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Let M be a smoothly bounded orientable pseudoconvex
CR manifold of finite type with dimR M ≥ 7 and assume that
the Levi-form of M has at most one degenerate eigenvalue.
Then we extend the given CR structure on M to an integrable
almost complex structure on Sg which is a complex manifold
containing M as a (locally) real hypersurface.

1. Introduction.

Suppose that M is an abstract smoothly bounded orientable CR manifold
of dimension 2n − 1 with a given integrable CR structure S of dimension
n− 1. Since M is orientable, there are a smooth real nonvanishing 1-form η
and a smooth real vector field X0 on M so that η(X) = 0 for all X ∈ S and
η(X0) = 1. We define the Levi form of S on M by iη([X ′, X

′′]), X ′, X ′′ ∈ S.
We may assume that M ⊂ M̃ , in C∞ sense, where M̃ is a smooth manifold.

Ever since the discovery of non-realizable CR-structures on M with
dimRM = 3 [15], the question of local embeddability of M as a real hyper-
surface in Cn has been one of the main interests in CR-geometry. In [12],
Jacobowitz and Treves also showed that there is (M,S), of nondegenerate
Levi-form with only one positive eigenvalue, which can not be realizable.
However, Kuranishi [13] showed that (M,S) can be realizable provided M
is strongly pseudoconvex and dimRM ≥ 9. Later, Akahori [1], Webster [17]
proved the same result when M is strongly pseudoconvex and dimRM ≥ 7.
Recently, under certain conditions on the Levi-form, Catlin [5] extended the
given CR structure on M to an integrable almost complex structure on a
2n-dimensional manifold Ω with boundary so that the extension is smooth
up to the boundary and so M lies in bΩ. This leads to a solution of the
local embedding problem provided M is pseudoconvex and the Levi-form of
M has at least three positive eigenvalues (so dimRM ≥ 7).

In this paper, we consider a local embedding problem of a given CR
structure on M when M is a pseudoconvex CR manifold of finite type with
one degenerate eigenvalue and dimRM ≥ 7. For given positive continuous
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functions g1, g2 on M , where g1 = g2 = 0 on bM , we define

S−g1
= {(x, t) ∈M × (−∞, 0] : −g1(x) ≤ t ≤ 0},

S+
g2

= {(x, t) ∈M × [0,∞) : 0 ≤ t ≤ g2(x)}.

Theorem 1.1. Let (M,S) be a smoothly bounded pseudoconvex CR man-
ifold of finite type and the Levi-form has corank one and dimRM ≥ 7.
Then there exists a positive continuous function g1 on M and a smooth
integrable almost complex structure L on S−g1

such that for all x ∈ M ,
L(x,0) ∩ CTM = Sx. Furthermore, if JL : TS−g1

→ TS−g1
is the map as-

sociated with the complex structure L, then dt(JL(X0)) < 0 at all points of
M0 = {(x, 0);x ∈M}.

In [7, 8], the author showed that the given CR structure on M can be
extended smoothly to an integrable almost complex structure on S+

g2
(i.e.,

the concave side of M), for some g2, when M is a pseudoconvex CR manifold
of finite type and the Levi-form has co-rank one and dimRM ≥ 3. Since
the extension of CR structures is essentially unique [5, Theorem 4.2], we
can patch the integral structures on S+

g2
and S−g1

smoothly to get an inte-
grable almost complex structure Sg = S−g1

∪ S+
g2

which contains M as a real
hypersurface. By virtue of Newlander-Nirenberg theorem [14], Sg is then a
complex manifold and we have the following local embedding theorem.

Theorem 1.2. Let (M,S) be as in Theorem 1.1. Then (M,S) can be locally
realized as a real hypersurface in Cn.

Remark 1.3. When dimRM = 7, all the previous results [1, 5, 17] were
for strongly pseudoconvex CR manifolds while Theorem 1.2 includes local
embedding theorem for some pseudoconvex CR manifolds of dimRM = 7.
We leave the local embedding theorem of general pseudoconvex CR manifold
of finite type as open.

In [5], Catlin has introduced certain nonlinear equations which come from
deformation theory of an almost complex structure (Section 2). The lin-
earized forms of these equations are simply the ∂-operator from Λ0,1 ⊗ T 1,0

to Λ0,2 ⊗ T 1,0 (Section 2). The solutions of these equations represent suces-
sive corrections that must be made in the iterative process of solving the
nonlinear equation.

In order to solve this ∂-type equation, we take, for each x0 ∈M , a special
smooth complex valued coordinates ζ = (ζ1, . . . , ζn) defined near x0. Then
a careful analysis of the local geometry of M near x0 will give us a family of
plurisubharmonic functions with maximal Hessian near x0. Thanks to these
functions, we construct a smooth positive function g(x, t) = g(x), x ∈ M ,
g(x) = 0 on bM , so that the hypersurface Mg := {(x, t) ∈ M × (−1, 0]; t =
−g(x)} is pseudoconvex (a bumping theorem), and it patches smoothly with
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bM . Using this function g we can define an almost complex manifold S−g
defined as above. In solving ∂-type equation on S−g , we assign the Neumann
condition on Mg and a Dirichlet condition on M to preserve the existing CR
structure on M .

To overcome difficulties in subelliptic estimates for ∂ near bM , we choose
a Hermitian metric on S−g so that S−g takes on the form Sε = M × [−ε, 0]
(Section 4). To this end, we choose, for each x0 ∈ M , a non-isotropic ball
of size δ = g(x0) in the transverse holomorphic direction and of size δ1/2 in
strongly pseudoconvex tangential holomorphic directions, and of size τ(x0, δ)
in the weakly pseudoconvex tangential holomorphic direction.

Section 5 is devoted to showing subelliptic estimates for the ∂-type equa-
tion on each non-isotropic ball. Since the Levi-form has at least (n − 2)-
positive eigenvalues, the usual 1/2 subelliptic estimates hold for the com-
ponents which contain the normal component, or for the components which
do not contain the normal component but contain the weakly pseudoconvex
component. To get a (1/m)-subelliptic estimates for the remaining compo-
nents we use an important feature of Mg, that is, Mg is strongly pseudo-
convex with the estimates η([L,L])(x, t) & g(x)|L|2 on Mg. This estimate
is also a key one in controlling the boundary integral terms on Mg occuring
from integration by parts.

Then we get uniform subelliptic estimates for ∂ on each non-euclidean
ball, and then we get the so called “tame estimates” which are required
in the simplified version of Nash-Moser theorem [16] for the approximate
solution to the linearized equation.

2. Deformation of almost complex structures.

Let (M,S) be a CR manifold as in Section 1 and set Ω = M × (−1, 1). In
this section we extend the given CR structure S on M to an almost complex
manifold (Ω,L), and consider a deformation problem of the almost complex
structure L on Ω so that the new (deformed) amost complex structure is
integrable (or close to be integrable).

Assume that L is an almost complex structure on Ω. Let A be a smooth
section of Γ1(L) = Λ0,1(L)⊗L, where Λ0,1(L) denotes the set of (0, 1) forms
with respect to L. Observe that if A is sufficiently small, then the bundle
LA = {L+A(L); L ∈ L} defines a new almost complex structure. If ω is a
section of Λ1,0(L), then ω − A∗ω is a section of Λ1,0(LA) where the adjoint
A∗ maps from Λ1,0(L) to Λ0,1(L) and is defined by (A∗ω)(L) = ω(A(L)),
for all L ∈ L and ω ∈ Λ1,0. We want to choose A so that

(ω −A∗ω)([L′ +A(L′), L′′ +A(L′′)]) = 0.(2.1)
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Let L = L′ + L′′ denote the decomposition of a vector L ∈ CTz where
L′ ∈ Lz and L′′ ∈ Lz. For sections L1, L2 of L, we define

(D2A)(L1, L2) = [L1, A(L2)]′ − [L2, A(L1)]′ −A([L1, L2]′′), and(2.2)

F (L1, L2) = [L1, L2]′.(2.3)

Note that these definitions are linear in L1 and L2 and hence D2A and F
are section of Γ2 = Λ0,2(L)⊗L, and F measures the extend to which L fails
to be integrable. By (2.2) and (2.3) we can write the linearized equation (in
A) of (2.1) as

D2A = −F.(2.4)

Also if we define D3 : Γ2 −→ Γ3 = Λ0,3(L)⊗ L by

D3B(L1, L2, L3) = [L1, B(L2, L3)]′ − [L2, B(L1, L3)]′ + [L3, B(L1, L2)]′
(2.5)

−B([L1, L2]′′, L3) +B([L1, L3]′′, L2)−B([L2, L3]′′, L1),

for B ∈ Γ2, then it follows that D3F = 0 [5, Lemma 3.2].
If L defines a CR structure on M ⊂ bΩ and if we want LA to define the

same CR structure on M , then this means that A must satisfy A(L′) = 0
on M whenever L′ is a section of L that is tangent to M . This is a Dirichlet
condition on some of the components of the solution of (2.4). Then by
solving the extension problem formally, we get the following proposition [5,
Theorem 4.1].

Theorem 2.1. Suppose that M is an orientable CR manifold of dimension
2n−1 such that the CR dimension equals n−1. Then there exists an almost
complex structure L∗ on Ω = M × (−1, 1) such that L∗ is an extension of
the CR structure on M , and such that it is integrable to infinite order at M
in the sense that if ω is a section of Λ1,0(L∗) and L1, L2 are sections of L∗,
then ω([L1, L2]) vanishes to infinite order along M .

By Theorem 2.1, we have an almost complex structure L∗ on Ω, that is
integrable to infinite order along M0 = {(x, 0);x ∈ M}. Then we have the
following theorem which is a formal solution of local embedding problem.
One can refer a proof from [3, Proposition 3].

Theorem 2.2. Let x0 ∈ M . Then there are a small neighborhood U of
x0 and a constant c > 0 so that for each x ∈ M ∩ U , there are (almost )
holomorphic functions f1, . . . , fn defined on U so that if Fx = (f1, . . . , fn),
then Fx(x) = 0, and

(a) |dFx| ≥ c on U, and
(b) Lfj vanishes to infinite order at x0, for each L ∈ L.
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Remark 2.3. Suppose L ∈ S(x,0). Then (Fx0)∗L differs from a section of
T 1,0(Fx0(M)) by a vector field which vanishes to infinite order at 0. There-
fore the image Fx0(M) is a smooth real hypersurface in Cn with defining
function given by r(w) = t ◦ F−1

x0
(w).

In order to define the type of x0 ∈ M , we use the (almost) holomorphic
function Fx constructed in Theorem 2.2:

Definition 2.4. Let (x0, U, Fx0) be as in Theorem 2.2. Then we let the
type of x0 be equal to the type of Fx0(x0) = 0 ∈ Cn, on the hypersurface
Fx0(M), in the sense of D’Angelo [9].

Set T (x0) = the type of x0 ∈M , and set

T (M) = max{T (x0) : x0 ∈M} = m.(2.6)

Assuming that the Levi-form of M has (n− 2)-positive eigenvalues, we may
assume that m is an even integer.

Let us take (Ω,L∗) constructed in Theorem 2.1. Choose a smooth real
vector field X0 on Ω that satisfies X0t ≡ 0 and η(X0) ≡ 1 in Ω. Set
Y0 = −JL∗(X0) so that X0 + iY0 is a section of L∗ that is transverse to the
level set of t. Let G : Ω −→ Ω be a diffeomorphism such that G fixes M0

and
G∗Y0|(x,0)

=
∂

∂t|(x,0)
, x ∈M.

