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In this article we consider the problem posed by Whyte,
about the distribution of N point charges on the unit sphere,
whose mutual distances have maximal geometric mean. Some
properties of the extremal points are discussed. In the case
when N = 5 the optimal configuration is established rigor-
ously, which solves an open problem communicated by Rakh-
manov.

1. Introduction.

In 1952 L.L. Whyte [25] posed the question of distributing N points on the
sphere so that the product of their mutual distances is as large as possible.
Such points are sometimes referred to as logarithmic points because they
minimize the discrete logarithmic energy

E0(ωN ) :=
∑
i<j

log
1

|xi − xj |
(1.1)

among all point configurations ωN := {x1,x2, . . . ,xN} on the unit sphere
S2 := {x ∈ R3 : |x| = 1}. They are also known as elliptic Fekete points
(see [19]).

The Whyte’s problem stems from a more general minimal energy problem.
Given α > 0, the α-energy of ωN ⊂ S2 is defined by

Eα(ωN ) :=
∑
i<j

1
|xi − xj |α

.(1.2)

The minimal α-energy problem is to find the global minimum of (1.2) and
configuration(s) ω∗N which realize it. Such configurations are called α-
extremal. For the special case of logarithmic points (or α = 0) we shall
use in this paper the term optimal N -configurations.

When α = 1 the problem is called J.J. Thomson’s problem and dates back
to the beginning of twentieth century, when Föppl [8], under the suggestion
of Hilbert, investigated the so-called Thomson arrangements. He observed
that the point charges tend to distribute in sequences of rings. However,
Föppl considered only configurations that shared high symmetry properties.
In [5] the authors claim that the Föppl’s arrangements are optimal for the
special values of N = 1 − 6, 12, which they derive from Leech’s paper [14].
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The latter paper though only implies that the configurations are local ex-
trema or saddle points. We couldn’t find a reference which rigorously solves
the Thomson problem for N = 5. For N = 6 the problem has been resolved
in [26] (the solution is the vertices of regular octahedron). In [1] the author
obtains that the vertices of the regular icosahedron solve the Whyte’s prob-
lem (α = 0), and claims that the methods he uses can be applied to solve
the Thompson problem for N = 12. For other values of N , the problem has
been constantly attacked with numerical methods (see [5], [9], [15], [16],
[17]), with better configurations appearing in the literature occasionally.

Another distinguished problem is the Tammes problem, which occurs
when α → ∞. Since now the main contribution in (1.2) comes from the
smallest mutual distance, the problem reduces to maximizing the smallest
distance in the configuration. This problem is also referred to as the best
packing problem on the sphere, namely how to pack N congruent spherical
caps on the sphere, so that their radius is as large as possible. The problem
has been solved for N = 1− 12 and N = 24 (see [10], [7], [18]).

The other limiting case, when α → 0, leads to the Whyte’s problem,
stated at the beginning. It is easy to solve the problem for N = 2− 4. We
cited earlier the result of Andreev that the regular icosahedron is a solution
of the Whyte’s problem for N = 12. For N = 5 − 7 the problem has been
communicated by Rakhmanov in [4] as an open problem. In [11] the authors
obtained the solution of the Whyte’s problem for N = 6, using heavily the
fact that the vertices of the octahedron form a spherical design. They also
noted that the solution is unknown for N = 5. It this paper we derive the
following

Theorem 1. The five-point configuration that maximizes the geometric
mean of the mutual distances is unique up to rotations, and has two an-
tipodal points, say in the North and South Pole, and three that form an
equilateral triangle on the Equator.

Using Föppl notation, we can denote the optimal configuration as {1, 3, 1},
where the 1’s are at the poles and the 3 stands for regular 3-gon. Two other
configurations will be used in the paper, {5} for the regular pentagon on
a great circle, and {1, 4} for the configuration with one point at the North
Pole and a square inscribed in {z = −1/4} ∩ S2.

We should also point out that similar problems are considered when α < 0.
Then one asks for the maximum in (1.2). When α = −1 this is, except for
some small values of N , a long standing open problem in discrete geometry.
We refer the reader to [6], [20], [21], [11] for more on this problem. For
generalizations of the α-energy problems to higher dimension see [13], [3].

Another important trend of investigation is asymptotical results concern-
ing the minimal energy and the optimal configurations as N →∞. We refer
the reader for details to [16], [17], [12], [13], [22], [23], [24].
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In Section 2 we consider some properties of the optimal configurations
and the Proof of Theorem 1 is presented in Section 3.

