQU,U).
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Now let us fix o > 0 satisfying Corollary 5.6 and set W (xg) = Wy (xo).
Using Theorem 5.1 and the standard “bootstrap” method, we can get reg-
ularity estimates for the linearized equation. The proof is similar to that
in Section 9 of [5]. Here we use 1/m subelliptic estimates instead of 1/2
subellitic estimates. Set [J = DDy + Dy 1 Dg+1. Assume that A satisfies

(5.37) [All2n+3 < €0.

Theorem 5.7. Suppose that (5.37) holds and that U is the solution of QU =
G where G € H,S’q(SE; T3°) for all k > 0. Then

DUl + [1Dg1Ullk S Gllx + (1 + [[Allk+2) [ Gllnt2-

Now set E = Dy Dg+1U. Then we have the following estimates for the
error term E [5, Theorem 10.3].

Theorem 5.8. Suppose that A satisfies (5.37) and that OU = G, where
Dy1G=0andG ¢ H,S’q(Sa;Ti’o) forallk. Then E = Dy 1 Dg1U satisfies

A A
1Elk-1 S NGl FA s + 1G las 1E e + (L + (Al k)Gt [ FA 1
Note that F4 is Ds-closed. Since ¢ = 2, we immediately obtain:

Corollary 5.9. If A satisfies (5.37) and if U is the solution with respect to
LA of OU = FA, then V' = D3U satisfies for allk =n+1,n+2,...

A A A A
1DV — F4 e S NF ka1 F A lngr + | Allkrsl FA 1241

6. Embedding of CR structures.

In this section we will prove Theorem 1.1 using the estimates in Section 5.
First, we describe the nonlinear extension operator. For the details, one can
refer Section 11 of [5].

If A€ A(S.,) is sufficiently small and if we set P4(L) = L + A(L), then
La={Ps(L);L € L}. If weset Qa(w) = w— A*w, then A114,0 ={Qa(w);w €
AL0(L£)}. We define a nonlinear operator ® : A(S. ,) — I'%?(S. ) by:

(6.1) B(A) L', I",w) = Qa(w)([Pa(L’), PA(L"))).

Obviously, if ®(A) = 0, then L4 is an integrable almost complex structure
on S; . Note that there is a natural map Py : I‘gf — I'%2 defined by:

(PAB)(L1,Ia,w) = B(Pa(L1), Pa(L2), Qa(w)), B eI

Therefore it follows from the definition of F4 in (2.4) that ®(A) = Pa(F4).
If we use the error estimates in Theorem 5.8 and Corollary 5.9, we then

obtain the following good estimates for the approximate solution of ®(A) +
d'(A)(d) = 0.
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Theorem 6.1. Suppose that A € Hi(S: », A) for all k and that A satisfies
(5.37). Then there ezists da € Hp(Sz 0, A) for all k so that if k > n+ 2,

(6.2) lldalle S 12(A)x + [[Allet2l|®(A)lnt2, and
(6:3) [12(A) + @'(A)(da) k-1 < 1Akl P(A)Inr2 + [ Ales2l| (A7 12

Note that the properties (6.2) and (6.3) of the nonlinear operator ¢ are
the crucial ingrediants in the application of simplified Nash-Moser iteration
process [16]. We now can prove the main theorem of this paper:

Proof of Theorem 1.1. We will show that ||®(0)||p < b for the small b > 0
and the integer D which are appeared in the variant of Nash-Moser theorem
[16]. The rest properties for the ®(A) in the hypothesis of Nash-Moser the-
orem can be proved using the relations in (6.2) and (6.3), and the estimates
for OJ operator in Section 5.

We recall that F4 vanishes in infinite order along My (in z-coordinates!).
This can be stated in y-coordinates, and hence it follows that for each ¢ € I,

IGF 70 < Crve™ (@)™,
where (;’s are defined before (5.36). After summing up over z7, we get
(6.4) IE 00 < Crov Y l(af)Ne™.
el
Since the choice of the points that was made before (5.36) shows that the
balls B% (x7), i € I, are all disjoint, we can obtain an upper bound on N (¢),

which is defined to be the number of i € I such that 27~ < ¢(27) < 27¢. In
fact, in terms of the (, )op—metric introduced at the end of Section 2, the vol-
ume of Ber (z7) is roughly bounded below by gl g2n=142m (o) 2mnt2)

gntlg2n=l42m . 9=2tm(n+2) "and the (, )o-volume of the region in S. , with
271 < p(x) < 27¢ is roughly bounded above by 2™ - 272", Thus, we
conclude that

(6.5) N(0) < "o~ Cn=l)g2mintl)
Thus (6.4) and (6.5) imply that if N = 2mé(n + 1) + 1, then
12 (Ao) Ik = IIF°ll0 S C - €
for sufficiently small €. In particular, if we set k = D, and choose € to be
sufficiently small, then it follow that ||®(A)|p < b. O
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