Since M is orientable, we may assume that dt(JL∗(X0)) < 0. Thus dt(Y0) >
0 along M0, which shows that G preserves the sides of M0; i.e., G maps
Ω− = {(x, t);−1 < t ≤ 0} into itself. If we set L0 = G∗L∗, then clearly
Z̃ = −iG∗(X0 + iY0) is a section of L0 such that along M0,

Z̃ = −iX0 +
∂

∂t
.

We write Z̃ = X̃ + g(x, t) ∂
∂t where X̃t ≡ 0, and set Ln = g−1Z̃. Then

Ln = ∂
∂t +X where Xt ≡ 0. We fix a smooth metric 〈 , 〉0 that is Hermitian

with respect to the structure L0 on Ω.

3. A bumping family of pseudoconvex CR manifolds.

Let M , Ω, X0 and L0 be as in Section 2. In this section, we will construct
one parameter family of pseudoconvex CR manifolds {Ms}s>0 which connect
smoothly with bM . For this purpose we use the analysis of local geometry
near x0 ∈M [8, Section 3].

Assume that x̃0 ∈ M . Then there are coordinate functions x1, . . . x2n

defined on a neighborhood U of x̃0 with the property that x2n = t and
that xk(x′, t) = xk(x′, 0), k < 2n, for (x′, t) ∈ U , and that ∂

∂x2n−1
= −X0

at all points of U ∩M . We take an orthonormal frame {L̃1, . . . , L̃n} of L0
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defined on U . Let x0 ∈ U be fixed for a moment. If L̃j is replaced by
Lj =

∑n−1
k=1 UjkL̃k, where U = (Ujk) is a suitably chosen unitary matrix,

then we have:
i

2
η([Lj , Lk])(x0) = δjkdj(x0) := dj,k(x0), 1 ≤ j, k ≤ n− 1,(3.1)

where d2 ≤ · · · ≤ dn−1, and dj(x0) is a smooth function defined on U

satisfying d2(x) ≥ d0 > 0 on U for a uniform constant d0 > 0.
In the sequal we let ∂l, 1 ≤ l ≤ n, denote the holomorphic partial deriva-

tives in l-th variable of the local complex valued coordinates. We also let ∂̃β

denotes ∂β or ∂β. We recall the following special coordinates near x0 ∈ M
[8, Proposition 3.1].

Proposition 3.1. For each x0 ∈ U and positive integer m, there are smooth
complex valued coordinates ζ = (ζ1, . . . , ζn), ζn = t + ix2n−1, defined near
x0 so that in ζ-coordinates, the vector fields L1, . . . , Ln−1, can be written as

L1 =
∂

∂ζ1
+

n−1∑
l=1

al(ζ)
∂

∂ζl
+

n−1∑
l=1

bl(ζ)
∂

∂ζ l

+
(
e(ζ) + id(ζ)

) ∂

∂x2n−1
,(3.2)

Lα =
∂

∂ζα
+

n−1∑
l=1

aα
l (ζ)

∂

∂ζl
+

n−1∑
l=1

bαl (ζ)
∂

∂ζ l

+
(
eα(ζ) + idα(ζ)

) ∂

∂x2n−1
,

where 2 ≤ α ≤ n− 1. Also the coefficient functions satisfy

∂j
1∂

k
1bl(0) = ∂j

1∂
k
1a

α
l (0) = ∂j

1∂
k
1b

α
l (0) = 0, j + k ≤ m, 2 ≤ l ≤ n− 1,(3.3)

∂̃i
β∂

j
1∂

k
1e(0) = 0, i = 0, 1, i+ j + k ≤ m, 2 ≤ β ≤ n− 1, and

(∂1 − ∂1)sd(0) = (∂1 − ∂1)seα(0) = (∂1 − ∂1)sdα(0) = 0, s ≤ m.

Now assume that x0 ∈M ∩U and let us take the smooth complex valued
coordinates ζ = (ζ1, . . . , ζn) defined near x0 as in Proposition 3.1, and write
the vector fields L1, . . . , Ln−1 in this special coordinates. Let b(ζ) = e(ζ) +
id(ζ) be the coefficient function of ∂/∂x2n−1 in L1, and let bm−1(ζ) be the
(m− 1)-th order Taylor polynomial, in ζ1 and ζ1, of b(ζ). Let a(ζ) be a real
valued function defined by

a(ζ) := Im

[
∂

∂ζ1
bm−1

]
:=

∑
0≤j+k≤m−2

aj,kζ
j
1ζ

k
1,

and set

Al(x0) = max{|aj,k| : j + k = l}, l = 0, 1, . . . ,m− 2.

For each δ > 0, we define

τ(x0, δ) = min
0≤l≤m−2

{(δ/Al(x0))1/l+2}.(3.4)
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Then the author showed in [8] that

|∂j
1∂

k
1al(0)|, |∂̃β∂

j
1∂

k
1b(0)| . δ1/2τ−(j+k+1)+γ , j + k ≤ m/2− 1, and(3.5)

|∂j
1∂

k
1η([L1, Lα])(0)| . δ1/2τ−(j+k+1)+γ , j + k ≤ m/2− 1,(3.6)

for 2 ≤ α, β, l ≤ n− 1, and for γ = (10× (m/2)!)−1.
By virtue of the definition of τ(x0, δ) in (3.4) it follows that δ1/2 . τ .

δ1/m and if δ′ < δ′′, then

(δ′/δ
′′
)1/2τ(x0, δ

′′
) . τ(x0, δ

′) . (δ′/δ′′)1/mτ(x0, δ
′′).(3.7)

For each δ > 0 and x0 ∈ M , we define the type of x0 with respect to δ > 0
as

T (x0, δ) = min{l + 2; (δ/Al(x0))1/l+2 = τ(x0, δ)}.(3.8)

Now let us coverM by a finite number of neighborhoods Uν , ν = 1, . . . , N ,
in Ω so that in each Uν , Proposition 3.1 holds. Let {χν} be a partion of
unity subordinated to the coordinate neighborhoods {Uν} of Ω, and let m
be a given positive integer.

For any j, k ≥ 0, j ≥ 1, we define

Lν
j,kη(x) =

i

2
Lj−1

1 L
k−1
1 η([L1, L1])(x), x ∈ Uν ,

and set
Cν

l (x) =
∑

j+k=l

|Lν
j+kη(x)|2, 1 ≤ l ≤ m− 1,

and then set

Cl(x) =
N∑

ν=1

χνC
ν
l (x).

Set M = (m+ 1)! and for each δ > 0, we define

µ(x, δ) =

(
m∑

l=1

C
M/l+1
l (x)δ−2M/l+1

)−1/2M

.(3.9)

Note that
∑m

l=1Cl(x) > 0 if the type at x is less than or equal to m.
Therefore µ(x, δ) is defined intrinsically and it is a smooth function of δ > 0
and x, for x satisfying

∑m
l=1Cl(x) > 0.

Let us fix x0 ∈ M ∩ U and take the smooth complex valued coordinates
ζ = (ζ1, . . . , ζn) defined on M ∩U as in Proposition 3.1. For each δ > 0, set
τ1 = τ = τ(x0, δ) and τk = δ1/2, 2 ≤ k ≤ n− 1, and then set

Pδ(x0) = {x ∈ R2n : |ζi| ≤ τi, 1 ≤ i ≤ n− 1, |ζn| ≤ δ}.(3.10)

Thanks to the estimates in (3.5), (3.6) and the definition of T (x0, δ) in
(3.8), and the Taylor’s theorem argument, we have the following proposition.
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Proposition 3.2. If x ∈ Pδ(x0), then

τ(x0, δ) ≈ µ(x, δ).(3.11)

Corollary 3.3. Suppose x ∈ Pδ(x0). Then

τ(x0, δ) ≈ τ(x, δ).(3.12)

Proof. If we set x = x0 in (3.11), we see that µ(x, δ) ≈ τ(x0, δ). Since this
holds for x0 = x, it follows that µ(x, δ) ≈ τ(x, δ). Hence (3.12) follows. �

Note that µ(x, δ) is defined intrinsically. That is, it does not depend
on the choice of a specific coordinates. Proposition 3.2 and Corollary 3.3
show that the quantity τ(x, δ) is also defined invariantly, up to a universal
constant, with respect to the coordinate functions.

For each ε > 0, we set Ωε = M × (−1, ε) and set S(ε) = M × (−ε, ε).
Then one can construct bounded plurisubharmonic weight functions so that
the Hessian of these functions satisfy certain essentially maximal bounds in
a thin strip S(ε) of M0. The heart of these construction is the so called
“doubling property” of Pδ(x0), which comes from the relation in (3.12). For
a detailed proof of the following theorem, one can refer Section 3 of [8]. For
each small δ > 0, we set τ1(x) = τ(x, δ), τ2(x) = . . . τn−1(x) = δ1/2, and
τn(x) = δ as before.

Theorem 3.4. For all small δ > 0, there is a plurisubharmonic function
hδ ∈ C∞(Ωδ) with the following properties:

(i) |hδ(x)| ≤ 1, x ∈ U ∩ Ωδ.
(ii) For all L =

∑n
j=1 bjLj at x ∈ U ∩ S(δ),

∂∂hδ(x)(L,L) ≈
n∑

j=1

|bj(x)|2τ−2
j (x), and(3.13)

(iii) |Dαhδ(x)| . Cα
∏n

k=1 τ
−αk
k (x), where Dα = ∂β1

1 ∂
γ1

1 . . . ∂βn
n ∂

γn

n and
αi = βi + γi.

In D2-equation, we will assign a Dirichlet condition on one side of bS−g ,
and the Neumann condition on the other side of bS−g . This fact leads us
another difficulty which was not occurred in 1/2-subelliptic estimates of
Catlin in [5]. To overcome this difficulty, we need the following lemma.

Lemma 3.5. Let x0 ∈M ∩ U and set cn1k = ∂∂t(L1, Lk), 1 ≤ k ≤ n. Then
for each small δ > 0, we have

|cn11(x)| . δτ(x0, δ)−2, x ∈ Pδ(x0), and(3.14)

|cn1k(x)| . δ1/2τ(x0, δ)−1+γ , x ∈ Pδ(x0), 2 ≤ k ≤ n,(3.15)

where γ = (10× (m/2)!)−1.
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Proof. See [8, Lemma 3.7]. �

Now we want to construct one parameter family of pseudoconvex CR
manifolds {Ms}s>0, which connect up smoothly with bM , the boundary
of M . In the sequel, we let m be the type of M defined in (2.6) and let
σ1(x, k) = σ1(x, k−3m) = τ1(x, k−3m) denote the quantity defined in (3.4) for
δ = k−3m and set σj(x, k) = k−3m/2, j = 2, . . . , n− 1, and σn(x, k) = k−3m.
We also set x′ = (x′, 0) ∈ M . Let d(x) = d(x′) ∈ C∞(M) be a smooth
defining function of bM , independent of t, such that d(x′) > 0 for all x′ ∈M .

Theorem 3.6. There exist a smooth one parameter family of pseudoconvex
CR manifolds Ms, 0 ≤ s < s0, M0 = M , each defined by Ms = {(x′, t) ∈
Ω; rs(x′, t) = t+ sG(x′) = 0}, and a large integer K0 such that:

(i) G(x′) is a smooth plurisubharmonic function in x′ ∈M , G(x′) > 0 on
M and G(x′) = 0 on bM ,

(ii) if L =
∑n

j=1 bjLj satisfies Lrs(x′, t) = 0, and if d(x′) ≈ 1
log k , for

k ≥ K0, then G(x′) ≈ 2−k · (log k)−1, and

∂∂rs(L,L)(x′, t) & s ·G(x′)
n∑

j=1

σj(x, k)−2|bj |2, and(3.16)

(iii) s|L1G(x′)| . σ1(x, k) · ∂∂rs(L1, L1).

