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Let f: SP x 89 x §" — Sptatr+l 2 < p < g < 7, be a
smooth embedding. In this paper we show that the closure
of one of the two components of SPTt7+1 — (8P x §9 x S7),
denoted by Cj, is diffeomorphic to SP x §7 x D"t or SP x
DIl x S™ or DPt1 x §9 x S”, provided that p + q # r or
p+ q = r with r even. We also show that when p + q =
r with r odd, there exist infinitely many embeddings which
do not satisfy the above property. We also define standard
embeddings of SP x §9 x S" into SPTIT"+! and, using the
above result, we prove that if C; has the homology of S? x S9,
then f is standard, provided that g < r.

1. Introduction.

In [A], Alexander has shown that a piecewise linearly embedded torus in the
three sphere S? bounds a solid torus in S2, which is know as Alexander’s
torus theorem. This theorem holds also for smooth embeddings.

Let f: 8P x 89 — SPTa+l he a codimension one smooth embedding with
p,q > 1. Then the closure of one of the two components of SPT9+ — f(SP x
S9) is diffeomorphic to DP*! x §9if 1 < p < ¢ with p + ¢ # 3, and is
homeomorphic to D? x S? if p = 1 and ¢ = 2. This is a generalization of
Alexander’s torus theorem and has been obtained in [K|, [Wa], [G], [R]
and [LINS]. An important consequence of this result is that for 2 < p < g,
embeddings of SP x S7 into SPT4*! are unique up to isotopy. In [LINS],
some applications of this result to the study of codimension two smooth
embeddings of SP x S9 into SP19*2 have been given.

The purpose of this paper is to study codimension one smooth embeddings
of 8P x S9 x 8" into SPT4tT+l More precisely, we completely determine
the conditions on p,q and r in order that the closure of one of the two
components of SPHIFTTHL _ £(SP x §9 x S7) is diffeomorphic to the product
of two spheres and a disk. Our first result is the following.

Theorem 1.1. Let f : SP x 89 x S" — SPHa+t7+l pe o smooth embedding
with2 <p<q<r. We supposep+q #r, orp+q =1 andr is even. Then
the closure of one of the two components of SPTITTTL — £(SP x S x ST) is
diffeomorphic to SP x S x D™! or SP x DIt x S or DPFL x S x S™.
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It is surprising that the above condition on p, ¢ and r is essential: i.e., if it
is not satisfied, then there exist infinitely many counter-examples, which can
be called exotic embeddings. In §9, we will show the following by explicitly
constructing such embeddings.

Theorem 1.2. Ifp,q > 1 and p+q = r with r odd, then there exist mutually
distinct embeddings f, : SP x S9 x S" — Spratr+l pn c 7 — {0}, such that
the closure of neither of the two components of SPTI+tr+l _ f, (8P x §9 x S
is homotopy equivalent to the product of two spheres and a disk.

However, if we put some more conditions, then we have the following
theorem, which will be proved in §7. In the following, homology groups are
always with integer coeflicients.

Theorem 1.3. Let f : SP x S x S — SPTI+™+1 be g smooth embedding
with 2 < p < q < r. Then the closure of one of the two components of
Sptatrl _ f£(SP x 9 x ST), denoted by Ci, has the same homology as
SP x 8% or SP x S or S9 x S". Furthermore, if C1 is homotopy equivalent
to SP x S9 or SP x S” or S9x S”, then it is diffeomorphic to SP x S x D"+l
or SP x DIt x S” or DPH x S x S” respectively.

Using the above results, we can obtain more precise information about the
embedding f in some cases. In fact, we will prove, in §8, thatif2 <p < g < r
and C] has the homology of SP x S? in Theorem 1.3, then f is standard (see
Definition 8.1 and Corollary 8.2).

The proof of Theorem 1.1 will be divided into five cases according to the
homology group structure of SP x S? x S" as follows:

(A)p<g<randr#p+q, B)p=gq=r,
(C)p=¢q<randp+q#r,orp<qg=r, (D)p=qgandp+qg=r,
(E) p < qand p+ g =r with r even.

These cases will be treated in §2-86 respectively. Our technique for the
proof of Theorem 1.1 is based on the standard homology theory and the
h-cobordism theorem [Sm, Mi|, which is essentially the same as in [K],
[Wa], [G] or in [LNS]. The main difficulty lies in the construction of an
embedding of the product of two spheres into C; which induces a homotopy
equivalence.

Throughout the paper, all manifolds and maps are assumed to be dif-
ferentiable of class C*° and all homology and cohomology groups are with
coefficients in Z. The symbol “2” denotes a diffeomorphism between mani-
folds or an appropriate isomorphism between algebraic objects. The symbol
“[*]” denotes the homology class represented by *. The notation “id” de-
notes the identity map.
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2. Case (A) p<g<randr#p+gq.

