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If G is a Banach space valued measure whose range range is
convex, we consider the space of G-integrable functions. We
also establish a factorization result for operators from L,(u)
through L,(G). We apply these results in order to obtain
a description of the range of p’-summing operators from L,-
spaces.

1. Introduction and notation.

Let (£2,%) be a measurable space and let X be a Banach space. Throughout
this paper G will be a countably additive vector measure G : ¥ — X. Con-
sider the space Li(G) of (classes of real) G-integrable functions, following
the definition of Bartle, Dunford and Schwartz [1] and Lewis [9]. The prop-
erties of this space have been studied by Kluvanek and Knowles [7], Okada
[10] and Curbera [2]. In the first part of this paper (Section 1) we investi-
gate the relation between the convexity of the range of G and the structure
of the space Li(G). We use an alternate definition of the norm of L;(G)
that is obtained by identifying each function f € L;(G) with an operator
from an Lo, space. In the second part (Section 2), we apply these ideas to
obtain several properties of operators from an L, space to a Banach space.
In particular, we use the results of Dinculeanu that relates vector measures
and operators from L, spaces (see [6]) to obtain a factorization theorem.
As an application, we also show a description of the range of p’-summing
operators from L, spaces.

We use well-known results about general Vector Measure Theory (see
[5]). The notation is standard. If 2/ € X', |2’G| is the variation of the scalar
measure 'G defined by 2/G(A) := (G(A),’). The semivariation of G in a
set A € ¥ is given by ||G||(A) = sup{|2’G|(A) : 2’ € Bx:}. We write x4 for
the characteristic function of A € ¥ and A¢ for Q\ A. If 1 <p < o0, p is
the (extended) real number that satisfies 1/p+1/p’ = 1. The space of linear
and continuous operators between the Banach spaces Y and X is denoted
by L(Y, X).

A measurable real function defined on Q is G-integrable if it is 2'G-
integrable for each 2/ € X', and for every A € ¥ there is an element [, fdG
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of X such that ([, fdG,2') = [, fda'G for every 2’ € X' ([9]). The Banach
lattice L1 (G) is the space of all the (classes of) G-integrable functions with
the ||G||-almost everywhere order, endowed with the norm

I flla = sup{/9|f]d|x/G| ::C/GBX/}, f e Li(QG).

The expression ||| f|/|c :=supaex || [4 fdG]|, f € L1(G), provides an equiva-
lent norm that satisfies the inequalities ||| f|llc < || flla < 2] f|l|q. However,
although the norm |||.|||¢ appears in the literature, it does not seem to be
a natural one. The integration operator I : Li(G) — X is defined by
Ia(f) == [ fdG, f € Li(G) (see [11]). Let u be a finite measure that
controls G (see [5] Ch. IX). Integration with respect to G also gives a con-
tinuous linear map T € L(Loo(pt), X). Let S(u) be the set of (classes of)
simple functions (that are equal u-a.e.).

Lemma 1. The following formula gives the Loo-norm on S(u);

n n
[[flloc = inf {Z Nl f = Ailxa, — xag), A€ 2} . fes.
i=1 i=1

Proof. Let f € S(u). Then we can find a finite family of disjoint measurable
subsets (A4;)_; and real numbers (\)!_; such that f = >, A\ixa,. Thus,
the function f belongs to the subspace of Lo (p) that is obtained by the
restriction of this space to the finite subalgebra generated by {4; : i =
1,...,n}. This is a finite dimensional L, space, and then is isometric to
I%,. Since the extreme points of the unit ball on [ are the elements of

{—1,1}", we obtain the result as a direct consequence of the Krein-Milman
Theorem. |

Definition 2. Let p be a finite control measure for G. For every f € L1(G),
we define || fllgos 1= supgep, . |l Jo f9dG]|.

Note that the definition of ||.||Geo does not depend on the particular con-
trol measure p. This is a consequence of the following simple argument.
Each function f € Li(G) defines the countably additive vector measure G s
and the semivariation of this measure gives an equivalent norm for the space
Li(X) (see [9] or [2]). Theorem 13 of [5, Ch. I] for the case of a finite measure
u defined over the o-algebra ¥ establishes the equality between the norm
of the operator Tz, and the semivariation of Gy. A direct application of
the particular representation of the norm of the functions of Lo (1) given in
Lemma 1 leads to the following result, that simplifies the arguments related
to the convexity of G.