Proof. We cover bM by a finite number of neighborhoods B(xν , a), xν ∈ bM ,
a > 0, ν = 1, 2, . . . , N0. Since dist (x′, bM) ≈ d(x′) near bM , there is a small
constant b0 > 0 such that

Mb0 := {x ∈M ; d(x) > b0} ⊃M − ∪N0
ν=1B(xν , 2a).

We cover M − ∪N0
ν=1B(xν , 2a) by finite number of neighborhoods B(xν , a

′),
where B(xν , 2a′) ⊂ Mb0 , ν = N0 + 1, . . . , N . Set Vν = B(xν , 3a), ν =
1, . . . , N0, and Vν = B(xν , 2a′), ν = N0 + 1, . . . , N . In each Vν , we may
assume that there exist coordinates x = (x1, . . . , x2n) with the property
that x2n = t and that xk(x′, t) = xk(x′, 0), k < 2n, for (x′, t) ∈ Vν , and
∂/∂x2n−1 = −X0 at all points of M ∩ Vν , and that Proposition 3.1 holds.
Let φν(x′, t) = φν(x′, 0) be C∞ functions supported in Vν , ν = 1, . . . , N ,
and φν = 1 on B(xν , 2a), ν = 1, . . . , N0, and φν = 1 on B(xν , a

′), ν =
N0 + 1, . . . , N .

For each Vν , ν = 1, . . . , N0, we consider a function gν defined by gν(x′) =
d(x′)φν(x′). Then supp gν ⊂ Vν , and gν(x′, t)= gν(x′)= d(x′)≈ dist(x′, bM)
on B(xν , 2a). We take the complex valued coordinate functions ζ = (ζ1, . . . ,
ζn) defined in Vν as in Proposition 3.1 and let x = (x1, . . . , x2n−1, t) be the
real coordinates of ζ. Set Dk = ∂/∂xk, 1 ≤ k ≤ 2n. We may assume that
these coordinates satisfy {ζ ∈M :

∑2n−1
i=1 |xi(ζ)|2 ≤ 1} ⊂ Vν ∩M .



320 SANGHYUN CHO

Let K0 be a large integer still to be chosen. For all k > K0 let ψk,ν(x′, t) =
ψk,ν(x′) denote a function defined on Vν , ν = 1, . . . , N0, and satisfies

ψk,ν(x′) = 1 if
1

log(k + 1)
< d(x′) <

1
log(k + 2)

,(3.17)

ψk,ν(x′) = 0 if d(x′) >
1

log(k + 3)
, or d(x′) <

1
log k

,

and

|Dαψk,ν(x)| ≤ Cαk
2|α|.(3.18)

Similarly we define ψK0,ν as

ψK0,ν(x′) = 1 if d(x′) >
1

logK0

ψK0,ν(x′) = 0 if d(x′) <
1

log(K0 + 2)
,

and so that the direct analog of (3.18) holds for k = K0.
For all k ≥ K0, define Λk,ν(x) = hk−3m(x), where hδ is the function

constructed in Theorem 3.4, for δ = k−3m. Let L =
∑n

j=1 bjLj and x =
(x′, t) ∈ suppψk,ν . Then (3.13) shows that if |t| < k−3m,

∂∂Λk,ν(L,L)(x) ≈
n∑

l=1

|bl|2σl(x, k)−2.(3.19)

Set

G1(x′, t) = G1(x′) =
N0∑
ν=1

∞∑
k=K0

2−kgν(x)ψk,ν(x)(Λk,ν(x′, 0) + 2).

Then for those x with d(x) ≈ 1
log k , we can show, as in the proof of Theo-

rem 2.3 in [6], that

∂∂G1(x)(L,L) ≈ 2−k(log k)−1
n∑

j=1

σj(x, k)−2|bj |2.(3.20)

By virtue of (3.18), (3.20) and from the property (iii) of Theorem 3.4, we
have

|L1G1(x)| . 2−kσ1(x, k−3m)−1 · (log k)−1 . σ1(x, k−3m)∂∂G1(x)(L1, L1),
(3.21)

and by virtue of (3.17) and (3.18), we easily obtain that

|DαG1(x)| ≤ Cα2−kk3m|α|, x ∈ suppψk,ν .

Thus as d(x) −→ 0, G1 and all of its derivatives vanish to infinite order.
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Note that we may assume that d(x) > b0 ≥ 1/ logK0 on Mb0 provided
K0 is sufficiently large. Set λ0 = hK−3m

0
, where hK−3m

0
is defined as in

Theorem 3.4. Set

G0(x′, t) = G0(x′) = 2−K0

N∑
ν=N0+1

φν(x)(λ0(x′, 0) + 2),

where suppφν ⊂ B(xν , 2a′), φν ≡ 1 on B(xν , a
′), ν = N0 + 1, . . . , N . Thus

if x = (x′, t) satisfies |t| < K−3m
0 , and d(x) ≥ b0, then as in the proof of

Theorem 2.3 in [6], we also have that

∂∂G0(L,L)(x) ≈ 2−K0

n∑
j=1

σj(x,K0)−2|bj |2.(3.22)

Note that gν , ψk,ν , φν and d are independent of t and hence so do G0 and
G1. Set

G(x) = G(x′) = G0(x) +G1(x).(3.23)

Then (3.20) and (3.22) show that G(x) is a smooth plurisubharmonic func-
tion which vanishes on bM , independent of t. For all 0 ≤ s < 1, set

rs(x′, t) = t(x′) + sG(x′).(3.24)

Since Λk,ν + 2 ≈ 1, it follows that

G(x) ≈ 2−k · (log k)−1,

for those x = (x′, t) with d(x′) ≈ 1/ log k, k ≥ K0, provided K0 is sufficiently
large. Since |sG(x)| . s2−K0 << 1, (3.20) and (3.22) imply that

∂∂G(x)(L,L) ≈ 2−k · (log k)−1
n∑

j=1

|bj |2σj(x, k)−2, |t| < k−3m,(3.25)

because σ1(x, k−3m) ≈ σ1(x′, k−3m) by (3.12).
For all small s > 0, the set Ms = {x; rs(x) = 0} then defines a smooth

manifold of dimension (2n − 1) and can be joined smoothly with bM . Let
L =

∑n
j=1 bjLj satisfies Lrs = 0. Then as in the proof of Theorem 2.3 in [6]

we can show that

∂∂rs(x′, t)(L,L) & s2−k · (log k)−1
n∑

j=1

σj(x′, k)−2|bj |2,

for those (x′, t) ∈ Ms such that d(x′) ≈ 1
log k , k ≥ K0. This proves (3.16).

Property (iii) follows from (3.21) and (3.22). �

To obtain a subelliptic estimates near Ms, we want to construct a family
of plurisubharmonic functions with large Hessian defined near Ms (instead
of M0 in Theorem 3.4). The estimates in (3.16), at t = −sG(x′), is an
important ingredient to the construction of these functions.
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Assume x0 ∈ M and let x = (x1, . . . , x2n−1, t) = (x′, t) be coordinate
functions defined on a neighborhood U of x0 such that ∂/∂x2n−1 = −X0

along M ∩ U . We may assume that d(x0) ≈ (log k)−1 for some k ≥ K0

and hence that G(x0) ≈ 2−k. In terms of these coordinate functions, let
xs = (x′s,−sG(x′s)) ∈ Ms ∩ U be fixed for a moment. We also assume that
G(x′s) ≈ 2−k · (log k)−1. Let {L̃1, . . . , L̃n} be an orthonormal frame of L0

defined on U . Set

Lj = L̃j − (L̃jrs)(L̃nrs)−1L̃n, 1 ≤ j ≤ n− 1, and(3.26)

Ln = L̃n.

Then Ljrs ≡ 0, j = 1, 2, . . . , n− 1.
Define new coordinates x̃ = (x̃1, . . . , x̃2n) on U by:

x̃i = xi, i = 1, 2, . . . , 2n− 1, and

x̃2n = t+ sG(x′) = rs(x′, t).

In new coordinates, M0 ∩ U and Ms ∩ U corresponds to the points on U
where x̃2n = sG(x′) and 0, respectively. Therefore

X0 = − ∂

∂x̃2n−1
− sG2n−1(x′)

∂

∂x̃2n
,

along M ∩ U , where G2n−1(x′) = ∂/∂x2n−1G(x′). By taking affine trans-
formation Cxs : R2n −→ R2n, Cxs(x̃) = (u1, . . . , u2n), Lk can be written
as:

Lk|xs =
∂

∂u2k−1
− i

∂

∂u2k
, 1 ≤ k ≤ n− 1.(3.27)

By virtue of Proposition 3.1, for the point xs (instead of x0), we then have
local complex valued smooth coordinate functions ζ = (ζ1, . . . , ζn) defined
near xs ∈ Ms so that the vector fields L1, . . . , Ln−1 can be written as in
(3.2) satsfying (3.3) in ζ coordinates.

Let x = (x1, . . . , x2n) be the real coordinates of ζ, where x2n = t +
sG(x′) = rs(x′, t), and set Dk = ∂/∂xk, 1 ≤ k ≤ 2n. For l ≥ 0 we set

|G(l)(x′)| =
∑
|α′|≤l

|Dα′G(x′)|,

where α′ = (α1, . . . , α2n−1)’s are multi-indices. Let ωj be dual of Lj , 1 ≤
j ≤ n. Let 0 ≤ ε ≤ s and set xε = (x′, εG(x′)). So xε ∈ Ms if and only if
ε = 0, and xε ∈M0 if and if ε = s.

Assuming that G(x′s) ≈ G(x′) ≈ 2−k · (log k)−1, for some k ≥ K0, we
obtain from (3.16) that

∂∂rs(L1, L1)(xε) & (s− ε)G(x′)σ1(x, k)−2.(3.28)
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Since Ln = ∂/∂x2n−iX0 along M∩U , it follows that ωn = 1/2(dx2n+iη)
along M ∩ U . Therefore we can write, at xε, as

ωn =
1
2
(dx2n + iη) + (s− ε)O

[
2n∑
l=1

(
DlG(x′) +G(x′)

)
dxl

]
.

Because Ln = (1 + O(s|G(1)(x′)|))∂/∂x2n + X where Xx2n ≡ 0 on U it
follows that ∂rs = (1 + O(s|G(1)(x′)|))ωn on U . Since L0 is integrable to
infinite order along M0 one obtains, for 1 ≤ i, j ≤ n− 1, that

∂∂rs(Li, Lj) = ∂rs([Li, Lj ]) + (s− ε)3O(G(x′)3)
(3.29)

= ωn([Li, Lj ])(1 + sO(|G(1)(x′)|)) + (s− ε)3O(G(x′)3),

at the point xε. Combining (3.28) and (3.29) one then obtains that

∂∂rs(L1, L1)(xε) ≈ ωn([L1, L1])(xε),(3.30)

independent of ε > 0 for all 0 ≤ ε ≤ s.
For each small ρ > 0, set δ = ρG(x′s). Following the notations in (3.2)-

(3.4), we let τ(xs, δ) be the quantity defined in (3.4) for the point xs. Set
τ1 = τ(xs, δ), τj = δ1/2, 2 ≤ j ≤ n− 1, τn = δ, and set

Pρ(xs) = {ζ : |ζj | ≤ τj , 1 ≤ j ≤ n}.