First let us introduce some notations which will be used throughout the
proofs of Theorems 1.1 and 1.3 (§2-§7). Let f : SP x §9 x S" — SpFatr+l
be a smooth embedding with 2 < p < ¢ < r. Then, by Alexander duality,
Sptatrl_ £(SP x §9x S™) consists exactly of two components and they are
simply connected by van Kampen’s theorem. We denote the two components
by Cf and C} and their closures in SPT4+7+1 by Cy and Oy respectively. We
identify C1 N Cy = 0C; = 9Cy with SP x §% x S” by the embedding f.
Furthermore, i : 0C7 — C7 will denote the inclusion map.
From now on, we assume p < ¢ < r and r # p + ¢ in this section.

Lemma 2.1. Either Cy or Cy has the same homology as SP x S x D'+1
or SP x DIt x S™ or DPHL x §9 x ST,

Proof. By Alexander duality, we see easily that there are eight possibili-
ties for the homology groups (H,(C1), Hy(C1), H,(C1), Hy4r(C1), Hr4p(Ch),
Hp14(Ch)):

(1) (Z7 Z7 07 07 07 Z)’ (Z7 O? Z7 07 Z’ 0)7 (07 Z7 Z7 Z? 07 0)7
(2) (O? O’ Z7 Z7 Z7 0)7 (07 Z? 0? Z? O? Z)’ (Z7 07 07 07 Z7 Z)7
(3) (Z7 Z7 Z? 07 07 0)7(0? 07 07 Z’ Z7 Z)'

In Case (1) Cj has the desired homology, and in Case (2) Cy has the desired
homology.

Suppose that C; has the homology (Z, Z, Z, 0, 0, 0). Since we have
HPT(C1,001) & Hyyr(C1) = 0 and HITYH(C1,0C)) & Hyir(Ch) = 0, the
homomorphisms i* : H?(Cy) — HP(9C4) and i* : HY(Cy) — H?(9C}) are
surjective, and hence so is i* ®i* : HP(C1)® H1(C1) — HP(0C,)® H1(9CY).
Then the commutative diagram of cup products

HP(Ch) @ HU(Cy) ——27  HP(9Cy) @ HI(ACh)

i*

HPY(CY) _r HPT4(dC))
leads to a contradiction, since HPT9(Cy) = 0 and the second column is
nonzero. We see that the case (0,0,0,Z,7Z,Z) cannot happen either by
using the same argument for C. (]

We may assume that C; has the same homology as SP x S9 x D" 1 without
loss of generality. Note that we do not have p < ¢ < r any more, although
p,q, 7,0+ q,q+ 1 and r + p are all distinct.

Lemma 2.2. The composite
@ SP x ST x {x} 5 S x S x S = dC) —— Oy

is a homotopy equivalence, where j and i are the inclusion maps.
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Proof. Since i,[{*} x S9x S"] = 0in Hy4,(C1) = 0, there exists a (¢+7r+1)-
chain (T, 9T") in (C1,9C1) such that OT' is homologous to {*} x S? x S” in
0Cy. The intersection number [I', OT] - i, [SP x {x} x {*}] in C} is equal to
the intersection number [{*} x S? x S"] - [SP x {x} x {x}] = £1 in 9C}.
This implies that ¢, : Hp(S? x S?x {*}) — Hp,(C}) is an isomorphism, since
H,(SP x S9x{x}) = Z is generated by [SP x {*} x {*}] and ¢, [SP x {*} x {*}]
must be a primitive homology class in H,(C}) = Z.

Since Hp4r(C1) = 0 and H,(C1) = 0, we see that . : Hi(SPxSIx{*}) —
Hj(C1) is an isomorphism also for k = ¢ and p+q by using similar arguments.
Then the result follows from Whitehead’s theorem. (]

Proof of Theorem 1.1 for Case (A). Set ¥ = SP x S7 x {x} C 9C; = SP x
5% x S". We can push ¥ into the interior of C by using an inward normal
vector field of dC; in Cy and obtain a submanifold ). Let G be a sufficiently
small closed tubular neighborhood of ¥} in Int C;. We see easily that G is
diffeomorphic to SP x S x D"+1,

By excision and Lemma 2.2, we see that the manifold V = C; — Int G is
an h-cobordism between 0G and 9C;. Since dimV =p+q+7r+1 > 6,
we see by the h-cobordism theorem [Sm, Mi| that V' = 0G x [0,1]. Then
we have C; = VUG = 9G x [0,1] UG = G, which is diffeomorphic to
SP x §9 x DTt O

3. Case (B) p=gqg=r.

The main tool used in this section is the result about automorphisms of
H,(SPx SPx SP) which can be realized by self-diffeomorphisms of SP x SP x SP
(for details, see [LS]).

