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In this paper we consider the eigenvalue problems for some
nonelliptic operators which include the real Kohn-Laplacian
in the Heisenberg and generalized Baouendi-Grushin opera-
tor. Some interest inequalities for eigenvalues are given by
establishing the identities and inequalities for noncommuta-
tive vector fields.

1. Introduction.

Let A denote the Laplacian in the Euclidean space. The classic upper esti-
mates, independent of the domain, for the gaps of eigenvalues of —A, (—A)?
and (—A)*(k > 3) were studied extensively by many mathematicians, cf.
Payne, Polya and Weinberger [16], Hile and Yeh [10], Chen and Qian [2],
Guo [8] etc.. The asymptotic behaviors of eigenvalues for degenerate elliptic
operators were considered by Beals,Greiner and Stanton [1], Menikoff and
Sjostrand [15], Fefferman and Phone [3, 4], Garofalo and Shen [7], respec-
tively.
In this paper, we are concerned with the following eigenvalue problem

(1.1) — Apg, u=Au, in Q, u=0, on 0N
(1.2) (—Ag,)*u=du, in Q, u= gu =0, on 0N
v
ou of—1y
k .
(13) (—AHn)U:)\U, m Q,Uzgz"':WZO,OHaQ

where 2 is a bounded domain in the Heisenberg group H,,, with smooth
boundary 92, n > 1, v is the unit outward normal to 92, k > 3 is a positive
integer. Let Ap, denote the real Kohn-Laplacian in the Heisenberg group
Z?:l(XJ2 —i—YjQ), where X; = % + %%,YJ = % - %%,j =1,...,n,T =
%. The existence of eigenvalue for (1.1) has been proved by Luo and Niu
[12, 13, 14] using the Kohn inequality (see [11]) for the vector fields { X}, Y}
together with the spectral properties of compact operators. In what follows

we let

(1.4) 0<A <A< --<Ap <o — 400

325
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denote the successive eigenvalues for (1.1) with corresponding eigenfunctions
UL, Uy« - oy Uy - - 1IN Sé’Z(Q). Here, S12(Q) denotes the Hilbert space of
the functions u € L*(Q) such that X;u, Y;u € L?(Q), and Sé’z(Q) denotes
closure of C§°(2) in the norm

ful200 = /Q (m. ul? + [uf?)de dy dt

where Vg, u = (z1u, ..., Xpu,Y — lu, ..., Y,u) normalized so that
(ui, uj) = / wiujdedydt = 0;, 1,7 =1,2....
Q

For simplicity we will leave out €2 and dxdydt in all integrals in the sequel
and denote L = —Ap,, .

It is clear that these statements are also valid for the problems (1.2) and
(1.3) and the eigenfunctions belong to Sg’z(ﬂ) and Sg’z(ﬂ) respectively.

We will derive some upper estimates which are independent of the domain,
for the eigenvalues of (1.1), (1.2), and (1.3), respectively. The noncommuta-
tivity of vector fields {X,Y;} makes the discussion of these problems more
complicated than one in the case of Euclidean-Laplacian. Furthermore, we
will also consider the eigenvalues of generalized Baouendi-Grushin operators
[6].

The paper is constructed as follows: Section 2 presents some identities and
inequalities based on the vector fields {z;,Y;,T},j = 1,...,n, which show
the reason that the problems (1.1), (1.2) and (1.3) are treated separately.
The main estimates for the eigenvalues of (1.1), (1.2) and (1.3) are given in
Section 3, Section 4 and Section 5 respectively. We conclude Section 6 by
estimating eigenvalues of the generalized Baouendi-Grushin operator.

2. Some preliminary lemmas.

We establish some properties for the commutative vector fields {z;, Y}, T},
(j =1,...,n) which are of independent interest.