Since τ1 . δ1/m � (log k)−1, it follows that d(x′) ≈ (log k)−1 on Pρ(xs), and
hence that

G(x′) ≈ 2−k · (log k)−1, for (x′, x2n) ∈ Pρ(xs).(3.31)

Also the estimate in (3.18) implies that

|G(m+1)(x′)| . 2−kk3m(m+1) . G(x′s)
1−γ/m+1,(3.32)

for (x′, x2n) ∈ Pρ(xs), provided K0 is sufficiently large. Here γ = (10 ×
(m/2)!)−1. Note that for those x′ with (x′, xs) ∈ Pρ(xs), xε ∈ Pρ(xs) if and
only if 0 ≤ ε ≤ ρ. In the sequal, we assume that 2ρ ≤ s.

By virtue of the definition of τ(xs, ρG(x′s)), and by (3.12), (3.31), we
obtain that

|ωn([L1, L1])(x)| . ρG(x′)τ(x, ρG(x′))−2, x ∈ Pρ(xs).(3.33)

Also the estimates leading to (3.6) hold similarly except the error terms
s3|G(m+1)(x′)|3 . s2G(x′)2 (by 3.32), and hence one obtains that

|ωn([L1, Lα])(x)| . δ1/2τ−1+γ + s2G(x′)2, x ∈ Pρ(xs), 2 ≤ α ≤ n− 1.
(3.34)

Assuming that 2ρ ≤ s, we obtain, from (3.28) and (3.29), that

ωn([L1, L1])(x) & sG(x′)σ1(x, k)−1 � s2G(x′)2, x ∈ Pρ(xs),(3.35)
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and hence the error term s2G(x′)2 in (3.34) can be absorbed into the esti-
mates.

For each ρ > 0, set

Sρ = {(x′, t) : (−ρ− s)G(x′) ≤ t ≤ (ρ− s)G(x′)} ∩ U,

in (x′, t) coordinates. (Note that x2n = t+sG(x′).) Set τρ
1 (x) = τ(x, ρG(x′)),

τρ
j (x) = (ρG(x′))1/2, 2 ≤ j ≤ n− 1, and τρ

n(x) = ρG(x′).
We now consider the two cases, ωn([L1, L1]) ≈ δτ−2 and ωn([L1, L1]) �

δτ−2 on Pρ(xs). The first case corresponds to the case that T (xs, δ) = 2
and the later case corresponds to the case that T (xs, δ) ≥ 3, where T (xs, δ)
is defined as in (3.8). Then as in Theorem 2.1 in [6], one can construct a
family of local plurisubharmonic functions gxs,ρ satisfying all the properties
in the theorem. Then by adding up these functions gxs,ρ, we can prove the
following theorem as in Theorem 3.4, in each thin neighborhood Sρ of Ms

(instead of M0). This is a crucial one to get subelliptic estimates for the
forms supported near Ms in Section 5.

Theorem 3.7. For all small ρ > 0, there is a plurisubharmonic function
hρ ∈ C∞(Ω) with the following properties:

(i) |hρ(x)| ≤ 1 on Ω,
(ii) if L =

∑n
j=1 bjLj, then

∂∂hρ(x)(L,L) ≈
n∑

j=1

|bj |2τj(x)−2, x ∈ Sρ ∩ U,(3.36)

(iii) |Dαhρ(x)| ≤ Cα
∏n

j=1 τ
−αj

j (x).

Set cn1l(x) = ωn([L1, Ll])(x), 1 ≤ l ≤ n − 1. Using (3.33), (3.34) and the
property (iii) of Theorem 3.7, we can prove the following proposition.

Proposition 3.8. For all small ρ > 0, and for each α = (α1, . . . αn), we
have

|cn11(x)D
αhρ(x)| ≤ Cατ

ρ
n(x)τρ

1 (x)−2
n∏

k=1

(τρ
k (x))−αk ,(3.37)

and, for 2 ≤ l ≤ n− 1,

|cn1l(x)D
αhρ(x)| ≤ Cα

(
τρ
n(x)

1
2 τρ

1 (x)−1+γ + s2G(x′)2
) n∏

k=1

(τρ
k (x))−αk ,

(3.38)

for all x ∈ S(ρ) ∩ U .
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4. Special frames for almost complex structures.

In this section we want to construct a special dilated coordinates defined
near x0 ∈ M . Let us take the smooth function G(x′), (x′, t) ∈ Ω, and one
parameter family of pseudoconvex CR manifolds Ms with defining function
rs = t + sG(x′) as in the previous section. Assume that T (M) = m < ∞,
where T (M) is defined as in (2.6).

For any ε, σ, 0 < ε ≤ σ ≤ 1, we set s = εσ2m and set rs(x′, t) =
t+ εσ2mG(x′) and define

Sε,σ = {(x′, t) ∈ Ω;G(x′) > 0 and − εσ2mG(x′) ≤ t ≤ 0}.(4.1)

Remark 4.1. The quantities ε and σ will be fixed later. If we set g(x′) =
ε · σ2m · G(x′), then g is the required positive function in the definition of
S−g in Section 1 and Sε,σ equals S−g .

We define a subbundle of L0 on Sε,σ by letting R(x,t) = {L ∈ L0
(x,t);Lrs =

0}. Clearly the map H defined by H(L) = L− (Lrs)(Lnrs)−1Ln defines an
isomorphism of S onto R (at all points of Sε,σ). Set µ1(x) = µ(x, εG(x′)),
µ2(x) = . . . , µn−1(x) = ε1/2G(x′)1/2, and µn(x) = εG(x′). We define a
weighted metric 〈 , 〉 on L0 by the relations

〈H(Lj),H(Lk)〉 = µj(x)−1µk(x)−1〈Lj , Lk〉0, 1 ≤ j, k ≤ n− 1,

〈Ln, Ln〉 = ε−2ϕ(x)−4m, and

〈Ln,H(Ll)〉 = 0, 1 ≤ l ≤ n− 1,

where Ll ∈ S, 1 ≤ l ≤ n− 1. Since µ(x, δ) is a smooth function of x and δ,
it follows that < , > is a smooth Hermitian metric on L0. Now using the
special coordinates defined in Proposition 3.1, we will cover Sε,σ by special
dialated coordinate neighborhoods such that on each such neighborhood,
there is a frame L that satisfies required good estimates.

Proposition 4.2. There exist constants ε0 and σ0 such that if 0 < ε < ε0
and 0 < σ < σ0, then on Sε,σ there exist for all x0 = (x′0, 0) ∈ M with
G(x′0) > 0 a neighborhood W (x0) ⊂ Sε,σ with the following properties:

(i) On W (x0) there are smooth coordinates y = (y′, y2n) where y′ =
(y1, y2, . . . , y2n−1) is independent of t and where the function y2n is
defined by y2n = ε−1G(x′)−1rs(x′, t)− σ2m, so that W (x0) = {y; |y′| <
σ,−σ2m ≤ y2n ≤ 0}. Thus, M0∩W (x0) and Ms∩W (x0) correspond to
the points in W (x0) where y2n = 0 and −σ2m, respectively. Moreover,
the point (x′0, 0) ∈ Ω corresponds to the origin.

(ii) The above coordinate charts are uniformly smoothly related in the sense
that if W (p̃0) and W (x0) intersect, and if ỹ and y0 are the associated
coordinates, then

|Dα(ỹ ◦ (y0)−1)| ≤ C|α|
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holds on that portion of R2n where ỹ ◦ (y0)−1 is defined. The constant
C|α| is independent of ε, σ, and x0.

(iii) On W (x0), there exists a smooth frame L1, . . . , Ln for L such that if

ω1, . . . , ωn is the dual frame, and if Lk and ωk are written as
2n∑

j=1
bkj

∂
∂yj

and
2n∑

j=1
dkjdyj, then

sup
y∈W (x0)

{
|Dα

y bkj(y)|+ |Dα
y dkj(y)|

}
≤ C|α|,

where C|α| is independent of x0, j, k, ε and σ.
(iv) With the frames as in (iii), set cn1l = ωn([L1, Ll]), l = 2, . . . n. Then

there is an independent constant C > 0 such that

sup
y∈W (x0)

|cn1l(y)| ≤ Cσ2m.(4.2)

(v) There are independent constants c > 0 and C > 0 such that if Bb(x)
denotes the ball of radius b about x ∈ Sε,σ with respect to the metric
〈 , 〉, then

Bcσ(x0) ⊂W (x0) ⊂ BCσ(x0),(4.3)

and if VolBb(x0) denotes the volume of Bb(x0) with respect to 〈 , 〉,
then

cb2n−1σ2m ≤ VolBb(x0) ≤ Cb2n−1σ2m.(4.4)

Proof. We will sketch the proof. For a detailed proof, one can refer [5,
Proposition 5.1]. We first cover M by a finite number of neighborhoods Vν ,
ν = 1, . . . , N , in Ω such that in each Vν there exist coordinates (u1, . . . , u2n)
with the property that u2n = t and that uk(u′, t) = uk(u′, 0), k < 2n, for
(u′, t) ∈ Vν , and that ∂/∂u2n−1 = −X0, at all points of M ∩ Vν . Also we
can arrange the neighborhoods Vν so that Proposition 3.1 holds on each Vν .

For any point x0 ∈M ∩Vν , we take coordinate functions ζν = (ζν
1 , . . . , ζ

ν
n)

constructed as in Proposition 3.1. Let us denote by L̃ν
k, the vector fields L̃k,

1 ≤ k ≤ n, written in ζν-coordinates as in (3.2), satisfying (3.3). Set
θ0 = εG(x′0). Let τ(x0, θ0) and µ(x, θ0) be the quantities defined in (3.4)
and (3.9) respectively with respect to the point x0 ∈M0. By Proposition 3.2
it follows that µ(x0, θ0) ≈ τ(x0, θ0).

Set µ0 = µ(x0, θ0) for a convenience. Let x = (x′, t) be the real coor-
dinates of ζν . We define new coordinates y = Dε,x0(x) = (y1, . . . , y2n) by
means of dilation map Dε,x0 : R2n −→ R2n given by:

y(x′, t) = (µ−1
0 x1, µ

−1
0 x2, θ

−1/2
0 x3, . . . , θ

−1/2
0 x2n−2, θ

−1
0 x2n−1, ε

−1G(x′)−1t).

(4.5)
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In terms of the y-coordinates, we define an open set Wb(x0) by

(4.6) Wb(x0) = {x ∈ Vν ∩ Sε,σ; |yk(x)| < b,

k = 1, 2, . . . 2n− 1, −σ2m ≤ y2n(x) ≤ 0}.

Note that in Wb(x0), y2n = 0 and y2n = −σ2m coincide with rs(x′, t) =
εσ2mG(x′) and rs(x′, t) = 0, respectively, the boundaries of Sε,σ. As in (3.26)
we set Lν

j = L̃ν
j −ejL̃ν

n, j ≤ n−1, and Lν
n = L̃ν

n, where ej = (L̃ν
krs)(L̃

ν
nrs)

−1,
and then define a frame L1, . . . , Ln in Wb(x0) by setting

L1 = µ(x, εG(x′))Lν
1 , Lk = ε1/2G(x′)

1
2Lν

k, 2 ≤ k ≤ n− 1,(4.7)

Ln = εG(x′)Lν
n.