2. Some properties of optimal configurations.

In the next proposition we list some properties of the optimal configurations
(α = 0) in the d-dimensional case. These properties are essentially found
in [2] for d = 3. Although the generalization is not difficult, we choose to
include a proof to make things self-contained.

Proposition 2. Let X1, X2, . . . , XN be an optimal configuration on the unit
sphere Sd−1 in Rd. Then the center of mass of the configuration coincides
with the center of the sphere O and the following force conditions hold:

∑
j 6=i

−−−→
XjXi

|Xj −Xi|2
= fi
−−→
OXi i = 1, . . . , N,(2.1)

where f1 = · · · = fN = (N − 1)/2. Moreover,∑
j 6=i

|Xj −Xi|2 = 2N i = 1, . . . , N.(2.2)

Proof. First, we shall prove (2.1). Without loss of generality we can as-
sume that i = 1 and X1 = (0, . . . , 0, 1). Let Xj = (x(1)

j , x
(2)
j , . . . , x

(d)
j ),

j = 2, . . . , N be fixed, and let X = (x(1), x(2), . . . , x(d)) vary on Sd−1. The
function

f(X) =
N∑

j=2

1
2

log
1

|X −Xj |2
+

∑
2≤l<j≤N

log
1

|Xl −Xj |

has a minimum at X1 = (0, . . . , 0, 1), therefore its partial derivatives fx(k) ,
k = 1, . . . , d − 1, vanish at this point. In a neighborhood of (0, . . . , 0, 1)
we can write x(d) = x(d)(x(1), . . . , x(d−1)) and from |X|2 = 1 we have
∂x(d)/∂x(k) = −x(k)/x(d). Thus,

fx(k)(0, . . . , 0, 1) = −
N∑

j=2

(x(k) − x
(k)
j ) + (x(d) − x

(d)
j )∂x(d)/∂x(k)

|X −Xj |2

∣∣∣∣
(0,...,0,1)

(2.3)

= −
N∑

j=2

−x
(k)
j

|X1 −Xj |2
= 0 k = 1, . . . , d− 1.
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This implies (2.1) with some f1. To show that f1 = (N − 1)/2 we multiply
(2.1) for i = 1 with −−→OX1 and use the fact that

−−−→
XjX1 ·

−−→
OX1 = (−−→OX1 −

−−→
OXj) ·

−−→
OX1

= 1−−−→OXj ·
−−→
OX1 = (1/2)|−−→OXj −

−−→
OX1|2.

Since the choice i = 1 was arbitrary, we conclude that (2.1) is true for any
i.

Next, we derive that the center of mass is O. To do so we sum Equations
(2.1) for i = 1, . . . , N . The left-hand side is obviously zero, and since all
fi’s are equal, the right-hand side will be ((N − 1)/2)

∑−−→
OXi, which implies

that O is the center of mass of the system of points.
Finally, we show that (2.2) holds true whenever O is the center of mass

of the point configuration {Xi} on the unit sphere. Indeed, for fixed i we
get ∑

j 6=i

(−−→OXj −
−−→
OXi)2 =

∑
j 6=i

(2− 2−−→OXj ·
−−→
OXi)

= 2(N − 1)− 2−−→OXi ·
∑
j 6=i

−−→
OXj = 2N.

�

Remark. It is certainly a remarkable fact that in the case of logarithmic
interaction, if the charges are in equilibrium, then their center of mass co-
incides with the center of the sphere. Another important consequence is
formula (2.2), which explains the phenomenon that when in equilibrium,
the charges tend to arrange so that there are fewer different distances. For
example, this formula enables us to derive an elementary proof of the fact
that the regular simplex inscribed in the unit sphere Sd−1 is the only α-
extremal configuration with d+1 points for any α ≥ 0 (compare with [11]).

Corollary 3. The only α-extremal configuration with d + 1 points on Sd−1

for α ≥ 0 is the regular d + 1-simplex inscribed in Sd−1.

Proof. First, we consider the case α = 0. Suppose that X1, X2, . . . , Xd+1

is an optimal configuration on Sd−1. Then from the arithmetic-geometric
mean and (2.2) we get

d+1∏
i=1

∏
j 6=i

|Xi −Xj |2
 ≤ d+1∏

i=1

1
d

∑
j 6=i

|Xi −Xj |2
d

(2.4)

=
(

2(d + 1)
d

)d(d+1)

.