Lemma 2.1. Given any positive integer p,1 < p < k, we have
(2.1)
) - QoG
i=1,....m,...,5=1,...,n.
Proof. Since
X1(z1ug) = u; + 21 Xqu,
Xj(z1us) = 21 Xju4, i=2,....,n,

}/}(l’lul) :alejuZ-, j :2,...,71,
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and
X%(mui) =2Xqu; + xleui,
ij(aclui):ale]Zui7 ji=2,...,n,
Yf(:ﬂlui) :lefui, ji=2,...,n,

we obtain

(2.2) L(ziu;) = 21 Lu; — 2X 4,

and so

(23) Lp(xlui) = Lp_l(le’U,Z‘ — 2X1UZ) = Lp_l(:(}lLui) — 2Lp_lX1uZ'.
Changing u; in (2.2) to Lu; yields
L($1L’U,Z) = .T1L2ui — 2X1Lul

and so

Lp_l(.%lLui) = Lp_2(x1L2ui) — 2Lp_2X1LuZ'.
Substituting into (2.3) and repeating these steps, we prove the first formula
in (2.1) for L¥ (zqu;). O
Remark 2.1. When p = 1,2, we have

(2.4) L<$J“> — <x7>Lui _ 2( ]>ui
yju Yj Y;
(2.5) L2 (”33“) — (IJ>L2ui —2( ]>Lui —2L( J>u,-
Yjui Yj Y; Y

respectively. It yields the main difference in the following estimations.

Let
O< < <l - <\ <.
denote the eigenvalues of (1.1) ((1.2) and (1.3), respectively) with corre-
sponding orthogonal normalized eigenfunctions uy, ug, . . . , U, . .. in 88’2(9)
(53’2(9) and 55’2(9), respectively).
Take the trial functions

m m
(2.6) iz, = TjUi — E Qilz; UL, Piy; = YjUi — E iy W
i1 i—1
1=1,....m3=1,...,n,

where Qjlz; = f:rju,;ul, Qily; = fyiuz-ul. It is easy to know that each function
of (2.6) is orthogonal to uy,...,u, and vanishing on 9f.

Lemma 2.2. For m > 1, it holds

mo .
(2.7) Z/%ijjui = Z/%‘yijui =-5J=L..n
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Proof. We only prove the first equality in (2.7). Since a;iz; = ayiz;, Jo wiXju;
= — [ uiXju; and thus >0 Gl J wXju; =0, one has

Z/(piijjui = Z/(:ﬁju@ - Zaill‘jul)Xjui
= Z/azjuinui —Z/Xj(l'jui)uz
i i
— _Z/uf —Z/a:juinui
i i
=—m— Z/xjuinui.
i

The desired equality is derived immediately. ([

For simplicity, we let u; € C§°(2) in what follows. Obviously, by the
density property, the following results are valid for u; € Sé’z(Q).

Lemma 2.3. For any p > 1, we have

(2.8) </|VLul]2) (/WPHW) 1,i:1,...,m,...,

where Jpu = (Xqu, ..., Xpu, Yiu, ..., You).
Proof. Evidently, for p > 1

frowns=— founs (f) (Jums)' = (f o)

by the induction assumption it follows that

/|V§,uz’2 /VL U; \/ ];H Uj
< ( / \vfz—luz-ﬁ) ( [ uﬁ)
< (/\v’z Ui’2> (/|v”+1 uz!2>

Therefore the assertion of the Lemma is proved. ([

N

As a consequence, we have:

Corollary 2.1. For k in (1.3), we have

(2.9) [190ul < (/w’z m?)’i
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Lemma 2.4. Forp>1,

s+1
X P (—1)% A3
2.10 P77 =) ¢ o | LPTE(2T)5,
e ()£ g ) 7
where j = 1,...,n; [o] denote the largest integer part of e, Cp = s!(pi—!s)l’

A =Xj, ifs=0,24,...; A5 =Y, ifs=13,....
Proof. A direct calculation gives
LX; =X,;L-2TY;, LY; =Y;L -2TX;,j—1,...,n.

By the induction assumption that

X =" p—1C, as(-1)E A L 2r),
s=0
it follows
p—1
s+1
PX; =L |3 Cpas(-1)FAsLr— Y (27)?
s=0

= X;L" —21Y; P!

p—1
+ > Cpas(-DIENXGL - 2Ty L 2

s=2(seven)

p—1
+ > Cpas(-)IFIYL — 2T L 2T
s=1(sodd)
= X;L" —21Y; P!

p—1
+ Y Gas(-)IFIX LTy

s=2(seven)

Y Gs(-)Fy i)t

p—1
s+1
s=2(seven)

p—1
+ > Cuas(-DIEIX L2
s=1(sodd)

p—1
— Y Gpas(-)IFy e o)t
s=1(sodd)
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p—1
= > [Cpfls(—l)[%]Xij_s@T)s

s=0(s even)

