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LOCAL COLLAPSING THEORY

F.T. FARRELL AND L.E. JONES

The purpose of this paper is to introduce a variant of the
geometric collapsing theory for Riemannian manifolds con-
tained in the joint work of J. Cheeger, K. Fukaya and M.
Gromov (henceforth called the “C-F-G-theory”). The au-
thors make important use of this variant geometric collapsing
theory in Farrell and Jones, 1998(2), to develop a theory for
collapsing foliated Riemannian manifolds and then to prove
topological rigidity for certain aspherical manifolds in Farrell
and Jones, 1998(1).

0. Introduction.

Cheeger-Fukaya-Gromov have developed in [4] and in their earlier papers [5],
[6], [10] and [11] a theory of “collapsing” Riemannian manifolds (henceforth
referred to as the C-F-G-theory). The purpose of this paper is to introduce
a variant of the C-F-G-theory which is needed by the authors in [9] for
developing their theory of “collapsing” foliated Riemannian manifolds, and
in [8] for proving topological rigidity for A-regular complete non-positively
curved Riemannian manifolds of dimension greater than four.

Recall that a Riemannian manifold (M, g) is said to be A-regular for some
sequence of positive numbers A = {4;} if we have that

(0.0) |VR| < A;

for all i, where the indices 7 vary over all the natural numbers and V'R is the
i-th covariant derivative of the curvature tensor (cf. [4, p. 334]). Note that
the 0-th condition means that the sectional curvature values are pinched; i.e.,
bounded away from t+o0o. The C-F-G-theory, as well as its variant developed
in this paper, both apply to any complete A-regular Riemannian manifold
(M, g). In the rest of this paper we shall always assume that (M,g) is a
complete A-regular Riemannian manifold.

The main results of C-F-G-theory are reviewed in Appendix 2 below
(cf. A.2.2 and A.2.3). These results tell us that each sufficiently small piece
of a complete A-regular Riemannian manifold (M, g) has a neighborhood in
M denoted by V which is equal to the orbit space A\V of a free and prop-
erly discontinuous group action A x VoV by isometries; the Riemannian
manifold V (which is just a covering space of V') has injectivity radius at all
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points greater than §, where 6 > 0 depends only on the {4;} and dim M;
and the action A x V — V extends to an effective group action H X VoV
by a Lie group H which is both virtually connected and virtually nilpotent,
and which contains A as a co-compact discrete subgroup.

In the remainder of this section we will formulate the main results of this
paper (cf. Theorems 0.3 and 0.5 below); and give a brief outline of the paper.

In 0.1-0.3 below let r : U — B denote a smooth mapping from a subman-
ifold U C M (with OU = ¢) onto a Riemannian manifold (B, gp).

0.1. The curvature K(r;M). We let K(r; M) denote the glb (greatest
lower bound) of all numbers o > 0 which satisfy the following properties for
any smooth path f:[0,1] — U:

(a) ©(TUsqy, Pr(TUy())) < o(length(f));

(b) |1Drgy = Pr(Dryo)ll < o(length(f)).
Here O(V, W) denotes the angular distance between planes V and W (i.e.,
the maximum of the angular distance from each vector of V' to W and from
each vector of W to V'); and Py denotes parallel translation along f in (M, g)
in Part (a). In Part (b) Py(Dry)) is defined to be the composite map

Prog o Dry) o mo Py TUyp) = TBroj),

where Py is a parallel translation in (M, g) along the path f(t) = f(1 —t),
and 7 : T'Myg) — TUy (g is orthogonal projection, and P,or denotes parallel
translation along r o f in (B, gp). Note that K(r; M) depends on U and
(B, g) as well as on r and (M, g).

0.2. Infranil cores. An infranil core for (M, g) consists of a smooth sub-
manifold U C M with empty boundary, Riemannian manifold (B, gg), and
a smooth bundle projection r : U — B, such that the following properties
hold:

0.2.1. (a) The fibers of r are infranil manifolds; in particular they are closed
aspherical manifolds with 7 an infranil group. (Recall that an “infranil
manifold” is a double coset space I'\G/K where G is a Lie group which is
both virtually connected and virtually nilpotent, K is a maximal compact
subgroup and T is a torsion free, co-compact, discrete subgroup of G.)

(b) B is an open ball centered at the origin of some Euclidean space R";
and ¢gp is the Euclidean metric.

(¢) U € M has a well-defined tubular neighborhood E of radius equal
radius(B). That is the exponential map exp : T5-(U) — M is a smooth em-
bedding with image equal E, where ¢ = radius(B) and where 7, (SLU denotes
the set of all v € T'M); which are perpendicular to U and which satisfy
lv| < 0.

The radius of an infranil core r is defined to be the radius of B if B #
point. If B = point, then the radius of r is a fixed number § > 0 such that
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U has a well-defined tubular neighborhood in M of radius ¢ (as described
in 0.2.1(c)).