Proposition 3. For every f € L1(G),

'/Q flxa— XAC)dGH :

Iflle = lIfllgec = sup
Ae¥
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Proof. First note that if 2/ € X’ and A € ¥ the variation of the scalar
measure 'G on A is given by

12/G|(A) = sup{(G(AN B), ') — (G(AN B%),2') : B € ¥}.

Let us denote supeyx || [o f(xa — xa¢)dG|| by ||f]|s for every f € Li(G).
Let f be a simple function and let ¢ > 0. Then a direct calculation using
the above representation of |2'G| shows that there is a set B € X such that
the function h := xp — xpe satisfies ||f|la < ([, fhdG,2') + €. This and
the density of the simple functions in L;(G) imply the inequalities || f||¢ <
1Flls < I fllgoo for every f & Li(G). Since the inequality [|fls < |[fllc is
obvious and Lemma 1 implies || f||goo < ||f||s for every f € L1(G), we obtain
the result. O

Let u be a Rybakov control measure for G (see [5, Ch. IX.2]). The main
known result that relates the structure of the space Lo, (¢t) with the convexity
and weak compactness of the class of sets {G(ANB): Be€ X}, A€ X, is
the following theorem due to Knowles (see Theorem 4 and Corollary 7 of [5,
Ch. IX.1]).

Theorem 4. The following are equivalent:

1) If 0 # f € Loo(), there is a function g € Loo(p) such that ||fgllec > 0
but fQ fgdG = 0.

2) For each A € X, {G(ANB) : B € X} is a weakly compact convez set
in X.

3) For each A € ¥ there is a set B € ¥ such that G(AN B) = %

We will say that a vector measure G that satisfies any one of the state-
ments of Theorem 4 is a Y-weakly compact convex vector measure. If G is
such a measure, A € ¥ and G(A) # 0, we can define the following tree of
subsets. An application of Statement 3) of Theorem 4 gives a set Al € &

such that A} C A and G(A}) = %. Then, if we define the set A? € &

as A2 = A — Aj, we obtain G(A]) = % = G(A2?). Following the same
procedure for G(A}) and G(A?), we obtain four subsets G(A%), i =1,...,4,
such that A} U A3 = Al, A3 U Al = A3 and G(4)) = % for each i. We
may continue in this way in order to obtain a tree of sets {A%} such that:

1) For each natural number n, {A%} is a partition of A and for every
k=1,...,20" 1 A2k=1 g A%k = Ak

2) For each natural number n and every i = 1,...,2", G(A!) = GQ(;L‘).

This sequence of subsets leads to a o-subalgebra ¥ 4 of X, the restriction of
G to which is one dimensional and equivalent to the Lebesgue measure on
[0,1]. We thus have:
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Corollary 5. In the notation above, denote by G 4 the restriction of G to
Ya. Then (L1(Ga),|-|lc,) is isometric to L1(0,1).

Remark 6. It is clear that || f||q¢, < ||f|l¢ for every function f € Li(G4).
If A € ¥ and there is a constant K 4 such that ||f|l¢ < K4l f|lc, for every
function f € L1(G4) we can identify the space L1(G 4) with a subspace of
Li(G). For instance, this is the case when G is defined on a Banach lattice
and integration with respect to G gives a positive operator. The above
construction yields a lot of information about the structure of the function
spaces L1(G ), since the structure of L;(0, 1) is very well-known (see Th. 7

of [8, Ch. 6.17]).

2. A factorization theorem.

Let p be a (countably additive purely nonatomic) finite measure. In this sec-
tion we obtain several properties of the range of the operators of L(Ly(x), X)
related to the Uhl Theorem about the relative compactness of the range of
a vector measure G. Through this section we consider the norm || ||geo for
L1(G). The results of Dinculeanu about vector measure integration (see [6])
allow to a factorization theorem for these operators. Let P(X) be the class
of all the finite partitions of Q in 3. The following definition can be found
in [6, Ch. I1.13].