+ C;j(—l)[ngij_s(QT)s}

p—1
+ [— Cyp1s — 1(—1)Bly;LP—2(27)*
s=1(sodd)
O () ey |

p
= Ca(-nlElasrr2r)?,
s=0

where we have used that Cp—1s + Cp—1s —1 = € in the last equality;
[%] = [g] if s is even and [%] = [%] + 1 if s is odd. This proves the
first equality in (2.10). Another equality is proved similarly. O

Lemma 2.5. Forp > 1, it has

1
(2.11) / TLP ;- TLPu; < 5 / LP 2y, - LPT
(2.12)
1
/TLpui -TLpu,- S —_—— /Lp”ui 'Lpﬂui%—/LpHui -Lpui .
2(2n — 1)

Proof. Since tu; = Y; Xju; — X;Yu;, j =1,...,n, we get

n / TLP ;- TLPu,
n
j=1
n
j=1
n
<> / [(TX;LPu;)* + (Y LP  u)? + (TY; LPu;)? + (X LP ™ uy)?]
j=1

n
=> / [— TX2LPu; - TLPu; — YLy - P
j=1

— TY? LPu; - TLPu; — X207 u; - L,

= / TLP ;- TLPu; + / LP 2y, - Py,
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and (2.11) is proved. As for (2.12), one has
2/TLpuZ- -TLPu; = 2/TVL LPu; - T <7 LP~ Yy
< /(T Vi LPui)® + /(T v P )
= /TLpHui -TLPu; + /TLpui -TLP 1y,

[/ Lp+2ul- . Lp+1ui + /Lp'Hui . Lpui]

and the conclusion is obtained. O

1
<
—2n—1

Corollary 2.2. For positive integers a,p > 1, the following inequalities
hold:

1
(2.13) /T“Lp+1ui St LPu; < (Qn—l)a/Lera+1ui . [Ptay,
(2.14)
1
/(TGLP+1UZ-)2 < m {/ Lp-i—a-i—lui . Lp-i—aui + Lp—&-aui . Lp—|—a—1ui

Proof. It is easy to obtain from (2.11)

< 1
~ (2n-1)°
and from (2.12) and (2.13)
1
TLPu;)? < ————
/( ) S 5
+ / T“_ILP'HUZ- . ta_leui]
< 1
~2(2n—1)
This completes the proof. O

/ TPy, - t9LPu; < 5 1 . / T L2y, e oy, <

/Lp+a+1ui [Py,

|:/ Ta_le+2Ui . ta_le+1Uz'

[/ LPJraJrlui . LPJraui 4 /Lp+aui . Leraflui

3. Estimates of eigenvalues for (1.1).

Theorem 3.1. For m > 1,

2 m
(3.1) Am1 = Am < — (Z; )\i> .
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Proof. By the choice of trial function ¢;;, (see (2.6)) and the Rayleigh-Ritz
principle for Ay, , we have

Am+1 <
" f"Pim’Q ’

1=1,...,m,

and then
m m m
3 [l <X [19m ol =3 [ Lo - pun.
=1 i=1 =1

By (2.4), the right-hand side becomes —2 [z, X1u; +X; f%le and we ob-

tain
m m
O =23 [t <23 [
=1 =1

Repeating the argument to ¢;,, (j =1,...,n) yields

(3.2) A1 = Am) Em: i/ (‘p?xa' * (’Ogyf)

i=1 j=1
m n
<=2 [ (i, Xyt ou, Vi),
i=1 j=1
By Lemma 2.2 and Holder’s inequality

m n
mn = — Z Z/ (@iz; Xjui + @iy, Yjus)

i=1 j=1
1
2

1
2
17] l’]

. (z Ai)é S [ (A + ) %

ihj
hence we have
~1
5 [ (et ) = ot (0]
i i
Returning to (3.2), the result is proved. O

Remark 3.1. (3.1) is a generalization of Payne-Polya-Weinberger theorem
for Dirichlet eigenvalues of Euclidean Laplacian to our context here.
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Introducing a parameter o > \,,, we have

(3.3) (Amy1—a) Z/ (go?xj + @?yj> < —22/ (Pia; Xjui + iy, Yus)
.3 .3
- Z(Oé - AZ) / (90@21] + Qogyj)
1,J

and for some § > 0,

mn = — Z/ (Pia; Xjui + iy, Yjug)

< g ;(a ) / (%ij + ‘p?yj)
+ 2*15 SCERO / [(Xjui)® + (Yu)?] .