Since equality holds only when all mutual distances |Xi−Xj | are equal, the
corollary easily follows in this case.
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In the general case we again use the arithmetic-geometric mean, as well
as (2.4), to derive∑

1≤i<j≤d+1

1
|Xi −Xj |α

≥ d(d + 1)/2(∏
1≤i<j≤d+1 |Xi −Xj |

)α(2.5)

≥ d(d + 1)/2

(2(d + 1)/d)αd(d+1)/4
,

with equality holding only for the regular simplex. �

3. Optimal configuration for five points.

In this section we prove Theorem 1. First, we consider only configurations
that have antipodal points and show that among these {1, 3, 1} has maximal
geometrical mean (Lemma 4 below). Next, in Lemma 5 we show that in an
optimal configuration there must be at least two adjacent edges with equal
length. Using the symmetrical properties arising from this, we shall prove
the theorem at the end of the section.

Lemma 4. Among all configurations with a pair of antipodal points, the
one that maximizes the geometrical mean is the {1, 3, 1} configuration.

Proof. Let D and E be two antipodal points on the sphere. Without loss
of generality we may assume that D = (0, 0, 1) and E = (0, 0,−1). Since
4ADE is a right triangle inscribed in a circle of radius one, AD . AE ≤ 2.
Similarly, BD .BE ≤ 2 and CD .CE ≤ 2. Observe, that equality holds in
all three inequalities if and only if A,B, C ∈ xy-plane.

On the other hand, we have that AB . AC .BC = 4 . R . S4ABC , where R
is the radius of the circumscribed circle and S4ABC is the area of 4ABC.
It is clear that the larger R is, the larger the product is, and for fixed R the
maximum of S4ABC occurs only when the triangle is equilateral. Therefore,
AB . AC .BC ≤ 3 .

√
3. Thus, we get that for any configuration with D

and E fixed at the poles, the maximum of the product of the ten mutual
distances occurs only at the {1, 3, 1} configuration. �

Next, we show that an optimal configuration has at least two equal adja-
cent edges.

Lemma 5. If ω = {A,B, C, D, E} is an optimal 5-configuration which max-
imizes the geometrical mean of the mutual distances, then there are at least
two adjacent edges that have equal length.

Proof. We first introduce some notation. We shall use lower letter index for
the corresponding coordinates of the points, for example A = (xA, yA, zA).
Set E to be the North Pole and let A′, B′, C ′, and D′ be images in the
xy-plane of the corresponding points on the sphere under a stereographical
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projection. Denote with A∗, B∗, C∗, and D∗ the projections onto the z-axis
of A, B, C, and D, respectively. The length of a vector, say −−→AB , we will
denote with AB only.

We now focus on how the force conditions (2.1) affect the the vectors
−−→
OA′,

−−→
OB′,

−−→
OC ′, and

−−→
OD′. The force condition on E is:
−−→
EA

EA2
+
−−→
EB

EB2
+
−−→
EC

EC2
+
−−→
ED

ED2
= 2−−→EO .(3.1)

We have the representation
−−→
EA =

−−−→
EA∗ +

−−−→
A∗A = (1− zA)−−→EO + (1− zA)

−−→
OA′(3.2)

= EA2(−−→EO +
−−→
OA′)/2.

Similar equations hold for −−→EB , −−→EC , and −−→ED . Substituting these in (3.1)
we get

−−→
OA′ +

−−→
OB′ +

−−→
OC ′ +

−−→
OD′ = 0.(3.3)

Equation (3.3) is an interesting observation, which is true for any N ,
namely if ωN is an optimal configuration and we apply a stereographical
projection with one of the points being the pole, the center of mass of the
images of the other N − 1 points is at the origin (recall that O is also a
center of mass of ωN ).

Next, we consider the center of mass condition. It can be written as
−−→
EA +−−→EB +−−→EC +−−→ED = 5−−→EO .

Using similar manipulation and the fact that EA2+EB2+EC2+ED2 = 10
(see (2.2)) we derive

EA2−−→OA′ + EB2−−→OB′ + EC2−−→OC ′ + ED2−−→OD′ = 0.(3.4)

We now consider the condition at A (the conditions at B, C, and D being
similar),

−−→
AB

AB2
+
−−→
AC

AC2
+
−−→
AD

AD2
+
−−→
AE

AE2
= 2−−→AO .