First, by the same argument as in the proof of Lemma 2.1, we may assume
that H,.(C1) = H,(SP x SP x DP*!) without loss of generality. As in the
previous section, in order to prove Theorem 1.1 for this case, we have only
to show the following.

Lemma 3.1. There exists an embedding j : SP x SP — SP x SP x SP with
trivial normal bundle such that the embedding

(3.1) @ SP x SP L §P x SP x SP = 90, — Oy
is a homotopy equivalence.

Proof. (B1) When p is even. Consider the exact sequence

0= HP(Cy,0C,) — HP(Cy) 5 HP(OC)
— HPTY(Cy,0C,) — HPYL(Cy) = 0.

Since HPT1(C1,0C) = Z is free, Imi* is a direct summand of HP(9C}).
Let £ and 1 be generators of HP(C1) 2 Z & Z and {o*, 5*,7*} the basis of
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HP(0C1) = Hom(H,(0C1),Z) = Z & Z © Z dual to the basis

(3:2) {ar= I[P x {x} x {x}], B = [{x} x SP x {x}], v = [{x} x {*} x S"]}

of H,(0C1). Then we have i*{ = aa*+b3*+cy* and i*n = da*+ef*+gv* for
some integers a, b, ¢, d, e and g. Since Im* is a direct summand of H?(9C1),
there exist integers h,l, m such that

a d h
det b e 1 = +1.
c g m

By the commutative diagram

HP(CY) @ HP(Cy) ——27 HP(9Cy) @ HP(ICh)

~— ~—

i*

Z = H%(C) R H?»(0C)2Z0Zd Z,
we have that the subgroup generated by
P& — 0" = 2ab(a” — %) 4+ 2be(BF — ) + 2ca(y* — o),
& —i'n = (ae +bd)(a” — ) + (bg + ce) (6" — ")
+ (cd + ag)(v" — o),
i'n —i'n = 2de(a” — B%) 4+ 2e9(8" — ) +29d(v" — a¥)

has rank at most one. Using the fact that {a* — %, 5* — v,*v* — a*} is
a basis of H?P(9C}), we see easily that abc = deg = 0. Then, we can show
that for an embedding j : SP x SP — SP x SP x SP such that j(SP x SP) =
{x} x SP x SP SP x {*} x SP, or SP x SP x {x}, the composite ¢ as in
(3.1) induces an isomorphism on the p-th cohomology groups. Then by
the universal coefficient theorem, ¢, : Hy,(SP x SP) — H,(Ch) is also an
isomorphism. Consider the commutative diagram

HP(Cy) @ HP(Cy) 2227, HP(SP % SP) @ HP(SP x SP)

k1| — ko| —

Z = H¥(Cy) — H2P(SP x SP) = Z,

where k2 o (¢* ® ¢*) is an epimorphism, since kg is unimodular. This im-
plies that * : H?®(Cy) — H?P(SP x SP) is also an epimorphism. Since
H?(Cy) & H?(SP x SP) = Z, we see that p* : H?(Cy) — H?P(SP x SP)
is an isomorphism, which implies that ¢, : Hop(SP x SP) — Hap,(Ch) is also
an isomorphism. Then by Whitehead’s theorem, the result follows.

In order to prove Lemma 3.1 when p is odd, we need the following, which
can be easily proved by examining the exact sequence

0 — keri, — H,(dC)) 2 H,(Cy) — Hy(Cy,0Cy) = 0.
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Lemma 3.2. For every p, there exists a basis {C1,(2,(} of Hy(0C1) such
that {i+C1,4.Ca} is a basis of Hy(Ch) and i,¢ = 0.

(B2) When p =3 or p="T. The following is a direct consequence of [LS,
Theorem 2.2].

Lemma 3.3. If p = 3 or p = 7, then there exists a diffeomorphism ¢ :
SP % SP x SP — SP x SP x SP such that ¢.H,(SP x SP x {*}) = ((1,(2),
where (C1,C2) is the subgroup of Hy(SP x SP x SP) generated by (1 and (s.

By putting j = ¢|SP x SP x {x}, we see that Lemma 3.1 holds for p = 3, 7.

(B3) When p is odd with p # 3,7. Let n, : GL(n;Z) — GL(n;Zs)
be the natural homomorphism. Note that 7, is an epimorphism (see, for
example, [Mc, Proposition 1.14]). We define the subgroup G; of GL(n;Z)
by G1 = 7, 1 (9.(6,)), where we naturally identify the symmetric group
S,, with the corresponding subgroup of GL(n;Z). Note that G; corresponds
to the set of those automorphisms which can be realized by diffeomorphisms
of the product of n copies of S? for p odd with p # 3,7 (see [LS]).