It is easy to see

-1
o= [ (452, 2w (£ 25)

So an extension of Hile-Protter theorem is easily obtained:

Theorem 3.2. For m > 1, one has

4. Estimates of eigenvalues for (1.2).
We denote the eigenvalues of (1.2) by
D<A < A< <A< oo — 00
with corresponding eigenfunctions uq, ug, . .., Uy, ... in SS’Q(Q).
Theorem 4.1. Let m > 1. then the following estimate holds

(4.1) Nos1 — Ay < 2+ 1) (Zf)

mn2

Proof. Following the argument of (3.3) and noting (2.5), we have
(42) ()\m+1 — OZ)S < J — T,
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where « is a parameter, a > A,
_ 2 2
S - Z/ (SOZZ‘] + (Piyj)
/[:7.].

J = —22/ [(LXj + X;L)u; - iz; + (LY + YiL)ui - @iy, ]
T=e-n) [ (o o).

We need two propositions:

Proposition 4.1.

(4.3) J<4(n+1) i Vi
=1

Proof. Noting (2.6), one has
> / (LX; + X; L) - ia,
= Z/ LX +X L '<x]ul Zazlxjul>
= Z/ (Xju; L(zju;) — Lug - Xj(zjus))

- Z /(ailxj Xjui Ly — @iz Lug - Xjuy)

éMl + M.

Since ajiz; = Qig;, 1,1 =1,...,m, we see Mz = 0. On the other hand, (2.4)
implies
> / (LX; + X;L)u; - ia,
i
=M = Z / [Xjui(—QXjui + x]Lul) — Luz(ul + x]XJul)]

%

Similarly, we have

7 7
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Therefore by Holder’s inequality we obtain

J= —QZ [/ —2Lu; - uj — Qn/uiLui]
=4(n+1) Z/UiLUi

§4(n+1)z</u?>% </(Lu,-)2)é

]

=4n+1)> VN

Proposition 4.2.

(4.4) T > m?n? (Z 04—\/)\2\)

Proof. By Lemma 2.2 and Holder’s inequality we have

-1

(4.5) mn=— Z /(Soiijjui + Piy; Yjui)
1,J

1
2

<> Z/(%O?xﬁw?yj) | [Z/«Xjui)“(%uf)

i J
1) 2 2 1 !
) B ‘ 1 1 Tt
5 “(a AD/(‘PZJ:J +‘)Olyj) + § & a—)\i/UZLUZ
i
1 i
<Opy Ly VA

where § is some positive parameter. After minimizing the right-hand side
of (4.5), the result is proved. O

Proof of Theorem 4.1. Substituting (4.3) and (4.4) into (4.2) yields

)1.

The inequality (4.1) is obtained with the similar discussion in [10]. O

o —

Amt1 —@)S <4(n+1)> /A —m’n’ (Z \/7;
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5. Estimates of eigenvalues for (1.3).

Theorem 5.1. If k > 3 is odd, then
(5.1)

DTy,

Mgl — Am <
m—+ m2n2

k m k—2
(2n+4)k2)\i’“ + Cy(n, k) Z(AH—Af )]
; =1

and if k > 4 is even, then

DPY,

(5.2) )\erl A < 20

m
(2n + 4) k:Z)\ o + Cy(n, k) Z ]

=1 i=1

where Cy(n, k) and Ca(n, k) are the constants depending on n and k.

Proof. Using the trial function ¢;,, (see (2.6)) and the Rayleigh-Ritz in-
equality, we have

>\m+1 < /QpileKSOixl

/ (Pzzl (wluz Z Ailxq ul)

k
= /‘Pizl NiTiu; — 2 Z Lk_leLq_lui
q=1
k
= )\i/aple - 2/ S LML= 1w | iy =1, m
q=1

Introducing a parameter (3, we have

et =L [ el < 3= [ o -2 X [ 1 g
1,9

Let

S= (e

'Lljl

= Z Z(ﬁ - Aj)/ (s@?xj + w?yj) ,

i=1 j=1

:—2222/ Pia, LFTIXGLI g + gy, LM UX LT 1u2>,

i=1 j=1q—1
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we have
(5.3) ()\m+1 — ,B)S + I < Ds.
Applying Lemma 2.2 yields

ne |3 [ (et )]

and summing over j gives

Ien 1 )
2mn§5[1+5;ﬁ—)\i/|VLui| ,

where 4 is a positive number. Then we have by Corollary 2.1

N

[Z/ [(Xjui)? + (Yjui)?