We introduce E in the vectors above to get
−−→
EB −−−→EA

AB2
+
−−→
EC −−−→EA

AC2
+
−−→
ED −−−→EA

AD2
+
−−−→EA

AE2
= 2(−−→EO −−−→EA ),

which after regrouping becomes

−−→
EA

(
2− 1

AB2
− 1

AC2
− 1

AD2
− 1

AE2

)
+
−−→
EB

AB2
+
−−→
EC

AC2
+
−−→
ED

AD2
= 2−−→EO .
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Applying (3.2) and its companions to this equation, and using the orthogo-
nality of −−→EO to

−−→
OA′,

−−→
OB′,

−−→
OC ′,

−−→
OD′ we get

EA2

(
2− 1

AB2
− 1

AC2
− 1

AD2
− 1

AE2

)
−−→
EO(3.5)

=
(

4− EB2

AB2
− EC2

AC2
− ED2

AD2

)
−−→
EO

and

EA2

(
2− 1

AB2
− 1

AC2
− 1

AD2
− 1

AE2

)
−−→
OA′

+
EB2

AB2

−−→
OB′ +

EC2

AC2

−−→
OC ′ +

ED2

AD2

−−→
OD′ = 0,

which in the end provides

(
4− EB2

AB2
− EC2

AC2
− ED2

AD2

)
−−→
OA′ +

EB2

AB2

−−→
OB′ +

EC2

AC2

−−→
OC ′ +

ED2

AD2

−−→
OD′ = 0.

(3.6)

Interchanging A←→ B, A←→ C, A←→ D we get

EA2

BA2

−−→
OA′ +

(
4− EA2

BA2
− EC2

BC2
− ED2

BD2

)
−−→
OB′ +

EC2

BC2

−−→
OC ′ +

ED2

BD2

−−→
OD′ = 0,

(3.7)

EA2

CA2

−−→
OA′ +

EB2

CB2

−−→
OB′ +

(
4− EA2

CA2
− EB2

CB2
− ED2

CD2

)
−−→
OC ′ +

ED2

CD2

−−→
OD′ = 0,

(3.8)

EA2

DA2

−−→
OA′ +

EB2

DB2

−−→
OB′ +

EC2

DC2

−−→
OC ′ +

(
4− EA2

DA2
− EB2

DB2
− EC2

DC2

)
−−→
OD′ = 0.

(3.9)

Observe that (3.4) is obtained as a sum of (3.3), (3.6), (3.7), (3.8), and (3.9)
(using of course the equality for the coefficients in (3.5) and its companions),
so in general we could use only five of these six equations. In addition we
have Equations (2.2).

Now suppose that there is an optimal configuration A,B, C, D, and E
with no two adjacent edges of equal length. Because of Lemma 4 we need
to consider only the case when there is no point at the South Pole, meaning
that the vectors

−−→
OA′,

−−→
OB′,

−−→
OC ′, and

−−→
OD′ are all nonzero. Then no two of

these vectors are colinear. Indeed, suppose for example that
−−→
OB′ = k

−−→
OA′.

From (3.3) and (3.4) we get that

(EA2 − ED2)
−−→
OA′ + (EB2 − ED2)

−−→
OB′ + (EC2 − ED2)

−−→
OC ′ = 0,(3.10)
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which shows that
−−→
OC ′ = l

−−→
OA′ (recall that EC2 6= ED2 according to our

assumption). Then, from (3.3)
−−→
OD′ = −(1 + l + k)

−−→
OA′, which implies that

all five points A,B, C, D, and E lie on a great circle. The point configuration
that maximizes the geometric mean in this case will be the regular pentagon
(denoted {5} in Föppl notation). Comparing the product of distances for
the two configurations {5} and {1, 3, 1} we see that the former is not an
optimal configuration∏

{5}
= 210 sin5(π/5) sin5(2π/5) = 55.901... < 83.138... = 48

√
3 =

∏
{1,3,1}

.