Definition 7. If i be a finite control measure for G and 1 < p < oo, the
p-semi-variation of G in A € ¥ is defined by

(A;NA) p
Z' m)>\>

2’| <1, {A }” 1EP(E <z 1 w(ANA

We denote by M (1, X) the space of all the X-valued vector measures
of finite p-semi-variation ||G||; := [|G|5(2). If T € L(Ly(u), X), we write
Gr for the vector measure given by Gr(A) := T(xa), A € ¥. Conversely, if
G : ¥ — X is a vector measure and u controls G, we denote by T the linear
map defined on S(u) by T(xa) := G(A). We will use the same notation
for this map if it is possible to extend it to the space L,(x). In our context
the general result given in [6, Ch. I1.13, Th. 1] can be written as follows.
We obtain Theorem 11 as a consequence.

Theorem 8. M, (u, X) is isomorphic to the space L(Ly(p), X).

1G]5(A) =

Theorem 9. Let 1 <p < oo and T € L(Ly(p), X). Then it can be factored
through Li(Gr) as
L) 5 Li(Gr) ¥ X

where I(f) := f, if f is the class of f in Li(Gr), and I, (f = [ fdGr.
Moreover, ||Grll;, < ||T|| < [[I]| < 2[|Gz[;,-
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Proof. We need to show that || f||geo < ||T]| if || ||z, < 1. By Proposition 3,
it is enough to estimate || [ fgdGr||, where | gz, < 1. But this integral is
just T'(fg). Since || fg||z, < 1, we obtain | T'(fg)| < ||T|, as required. The
inequalities between the norms of the operators and the p’-semi-variation
can be obtained by mean of a direct calculation following the arguments

given above and the ones that can be found in [6]. O

The properties of the operator 1" : L, (1) — X and the space X determine
the structure of the factorization space L (7). For example, if the measure
G is Y-weakly compact convex and A € ¥, the restriction of the operator
to the subspace of L,(u) generated by ¥4 factorizes through L;(0,1), as
a consequence of the arguments given in Section 1. Nowadays, a lot of
properties of the space L;(G) that may be applied in our context are known
(see [10], [2] and [3]). We present an example that is a consequence of |2,
Th. 3].

Corollary 10. Let 1 < p < oo and let X be a cotype 2 Banach space.
Consider an operator T : Ly(pn) — X. If for every partition (A,)S° the

o
sequence (%)1 is 2-lacunary in X, then T factors through a space

that is order isomorphic to a Hilbert space.

To finish this paper, we apply the above results to obtain a description
of the range of the p/-summing operators from L,(x) to X. The reader can
find information about the operator ideals of p-summing operators (P, II,,)
in [4] and [12]. Let C be a subset of a Banach space Y and let ' € L(Y, X).
We say that the range of T is approzimable by C' if the set {\T'(y) : A €
R, y € C} is dense in the range of T. Let By := {x4 — xac: A € ¥}.

Theorem 11. Let 1 < p < oo and p be a nonatomic probability measure.
Let X be a Banach space with the Radon-Nikodym property and let R €
L(Ly(p),X). If R is p'-summing, then the range of R is approzimable by
By.

Proof. First we claim that the composition of the operators T : L,(u) — Y
and S : Y — X, if T is continuous and S is p’-summing, defines a count-
ably additive vector measure Ggr of bounded variation. Since Ggr(A) =

ST(xa), we get |Gsr(A)|| < HST”,U,(A)% and then Ggr is countably addi-
tive. Let {A;}7, € P(¥). Then

S STO)] = 3 u(an 1T 0wl
- i1 H(A)»

/ p’

ST (xan)l”
= (A

n
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(T (xa),a)P )"
P

l="lly <1 \ ;5 M(Ai);
<y (SGrlly-
Since T' is a continuous map, Theorem 9 gives that ||Gr[;, < cc. Now,
suppose that X has the Radon-Nikodym property. Since p is nonatomic, so

is Ggr. An application of Uhl Theorem (see [5] Ch. IX.1) gives the convexity
of the closure of the range of Ggr. Since

<ILy(S) sup

(Cor(A): A s} = %GST(Q) + éST(BO),

and By, (,) = co(Bp) as a consequence of Lemma 1, we obtain ST(By) =

ST(Br,. (). This obviously proves that the range of ST is approximable
by Bp. To finish the proof it is enough to consider the factorization of R as
R = RI, where I is the identity map in Ly(u). O

It is possible to find several applications of this theorem in the context
of the Operator Ideals Theory. Obviously, it also holds for each p’-integral
operator T € L(Ly(p), X). The same argument can be applied for (p,q)-
summing operators. In the context of the Hilbert spaces, we may obtain
that each Hilbert-Schmidt operator satisfies that its range is approximable
by Bo.
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