We define the matrix A € GL(3;Z) by ((1,¢2,¢) = («,3,7)A, where
{o, 8,7} is the canonical basis of Hy(SP x SP x SP) as in (3.2). Note that
A may not lie in Gj.

Lemma 3.4. There exists a matriv A" € G1 C GL(3;Z) such that {i.(],
i+Cy} is a basis of Hy(Ch), where (¢1,¢5,¢) = (a, 5,7)A".

Note that i,¢" may not be zero in H,(C1) any more.

Proof of Lemma 3.4. By changing the order of «, 3,7 and by adding ¢ to
(1, Co if necessary, we may assume that Ay = n3(A) is of the form

S GL(?), ZQ)

= % X

a b
c d
0 0
Since 12 : GL(2;Z) — GL(2;Z9) is surjective, there exists a matrix B €

GL(2;Z) with
m2(B) = < Z Z ) :

Using B, we can change (1, (2 so that Ay is of the form

1 0 =
0 1 =«
0 01
Finally, adding (1, (2 to ¢, we get the desired basis {(], (5, ('} O

Now by using the same argument as in Case (B2) together with [LS,
Theorem 2.2, we see that Lemma 3.1 holds for this case as well. This
completes the proof of Lemma 3.1, and hence Theorem 1.1 for Case (B). O
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4. Case (C)p=g<randp+q#r,orp<gqg=r.

We will assume that p = q # r # p + ¢ throughout this section, although
r can be smaller than p = ¢. By the same argument as in the proof of
Lemma 2.1, we see that it suffices to study the cases

(C1) H,(Cy) = H,(SP x SP x D",
(C2) H,(Cy) = H,(SP x DPT1 % §7).

(C1) When H.(C1) = H,(SP x SP x D™1). Let j : SP x SP x {x} —
SP x SP x S = 0C7 be the inclusion and set ¢ = i o j. By carefully
examining the exact sequence of the triple (Cy,9C1, SP x SP x {x})

- Hy(9C1, S x P x {x}) — Hi(C1, 87 x 5P x {+}) — Hy(C1,0C1)
— Hjp—1(8C1, 87 x SP x {x}) — - --

and by applying an argument similar to that in the proof of Lemma 3.1, we
can show that the inclusion map ¢ : SP x SP x {x} — C} gives a homotopy
equivalence. Then as in §2, we see that C; = SP x SP x D™+1,

(C2) When H,(Cy) = H,(SP x DP*1 x 7).

Lemma 4.1. There exists an embedding ¢ : SP — SP x SP such that the
embedding

(4.1) 0 SP x ST (5P % §PY x ST = aCy L ¢
s a homotopy equivalence.

Proof. Asin Lemma 3.2, there exists a basis {(, (1} of H,(0C}) = Z&Z such
that i.¢ = 0 and 4.(; is a generator of H,(C1) = Z. By the isomorphism
H,(0C) = Hp(SPxSPx S") = Hp(SP x SPx{x}), (1 € Hy(0Cy) corresponds
to an element ¢} € Hy(SP x SP x {*}) = m,(SP x SP). When p > 3, by [H]
or [Wh], we can represent ¢; by an embedding ¢ : S? — SP x SP. Then
the composite ¢ as in (4.1) is an embedding such that ¢, : H,(S? x S") —
H,(Ch) is an isomorphism.

When p = 2, we cannot use the above argument (see, for example, [KM]).
However, since p = 2 is even, we can show that the embedding ¢ : SP —
SP x SP such that (SP) = {x} x SP or SP x {x} satisfies the same property,
by using an argument similar to that in (B1) of the proof of Lemma 3.1.

Then by the same arguments as in the proofs of Lemmas 2.2 and 3.1, we
see that ¢ : SP x ™ — ('} is a homotopy equivalence. This completes the
proof of Lemma, 4.1. O

Let ¥} denote the submanifold of Cy which is obtained by pushing ¥; =
©(SP x S") into the interior of C; using a normal vector field of 9C pointing
toward Int C;.
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Lemma 4.2. The normal bundle of ¥} in Cy is trivial.

Proof. Let ¢ : SP — SP x SP be the embedding as above. It suffices to show
that the normal bundle vz of @ = fo (¢ xid) : S? x 8" — S?PT7+1 s trivial.
We have

Vg 2 (V) @ goxgr =T (vy) @ T (egp) = T (vy © Egp),

where 7 : SP x S — SP is the projection to the first factor, v, denotes the
normal bundle of 1, and E&— denotes the trivial line bundle over a space X.
On the other hand, using the embedding

p: 5P s 5P x SPes gt

we see that vy, © 5}9,, is trivial. Thus the result follows. O

Finally, by the same argument as in Case (A), we see that Theorem 1.1
holds for Case (C2) as well. O

5. Case (D) p=qand p+gq=r.

By the same argument as in the proof of Lemma 2.1, we see that either C
or C5 has the same homology as SP x SP x D"t or SP x DPH1 x S".