Consider now the set of equations (3.3), (3.4), (3.6), (3.7), (3.8), and
(3.9). Since all the vectors

−−→
OA′,

−−→
OB′,

−−→
OC ′, and

−−→
OD′ are mutually indepen-

dent, the rank of the matrix formed by their coordinates (x1, y1), (x2, y2),
(x3, y3), (x4, y4) respectively, is two, which shows that (x1, x2, x3, x4) and
(y1, y2, y3, y4) are linearly independent. Then the matrix

1 1 1 1

EA2 EB2 EC2 ED2

4− EB2

AB2 − EC2

AC2 − ED2

AD2
EB2

AB2
EC2

AC2
ED2

AD2

EA2

BA2 4− EA2

BA2 − EC2

BC2 − ED2

BD2
EC2

BC2
ED2

BD2

EA2

CA2
EB2

CB2 4− EA2

CA2 − EB2

CB2 − ED2

CD2
ED2

CD2

EA2

DA2
EB2

DB2
EC2

DC2 4− EA2

DA2 − EB2

DB2 − EC2

DC2


has rank two because its kernel contains (x1, x2, x3, x4) and (y1, y2, y3, y4),
and because

det
(

1 1
EA2 EB2

)
6= 0.

Now consider the submatrix formed by the first three rows
1 1 1 1

EA2 EB2 EC2 ED2

4− EB2

AB2 − EC2

AC2 − ED2

AD2
EB2

AB2
EC2

AC2
ED2

AD2

 .(3.11)
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We know that its rank is two. Applying elementary operations, we get (recall
(2.2))

rank


4 1 1 1

10 EB2 EC2 ED2

4 EB2

AB2
EC2

AC2
ED2

AD2

(3.12)

= rank


2 1

EB2
1

EC2
1

ED2

2 2
5

2
5

2
5

2 1
AB2

1
AC2

1
AD2

 = 2,

from which we derive the sequence of equations (similar equations hold when
we interchange A←→ B, A←→ C, A←→ D)

2
5 −

1
EB2

2
5 −

1
AB2

=
2
5 −

1
EC2

2
5 −

1
AC2

=
2
5 −

1
ED2

2
5 −

1
AD2

.(3.13)

Observe that no vertex can have an edge of length
√

5/2, because this
immediately leads to an adjacent pair of equal length (indeed, from (3.12)
if 1/EB2 = 2/5, then 1/AB2 = 2/5 or 1/EC2 = 2/5). Since the sum of the
squares of the distances coming out of the same vertex equals 10 (see (2.2)),
we get that from every vertex there will be an edge <

√
5/2 and an edge

>
√

5/2.
Suppose now that there is a vertex with three of the edges stemming out

greater than
√

5/2. Without loss of generality we may assume this vertex
to be E, and we can choose the smallest edge to be EA. Let us order the
rest of the edges, say

EA2 < 5/2 < EB2 < EC2 < ED2.

Clearly, then the denominators of all three fractions of (3.13) must have the
same sign. Since EA2 < 5/2 and EA2+AB2+AC2+AD2 = 10, this is only
possible if they are all positive. If EB2 > AB2 (EB2 < AB2), then the first
fraction in (3.13) is greater (less) than 1, which implies that EC2 > AC2

and ED2 > AD2 (EC2 < AC2 and ED2 < AD2), which is a contradiction
with EA2 + AB2 + AC2 + AD2 = 10 = EA2 + EB2 + EC2 + ED2.

Similarly, we derive a contradiction in the case when there are three edges
less than

√
5/2. Then we choose

EB2 < EC2 < ED2 < 5/2 < EA2,

and the rest of the argument is similar.
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Now we can assume that all vertices have two edges that are >
√

5/2 and
two edges that are <

√
5/2. Without loss of generality we may assume that

EA2 < EB2 < 5/2 < EC2 < ED2.

Then the denominators of the second and the third fraction in (3.13) have
the same sign, and because AE2 < 5/2, this sign is positive, i.e., AC2 > 5/2
and AD2 > 5/2. A similar argument can be applied to the companion of
(3.13) when A←→ B

2
5 −

1
EA2

2
5 −

1
BA2

=
2
5 −

1
EC2

2
5 −

1
BC2

=
2
5 −

1
ED2

2
5 −

1
BD2

.(3.14)

Here EB2 < 5/2 forces BC2 > 5/2 and BD2 > 5/2. But this leads to a
contradiction, because we obtained three edges CA, CB, and CE coming
out of C and >

√
5/2.

The latter contradiction proves the lemma. �

We now are ready to prove our main result.

Proof of Theorem 1. Let A, B, C, D, and E be an optimal configuration.
By Lemmas 4 and 5 we may assume that no two points are antipodal and
that there is a pair of adjacent edges with equal length, say EC = ED.
Multiplying (3.3) by EC2 and subtracting it from (3.4) we obtain

(EA2 − EC2)
−−→
OA′ + (EB2 − EC2)

−−→
OB′ = 0.