Remark 0.2.1.1. In the preceding definition of “infranil core”, by the
boundary of U we mean the manifold boundary. So typically U is a non-
compact manifold without manifold boundary. The closure of U in M,
denoted C(U), is typically a compact manifold with boundary; and the map
r : U — B typically extends to a fiber bundle map C(U) — C(B) where
C(B) denotes the closure of B in R™.

Example 0.2.1.2. Let the double coset space I'\G/K denote an infranil
manifold. Let h : ' — O(k) denote a representation for I' into the group of
orthogonal transformations of R¥; and let I x (G/K) x R*¥ — (G/K) x R¥
denote the diagonal action. Set

M = (I'\(G/K) x R¥) x R! and U = (I'\(G/K) x 0) x B!

where B! denotes the open ball of radius 6 > 0 centered at the origin of R.
Define

r:U— B

to be the standard projection (I'\(G/K) x 0) x B' — B!. Thenr:U — B
is an infranil core for (M, g) having radius 0 for any Riemannian metric g
on M with respect to which U has a tubular neighborhood of radius § in
(M, g) (cf. 0.2.1(c)). (In Remark 0.2.2.1 below we construct such a metric

g-)
Now let r : U — B denote an arbitrary infranil core for (M, g) of radius

5. We shall say that r : U — B is (e, 0)-rigid, for numbers €,0 > 0, if the
following properties hold:

0.2.2. (a) K(r; M) < e(671).
(b) diameter(r~!(z)) < €4, for all z € B. (This refers to the diameter of
the manifold r~!(x) with respect to its Riemannian metric inherited from

(M,g).)
(c) For any w € TU which is perpendicular to the fibers of r we have that

(1 =e)fw| < |Dr(w)] < (1 + €)lw].

(d) For each v € T'M;; which is perpendicular to U there is a smooth path
f:[0,1] — U, which starts and ends at the foot of v, and which satisfies

length(f) < ed and 6 < O(v, P¢(v)).

Here O(v, P¢(v)) denotes the angular distance between vectors, and Py de-
notes parallel translation in (M, g) along f.



4 F.T. FARRELL AND L.E. JONES

Remark 0.2.2.1. The question arises as to when the example constructed
in 0.2.1.2 is (¢,0)-rigid? To answer this we first construct a specific Rie-
mannian metric g on the manifold M = (I'\(G/K) x R¥) x R of 0.2.1.2.
Let (, )g/x denote any Riemannian metric on G//K with respect to which
I'x (G/K) — G/K is an action by isometries; and let (, )rr and (, g
denote the Euclidean metrics on R* and R!. Define a Riemannian metric g
on M to be the quotient of the product of ( , )q/x and (, )gr and (, g
Note that (with respect to the metric g just constructed) we have that

K(r; M) = 0;
so Property 0.2.2(a) holds. Property 0.2.2(b) will hold iff
diameter(I'\G/K) < €

with respect to the metric induced on T\G /K by (, )q k. By construction
we have that

| Dr(w)] = [w]

for any vector w € T'U which is perpendicular to the fibers of r; so Property
0.2.2(c) holds. Finally, we note that Property 0.2.2(d) holds iff for each v €
R* and each z € G/K there is g € ', and a smooth path p: [0,1] — G/K
which starts at x and ends at g(z), which satisfy

length(p) < €0 and 6 < O(v,h(g)(v)).

Here length(p) is measured with respect to ( , )q/x, h : I' — O(k) is the
representation of I' given in 0.2.1.2, and O( , ) is the angular distance in
RF.

Existence Theorem 0.3. There is an integer n > 0 and a number 0 €
(0,1) which depend only on dim M. For any given € € (0,1) there is an
arbitrarily small decreasing sequence of positive numbers d1 > 6o > 03 > ...
having arbitrarily small quotients §;/€d;—1; each &; depends only on j, e,
dim M, {61,62,...,9;—1} and the A = {A;} of (0.0). There is, for each
integer n > 0 and for each p € M, an infranil core r : U — B for (M, g)
and a point p' € U which satisfy the following properties:

(a) The radius of r is equal 6. for some ¢ € (n,n+n); ¢ depends on p as

well as on n.
(b) r is (,0)-rigid.
(c) d(p,p') < €. and |r(p')| = 0.

Remark 0.3.1. U may be thought of as a stratum of lowest dimension
provided by the C-F-G-theory for collapsing a small piece of M; U is “col-
lapsed” along the fibers of r : U — B. This idea will be made precise when
Theorem 0.3 is proven in §3 below. Note that for some p € M there might
not be any collapsing at all: If the radius of injectivity at p is greater than
01 then we may choose U to be the open ball of radius §,, centered at p in
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M, B to be the open ball of radius d,, centered at the origin in T'M,, and
r : U — B to be the inverse of the exponential map.

Remark 0.3.2. The role of the integer n in Theorem 0.3 is not very ap-
parent; it becomes more apparent when the authors apply Theorem 0.3 in
reference [9]. The reader should try to understand Theorem 0.3 and its
proof for the special case n = 0; the general case n > 0 is handled in the
same way.