Then it follow from (3.32) that

|ek| . εσ2m|G(1)(x′0)| << σ2mθ0µ(x0, θ0)−1/m, 1 ≤ k ≤ n− 1.

We set W (x0) := Wσ(x0) for a sufficiently small σ > 0. Then (4.2) follows
by using the estimates in (3.37) and (3.38). The other properties follow as
in the proof of Proposition 5.1 in [5]. �

Let us take the dilated coordinates y = (y1, . . . , y2n) defined in (4.5). In
the sequel we let Lν

j and ωj
ν , 1 ≤ j ≤ n, be the vector field and its dual form

written in x-coordinates as in (3.26) defined on Vν 3 x0. Also let Lj be the
vector fields defined in (4.7) and let ωj be its dual frame, 1 ≤ j ≤ n.

We may assume that d(x0) := dist (x0, bM) ≈ (log k)−1 ≈ d(x′), (x′, t) ∈
W (x0), for some k ≥ K0 as in Section 3. Also it follows that G(x′) ≈
2−k · (log k)−1 for (x′, t) ∈W (x0). By (3.28)-(3.30) we then have

ωn([L1, L1]) = ε−1G(x′)−1µ1(x, εG(x′))2ωn
ν ([Lν

1 , L
ν
1 ])(4.8)

& ε−1G(x′)−1µ(x, εG(x′))2 · sG(x′)σ1(x, k)−2

& σ2mµ(x, εG(x′))2 · σ1(x, k)−2, on Mσ.

We also want to get estimates for ωn([L1, Lk]), 2 ≤ k ≤ n − 1, on Mσ.
Let us set δ = (εσ2mG(x′0))

m/γ , where γ = (10 × (m/2)!)−1. For each
xsν ∈Mσ, we consider the coordinate functions ζ = (ζ1, . . . , ζn) constructed
in Proposition 3.1 about the point xsν ∈ Mσ, and set τν

1 = τ(xsν , δ), τν
j =

δ1/2, 2 ≤ j ≤ n− 1, τν
n = δ, and set

Pδ(xsν ) = {ζ; |ζj | ≤ τν
j , 1 ≤ j ≤ n}.

We coverMσ∩W (x0) by polydiscs, Pδ(xsν ), xsν ∈Mσ∩W (x0) so that any
(N+1) intersection of Pδ(xsν )’s are empty. Let xs ∈Mσ. Then xs ∈ Pδ(xsν )
for some xν

s ∈Mσ. If we express the vector fields L1, . . . , Ln in terms of the
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special coordinates about the point xsν , it follows from (3.34) that

|ωn([L1, Lα])(xs)|2(4.9)

= ε−1G(x′s)
−1µ(xs, εG(x′s))

2|ωn
ν ([Lν

1 , L
ν
α])(xs)|2

. ε−1G(x′s)
−1µ(xs, εG(x′s))

2
(
δτ(xsν , δ)

−2+2γ + s4G(x′s)
4
)

. ε−1G(x′s)
−1µ(xs, εG(x′s))

2(ε2σ4mG(x′)2)

. εσ2mG(x′s)µ(xs, εG(x′s))
2, 2 ≤ α ≤ n− 1,

where we have used the fact that δτ−2+2γ . τ2γ . ε2σ4mG(x0)2.
From (4.8) and (4.9) one obtains that

|ωn([L1, Lα])(x)|2 . εG(x0)ωn([L1, L1]), 2 ≤ α ≤ n− 1.(4.10)

Using the special coordinates y1, . . . , y2n and the special frames L1, . . . Ln

defined in (4.7), we want to define L2-operators with mixed boundary con-
ditions. We set

|f |k,Wb(x0) = sup {|Dα
y f(y)|; y ∈Wb(x0), |α| ≤ k},

and we extend this norm to vector fields and 1-forms.
In the process of subelliptic estimates for D2-operator, we will see that a

certain boundary integral terms on M0 occurs. To handle these boundary
integral terms, we need the following lemma.

Lemma 4.3. There are a frame X1, . . . , Xn for L and its dual frame η1,
. . . , ηn so that if we set cnkn = ηn([Xk, Xn]), 1 ≤ k ≤ n− 1, then

cnkn = 0 on W (x0), k = 2, . . . , n− 1, and

|cn1n|s,W (x0) ≤ Csσ
2m.

Proof. See [8, Lemma 4.3]. �

Recall that a deformation of L0 is a section A of the bundle Γ1(Sε,σ). In
terms of the special frames in W (x0), we write A =

∑n
j,l=1Ajlω

l ⊗ Lj , and
then define

|A(y)|s =
∑
|α|≤s

n∑
j,l=1

|Dα
yAjl(y)|, and

|A|s,W (x0) = sup{|A(y)|s; y ∈W (x0)},

and suppose that A satisfies

|A|m+2n+3,W (x0) ≤ ε0,(4.11)

for a sufficiently small ε0 > 0.
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We define A(Sε,σ) to be the space of sections A ∈ Γ0,1(Sε,σ; 0) such that
along M0, A(L) = 0 whenever L ∈ T 0,1 ∩ CTM0. From now on, we assume
that A ∈ A(Sε,σ). Then we can define a deformation LA of L0 by

LA = {L+A(L);L ∈ L0
z, z ∈ Sε,σ}.

In terms of the frame X1, . . . , Xn, and its dual frame η1, . . . , ηn in W (x0)
constructed in Lemma 4.3, we define

XA
j = Xj +A(Xj), j = 1, . . . , n,

and let ηj
A be the dual frame. Set

LA
j = σ

1
4

(
XA

j − (XA
j r)(X

A
n r)

−1XA
n

)
, 1 ≤ j ≤ n− 1, LA

n = XA
n ,

(4.12)

and

ωj
A = σ−

1
4 ηj

A, 1 ≤ j ≤ n− 1, ωn
A =

ηn
A +

n−1∑
j=1

(XA
j r)(X

A
n r)

−1ηj
A

 .

(4.13)

Obviously, the frame ωj
A, for j = 1, . . . , n, is dual to LA

j , and LA
j r ≡ 0 for

1 ≤ j ≤ n− 1.
Assuming that A satisfies (4.11) for sufficiently small ε0 ≤ σ2m2·γ−1

, it
follows from Lemma 4.3 that

supy∈W (x0)|ωn
A([LA

k , L
A
n ])(y)| . σ1/4|A|1, 2 ≤ k ≤ n− 1,(4.14)

supy∈W (x0)|ωn
A([LA

1 , L
A
n ])(y)| ≤ Cσ2m+ 1

4 + σ1/4|A|1,(4.15)

where the constant C > 0 is independent of x0, σ and ε.
In order to measure how LA

j , j = 1, 2, . . . , n, depend on A, we define

Pk(y;A) =
∑

k1,...,kN
|k1|+···+|kN |≤k

N∏
ν=1

|A(y)|kν .

Lemma 4.4. If A satisfies (4.11) for sufficiently small ε0, then the following
pointwise estimates hold for y ∈W (x0):

|LA
k − σ

1
4Lk|s ≤ Csσ

1/4Ps(y;A), |LA
n − Ln|s ≤ CsPs(y;A),(4.16)

|ωk
A − σ−

1
4ωk|s ≤ Csσ

− 1
4Ps(y;A), |ωn

A − ωn|s ≤ CsPs(y;A).(4.17)

Proof. From the expression of LA
k and ωk

A in (4.12) and (4.13), the error
terms are the finite product of derivatives as in (4.16) and (4.17). �
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Lemma 4.5. Assume A satisfies (4.11). Then

|ωn
A([LA

1 , L
A
k ])| . εG(x′)ωn

A([LA
1 , L

A
1 ]), 2 ≤ k ≤ n− 1.(4.18)

Proof. By virtue of Lemma 4.4, we can write

ωn
A([LA

1 , L
A
k ]) = σ1/2ωn([L1, Lk]) +O(|A|2).

Since A vanishes to infinite order along M0 (in x-coordinates), we have
|Dα

xA(x)| . ε4σ8mG(x′)4, |α| ≤ 2. In terms of y-coordinates, we then have

|A|2 . ε2σ4mG(x′)2.(4.19)

Hence (4.18) follows by combining (4.8), (4.10) and (4.19). �

For the subelliptic estimates on the forms supported on Mσ, we still
have to construct a family of plurisubharmonic functions with large Hes-
sian in dilated coordinates y. By virtue of Theorem 3.7, there is a fam-
ily of plurisubharmonic functions {hερ(x)}ρ>0 defined on Sε

ρ = {(x′, t) :
(−ερ−εσ2m)G(x′) ≤ t ≤ (ερ−εσ2m)G(x′)}. In y-coordinates, we can write

Sρ := Sε
ρ = {(y′, y2n); |y2n + σ2m| ≤ ρ}.

Set W̃ (x0) = WCσ(x0), for some C > 1, and set

µ1(x) = µ(x, εG(x′)), µk(x) = ε1/2G(x′)1/2, 2 ≤ k ≤ n− 1,

µn(x) = εG(x′),

and for any ρ > 0, we set

µρ
1(x) = µ(x, ρεG(x′)), µρ

k(x) = (ρεG(x′))1/2, 2 ≤ k ≤ n− 1,

µρ
n(x) = ρεG(x′).

Theorem 4.6. Assume that A satisfies (4.11) for a sufficiently small ε0 >
0. Then for each small ρ > 0, there exists a C∞ plurisubharmonic function
λρ defined on W̃ (x0) c W (x0) such that

(i) |λρ| ≤ 1 in W̃ (x0),
(ii) for all y ∈ Sρ ∩ W̃ (x0), and LA =

∑n
j=1 bjL

A
j , we have

∂∂λρ(y)(LA, L
A) ≈

n∑
j=1

|bj |2µj(x)2µ
ρ
j (x)

−2,(4.20)

(iii) |LAλρ|2 . ∂∂λρ(y)(LA, L
A),

(iv) |Dαλρ| ≤ Cα
∏n

k=1 µ
αi
k (x)(µρ

k(x))
−αi.

Proof.
Let {hερ}ερ>0 be the family of plurisubharmonic functions constructed in

Theorem 3.7. Set λρ(y) = hερ ◦D−1
x0

(y), where Dx0 is the dilation function
defined in (4.5). It is clear that λρ is plurisubharmonic and satisfies (i). Let
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{L̃ν
1 , . . . , L̃

ν
n} be an orthonormal frame defined on Vν in x-coordinates, and

let Lν
j = L̃ν

j − ejL̃
ν
n, 1 ≤ j ≤ n− 1, Lν

n = L̃ν
n, be the vector fields defined in

(3.26) where ej = (L̃ν
j rs)(L̃

ν
nrs)

−1. Note that the frame {L1, . . . Ln} defined
in (4.7) can be written as Lj = µj(x)Lν

j , 1 ≤ j ≤ n. If we set L =
∑n

j=1 bjLj ,
then it follows from (3.36) and by functoriality that

∂∂λρ(y)(L,L) = ∂∂hερ(x)(dD−1
x0
L, dD−1

x0
L)(4.21)

= ∂∂hερ(x)

 n∑
j=1

bjµjL
ν
j ,

n∑
j=1

bjµjL
ν
j


≈

n∑
j=1

|bj(x)|2µj(x)2µ
ρ
j (x)

−2.