If EB = EC, then EA = EC =
√

5/2 (see (2.2)) and the configuration
must be {1, 4} in Föppl notation (i.e., zA = zB = zC = zD = −1/4 and
ABCD is a square). In this case we can verify that∏

{1,4}
=

5533

210
= 82.397... < 83.138... = 48

√
3 =

∏
{1,3,1}

.

Thus we may assume that EB 6= EC. Then
−−→
OB′ = k

−−→
OA′. Since EC = ED

implies that OC ′ = OD′, we obtain from (3.3) that −−→OM = −((1+k)/2)
−−→
OA′,

where M is the midpoint of C ′D′. This means that E, A, and B lie on a
great circle and the plane that they form bisects CD. Then AC = AD and
BC = BD.

Now consider 4EAB. We claim that it has at least two equal sides.
Suppose not.

Equations (3.3), (3.4), and (3.6) become
−−→
OA′ +

−−→
OB′ +2−−→OM = 0,

EA2−−→OA′ +EB2−−→OB′ +2EC2−−→OM = 0,(
4− EB2

AB2 − 2EC2

AC2

)−−→
OA′ +EB2

AB2

−−→
OB′ +2EC2

AC2

−−→
OM = 0.

(3.15)
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As in Lemma 5 we can derive
2
5 −

1
EB2

2
5 −

1
AB2

=
2
5 −

1
EC2

2
5 −

1
AC2

.(3.16)

Interchanging A←→ B we obtain also that
2
5 −

1
EA2

2
5 −

1
AB2

=
2
5 −

1
EC2

2
5 −

1
BC2

.(3.17)

Utilizing Equations (2.2) for the vertices E, A, and B we get

EA2 + EB2 + 2EC2 = 10, AB2 + 2AC2 + EA2 = 10,

AB2 + 2BC2 + EB2 = 10.

Subtracting the first and the second equation we get

EB2 −AB2 = 2(AC2 − EC2),(3.18)

and subtracting the first and the third equation

EA2 −AB2 = 2(BC2 − EC2).(3.19)

After simplification (3.16) can be written as

2EC2AC2(EB2 −AB2) + 2AB2EB2(AC2 − EC2)

+ 5EC2AB2 − 5EB2AC2 = 0,

which using (3.18) can be factored as

(EB2 −AB2)
[
2EC2AC2 + AB2EB2 − 5

2
AB2 − 5AC2

]
= 0.

Since EB 6= AB we get

2EC2AC2 + AB2EB2 − 5
2
AB2 − 5AC2 = 0.(3.20)

Equations (3.17) and (3.19) are obtained from (3.16) and (3.18) by inter-
changing A←→ B, therefore we derive similarly

2EC2BC2 + AB2EA2 − 5
2
AB2 − 5BC2 = 0.(3.21)

Subtracting (3.20) and (3.21) and using the fact that EB2−EA2 = 2(AC2−
BC2) (which we get from (3.18) and (3.19)), we finally obtain that

(AC2 −BC2)(2EC2 + 2AB2 − 5) = 0.(3.22)

If AC = BC, then AC = AD = BC = BD (recall that AC = AD and
BC = BD), which means that C and D lie on the perpendicular bisector of
AB. Since O is the center of mass of A, B, C, D, and E, we get that EA =
EB, which contradicts our assumption. This means that 2EC2 +2AB2 = 5.
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By symmetry 2AC2 + 2EB2 = 5 and 2BC2 + 2EA2 = 5. But then
EA2 < 5/2, EB2 < 5/2, and EC2 = ED2 < 5/2. This contradicts (2.2).
Therefore, 4EAB has at least two equal sides.

Without loss of generality we may assume that EA = EB. Then it is easy
to see that AC = BC (recall that we already have EC = ED, AC = AD,
BC = BD, and CD ⊥ EAB). Let E = (0, 0, 1), and let EAB ∈ xz−plane,
ECD ∈ yz−plane. Denote zA = zB = h and zC = zD = g, where h + g =
−1/2 (because O is the center of mass of the configuration). The coordinates
of the points are:

A = (
√

1− h2, 0, h), B = (−
√

1− h2, 0, h),

C = (0,
√

1− g2, g), D = (0,−
√

1− g2, g).