0.4. Thickened infranil cores. Let r : U — B denote an (¢,#)-rigid
infranil core of radius § > 0. Note that Property 0.2.1(c) assures us that U
has a well-defined open tubular neighborhood E of radius ¢ in (M, g) and
that the orthogonal projection p : E' — U is a well-defined bundle projection
map. (The orthogonal projection p : E — U is just the composite of the
usual fiber bundle projection T3 (U) — U with exp~! : E — T3 (U) of
0.2.1(c).) Define s : E — B to be the composite 7 o p; and define t : £ — R
by t(x) = d(z,p(x)) for all z € E. The pair of maps (s,t) represent a
thickened infranil core of diameter  which is the “thickening” for the infranil
core r. For each ¢’ € (0,0] we let B(d’) denote the open ball of radius ¢’
centered at the origin of B, and we set

E(8") =sYB()) Nt 1([0,6") and U(&) =r"YB()).

Comparison Theorem 0.5. Given 6 > 0 we lete,d > 0 denote sufficiently
small numbers, where how small is sufficient depends only on 0, dim M and
on the numbers A = {A;} of (0.0) above. Letr; : Ug — By, i = 1,2,
denote (€,0)-rigid infranil cores both of radius 6. If E1(5/9) N Ey(5/9) # ¢
then there is an isometry I : R¥ — RF (where k = dim By) such that the
following properties hold for each x € E1 N Es:

(a) d1mU1 = dim U2 and Bl = BQ.

(b) \tl(x) — tg(x)‘ < 0(6)(5

(c) [Tosi(x) = s2(x)| < O(€)d.

Remark 0.5.1. The notation “O(e)” appearing in the inequalities of 0.5(b)
and (c) means that there is a C*°-function g : R — R with ¢(0) = 0, which
is independent of the infranil cores r1, ro and of the numbers €, §, such that
when O(e) is replaced by the number |g(e)| then the resulting inequality is
actually true.

Remark 0.5.2. Suppose that all the hypotheses of Theorem 0.5 are still
in effect. Then Properties 0.5(a)-(c) are equivalent to the following three
properties. For each x € Uy N Ey let f, : [0,1] — p;*(p1(x)) denote the
geodesic with f;(0) = z, f,(1) = pi(x); and let G; denote the foliation of U;
by the fibers of r;.

(a) length (f.) < O(€)o.

(b) O(Py, (TUss), TUsjpy () < Oe).
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(¢) O(Pr, (TG212) TG1)py (x)) < Ofe).

This remark will be proven in Section 1.

This completes the statement of our main results of this paper.

The paper is organized as follows:

§1: In this section we focus on the Comparison Theorem proving Theorem
0.5 and Remark 0.5.2.

§2: In this section we formulate and prove a number of geometric lemmas
which will be used in the proof of Theorem 0.3. These lemmas concern
the isometric actions of connected nilpotent Lie groups which have “local
angle control” (cf. 2.1). Lemma 2.8 describes the properties of 1-parameter
subgroups of Lie groups which act with local control on themselves.

§3: In this section we complete the proof of Theorem 0.3. We begin with
a local collapsing structure for M near the point p (of 0.3) which is provided
by C-F-G-theory [4]. We then use the lemmas of §2 to modify this collapsing
structure so that we have better geometric control over the modified one;
now the desired infranil core U of 0.3 is taken to be the “thrice repeating
layer” of this modified collapsing structure (cf. 3.5.1).

We have also included two appendices at the end of this paper. In Ap-
pendix 1 we discuss A-regularity of a Riemannian manifold (M, ¢) in terms
of local (normal) coordinate systems for M; these results are used both in
§1 and §3 of this paper. It is recommended that this appendix be consulted
before reading Section 1. In Appendix 2 we formulate the results from C-
F-G-theory (cf. [4]) which are needed to prove Theorem 0.3 in §3 of this
paper. In particular we prove Theorems A.2.3 and A.2.5 which describe the
group action on the fibration of orthonormal frames. This appendix is best
read after reading §1 and §2 and before reading §3.

1. Proof of Theorem 0.5 and Remark 0.5.2.

It is recommended that the reader consult Appendix 1 before reading this
section.

Proof of Remark 0.5.2. We leave as an exercise for the reader to check that
Properties 0.5(a)-(c) (together with (e, #)-rigidity for ry, 2, and the inequal-
ity E1(6/9) N E2(5/9) # ¢) imply Properties 0.5.2(a)-(c).