When H,(Cy) 2 H,(SP x SP x D" or H,(Co) = H,(SP x SP x D"+1),
by using arguments similar to those in Case (C1), we see that C; or Cy is
diffeomorphic to SP x SP x D"t1,

When H,(C1) = H,(SPx DPLx S™), we see easily that H,(C3) = H.(SPx
DPFL % S™) (=2 H,(DPHL x SP x S™)). First we prepare the following lemmas.
Note that r = 2p is even and that dim dC1 is equal to 2r.

Lemma 5.1. There exists a basis {¢,('} of H(0C1) = Z ® Z such that
ix¢=0,¢-¢=0,¢-¢=1and (- =0.

The above lemma can be proved by using an argument similar to that in
[LNS, Lemmas 3.2-3.4].

Set v = [SPx SPx{x}] and 8 = [{*} x{*} xS"], which generate H,(0C}) =
H,.(SP x SP x S"). We have a- o = - = 0 and may assume « - 3 = 1,
choosing suitable orientations for SP x SP x {x} and {*} x {*} x S".

Lemma 5.2. If p > 3, then for some embedding ¢ : SP — SP x SP, the
composite

012 SP x ST K (8P % SPY x ST =90, — ¢y or
01 SP x 8" VI (8P % §P) % ST = 90, L ¢y

is a homotopy equivalence, where i and j are the inclusion maps.
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Proof. We have H,(C1) = H,(SP x DPT! x S7) = H,(Cy). Consider the
endomorphism © : H,.(SPxSPx S") — H,.(SPxSPxS") defined by O(a) = ¢’
and ©(3) = (. Since (- ¢ =¢" -¢ =0and (- =1, we see that © is an
automorphism of (H,(SP x SP x S"),-), where “.” denotes the intersection
form. By an argument similar to that of [LNS, Lemma 3.5], we have that
(=+aand ' =44, or ( = £6 and (' = +a.

When ¢ = +a and ¢/ = £+, we have ,[SP x SP x {x}] = 0, and as
in Lemma 2.2, i1, : H,({*} x {x} x S") — H,(C}y) is an isomorphism,
where 71 is the inclusion map. Similarly, when ¢( = £3 and (! = Za,
Jis » Ho({*} x {x} x §") — H,(C2) is an isomorphism for the inclusion
map j1. Then, since p > 3, by arguments similar to those in the proofs of
Lemmas 4.1 and 3.1, we have the desired result. O

When p = 2, we cannot apply the same argument. Nevertheless, as in the
proof of Lemma 5.2, we may assume that i1, : H,.({*} x {*} xS") — H,.(C})
is an isomorphism.

Consider a collar neighborhood ¢ : 9C; x [0,1] — C4 of 9Cy in Ci, where
c(x,0) = zx for every x € 0C,. We will use the identification

1o
aCy x [0,1]1—19,87 5 §P x 87 x [0,1] = (8P x SP x [0,1]) x S
Lemma 5.3. If p =2, then there exists an embedding i1 : SP — SP x SP x
[0,1] such that the embedding ¢ : SP x S" — C defined by

1><ld(

gpprSTw SP x SP x [0,1]) x S"

=GP x SP x §" x[0,1] — P

is a homotopy equivalence.

0C) x [O 1] —>Cl

Proof. As in the proof of Lemma 4.1, there exists a continuous map v’ :
SP — SP x SP which represents (] € Hp(SP x SP)(= m,(SP x SP)) = H,(SP x
SP % S™) with i,(] being a generator of H,(C1) = Z. Consider the composite

W57 YL sp 5P 5P 5P x [0, 1],

where i’ : SP x SP = SP x SP x {0} — SP x SP x [0,1] is the inclusion map.
By [H, Theorem 1(a)], there exists a differentiable embedding v : SP —
SP x SP x [0, 1] homotopic to ¢”. Then, ¢ is a differentiable embedding such
that ¢, : H,(SP x S") — Hp(C1) is an isomorphism. The rest of the proof
is the same as before. O

As in Lemma 4.2, if p > 3, then the normal bundles of p; and s of
Lemma 5.2 are trivial. When p = 2, by embedding SP x S? x [0, 1] in S$?P+1,
we see that 11 as above has trivial normal bundle v,,. Furthermore, we
have v, = 7*(vy, ), where m : SP x S” — SP is the projection to the first
factor. Hence v, is trivial.
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Then as in the previous sections, we see that C; = SP x DPTl x S” or
Cy =2 SP x DPt! x 8. This completes the proof of Theorem 1.1 for Case
(D). O

6. Case (E) p < q and p + g = r with r even.

By the same argument as in the proof of Lemma 2.1, we see that either
C; or Cy has the same homology as SP x S9 x D™ or SP x DIt x S" or
DPHL % 89 % §",

(E1) H.(C}) = H.(S? x 87 x D"™) or H,(Cy) = H.(SP x §9 x D).
We may assume that H,(C;) = H,(SP x S9x D"1). Then by arguments

similar to those in the proofs of Lemmas 2.2 and 3.1, we see that the inclusion
map

@1 8P x S9x {x} = SP x §7 x §"=9Cy 5 Cy
is a homotopy equivalence. Then the rest of the proof for this case is the
same as before.