5 Y

After choosing the minimum of the right-hand side, we derive a lower bound
of I 1.

2mn<6[1+7 Z

1 —1
k

8=\
Now we estimate [o. Notice the following relation by (2.1)

_ _ 1
_Zail:cj /uqu lXqu Yu; = 5 Za”%’ /<u1Lk(a:jui) — xjulLku,-> =0
i,L

i,l,q

(5.4) I > m?n? Z

and

_Za”?ﬁ /uqulequui =0, 4l=1,....mq=1,...,k.
i,0,q
Therefore we have
(5.5)

Ih =-2 Z (a;juiLk*quqului + yjuiLk’quLq’lui)

7,9
_ —2Z/<Lk 9 (aju;) X; L0 s + LR (yu )YJqulUi)
7,9
k—qg—1
:_QZ{/<<ijkqui_2 Z quTXerlui>Xqului
%,J,9 r=1

—2X; Ly, Xqului>
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k—q—1
+ / <ij’“%,~ —2 Y Iy Ly, —2Yijq1u,~-Yqu1ui>}.

r=1
Since
b T, X,
) (e
= \Y Yj
= — Z [/ Lk_qui . qului + ( J' ?)Lk_qui . Lq_lui]
' Yitj
we have
k .
M I L
q=1 Yj J
1 k
= —5 Z/Lk_qu, . Lq_lui
q—1

On the other hand

> / (Xij_q_lUi-Xqu_lUmLYij_q_lui-Yqu_lul)
J

= /Lk_lui-ui

so it follows
(5.6)

m

I = (2n+4)kZ/Lk_lui-ui
i=1

k—q—1
+4Z/< > LTXG L - XL
1,459 r=1

k—q—1

+ ) LFrTY L Yqu_lui)
r=1

— (2n+4)k§:/Lk_1ui.ui
k—qz—:rl k—q—r
+4Y [Z iy (D)5 4

1,7, r=1 s=0

A s 0 R LTI @F a0
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k—q—r
+ Y G (—DBElAS e (o) Ly Y Ly
s=0
k—q—1
5 (20 +4) kz/Lk w43 Y (4 I
4, =1

where we have used Lemma 2.4. We obtain that
(5.7)

I3(s odd) + I4(s odd)

= {/qur——)@)YﬁqTSQﬂLT%zXLq%z
s<k— q r,s odd

+/le?—q—r(_1)[S]Xij_q_T_s(QT)er_lui . }/]Lq—luz

- - [ iy -Ex, - X))
s<k—q— rsodd

Lk q—r— S(QT)erflui'qului

D SR 1 L R A A

s<k—q—r,sodd

- _ Z 28C1§—q—r(_1)[%} /TSHui . kaszUi

s<k—q—r,sodd
where T' = Y; X; — X;Y;. Similarly,
(5.8)
I3(s even) + L4(seven) = Z 250;2_q_r(_1)[%] /Tsui L5y,

s<k—q—r,seven

First let k£ be odd. If s is odd, then by (2.14)

(5.9) (_1)1+[;]/T5+1ui_Lk52ui
S R N
é%mjn31Ui%w%“ﬁ?w+/L%w“ﬁ;4¢

1
= o et |:/Lkui‘ui+/Lk_2Ui'ui:|,
2(2n — 1)
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and if s is even, then

(5.10) (-1l / Tou, . LF5 1,

:(_1);+[§]/(T3Lk§1ui)2
1

k-1 k-1 k-1 E-1_4
Sm L2 ’LLZLQ’U/Z—F L2’LLZ“L2 U;

= % [/Lkui‘ui—l—/LkQui‘ui] (k > 3).
2(2n—1)2

Summing (5.9) and (5.10) yields
(5.11)

I < (2n+4)kZ/Lk1ui -
=1

1

k—q—1
+4 Z Z Z 2SC,§_q_Tm

i3, =1 s<k—q—r(sodd)

1
+ 2°Cy_,—————= /LkuzuZ +/Lk2ui-ui)
2 R o(on — 1)3 (

s<k—q—r(seven)

<(@2n+4)k) / LF Y
=1

k—q—1 2508 2503

ey y X,y S

1,3,q r=1 s<k—q—r(sodd) (2n - 1) 2 s<k—g—r(seven)