To see that Properties 0.5.2(a)-(c) (together with (e, §)-rigidity for ry, ro,
and the inequality F1(6/9) N E2(6/9) # ¢) imply Properties 0.5(a)-(c) we
argue as follows: First note that 0.5(b), and the first equality of 0.5(a),
follow immediately from 0.5.2(a) and (b). The second equality of 0.5(a) is
equivalent to dim By = dim Bs (since r1 and ry are assumed to have the
same radius); and this last equality follows from 0.5.2(a)-(c) applied at any
x € ryH(0).
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Towards verifying Property 0.5(c) we first need a candidate for the isom-
etry I : RF — R¥ of 0.5(c). Choose ¢ € r;(0), and let V' C T(U;), denote
the subspace of all vectors which are perpendicular to 7| 1(O) at q. Note that
it follows from 0.2.2 (as applied to r1) that Dry : V. — T(Bj)p is a linear
isomorphism which satisfies

(i) (1= ¢)o] <[Dri(v)] < (1+€)lv|
for all v € V. It follows from 0.5.2(a)-(c), and from 0.2.2 (as applied to r32),
and from the inequality F1(0/9) N E2(6/9) # ¢, that Dsg : V. — T(B2),(q)
is a linear isomorphism which satisfies

(i) (1—0(e))v] < [Dsa(v)] < (14 O(e))|
for all v € V. (In verifying this last inequality the reader should recall that
d > 0 is chosen small relative to the {A4;} of (0.0).) Recall that B; = Bs
(cf. 0.5(a)), and that B is an open ball of radius § centered at the origin
of R*; in what follows we will identify T'(Bj)o with R* via the Euclidean
exponential map, and we shall identify T'(B2),, ) with T'(B1)o via Euclidean
parallel translation. Then it follows from (i) and (ii) that we may choose a
linear isometry L : R¥ — RF so that

(iii) |L — Dsg o (Dry | V)7 < O(e).
Now we define an isometry I : R¥ — R as follows:

(iv) I(0) = sa(q) and DI = L.
Note that it follows from (i)-(iv) (see also 0.5.2(a)-(c)) that:

(v) ITosi(q) = s2(q) and [[D(I 0 51)g — D(s2)q] < O(e).
Recall that K (s : M, ¢) is defined preceding the statement of Theorem A.1.6
in Appendix 1. By applying Theorem A.1.6 (from the Appendix) to both
s1 and s we may deduce that

(vi) K(s1;M,3) < O(e)d~t for i = 1,2.
Now Property 1.5(c) follows directly from (v) and (vi).

This completes the Proof of Remark 0.5.2. O

Proof of Theorem 0.5. Let f : R™ — M denote a map which is just the
composition of a linear isometry R™ — TM, with the exponential map
exp : TM — M, where ¢; € 7“1_1(0). We note that for § > 0 sufficiently
small the restricted map f : Blj; — M is a smooth immersion, where for
any z > 0 we let B]" denote the open ball of radius = centered at the origin
of R™. (How small is sufficient for ¢ here depends only on the dim M,
A = {A;}; see Corollary A.1.2 in Appendix 1 for further details.) For each
1 =1,2 we set

Ui = f~Y(U:) N BYas and G; = f~1(G;) N Bl

Note that Properties 0.5(a)-(c) follow immediately from 0.2.2(a)-(c) (as ap-
plied to each of r1, r9), from 0.5.2, and from the following claim: In the
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following claim the manifold Bfj; is equipped with the Riemannian struc-
ture f*(g), and we denote by P,( ) the parallel translation along a path
u: [0,1] — BJjs with respect to f*(g), and we denote by ©( , ) the angular
distance with respect to f*(g).

Claim 1.1. For each z € Uy N B there is a smooth path w : [0, 1] — B,
with u(1) € Uy and u(0) = x, so that (a) (b) and (c) hold:

(a) length(u) < O(e)d.

(b) @(T(:f1|u(1),Pu(T[:f2|u(0))) < O(e).

(¢) O(TG1ju), PulTGpu(0))) < O(e).

By the hypothesis of 0.5 (that E1(6/9) N E2(5/9) # ¢), and since the
Euclidean metric on Bfj; is a close approximation to f*(g) (cf. A.1.2), we
may choose x; € UiﬁBg% fori =1,2. Let V; C R™ and H; C R™ denote the
vector subspaces obtained by parallel translating (in the Euclidean metric)
the tangent planes TUim and TQi|mi to the origin of R™, and let O.( , )
denote the Euclidean angular distance between subspaces of R™. Now we
may deduce from results in Appendix 1 (cf. A.1.2 and A.1.4), and from the
curvature restriction placed on r by 0.2.2(a), that the following linearized
version of 1.1 is actually equivalent to 1.1.

Claim 1.2.
(a) There is y € Vi + 1 such that |zo — y| < O(e)d.
(b) @e(Vl,Vg) < 0(6)
(C) @e(Hl,HQ) S O(e)

Thus to complete the proof of 0.5 it will suffice to verify Claim 1.2. To-
wards this end we first wish to “linearize” Properties 0.2.2(a)-(d). Note
that for each z,y € Bg% with f(z) = f(y) there is a smooth embedding
h: Bg’/LG — BJs /3 and an isometry A : R™ — R™ which satisfy the
following properties (see Corollary A.1.3 in Appendix 1 for further details):
1.3. (a) h(z) = y; and for all z € Bf}g we have that f(z) = foh(z).

(b) h(0) = h(0), and for all z € Bf}s we have that |D(h — h).| < O(e).

() h(U:i N Byjs) C Ui N By .

Now the “linearized” versions of 0.2.2(a), (c) and (d) as applied to 1, r2
(which follow from 0.2.2(a)-(d) as applied to 71, r2, and from 1.3, and from
A.1.1-A.1.3) can be formulated as follows. For each isometry h from 1.3 let

h, denote its rotational part.