Remark 6.1. Even when p + ¢ = r with r odd, if H,(C1) = H.(SP x S% x
D™1), then we can prove that C; = SP x S9 x D"*! by using the above
argument.

(E2) H.(Cy) = H,(SP x DI x §") (& H,(Cy) = H, (DPT! x 7 x S)).
Let iy : SPx{x}xS" — SPxSI1xS8",j:0Cy — Cyand j; : {x} xSIxS" —

SP x S§7 x S" be the inclusion maps. By using arguments similar to the
previous ones, we can show the following.

Lemma 6.2. The inclusion
@11 5P x {#} x S 1 P x §9x §" =90y -~ C) or
0o {5} x ST x §" I §P % §1x ST = aCy, L O

s a homotopy equivalence.

Thus, Theorem 1.1 holds for Case (E2). This completes the proof of
Theorem 1.1 for all the cases. U

7. Case (F) p+ g = r with r odd.

In this section, let us consider the case where r = p + ¢ with r odd. The
main result of this section is the following:

Proposition 7.1. Let f : SP x 89 x 8" — SPTa++1 be g smooth embedding
and C1 the closure of one of the two components of SPTITTT1_ f(SPx §1x ")
with p,q > 2,7 =p+ q and r odd.

(1) If Hi(C1) = H.(SP x 8%), then C is diffeomorphic to SP x S x D™,
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(2) If C1 has the same cohomology ring as SP x S™ or S x S”, then C is
diffeomorphic to SP x D11 x 8" or DPH x S x S” respectively.

Lemma 7.2. If Cy has the same cohomology ring as SP x S™ or S x S",
then H,(C1) is generated by i, [{+} x {x} x S"].

Proof. Suppose that C has the same cohomology ring as SP x S”. The other
case can be proved similarly. It is not difficult to show that i, : Hp(0C1) —
H(C1) is an isomorphism for £ = p and p+r as in the proof of Lemma 2.2.
Set

o = [SP x ST x {«}]", 8" = [{x} x {+} x §"]" € H"(9C1) = Z & Z,
V= [SP x {+} x {}]* € HP(3C)) = Z,
5 = [SP x {x} x S"|* € HPY"(dC}) = Z,

and let £, € HP(C1) = Z and & € H"(Cy) = Z be generators, where each
[*]* means a dual basis. Note that we have v* — * = +0* and v* — o™ = 0.
Let us consider the commutative diagram

HP(CY) @ H'(Cy) ——2°, HP(OC) ® H'(9Ch)

~— ~—

sk

HPY(Cy) — HPH(9CY).

The cohomology class &, — &, generates HP*"(C1), since C; has the same
cohomology ring as S x .S”. On the other hand, we have i*§, = £[SP x {*} X
{*}]* = £~*, since i* : HP(C1) — HP(0C}) is an isomorphism. Furthermore,
the cohomology class i*(§, — &) generates HPT"(9C}), since i* in the second
row is an isomorphism. We can put ¢*¢, = aa® 4+ bG* for some integers a
and b. We see easily that i*(¢, — &) = £b6*. This implies that b = £1.
Then we see that (&, .[{*} x {*} x S"]) = £1, where (x,*) denotes the
Kronecker product. Thus, i,[{*x} x {*} x S”] generates H,(C1). O

Proof of Proposition 7.1. (1) This follows from Remark 6.1.
(2) We may assume that C; has the same cohomology ring as SP x S”.
Consider the inclusion map

@18 x {x} x 8" — SP x S9x S" =9Cy 5 C.

By Lemma 7.2, ¢, : H,.(SP x {*} x S") — H,(Cp) is an isomorphism.
Furthermore, as has been seen in the proof of Lemma 7.2, ¢, : Hy(SP X
{x} x ") — Hy(C}) is an isomorphism for £k = p and p + r. Thus, ¢ is
a homotopy equivalence. Then by arguments similar to those in §2, we see
that C; = SP x DIt x S", O

Proof of Theorem 1.3. The theorem follows from Theorem 1.1 and Proposi-
tion 7.1. O
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8. Standard embeddings.