Note that the vector fields LA
j ’s and its dual forms ωj

A’s are written as
in (4.12) and (4.13). Since A vanishes to infinite order along M0, it follows
that |A|2 . ε2σ4mG(x′)2. Therefore one obtains, from (4.21), that

∂∂λρ(y)(LA, L
A) ≈ ∂∂λρ(y)(L,L) +O(|A|2)|b|2 ≈

n∑
j=1

|bj |2µj(x)2µ
ρ
j (x)

−2.

This completes the proof. �

Next we show that there exists a smooth Hermitian metric on Sε,σ such
that for all x0 ∈M the frame LA

1 , . . . , L
A
n given by (4.12) is orthonormal.

For L ∈ L0 and A ∈ A(Sε,σ) satisfying (4.11), define a bundle isomor-
phism PA : L0 → LA by PA(L) = L + A(L). Define a homomorphism
HA : LA → RA, where RA = {L ∈ LA;Lr = 0}, by

HA(L) = L− Lr

XA
n r
XA

n = L− Ly2n

LA
n y2n

LA
n .

Then HA ◦ PA is an isomorphism of R onto RA. We define a metric 〈 , 〉A
on LA by

〈(HA ◦ PA)L1, (HA ◦ PA)L2〉A = 〈L1, L2〉, L1, L2 ∈ R,
〈LA

n , L
A
n 〉A = 1, and

〈(HA ◦ PA)L1, L
A
n 〉A = 0, L1 ∈ R.

Note that LA
n is actually globally defined, so that the above conditions de-

termine a metric on LA. Since Lj , j = 1, 2, . . . , n−1, defined in (4.7), are an
orthonormal basis of L, it follows that LA

j = (HA◦PA)Lj , j = 1, 2, . . . , n−1,
are an orthonormal basis of LA with respect to 〈 , 〉A.

Let dV denote the volume form associated with the Riemannian metric
〈 , 〉. In the coordinates (y1, . . . , y2n) in W (x0), we can write dV = V (y)dy,
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where dy = dy1 . . . dy2n, and where V satisfies

|V |s,W (x0) ≤ Cs, and →
y∈W (x0)

inf V (y) > c > 0,

where c is independent of σ, ε, and x0. Let Sε,σ be defined as in (4.1). We
will define the inner product for two functions g, h ∈ C∞(Sε,σ) by

(g, h) =
∫

Sε,σ

gh dV.(4.22)

Let Λ0,q(Sε,σ;A) denote the space of (0, q)-forms with respect to LA on
Sε,σ, and set

Γ0,q(Sε,σ;A) = Λ0,q(Sε,σ;A)⊗ LA.

We can extend the inner product of (4.22) to the forms Γ0,q(Sε,σ;A) using the
component functions. We recall the Dq operators defined in (2.4) and (2.5).
Then by integration by parts it follows that, if U =

∑
ν
UνL

A
ν ∈ Γ0,k(Sε;A)

is supported in W (x0), D′
q, the adjoint operator of Dq, is defined by

D′
kU =

∑
ν

∂∗Uν −
∑

µ

∑
j

∂ωµ
A(LA

j , L
A
ν )(LA

j cUµ)

LA
ν ,(4.23)

where

∂
∗
Uν = −

∑
|J |=k−1

n∑
j=1

(LA
j U

jJ
ν + ejU

jJ
ν )ωJ

A(4.24)

−
∑

|K|=k−2

n∑
`=1

∑
i<j

ω`
A([LA

i , L
A
j ])U ijK

ν ω`K
A .

Now we extend the definition of the operators Dq and D′
q to the L2–spaces

with mixed boundary conditions as in [5, Section 6], and we denote their
extensions by Tq and T ∗q . Let Bq(Sε,σ;A) ⊂ Γ0,k(Sε;A) denote the set of
forms U =

∑
l

∑
|J |=q

UJ
l L

A
l such that UJ

l vanishes on Mg when n ∈ J , and

vanishes on M0 when n /∈ J . Then we can approximate U ∈ Dom(Tq+1) ∩
Dom(T ∗q ) by Uµ ∈ Bq(Sε,σ;A) in the graph norm of Tq+1 and T ∗q [5, Lemma
6.4]:

Lemma 4.7. Let U ∈ Dom(S)∩Dom(T ∗). Then there exists Uµ ∈ Bq(Sε,σ;
A) such that

lim
µ→∞

(‖Uµ − U‖+ ‖SUµ − SU‖+ ‖T ∗Uµ − T ∗U‖) = 0.

Finally suppose that we have proved the estimate

‖U‖2 ≤ C(‖T ∗U‖2 + ‖SU‖2)(4.25)
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for all U ∈ Bq(Sε,σ;A). Then Lemma 4.7 shows that (4.25) holds for all
U ∈ DomT ∗∩DomS. Then from the usual ∂-Neumann theory it follows that
for all G ∈ L2

q(Sε,σ;T 1,0
A ), there exists an element NG ∈ Dom(T ∗)∩Dom(S)

such that
‖NG‖ ≤ C2‖G‖,

and

(G,V ) = (T ∗(NG), T ∗V ) + (SNG,SV ), V ∈ Dom(T ∗) ∩Dom(S).

We will call N the Neumann operator associated with Dq.

5. The subelliptic estimate for Dq.

In this section we prove a subelliptic estimate for the Dq-Neumann problem
with almost-complex structure LA. We set q = 2 in this section.

We first define tangential norms that will be used in the estimates. For
any s ∈ R, set

|||f |||2s =
∫ σ2m

0

∫
R2n−1

|f̂(ξ, y2n)|2(1 + |ξ|2)sdξ dy2n,

where f̂(ξ, y2n) =
∫

R2n−1 e
−iy′·ξf(y′, y2n)dy′. For any integer k ≥ 0 and any

s ∈ R, set

‖f‖2
s,k =

k∑
j=0

∣∣∣∣∣∣∣∣∣∣∣∣ ∂jf

∂yj
2n

∣∣∣∣∣∣∣∣∣∣∣∣2
s−j

.

Finally for any integer m ≥ 0 and f ∈ C∞(W (x0)), set

‖f‖2
m =

∑
|α|≤m

‖Dα
y f‖2.

By using the coefficients of U , we can easily define all of the above norms
for any section U of Γ0,q. We recall that A(Sε,σ) is the space of sections
A ∈ Γ0,1(Sε,σ; 0) such that along M0, A(L) = 0 whenever L ∈ T 0,1 ∩CTM0.
Then the goal of this section is to prove the following subelliptic estimate:

Theorem 5.1. Suppose T (M) = m <∞ and that A is a section of A(Sε,σ)
that satisfies (4.11) for some small ε0 > 0. Then there exist small positive
constants σ1 and ε1 so that if ε < ε1, if σ < σ1, and if |A|m+2n+3,W (x0) ≤ ε,
then the Dq-Neumann problem on Sε,σ with coefficient σ for the almost–
complex structure LA satisfies the following estimate for all forms U ∈
Bq(Sε,σ;A) that are compactly supported in W (x0):

σ−3‖U‖2 + LA(U) + σ
1
2 ‖U‖2

1
m

,1
≤ C(‖SU‖2 + ‖T ∗U‖2),(5.1)
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where LA(U) = LA(U ′) + LA(U ′′), and LA(U ′′) = LA(Ũ) + LA( ˜̃U), and
where

LA(U ′) =
n∑

`=1

n−1∑
k=1

∑
|J |=q
n∈J

(
‖LA

k U
J
` ‖2 + ‖LA

k U
J
l ‖2
)

+
n∑

`=1

∑
|J |=q
n∈J

‖LA
nU

J
l ‖2,

LA(Ũ) =
n∑

`=1

n−1∑
k=1

∑
|J |=q
1∈J
n/∈J

(
‖LA

k U
J
` ‖2 + ‖LA

k U
J
l ‖2
)

+
n∑

`=1

∑
|J |=q
1∈J
n6∈J

‖LA
nU

J
` ‖2, and

LA( ˜̃U) =
n∑

`=1

n−1∑
k=1

∑
|J |=q
1,n/∈J

‖LA
k U

J
` ‖2 +

n∑
`=1

∑
|J |=q
1,n/∈J

‖LA
1 U

J
l ‖2 +

n∑
`=1

∑
|J |=q
1,n/∈J

‖LA
nU

J
l ‖2.

We let C > 1 and 0 < c ≤ 1 be the independent constants which may
vary in various estimates. For convenience, in all that follows, we omit the
notation A from the frames LA

1 , . . . , L
A
n , and ω1

A, . . . , ω
n
A, and LA(U). We

first state some necessary lemmas for the proof of Theorem 5.1.
If n ≥ 3, then the (n− 2) positive eigenvalue condition on the Levi-form

of M guarantees the existence of at least one positive eigenvalue. Then the
classical theorem of Hörmander shows that:

Lemma 5.2. Assume that n ≥ 3 and A satisfies (4.11). Then for all f ∈
C∞

0 (W (x0)),

σ
1
2 |||f |||21

2

≤ C
n−1∑
k=1

(
‖LA

k f‖2 + ‖LA
k f‖

2
)

+ C‖f‖2.(5.2)

Note that in W (x0), we have technically chosen so that y2n = 0 and
y2n = σ2m coincide with the boundaries of Sε,σ. Then the following lemma
can be proved by modifying the proof of Lemma 7.7 in [5].

Lemma 5.3. Suppose that f ∈ C∞
0 (W (x0)) and that f vanishes either on

M0 or on Mσ. If σ is sufficiently small, say σ < σ1, then there exists a
constant C independent of ε, σ, and x0 so that

σ−4‖f‖2 ≤ C(‖f‖2
1
m

+ ‖L̃nf‖2),(5.3)

where L̃n = Ln or Ln.

To handle the commutator terms, we need the following lemma:

Lemma 5.4. Assume that n ≥ 3. Let U ∈ Bq(Sε,σ;A) be compactly sup-
ported in W (x0), and suppose that A satisfies (4.11). Assume that |K| =
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q − 1 with n /∈ K and that 1 ≤ k ≤ n − 1. Set cnkn = wn([Lk, Ln]) and
dn

nk = ωn([Ln, Lk]). Then

|(cnknLnU
kK
` , UnK

` )| ≤ C(σLA(U) + σ−1‖U‖2),(5.4)

|(dn
knLnU

nK
` , UkK

` )| ≤ C(σLA(U) + σ−1‖U‖2).(5.5)

Proof. (4.14) and (4.15) are the key estimates for the proof of (5.4) and
(5.5). One can refer a proof from [8]. �

For each small ρ > 0, we set

Sρ = {(y′, yn); |y2n + σ2m| < ρ} ∩ W̃ (x0),

and let λρ = hρδo ◦ D−1
x0

(y) be the plurisubharmonic weight functions con-
structed in Theorem 4.6 where δ0 = εG(x0).