1.4. (a) For each v € V; which is perpendicular to H;, and for each h in 1.3,
we have that

Oc (v, hr(v)) < O(e).
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(b) For each w € R™ which is perpendicular to V; there is an h from 1.3
such that

0/4 < O.(w, h.(w)).

The linearized version of 0.2.2(b) (which follows from 0.2.2(a)-(d) as ap-
plied to 71, ro, and from 1.3, and from A.1.1-A.1.3) can be formulated as
follows. Set @QQ; = H; + x; and let d.( , ) denote the Euclidean distance in
the following:

1.5. (a) For each y € Q; N B™(§) and each h of 1.3 we have that
de(h(y), Qi) < O(€)s.
(b) For each y € Q; N B™(6) there is a map hy,; from 1.3 such that

de(y, by i(2:)) < O(e)d.
Now we can use 1.4 and 1.5 to verify 1.2.
We begin by verifying 1.2(c). Let u € H; be a unit vector and set g(t) =
x1 + tu for t € R. It will suffice to verify the following inequality for some
fixed b € (0,6) and all t € [—§/9,8/9]:

1.6. b— O(€)5 < de(g(t), Q) < b+ O(e)s.

For any ¢ € [—§/9,0/9] it follows from the fact z; € By, that g(t) € Bfs.

Thus we may apply 1.5(b) (with y = g(¢) and i = 1) to get a map hy
satisfying

de(g(t), Ey,l(u’ﬁ)) < O(e)9.

Let x € Q2 denote the orthogonal projection of x1 onto Q2. By applying
1.5(a) to x € Q2 with h = hy,; we get that

de(hy,1 (), Q2) < O(€)3;

and it follows from this last inequality, from the fact that z —x is perpen-

dicular to @2, and from the fact that h,; is an isometry satisfying 1.5(a)
for ¢ = 2, that we have

|:IZ — .731| — 0(6)(5 < de(h%l(a}l), QQ) < ‘1’ — a:1| + 0(6)5

Now 1.6 follows from the first and third of the last three inequalities for
b=z — x|

Now we can verify 1.2(b). Let H; denote the orthogonal complement
for H; in V;, and let V;J- denote the orthogonal complement of V; in R™.
For each unit length vector u € Hi- choose v € Vo and w € Vz- such that
u = v + w; and choose v1 € Hy and vy € HQJ- such that v = v1 + v9. Since
1.2(c) has already been verified, to complete the verification of 1.2(b) it will
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suffice to show that |w| < O(e). Use 1.4(b) (as applied to V) to choose h,
such that

Oc(w, hyr(w)) > 0/4.
By applying 1.4(a) to u € Hi- we get that

Oc(u, hyr(u)) < O(e).
We deduce from 1.2(c), and from 1.4(a) as applied to vy € Hs-, that

lv1| < O(e) and O, (ve, hy(v2)) < Ofe).

Finally, by using these last few inequalities, and the triangle inequality, and
the fact that

2O (2, y)/4 < & — y| < 4z[Oc(x,y)
holds for any two vectors x,y € R™ of the same length, we get that
O(€) > |u— hy(u)] > |w — hy(w)] — v — hy(v)| > Olw|/16 — O(e).

From which we deduce that |w| < O(e) as desired.
Before verifying 1.2(a) we first remark that 1.4(a) and 1.5(a) together
imply that:

L.7. ©c(Vi, he (V) < O(e)

for all h from 1.3 and for i = 1,2. Now to verify 1.2(a) we set x5 — 1 =
v +w where v € V; and w € Vi+. It will suffice (by 1.2(b)) to show that
|lw| < O(€)d. Use 1.4(b) (as applied to V1) to choose h as in 1.3 so that

Oc(w, hr(w)) > 0/4;
and use 1.5(a) (as applied to x; +v € Q1) to get that
de(h(z1 + v), Q1) < O(e)d.
Note that 1.7, and the fact that h, is an isometry, together imply that
O (hr(w), Vit) < O(e).

Now by combining these last three inequalities with 1.2(b), and with the
fact that h(z2) = h(xz1 + v) + hy(w), we get that

de(h(x2), Q2) > 0lw|/20 — O(€)é.
On the other hand by applying 1.5(a) to x2 € Q2 we get that
de(ﬁ(.%Q),QQ) < 0(6)5

These last two inequalities imply that |w| < O(e)d as desired.
This completes the Proof of Theorem 0.5. ([
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2. Preliminaries to the proof of Theorem 0.3.

In this section we formulate several lemmas which will be needed for the
proof of Theorem 0.3 given in the next section. These lemmas are concerned
with isometric actions of a connected Lie group on a Riemannian manifold
which have “local angle control” (cf. 2.1).

Let N, gn denote a connected Riemannian manifold (not necessarily com-
plete), and we let G x N — N denote an isometric effective action of the
connected nilpotent Lie group G. For any numbers «, 8 > 0 we shall say
that this action has local angle control equal (o, 3) at x € N if any path
f:[0,1] — N which satisfies 2.1(a) and (b) also satisfies 2.1(c).