. </ Lkui c U+ /Lk_2ui . ul>

< (2n +4)k Zm: (/ LFu,; - u) w
=1

Tk

k
k-1 m k-2
A\ F +Cl(n,k)z [)‘H')‘ik ] ’
i=1

NE

+ C'1 (Tl/, k)

=1

o
I

< (2n+4)k

(2

NE

-.
Il
—
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where we have used Lemma 2.3. Note that

[NIES

kg1 k—q—r
C’l(n,k)§2nz Z <1+(2ni1)> .

qg=1 r=1

Substituting (5.11) in (5.3) leads to

st — B)s < 20+ DY AT

i=1

m ko1 m \
—i—Cl(n,kJ)Z</\i+)\i’C >—m2n2 Zﬂ_)\‘

i=1 i=1 g

=

Along with the method in [10], we obtained (5.1).
Now let k be even. If s is odd, then by Corollary 2.2

s+1 k—s—3 s+1 k—s—3
= =L 2 Tl

(_1)[§]+1/Ts+1UiLk_S_2ui — /T 2 [~ 2 u; + T 2 Ug

1 k—2 k—2
L=z thyL 2w

IN

(2n —1)°%
1 k—1
= P L g - Ug
(2n—1)=

and if s is even, then

(—1)[%] /TsuiLk—s—lm - /T;L Sy - TgL%—Hui
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Summing two inequalities above yields
m
Ié < (2n+ 4)KZ/Lk_1ui U
i=1

k—q—1 25(C's

ay s [y X

i,J,q T=1 s<k—q—r(sodd) (2n B 1) ?

250
+ 7_(1_: /Lklui C UG
Z (2n—1)2

s<k—q—r(seven)

2 (2n +4)k Z/Lk_lui -u; + Ca(n, k) Z/Lk_lui - U
i=1 =1
m mooe

k-1 k-1
<@n+DkY NF 4 Con k)Y N

i=1 =1

Note that
k

q—1 k—q—r
Cg(n,k:)gélnz Z <1+(2ni1)§) .

qg=1 r=1

Then proceeding with the same way for proving (5.1) we deduce (5.2). O

6. Eigenvalues for generalized Baouendi-Grushin operator.

Consider the eigenvalue problem

(6.1) —Lu = \u, in Q
u=20 on

where L denote the generalized Baouendi-Grushin operator

M N
(6.2) L=) X}+> Y
i=1 j=1

with the nonsmooth vector fields

0 0
(6.3) Xj= g i= b M, Yj:|x|aa—yj, j=1,...,N,
a>l,ae R, M,N >1and M+ N =n. Q is a bounded domain in R"
with smooth boundary 0f2.

The existence of eigenvalues for the problem (6.1) can be proved with the
method in [12] and the embedding theorem in [6] and then (6.1) possesses
a system of eigenfunctions {uy} that forms an orthonormal base, with the
corresponding eigenvalues {Ap} : 0 <A\ < Ao < ...
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By choosing the trial functions
(6.4) Qpe, = Tiup — Z Ahlz UL, Phy; = Yilh — Z aply;u, h=1,...,m,
i=1 '

we have

(6.5) G = ) 3 Z / o, +Z / o,
h=1
M N
< —22 Z‘PhxiXiuh+Z/’x‘a90hyj}/iuh
: P

=1 =1

Noting that

M m mM
ZZ/@hxlX Up = —?7

i=1 h=1

N m

S5 [omvim=-5 3 [leP
7j=1 h=1

and Schwarz’s inequality, we get

mM mM N
m Z / o

m
<y Z [ one X +Z / 21 hgy Vyun
h=1

[NIES

m M N
< max(1, d%) Z Z/|<Ph:ci’2+2/|90hyi|2
h=1 \i=1 j=1

: [}é/(—Luh)uhr

where d is the diameter of 2,, the projection of {2 in the y-space. Then

m M N 2 2
9 9 m*M
; /'whxz, * ; /|90hy]| ~ dmax(1,d?*) >0 M
=1 ]:1 h=1

h=1

Returning to (6.5), we prove the following:
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Theorem 6.1. Let m > 1, then

m

4dn do
)\m+1 = )\m S m maX(l,d );)\h

Remark 6.1. This shows that the upper bounds for eigenvalues of (6.1)
depends on the domain.
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