As a consequence of Theorem 1.1, we have the following Corollary 8.2. This
result is important, since it gives a sufficient condition for an embedding to
be standard. The characterization of standard embeddings is fundamental
in the study of embeddings.

Let us begin by defining standard embeddings.

Definition 8.1. Let g : SP x S9 — SPT4t7+1 he a smooth embedding. We
say that g is standard or that SP x S is standardly embedded in SPTI+7+1 if
g(SP x S?) is isotopic to the boundary of a tubular neighborhood of S? or S¢
standardly embedded in SPT9t7*! in the usual sense. We say that a smooth
embedding f : SP x S% x S" — SPTa+T+L i standard if f(SP x S9 x ST) is
isotopic to the boundary of a tubular neighborhood of SP x S§% or 59 x S”
or SP x S" standardly embedded in SP+atT+1,

Corollary 8.2. Let f : SP x 81 x S" — SPHa+7+1 pe o smooth embedding
with 2 < p < q < r and Cy the closure of one of the two components of
Spratr+l £GP % §9 % S7). If Ho(Ch) = H,(SP x S9), then f is standard.

Proof. By Theorem 1.1 and Proposition 7.1 (1) together with our dimen-
sional assumptions, f(SP x S%x S”) bounds in SPT4+"+1 an embedded man-
ifold T diffeomorphic to SP x S x D"+1. Note that T is a tubular neigh-
borhood of S, where S is the product of two spheres SP x S? embedded in
SP+atr+l wwhich corresponds to SP x S9 x {0} € SP x S x D"t = T C
Spta+r+1.

By [H] together with our hypothesis on p,q and r, there exists a diffeo-
morphism h : SPTITTHL — GPFHaFTHL jsotopic to the identity such that h(S)
is the product of spheres S? x S? standardly embedded in SPT4+"+1. Then
h(T) is a tubular neighborhood of SP x S?. Thus, f(SPx S?x S"™) bounds the
tubular neighborhood h=1(h(T)) = T of h=1(SP x S9), which is standardly
embedded in SPT9+7+1 Therefore, f is standard. O

Remark 8.3. Compare the above corollary with [LNS, Theorem 1.3] about
codimension one embeddings of product of two spheres.

9. Exotic embeddings.

In this section, let us consider the case where r = p + ¢ with r odd and
prove Theorem 1.2, which insures the existence of exotic embeddings un-
der this dimensional assumption. The result is surprising when compared
with Theorem 1.1 and the results obtained in [A], [K], [Wa], [G], [R] and
[LNS] about codimension one embeddings of product of two spheres. In
the following, we will construct the embeddings f,, so that the complements
Sptatr+l £ (SP x §9 x S”) are not homotopy equivalent to each other.
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Let us write S?"t1 as the union
(9.1) S = (D" x S U, (8" x 8" x I) Uy, (S™ x Dy,

where I = [~1,1], D! are (r+41)-disks, and ¢ : 9(D" 51 x S™) — S7 x S" x
{—1} and @, : O(S™ x D) — S"x S" x {1} are the standard identification
maps. Since S” x [ is diffeomorphic to the closure of the complement of two
disjoint (r + 1)-disks in S"™*1 = (SP x D) U (DPH x S9), we can write
S" x S" x I as the union of

X_=((S? x DI —Int D"ty x S*  and
X, = ((DP™ x 87 — Int D7) x "

attached along SP x §9 x S", which is a boundary component of each, where
D’ﬁl are interior disks. Note that the embedding SP x S9xS" = X_NX, C
X _UX, = S8"x8"xI C S?"*! defined via (9.1) is standard. In the following,
we will modify this embedding by changing the identification maps @+ in
(9.1).

Let 1) : S" x S™ — S" x S be an arbitrary diffeomorphism. By (9.1), we
still have

SQTJrl o (Dr:gl x Sr) Uzp,oq/; (Sr x ST x I) Utp+°¢’ (ST X Dg‘f‘l).
Put
X_ = (Di—gl X 5") Up_op X, X-ﬁ- = X4 Up oy (8" x D§+1)’

and consider S? x S7 x S” = X_ N )Z'+ cX_U )Er = §?r+1 We will show
that, for a suitable diffeomorphism 1, X, are not homotopy equivalent to
the product of two spheres.

Suppose that ¢, : H.(S" x S") — H,.(S" x S") is given by ¥.a = ka+ 13
and ¥,0 = ma + nB, where

A= < ]f ’;’Z ) € GL(2Z), and
a=[0D"H x {x}] = [S" x {x}], B =[x} xOD5""] = [{x} x 9]

are the generators of H,.(S™ x S”). Then by using standard techniques in
homology theory, we can show the following:

Lemma 9.1.