.1. (a) There is a path ¢ : [0,1] — G starting at the identity such that

f(t) = o(t)(@).

(b) length(f) < S.

(c) ©(Dg(v), Pf(v)) < « for all v € TN,, where g = ¢(1) and where Py
denotes parallel translation along the path f.

We shall say that the action G x N — N has local angle control equal
(a, ) if it has such angle control at each of its points x € N.

Remark 2.2. Let HxV — V denote a smooth action of the Lie group H by
isometries of an A-regular Riemannian manifold V. Let p : E — V denote
the bundle of orthonormal frames over V equipped with the canonical metric
and let H x E — E denote the canonical lifting of the action HxV — V (see
Appendix 2 for more details). We shall prove in Appendix 2 (cf. Theorem
A.2.5) that the action H x F — FE has local angle control equal (At,t) for
any t > 0, where A > 1 depends only on dim FE, Ay.

Now we will formulate six lemmas which are the main results of this
section. The proofs for these lemmas are also given in this section. The first
two of these lemmas are just refinements of 2.1. Recall that in Definition
2.1 ¢ is not necessarily a one-parameter subgroup of G.

Lemma 2.3. Let a € (0,7) and § > 0. Suppose that G x N — N does
not have local angle control equal (o, 3) at © € N. Then there is a path
f R — N and a unit vector v € TN, which satisfy the following properties:
(a) There is a one-parameter subgroup ¢ : R — G such that f(t) = ¢(t)(z)
for allt € R.
(b) length (f|[0,1]) <p.
(c) @<D9(”)7Pf|[o,u(”)) > a where g = ¢(1).
Lemma 2.4. Leta € (0,7) and 3 > 0. Suppose GXx N — N has local angle

control equal (c, 3), and let f:[0,1] — N and ¢ : [0,1] — G be any smooth
paths which satisfy Properties 2.1(a) and (b). Then for all v € TNy, and
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for g = ¢(1), we have that
©(Dg(v), Py(v)) < (a/B)length (f).

Recall that the isotropy subgroup G, C G for the action G x N — N at
x € N is defined by G, = {g € G : g(x) = z}.

Lemma 2.5. Let o € (0,7) and 5 > 0, and suppose that G x N — N has
local angle control equal (o, 3). Then for each x € N the isotropy group G
in G is a discrete subgroup of G.

Note that 2.5 implies that the orbits of G x N — N foliate N. In the
following remarks and lemma we denote this foliation of N by G.

Remark 2.6(i). We shall say that G is a strongly Riemannian foliation if
for any path f:[0,1] — L in a leaf L € G there is a § > 0 and a continuous
map F : [0,1] x R¥ — N, where k = dim N — dim G, which satisfies:
(a) F(t,0) = f(t) for all ¢; and F | [0,1] x v is path in a leaf L, € G for
each v € R*.
(b) Let V; denote the open d-ball centered at the origin of T QJJ;(i), for

i = 0,1, where TG+ denotes the orthogonal complement in TN for
TG. Then the exponential map exp : TN — N maps V; diffeomor-
phically onto a submanifold W; C N; and F | i x R¥ maps i x R¥
homeomorphically onto W;.

(c) Let h : 0 x R*¥ — 1 x R¥ be defined by h(0,v) = (1,v). Then the
composite map (F | 1 x R¥)oho (F | 0x R¥)™ : Wy — Wy is an
isometry.

Remark 2.6(ii). The curvature K(G; N) for G in (N, gn) is defined to be
the glb of all numbers ¢ > 0 which satisfy the following inequality for any
smooth path f:[0,1] — N:

@(Tgf(l), Pf (Tgf(o))) < a(length(f)).

Lemma 2.6. Let o € (0,7) and 8 > 0, and suppose that G x N — N has
local angle control equal (o, ). Then G is a strongly Riemannian foliation
of (N,gn); and the curvature K(G; N) for G in (N, gn) satisfies K(G; N) <
10%a/3.

In our next lemma we assume that the Riemannian metric gy on N is
A-regular for some collection A = {4, :i =1,2,3,...} of positive numbers.
We let I' C G denote a torsion free discrete subgroup such that the restricted
action I' x N — N is fixed point free and properly discontinuous. For each
t>0and z € N we let I'y; C T denote the subset of all g € I" such that
dn(z,g(z)) < t, and we let Ty, denote the subgroup of I' generated by Ty ;.

Lemma 2.7. Let B > 0 be as in A.2.3; there is a number 7 > 1 which
depends only on B and on dim N. Suppose that G x N — N has local angle
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control equal (o, B), where a and (3 are sufficiently small and 3 < a (how
small is sufficient depends only on A = {A;} and on dim N). For a given
x € N we assume that (N, gn) has radius of injectivity greater than 10*T B3
at x; we also assume that for eacht € (0,3) and each g € 't ; there is a one-
parameter subgroup hg : R — G with g € hy([0,1]) and dy(x, hy(s)(z)) < Bt
for all s € [0,1]. (And he equal the trivial subgroup.) Then for any t € (0, 3)
there is a closed subgroup Gy, C G such that all of the following properties
hold:

(a) If h : R — G is any other one-parameter subgroup of G which satisfies
g € h([0,1]) and dn(x,h(s)(z)) < Bt for all s € [0, 1], then there is a
number a € R such that h(as) = hgy(s) for all s € R.