We now have that
−−→
OA′ = −−−→OB′ and

−−→
OC ′ = −−−→OD′. Then from (3.6) and

(3.8) we get

EA2

AB2
+

EC2

AC2
= 2(3.23)

EA2

AC2
+

EC2

CD2
= 2.(3.24)

We have EA2 = 2(1−h), EC2 = 2(1−g), AB2 = 4(1−h2), CD2 = 4(1−g2)
and AC2 = 2(1− gh). After substitution in (3.23) and (3.24) we get

1
2(1 + h)

+
1− g

1− gh
= 2(3.25)

1
2(1 + g)

+
1− h

1− gh
= 2.(3.26)

Subtracting the two equations we obtain

(g − h)(−1− 2(h + g)− 3hg)
2(1 + g)(1 + h)(1− gh)

= 0

and since h + g = −1/2, we get that hg(g − h) = 0. If g − h = 0 then
g = h = −1/4 and the configuration is {1, 4}, which is not an optimal. If
g = 0, then h = −1/2, which implies that AB is a diameter and 4ECD
is an equilateral triangle on a great circle perpendicular to AB. Similarly
when h = 0 and g = −1/2. Thus, if a configuration is optimal, then up to
rotation it must be {1, 3, 1}.

On the other hand, by the compactness of the sphere the global maximum
of the product of distances exists. This proves the theorem. �
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[8] L. Föppl, Stabile anordnungen von elektronen im atom, J. Reine Angew. Math., 141
(1912), 251-301.

[9] L. Glasser and A.G. Every, Energies and spacings of point charges on a sphere, J.
Phys. A: Math. Gen., 25 (1992), 2473-2482.

[10] W. Habicht and B.L. van der Waerden, Lagerung von punkten auf der kugel, Math.
Ann., 123 (1951), 223-234, MR 13,154d, Zbl 0043.35604.

[11] A.V. Kolushov and V.A. Yudin, Extremal dispositions of points on the sphere, Anal.
Math., 23(1) (1997), 25-34, MR 99f:41039, Zbl 0880.51008.

[12] A.B.J. Kuijlaars and E.B. Saff, Distributing many points on a sphere, Math. Intelli-
gencer, 19(1) (1997), 5-11, MR 98h:70011, Zbl 0901.11028.

[13] , Asymptotics for minimal discrete energy on the sphere, Trans. Amer. Math.
Soc., 350(2) (1998), 523-538, MR 98e:11092, Zbl 0896.52019.

[14] J. Leech, Equilibrium of sets of particles on the sphere, Math. Gazette, 41 (1957),
81-90, MR 19,165b, Zbl 0080.14106.

[15] T.W. Melnyk, O. Knop and W.R. Smith, Extremal arrangements of points and unit
charges on a sphere: Equilibrium configurations revised, Can. J. Chem., 55 (1977),
1745-1761, MR 56 #2848, Zbl 0367.52012.

[16] E.A. Rakhmanov, E.B. Saff and Y.M. Zhou, Minimal discrete energy on the sphere,
Math. Res. Lett., 1 (1994), 647-662, MR 96e:78011, Zbl 0839.31011.

[17] , Electrons on the sphere, in ‘Computational Methods and Functional Theory’
(R.M. Ali, St. Ruscheweyh and E.B. Saff, eds.), Singapore, World Scientific, 1995,
111-127, MR 97h:78013, Zbl 0870.65049

[18] R.M. Robinson, Arrangement of 24 points on a sphere, Math. Ann., 144 (1961),
17-46, MR 24 #A3565, Zbl 0107.39802.

[19] M. Shub and S. Smale, Complexity of Bezout’s theorem III, J. of Complexity, 9 (1993),
4-14, MR 94g:65152, Zbl 0846.65018.

[20] K.B. Stolarsky, Sums of distances between points on a sphere, Proc. Amer. Math.
Soc., 35 (1972), 547-549, MR 46 #2555, Zbl 0255.52004.