(1) The homology group H,(X_) is isomorphic to Z and is generated by
€ =m[OD™ ' x {x}]+n[{x} x S7], where dD" %" x {x},{x} x S" C X_
and we can identify [OD" ' x {x}] with [SP x S9x {*}] (SP x ST x {*} C
8X_). Furthermore, we have [{x} x S"] = +k¢.
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(2) The homology group HT()h) s isomorphic to Z and is generated by
¢ = koD x {x}] +1[{*} x S™], where D7 x {x}, {x} x S” C X,
and we can identify [DD7T x {x}] with [SP x ST x {*}] (SP x ST x {*} C
8X,). Furthermore, we have [{x} x "] = Fm¢'.

Then we have the following:

Lemma 9.2.
(1) The manifold X_ is not homotopy equivalent to SP x S x D™ por
to DP1 x §7 x 7.
(2) The manifold X is not homotopy equivalent to SP x DIt! x S™ nor
to SP x §4 x D"t
(3) If k # +£1 and m # =£1, then the manifolds X, are not homotopy
equivalent to SP x DIt x 8™ or DPT! x S x 8" respectively.

Proof. We see easily that Hq()?_) =0= Hp()?+), from which (1) and (2)
follow. Part (3) follows from Lemmas 9.1 and 7.2. O

Using the above lemma, we can easily show the following.

Proposition 9.3. If the diffeomorphism ¢ : S" x S" — 5" x S" satisfies
k # £1 and m # *1, then the embedding f : SP x ST x S" = X_NX; —
X_UX, = gpratr+l pas the property that the closure of neither of the two

components of SPTITTHL — f(SP x 89 x S™) is homotopy equivalent to the
product of two spheres and a disk.

By [G, Proposition 2.5] or [LS, Theorem 2.2], for each matrix

in+1 2n
Fon = 2 1

with n # 0, the automorphism of H,(S" x S") given by the matrix &, is
realized by a diffeomorphism 1, : S" x §" — S§" x 8", since r is odd. In
this way, we can construct infinitely many embeddings fy, : S? x 59 x §" —
SPFatr+l which satisfy the property of Proposition 9.3 by setting f, = f
with ¢ = 1y, since 4n + 1 # £1 and 2n # £1.

The following lemma is important in showing that the embeddings f, :
SP x 89 x §" — SPTetr+l constructed from the matrices x, are mutually
distinct.

Lemma 9.4. Let W be a compact manifold such that OW = S§P x S1x §",
p,q > 1, r = p+q withr odd, and H, (W) = H,(SPxS"). Let &, € HP(W) =
Z,¢ e H(W) 22,8y € HPY(W) 2 Z and n € H, (W) = Z be respective
generators. If & — & = képyr (k € Z), then i, [{x} x {x} x S"] = *kn,
where i : OW — W is the inclusion.

) € GL(2;7Z)

The above lemma can be proved by an argument similar to that in the
proof of Lemma, 7.2.
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Definition 9.5. We call the number |k| € Z in Lemma 9.4 the cup product
invariant of W. Note that |k| € Z is well-defined: More precisely, |k| is a
homotopy invariant of W.

Proof of Theorem 1.2. Consider the embeddings f,, : S? x §9x 8" — Spta+tr+l
constructed from the matrices k,, with n # 0. These satisfy the property of
Proposition 9.3. We will show that the embeddings f,, are mutually distinct.
Let fp, : SP x 9 x " — SP+a+7+l he the embedding constructed from
the matrix £,, with ny # 0. We may assume that H,(Cy) = H,.(SP x S")
and H,(Cy) = H,(S? x S™), where C7 and Cy are the closures of the two
components of SPTa+r+l _ £ (SP x §9 x ST). The cup product invariants
of C; and Cy are equal to |4n; + 1| and |2n,| respectively by Lemma 9.1.
Similarly, for the embedding f,, : S? x S x S" — SP+a+7+1 constructed
from the matrix k,, with n; # ns # 0, we may assume that H,(C3) =
H,(SP x S™) and H,(Cy) =2 H.(S1 x S"), where C3 and Cy are the closures
of the two components of SPTa+7+1 — f, (SP x §9 x S7). Suppose that there
exists a diffeomorphism h : SPTaFtrl — Grtatrtl quch that h(f,, (SP x
ST x S")) = fny(SP x 8% x S™). Then we have h(C7) = Cs, which implies
that |[4n; + 1| = |[4ng + 1|. This contradicts the assumption that n; # na.
Therefore, f,, and f,, are distinct if n; # ny. This completes the proof of
Theorem 1.2. (]

Remark 9.6. When n = 0, for the embedding fy, if p, ¢ > 2, then it follows
from Proposition 7.1 that C; is diffeomorphic to SP x D91 x S”.
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