(b) Gty is the smallest connected Lie subgroup of G which contains each
one-parameter subgroup hy : R — G, g € I't ;.

(c) Set Liy = {g(x) : g € Giy}. Then the quotient space Lyy /Tty is
compact and has diameter less than Tt. (The diameter refers to the
metric induced on Ly, by the restricted Riemannian structure gy |
T(Lty).)

(d) Suppose that Gip = Garrae for t € (0,8/27); and suppose that for
g € Gty we have that dy(z,g(z)) < t. Then there is g’ € Gy, with
gz = g'z, and there is a one-parameter subgroup hy : R — Gy, with
g € hy(0,2t) such that the path fy : R — N defined by fy(s) =
hg (s)(x) has unit speed.

In our final lemma we let gg denote a left invariant Riemannian metric on
G with respect to which the (left multiplication) group action G x G — G
has local angle control equal («, [3).

Lemma 2.8. Given any sufficiently small o > 0 (how small is sufficient
depends only on dim G) and given any 3 > 0, suppose that G x G — G has
local angle control equal to (v, 3). If ¢1 : R — G denotes a one-parameter
subgroup which satisfies (a) then there is another one-parameter subgroup
¢2 : R — G which satisfies (b)-(c).

(a) There are numbers s,t > 0, with t < (3, such that dg($1(0), ¢1(s)) < t.

(b) We have ¢2(s) = ¢2(0).

(c) da(o1(u), p2(u)) < (u/s)4t for all u € [0, s], where k = dim G.

Proof of Lemma 2.3. Set G, = {g € G : g(x) = x}; note that G, is a closed
subgroup of G and is thus a Lie group.

If dim G, > 0 then choose any one-parameter subgroup ¢ : R — G,. For
some r > 0 we have that 1(r) rotates some unit vector v € TN, by at an
angle greater than a. We define ¢ : R — G by ¢(t) = ¢(tr). Note that ¢
satisfies Properties 2.3(a) and (b).

If dim G, = 0, then the map h : G — N defined by h(g) = g(x) is
an immersion. Hence it induces a left invariant Riemannian metric gg on
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G. For each v € TG, with |v| = 1, let 7, : R — G be the one-parameter
subgroup such that 7, (0) = v. Define a curve

A, : R — Iso(T'Ny)

by setting A,(t) equal to the composition of parallel translation along v,z
from T'N; to TN, (), and D(v,(=t)) : TN, (1o — TNy. It is easily seen
that A, is a one-parameter subgroup of Iso(T'N;) ~ O(n) where n = dim N.
Hence, there is an orthonormal basis for 7'V, so that the matrix representing
each A,(t), t € R, is the blocked sum of the identity matrix of a certain size
and 2 x 2 matrices of the form

cos(0t) sin(—6t)
sin(0t) cos(0t) |-

Assuming that the conclusion of 2.3 is false, we see that 6 < «/f for each
of these matrices (provided a € (0,7)). We consequently get the following
estimate valid for each g € G, for each one-parameter subgroup +, where
|v| = 1, for each u € T'N,,, and for each ¢ € [0, 00):

2.3.1. O(D(g7(t)g~1)(w), P(u)) < at/B,

where P(u) denotes the parallel transport of u along gvy,z to TNy, (t)z-
Since each smooth path ¢ : [0,1] — G can be approximated (as closely as
we want) by a piecewise smooth path ¢ : [0,1] — G where each piece of
has the form

t— gyt —c)

restricted to an interval of the form [c, a], estimate 2.3.1 yields the following
more general estimate where f(t) = ¢(t)x:

2.3.2. O(Dg(v), P¢(v)) < (a/ B)length(f).

In 2.3.2 we have that v € TN, with v # 0 and g = ¢(1). Now clearly
2.3.2 implies that G x N — N has local angle control equal («, 3) at x, in
direct contradiction of the assumption of 2.3.

This completes the Proof of Lemma 2.3. O

Proof of Lemma 2.4. Note that the conclusion of this lemma has been veri-
fied in 2.3.2 of the preceding lemma under the hypothesis that the conclusion
of 2.3 is false. Certainly the conclusion of 2.3 is false if the hypotheses of
2.4 hold.

This completes the Proof of Lemma 2.4. O

Proof of Lemma 2.5. Note that each isotropy subgroup G, C G, x € N,
is a closed Lie subgroup of G. If G, is not a discrete subgroup of G for
some x € N then the identity component G, of G, has dimension > 1.
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Choose a nontrivial one-parameter subgroup ¢ : R — G, and note that
the following hold:

2.5.1. (a) ¢(t)(z) =z for all t € R.
(b) For some s > 0 and some v € TN, we have that

O(D(¢(s))(v),v) = .