http://www.ams.org/mathscinet-getitem?mr=97m:52022
http://www.emis.de/cgi-bin/MATH-item?0877.51021
http://www.emis.de/cgi-bin/MATH-item?0839.70009
http://www.ams.org/mathscinet-getitem?mr=93h:11069
http://www.emis.de/cgi-bin/MATH-item?0785.11036
http://www.ams.org/mathscinet-getitem?mr=98e:78002
http://www.ams.org/mathscinet-getitem?mr=21:5937
http://www.emis.de/cgi-bin/MATH-item?0072.38604
http://www.ams.org/mathscinet-getitem?mr=29:2705
http://www.emis.de/cgi-bin/MATH-item?0134.15705
http://www.ams.org/mathscinet-getitem?mr=13:154d
http://www.emis.de/cgi-bin/MATH-item?0043.35604
http://www.ams.org/mathscinet-getitem?mr=99f:41039
http://www.emis.de/cgi-bin/MATH-item?0880.51008
http://www.ams.org/mathscinet-getitem?mr=98h:70011
http://www.emis.de/cgi-bin/MATH-item?0901.11028
http://www.ams.org/mathscinet-getitem?mr=98e:11092
http://www.emis.de/cgi-bin/MATH-item?0896.52019
http://www.ams.org/mathscinet-getitem?mr=19:165b
http://www.emis.de/cgi-bin/MATH-item?0080.14106
http://www.ams.org/mathscinet-getitem?mr=56:2848
http://www.emis.de/cgi-bin/MATH-item?0367.52012
http://www.ams.org/mathscinet-getitem?mr=96e:78011
http://www.emis.de/cgi-bin/MATH-item?0839.31011
http://www.ams.org/mathscinet-getitem?mr=97h:78013
http://www.emis.de/cgi-bin/MATH-item?0870.65049
http://www.ams.org/mathscinet-getitem?mr=24:A3565
http://www.emis.de/cgi-bin/MATH-item?0107.39802
http://www.ams.org/mathscinet-getitem?mr=94g:65152
http://www.emis.de/cgi-bin/MATH-item?0846.65018
http://www.ams.org/mathscinet-getitem?mr=46:2555
http://www.emis.de/cgi-bin/MATH-item?0255.52004


358 P.D. DRAGNEV, D.A. LEGG, AND D.W. TOWNSEND

[21] , Sums of distances between points on a sphere II, Proc. Amer. Math. Soc., 41
(1973), 575-582, MR 48 #12314, Zbl 0274.52012.

[22] G. Wagner, On the product of distances to a point set on a sphere, J. Austral. Math.
Soc. (Series A), 47 (1989), 466-489, MR 90j:11080, Zbl 0706.11046.

[23] , On the mean of distances on the surface of a sphere, Pacific J. Math., 144
(1990), 389-398, MR 91e:52014, Zbl 0648.10033.

[24] , On the mean of distances on the surface of a sphere, II, Pacific J. Math.,
153 (1992), 381-396, MR 93b:52007, Zbl 0767.11033.

[25] L.L. Whyte, Unique arrangements of points on a sphere, Amer. Math. Monthly, 59
(1952), 606-611, MR 14,310c, Zbl 0048.13602.

[26] V.A. Yudin, The minimum of potential energy of a system of point charges Dis-
cretnaya Matematika 4(2) (1992), 115-121 (in Russian); Discrete Math. Appl., 3(1)
(1993), 75-81, MR 93f:31008, Zbl 0797.31006.

Received March 19, 2001. The work of the first author was supported by an Indiana
University-Purdue University Fort Wayne Summer Research Grant.

Department of Mathematical Sciences
Indiana University–Purdue University Fort Wayne
Fort Wayne, IN 46805
E-mail address: dragnevp@ipfw.edu

Department of Mathematical Sciences
Indiana University–Purdue University Fort Wayne
Fort Wayne, IN 46805
E-mail address: legg@ipfw.edu

Department of Mathematical Sciences
Indiana University–Purdue University Fort Wayne
Fort Wayne, IN 46805
E-mail address: townsend@ipfw.edu

http://www.ams.org/mathscinet-getitem?mr=48:12314
http://www.emis.de/cgi-bin/MATH-item?0274.52012
http://www.ams.org/mathscinet-getitem?mr=90j:11080
http://www.emis.de/cgi-bin/MATH-item?0706.11046
http://www.ams.org/mathscinet-getitem?mr=91e:52014
http://www.emis.de/cgi-bin/MATH-item?0648.10033
http://www.ams.org/mathscinet-getitem?mr=93b:52007
http://www.emis.de/cgi-bin/MATH-item?0767.11033
http://www.ams.org/mathscinet-getitem?mr=14:310c
http://www.emis.de/cgi-bin/MATH-item?0048.13602
http://www.ams.org/mathscinet-getitem?mr=93f:31008
http://www.emis.de/cgi-bin/MATH-item?0797.31006
mailto:dragnevp@ipfw.edu
mailto:legg@ipfw.edu
mailto:townsend@ipfw.edu