Lemma 5.5. For each k, 1 ≤ k ≤ n− 1, set cn1k = ωn([L1, Lk]). Then

supy∈Sρ
|cn11(Lnλρ)(y)| . σ

1
2 τ(x, δ0)2τ(x, ρδ0)−2,(5.6)

supy∈Sρ
|cn1k(Lnλρ)(y)| . σρ−

1
2 τ(x, δ0)τ(x, ρδ0)−1, 2 ≤ k ≤ n− 1.(5.7)

Proof. Note that cn1k = ωn
A([LA

1 , L
A
k ]), where ωn

A and LA
k ’s are defined in

(4.12) and (4.13). Therefore it follows that

cn1k(y) = σ
1
2ωn([L1, Lk])(y) +O(|A|1), 1 ≤ k ≤ n− 1.(5.8)

Since |A|1 . ερ2 in Sρ, (5.6) and (5.7) follow from the estimates in (3.37),
(3.38), (5.8) and from the fact that ερ2 . ρτ(x, δ0)τ(x, ρδ0)−1. �

We now want to prove Theorem 5.1. We follow the standard ∂-type
estimates, while we need a special attention to the components UJ

l , with
1, n /∈ J , on Mσ. Assume U =

∑n
l=1

∑
|J |=q U

J
l ω

J · Ll ∈ Bq(Sε,σ, A) with
supp U ⊂W (x0). Then from (4.23) and (4.24) it follows that

T ∗U = D′
qU = BU + C|U |,

where

BU = −
n∑

l=1

∑
|K|=q−1

n∑
j=1

(LjU
jK
l )ωK · Ll.(5.9)

Also (2.5) shows that

SU = Dq+1U = AU + C|U |,(5.10)

where

AU =
n∑

l=1

∑
|J |=q

n∑
j=1

(LjU
J
l )ωjJ · Ll.(5.11)
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Combining (5.9)-(5.11) one obtains that

‖AU‖2 + ‖BU‖2 ≤ 2‖SU‖2 + 2‖T ∗U‖2 + C‖U‖2.(5.12)

Let us write U = U ′ + U ′′, where

U ′ =
n∑

l=1

∑
|J |=q
n∈J

UJ
l ω

J · Ll, and, U ′′ =
n∑

l=1

∑
|J |=q
n/∈J

UJ
l ω

J · Ll,

and let L(U) = L(U ′)+L(U ′′) be defined as in the statement of Theorem 5.1.
Then we can write:

‖AU‖2 + ‖BU‖2 = ‖AU ′′‖2 + ‖BU ′′‖2 + ‖AU ′‖2 + ‖BU ′‖2 + E(U ′, U ′′),
(5.13)

where E(U ′, U ′′) denotes the (sum of) inner products (AU ′, AU ′′) and (BU ′,
BU ′′).

Note that the Levi-form ofMσ has at least (n−2)-positive eigenvalues and
U ′ = 0 along Mσ. Since n ≥ 4, there are at least two positive eigenvalues
along Mσ. Therefore we may proceed in the standard way as in [10, 11] for
U ′ and we get

‖AU ′‖2 + ‖BU ′‖2 ≥ c

(
L(U ′) +

∫
M0

|U ′|2dS
)
.(5.14)

Set E(σ,U) = σ1/4L(U) + σ−5/2‖U‖2. Note that UkK
l = 0 on M0 and

UnK
l = 0 on Mσ. Then by typical integration by parts method and by

Lemma 5.4 one can show that

|E(U ′, U ′′)| ≤ CE(σ,U).(5.15)

Combining (5.13)-(5.15) we conclude that

‖AU‖2 + ‖BU‖2 ≥ c

(
L(U ′) +

∫
M0

|U ′|2ds
)

(5.16)

+ ‖AU ′′‖2 + ‖BU ′′‖2 − CE(σ,U).

Let us write U ′′ = Ũ + ˜̃
U , where

Ũ =
n∑

l=1

∑
|J |=2
1∈J
n/∈J

UJ
l ω

J · Ll, and ˜̃
U =

n∑
l=1

∑
|J |=2
1,n/∈J

UJ
l ω

J · Ll.

Then we can write

‖AU ′′‖2 + ‖BU ′′‖2 = ‖AŨ‖2 + ‖BŨ‖2 + ‖A ˜̃U‖2 + ‖B ˜̃U‖2 + E(Ũ , ˜̃U),

(5.17)
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where E(Ũ, ˜̃U) denotes the (sum of) inner products (AŨ,A ˜̃U) and (BŨ,B ˜̃U).

A typical term of E(Ũ , ˜̃U) looks like:

(L1U
1k
l , LjU

jk
l )− (LjU

1k
l , L1U

jk
l ), 2 ≤ j, k ≤ n− 1.

If we perform integration by parts again, all the terms, except the term
(cn1jLnU

1k
l , U jk

l ), are bounded by E(σ,U ′′). Observe that

(cn1jLnU
1k
l , U jk

l ) = −(cn1jU
1k
l , LnU

jk
l )− ((Lnc

n
1j)U

1k
l , U jk

l )

−
∫

Mσ

cn1jU
1k
l U

jk
l ds.

Therefore one obtains that

|E(Ũ , ˜̃U)| ≤ CE(σ,U ′′) + C

 n−1∑
j,k=2

∫
Mσ

(σ
1
2 |U1k

l |2 + σ−
1
2 |cn1j |2|U

jk
l |2)ds

 .

(5.18)

Let us estimate ‖AŨ‖2 + ‖BŨ‖2. Note that n ≥ 4, and the Levi-form of
Mσ has at least (n− 2)-positive eigenvalues (and hence at least two positive
eigenvalues). Hence for each fixed J with 1 ∈ J , n /∈ J , there is at least one
k, 2 ≤ k ≤ n− 1, such that k /∈ J . This is the property for the estimates for
Ũ in [10], and we get

‖AŨ‖2 + ‖BŨ‖2 ≥ c

(
L(Ũ) +

∫
Mσ

|Ũ |2ds
)
.(5.19)

Combining (5.16)-(5.19) we conclude that

‖AU‖2 + ‖BU‖2 ≥ c

(
L(U ′) + L(Ũ) +

∫
M0

|U ′|2ds+
∫

Mσ

|Ũ |2ds
)

(5.20)

− Cσ−
1
2

n−1∑
j,k=2

∫
Mσ

|cn1j |2|U
jk
l |2ds

+ ‖A ˜̃U‖2 + ‖B ˜̃U‖2 − CE(σ,U ′′).

Finally let us estimate ‖A ˜̃U‖2 + ‖B ˜̃U‖2. In this case we can not get the

boundary integral term
∫
Mσ

| ˜̃U |2ds which is necessary for the 1/2-subelliptic
estimates for the D2 equation. Therefore we need to use the family of
plurisubharmonic functions with large Hessian near Mσ constructed in The-
orem 4.6.

If n ≥ 5 then Catlin’s theorem [5, Theorem 7.1] shows that 1/2 subel-
liptic estimates hold because there are at least three positive eigenvalues.
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Therefore let us assume that n = 4. Then we can write˜̃
U =

n∑
l=1

U23
l ω23 · Ll,

and hence

‖A ˜̃U‖2 + ‖B ˜̃U‖2 =
n∑

l=1

[
‖L1U

23
l ‖2 + ‖LnU

23
l ‖2 + ‖L2U

23
l ‖2 + ‖L3U

23
l ‖2

]
.

(5.21)

By integration by parts, we get
1
3
‖L1U

23
l ‖2 =

1
3
‖L1U

23
l ‖2 +

1
3

∫
Mσ

cn11|U23
l |2ds+O(E(σ, ˜̃U)).(5.22)

Combining (5.20)-(5.22) one obtains

‖AU‖2 + ‖BU‖2 ≥ c

(
L(U) +

∫
M0

|U ′|2ds+
∫

Mσ

|Ũ |2ds
)

(5.23)

+
1
3
‖L1

˜̃
U‖2 +

1
3

∫
Mσ

cn11|
˜̃
U |2ds

− Cσ−
1
2

3∑
j=2

∫
Mσ

|cn1j |2|
˜̃
U |2ds− Cσ−

5
2 ‖U‖2,

provided σ is sufficiently small.
Let λ ∈ C∞(W̃ (x0)) with |λ| ≤ 1 and for f ∈ C∞(W (x0)) we define

‖f‖2
λ =

∫
W (x0)

|f |2e−λdV.

Then 1
3‖L1U

23
l ‖2 ≥ 1

9‖L1U
23
l ‖2

λ because e−λ ≥ 1/3. Let us estimate
‖L1U

23
l ‖2

λ.
With the notation δ1 = eλL1e

−λ, we can write

(δ1U23
l , δ1U

23
l )λ = ‖L1U

23
l ‖2

λ +O(σ−1/4‖(L1λ)U23
l ‖2) +O(E(σ, ˜̃U)).

(5.24)

Since we have the following commutation relation

[δ1, L1] = L1L1λ+ [L1, L1]− (L1λ)L1,

we obtain from (5.24) that

‖L1U
23
l ‖2 = ‖L1U

23
l ‖2

λ + ((L1L1λ)U23
l , U23

l )λ(5.25)

+

(
n∑

i=1

ci11LiU
23
l , U23

l

)
λ

+

(
n∑

i=1

di
11LiU

23
l , U23

l

)
λ

+O(σ−1/4‖(L1λ)U23
l ‖2

λ) +O(E(σ, ˜̃U)).



EMBEDDING OF CR STRUCTURES 339

Note that the terms (dn
11LnU

23
l , U23

l )λ and (
∑n−1

i=1 c
i
11LiU

23
l , U23

l )λ are

dominated by the error term CE(σ, ˜̃U). By integration by parts one ob-
tains

(cn11LnU
23
l , U23

l )λ = (cn11(Lnλ)U23
l , U23

l )λ(5.26)

−
∫

Mσ

cn11|U23
l |2e−λds+O(E(σ, ˜̃U)),

and for 1 ≤ i ≤ n− 1,(
n−1∑
i=1

di
11LiU

23
l , U23

l

)
λ

=

(
n−1∑
i=1

di
11(Liλ)U23

l , U23
l

)
λ

+O(E(σ, ˜̃U)).(5.26′)

Combining (5.23)-(5.26) we conclude that

‖AU‖2 + ‖BU‖2 ≥ c

(
L(U) +

∫
M0

|U ′|2ds+
∫

Mσ

|Ũ |2ds
)(5.27)

+
1
9
((L1L1λ) ˜̃U, ˜̃U)λ +

1
9

(
n−1∑
i=1

di
11(Liλ) ˜̃U, ˜̃U)

+
∫

Mσ

2
9
cn11 − Cσ−

1
2

3∑
j=2

|cn1j |2
∣∣∣∣ ˜̃U ∣∣∣∣2 ds− Cσ−

5
2 ‖U‖2

+
(
cn11(Lnλ) ˜̃U, ˜̃U)

λ

− C1σ
− 1

4 ‖(L1λ) ˜̃U‖2
λ.

By virtue of the estimates in (4.18) and from the fact that εG(x′) � σ,
the boundary integral terms in (5.27) satisfy

2
9

∫
Mσ

cn11|
˜̃
U |2ds− Cσ−

1
2

3∑
j=2

∫
Mσ

|cn1j |2|
˜̃
U |2ds ≥ 1

9

∫
Mσ

cn11|
˜̃
U |2ds.(5.28)

With the notation

∂∂λ =
n∑

j,k=1

λjkω
j ∧ ωk,

the second line of (5.27) is equal to (λ11U
23
l , U23

l )λ. Now suppose that |λ| ≤
1 on W̃ (x0). Let C1 be the constant appeared in the last line of (5.27)
and let χ(t) denotes the function (σ1/4/3C1)et and set φ = χ(λ). Then
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χ
′′
(t) ≥ C1σ

− 1
4χ′(t)2 and we get

φ11U
23
l t1t1 = χ′(t)λ11t1t1 + χ′′(t)|(L1λ)t1|2(5.29)

≥ σ
1
4

9C1
λ11t1t1 + C1σ

− 1
4χ′(t)2|(L1λ)t1|2.

Thus if we replace λ by φ in (5.27), we obtain, from (5.28) and (5.29) that

‖AU‖2 + ‖BU‖2 ≥ c

(
L(U) +

∫
M0

|U ′|2ds+
∫

Mσ

|Ũ |2ds
)(5.30)

+ cσ
1
4 (λ11

˜̃
U,
˜̃
U) + c(cn11(Lnλ) ˜̃U, ˜̃U)λ − Cσ−5/2‖ ˜̃U‖2.

Now we take the family {λρ}ρ>0 of plurisubharmonic functions with large
Hessian constructed in Theorem 4.6 and replace λ in (5.27) by these func-
tions. By Lemma 5.5, and by the fact that τ(x, δ) ≈ µ(x, δ), we have the
following pointwise estimates at the point y = Dx0(x) ∈ Sρ:

|cn11(y)(Lnλρ)(y)|
˜̃
U(y)|2| . σ

1
2µ(x, δ0)2µ(x, ρδ0)−2| ˜̃U(y)|2.(5.31)

Also it follows from (4.20) that

λ11(y) & τ(x, δ0)2τ(x, ρδ0)−2.(5.32)

Combining (5.30)-(5.32) and the fact that τ(x, δ0)2τ(x, ρδ0)−2 & ρ−2/m

(by (3.7)) it follows that, for each 0 < ρ ≤ σ2m/2, there is λ = λρ so that

‖A ˜̃U‖2 + ‖B ˜̃U‖2 & σ
1
4 (λ11

˜̃
U,
˜̃
U) + L( ˜̃U) & σ1/4ρ−

2
m ‖ ˜̃U‖2 + L( ˜̃U).

Then by the theorem of Catlin [2] the subelliptic estimates of order 1/m

hold for the components ˜̃U , and hence we get

σ
1
4 ||| ˜̃U |||21

m

+ L( ˜̃U) ≤ C(‖A ˜̃U‖2 + ‖B ˜̃U‖2).(5.33)

Recall that the estimates in (5.14) and (5.19) give us 1/2-subelliptic es-
timates for the components U ′ and Ũ . Hence we have, from (5.12), (5.30)
and (5.33), that

σ
1
4 |||U |||21

m

+ L(U) ≤ C(‖SU‖2 + ‖T ∗U‖2) + Cσ−5/2‖U‖2.

By (5.3) we also have that σ−4‖U‖2 ≤ C(‖U‖2
1
m

+ ‖L̃U‖2), and hence we
conclude that

σ−3‖U‖2 + L(U) + σ
1
4 |||U |||21

m

≤ C(‖SU‖2 + ‖T ∗U‖2),(5.34)

for all U ∈ Bq(Sε,σ;A) provided σ is sufficiently small.
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For the estimates of the non–tangential derivatives of U , we note that
LA

n = ∂
∂y2n

+X, where X =
∑2n−1

j=1 bj(y) ∂
∂yj

. Therefore a standard argument
yields the inequality

∥∥∥∥∣∣∣∣ ∂f∂y2n

∣∣∣∣∥∥∥∥2

−1+ 1
m

≤ C

1 +
2n−1∑
j=1

|bj |2fW (x0),2n+3

 (|||f |||21
m

+ ‖Lnf‖2 + ‖f‖2),

(5.35)

for all f ∈ C∞
0 (W̃ (x0)). This inequality can be applied with f = UJ

l and
one obtains (5.1) from (5.35). This completes the proof of Theorem 5.1.

We now define Sobolev spaces for sections of Γ0,q(Sε,σ;A). Recall that
the open sets Bb(x0) satisfy (4.3) and (4.4) for each x0 ∈ M . Choose a set
Tσ = {xσ

i ∈ M, i ∈ I} such that the sets Bcσ/2(xσ
i ), i ∈ I, cover Sε,σ, and

such that no two points xσ
i and xσ

j satisfy |xσ
i −xσ

j | ≤ cσ/4 where | | is the
distance function on Sε,σ. It follows that the sets W (xσ

i ), i ∈ I, cover Sε,σ

and that there exists an integer Ñ such that no point of Sε,σ lies in more
than Ñ of the open sets W (xσ

i ). Furthermore, there exist functions ζi, ζ ′i
(that are independent of y2n) ∈ C∞

0 (W (xσ
i )) such that

∑
i∈I

ζ2
i ≡ 1, such that

if x ∈ supp ζi, then ζ ′i ≡ 1 in Bc′σ(x), and such that both ζi and ζ ′i satisfy

|ζi|k,W (xσ
i ) + |ζ ′i|k,W (xσ

i ) ≤ Ckσ
−k.(5.36)

Now let F be any section of Γ0,q(Sε,σ;A). We define

‖F‖2
k,A =

∑
i∈I

‖ζiF‖2
k,A,W (xσ

i ),

where

‖ζiF‖2
k,A,W (xσ

i ) =
n∑

l=1

∑
|J |=q

‖ζiF J
l ‖2

k,W (xσ
i ),

and where F =
n∑

l=1

∑
|J |=q

F J
l ω

J
A · LA

j is the decomposition of F in terms of

the frame of W (xσ
i ). Moreover, the Sobolev norm ‖ ‖k,W (xσ

i ) is taken with
respect to the y–coordinates of W (xσ

i ). We define H0,q
k (Sε,σ;T 1,0

A ) to be the
set of all sections F of Γ0,q(Sε,σ;A) for which ‖F‖k,A <∞.

We want to get an estimate in global form. Define Q(U,U) = ‖T ∗U‖2 +
‖SU‖2. From the estimates in Theorem 5.1 and by using the partition of
unity as defined above, we obtain:

Corollary 5.6. Suppose that A satisfies (4.11) for all x0 ∈M . Then there
exist a fixed small σ and a constant ε1 > 0 such that for all ε, 0 < ε < ε1,
and all U ∈ Dom (T ∗) ∩Dom (S),

‖U‖2 ≤ CQ(U,U).
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Now let us fix σ > 0 satisfying Corollary 5.6 and set W (x0) = Wσ(x0).
Using Theorem 5.1 and the standard “bootstrap” method, we can get reg-
ularity estimates for the linearized equation. The proof is similar to that
in Section 9 of [5]. Here we use 1/m subelliptic estimates instead of 1/2
subellitic estimates. Set � = DqD

∗
q +D∗

q+1Dq+1. Assume that A satisfies

‖A‖2n+3 ≤ ε0.(5.37)

Theorem 5.7. Suppose that (5.37) holds and that U is the solution of �U =
G where G ∈ H0,q

k (Sε;T
1,0
A ) for all k > 0. Then

‖D∗
qU‖k + ‖Dq+1U‖k . ‖G‖k + (1 + ‖A‖k+2)‖G‖n+2.

Now set E = D∗
q+1Dq+1U . Then we have the following estimates for the

error term E [5, Theorem 10.3].

Theorem 5.8. Suppose that A satisfies (5.37) and that �U = G, where
Dq+1G = 0 and G ∈ H0,q

k (Sε;T
1,0
A ) for all k. Then E = D∗

q+1Dq+1U satisfies

‖E‖k−1 . ‖G‖k‖FA‖n+1 + ‖G‖n+1‖FA‖k + (1 + ‖A‖k+2)‖G‖n+1‖FA‖n+1.

Note that FA is D3-closed. Since q = 2, we immediately obtain:

Corollary 5.9. If A satisfies (5.37) and if U is the solution with respect to
LA of �U = FA, then V ′ = D∗

2U satisfies for all k = n+ 1, n+ 2, . . .

‖D2V
′ − FA‖k . ‖FA‖k+1‖FA‖n+1 + ‖A‖k+3‖FA‖2

n+1.

6. Embedding of CR structures.

In this section we will prove Theorem 1.1 using the estimates in Section 5.
First, we describe the nonlinear extension operator. For the details, one can
refer Section 11 of [5].

If A ∈ A(Sε,σ) is sufficiently small and if we set PA(L) = L+A(L), then
LA = {PA(L);L ∈ L}. If we set QA(ω) = ω−A∗ω, then Λ1,0

A = {QA(ω);ω ∈
Λ1,0(L)}. We define a nonlinear operator Φ : A(Sε,σ) → Γ0,2(Sε,σ) by:

Φ(A)(L′, L′′, ω) = QA(ω)([PA(L′), PA(L′′)]).(6.1)

Obviously, if Φ(A) = 0, then LA is an integrable almost complex structure
on Sε,σ. Note that there is a natural map PA : Γ0,2

A → Γ0,2, defined by:

(PAB)(L1, L2, ω) = B(PA(L1), PA(L2), QA(ω)), B ∈ Γ0,2
A .

Therefore it follows from the definition of FA in (2.4) that Φ(A) = PA(FA).
If we use the error estimates in Theorem 5.8 and Corollary 5.9, we then

obtain the following good estimates for the approximate solution of Φ(A) +
Φ′(A)(d) = 0.
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Theorem 6.1. Suppose that A ∈ Hk(Sε,σ,A) for all k and that A satisfies
(5.37). Then there exists dA ∈ Hk(Sε,σ,A) for all k so that if k ≥ n+ 2,

‖dA‖k . ‖Φ(A)‖k + ‖A‖k+2‖Φ(A)‖n+2, and(6.2)

‖Φ(A) + Φ′(A)(dA)‖k−1 . ‖Φ(A)‖k‖Φ(A)‖n+2 + ‖A‖k+2‖Φ(A)‖2
n+2.(6.3)

Note that the properties (6.2) and (6.3) of the nonlinear operator Φ are
the crucial ingrediants in the application of simplified Nash-Moser iteration
process [16]. We now can prove the main theorem of this paper:

Proof of Theorem 1.1. We will show that ‖Φ(0)‖D < b for the small b > 0
and the integer D which are appeared in the variant of Nash-Moser theorem
[16]. The rest properties for the Φ(A) in the hypothesis of Nash-Moser the-
orem can be proved using the relations in (6.2) and (6.3), and the estimates
for � operator in Section 5.

We recall that FA vanishes in infinite order along M0 (in x-coordinates!).
This can be stated in y-coordinates, and hence it follows that for each i ∈ I,

‖ζiF 0‖2
k,0 ≤ Ck,Nε

Nϕ(xσ
i )N ,

where ζi’s are defined before (5.36). After summing up over xσ
i , we get

‖F 0‖2
k,0,Φ ≤ Ck,N

∑
i∈I

ϕ(xσ
i )NεN .(6.4)

Since the choice of the points that was made before (5.36) shows that the
balls B cσ

8
(xσ

i ), i ∈ I, are all disjoint, we can obtain an upper bound on N(`),
which is defined to be the number of i ∈ I such that 2−`−1 ≤ ϕ(xσ

i ) < 2−`. In
fact, in terms of the 〈 , 〉0–metric introduced at the end of Section 2, the vol-
ume of B cσ

8
(xσ

i ) is roughly bounded below by εn+1σ2n−1+2mϕ(xσ
i )2m(n+2) ∼

εn+1σ2n−1+2m · 2−2`m(n+2), and the 〈 , 〉0–volume of the region in Sε,σ with
2−`−1 ≤ ϕ(x) ≤ 2−` is roughly bounded above by εσ2m · 2−2m`. Thus, we
conclude that

N(`) . ε−nσ−(2n−1)22m`(n+1).(6.5)

Thus (6.4) and (6.5) imply that if N = 2m`(n+ 1) + 1, then

‖Φ(A0)‖k = ‖F 0‖k,0 . Ck · ε

for sufficiently small ε. In particular, if we set k = D, and choose ε to be
sufficiently small, then it follow that ‖Φ(A)‖D < b. �
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