Now define ¢ : [0,1] — G by ¢(t) = ¢(ts), where s comes from 2.5.1(b).
It follows from 2.5.1, and from the definition for ¢ just given, that ¢ does
satisfy Properties 2.1(a) and (b) but does not satisfy Property 2.1(c) for any
a < 7 in 2.1(c). This contradicts the hypothesis for 2.5.

This completes the proof for Lemma 2.5. ([

Proof of Lemma 2.6. First we will verify that G is a strongly Riemannian
foliation. Let f : [0,1] — L be a path in a leaf L € G. We may choose a
path ¢ : [0,1] — G which is related to f as follows (cf. 2.5):

2.6.1. (a) ¢(0) is the identity of the group G.
(b) f(t) = ¢(t)(f(0)) for all ¢t € [0,1].

Let V; denote the open d-ball centered at the origin of Tg]%(i), i = 0,1,

where TG+ denotes the orthogonal complement in TN to T'G, and where
0 > 0 is chosen sufficiently small to assure that the exponential map exp :
TN — N is well-defined on V; and maps V; diffeomorphically onto a smooth
submanifold W; C N. Note it follows from 2.6.1(a) and (b), and from the
fact that G acts by isometries on N, that:

2.6.1. (c) ¢(1)(Wp) = Wi.

Choose a homeomorphism F : 0 x R¥ — Wy which sends (0,0) € 0 x RF
to exp(0) € Wy, where k& = dim Wy. Extend F | 0 x R* to a map F :
[0,1] x R¥ — N by setting:

2.6.1. (d) F(t,v) = ¢(t)(F(0,v))

for each t € [0,1]. Note that Properties (a), (b) and (c) in Remark 2.6(i)
are an immediate consequence of 2.6.1(a)-(d).

Now we shall verify the curvature condition for G stated in 2.6. Because
G is a strongly Riemannian foliation, it will suffice (cf. Remark 2.6.4 at the
end of this proof) to show that the following property holds:

2.6.2. Let f :[0,1] — L denote a smooth path with length (f) < §in a
leaf L € G; and let Py : TNy — T'Ny(1) denote parallel translation along
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f- Then we have that

O(TGy1y, Pr(TGs(0))) < (a/B)length(f).
Using Lemma 2.5 we may choose ¢ : [0,1] — G starting at the identity
such that ¢(t)(x) = f(t) for all t € [0,1] and set z = f(0). Now since ¢,

f satisfy Properties 2.1(a) and (b), and since G x N — N has local angle
control equal («, 3), it follows from Lemma 2.4 that f: [0,1] — N satisfies:

2.6.3. ©(Dg(v), P;(v)) < (o/B)length(f)

for any v € TN, where g = ¢(1). Since Dg(TGy(y) = TGy(1), the inequality
of 2.6.2 is a direct consequence of the inequality in 2.6.3.

This completes the proof for Lemma 2.6 (modulo the contents of Remark
2.6.4 below). O

Remark 2.6.4. We will show in this remark that if the inequality of 2.6.2
holds for all smooth paths f : [0,1] — N which are tangent to G, then the
inequality:
(i) ©(TGs), Pr(TGy(0))) < 10°(cr/ B)length(f)

holds for all smooth paths in N. To accomplish this it will suffice to verify
that for any compact subset C' C N, and for any sufficiently small number
€ > 0 (how small is sufficient depends on C), a smooth path f:[0,1] — N
satisfies (i) provided it satisfies:

(ii) f(0) = p for some p € C, and length(f) = e.

Let x1,x2,...,2, denote the normal coordinates near p with p ~ (0,0,
...,0), and let g; jdx;dz; denote the coordinate expression for the Riemann-
ian metric on N. Then g;;(0,...,0) = &%, 09;,5/0x(0,...,0) = 0, and
Fﬁj(O, ...,0) =0 for all 4,7, k. Thus, for sufficiently small ¢ > 0 there is a
number 7 > 0, independent of € and of p € C, such that:

(iii) |gi;(X) — 85| < 7€* for all X € By,
(iv) |I‘fj(X)| < 7e for all X € Bf,,
where for any number ¢ > 0 B} denotes the set of all points X = (z1,..., %)

in R™ with Euclidean length less than ¢. Let d( , ) and d(, ) denote the
metrics on Bfj, induced by g; jdz;dr; and 5}dwidmj respectively; and for
any smooth path h : [0,1] — B we let P,( ) and Py( ) denote parallel
translation along f induced by g; jdz;dz; and 5;-dxida;j respectively. We can
deduce the following properties from (iii) and (iv), provided length(h) < 10e:
(v) [d(X,Y) —d(X,Y)| < 100n*7€® for all X,Y € Byj,.
(vi) |Pn(v) — Pp(v)| < 1000n37€? for all unit vectors v € T(B,,).
Note that the path f : [0,1] — N of (ii) maps into By, (cf. (iii), and
recall that length(f) = €); so we may apply (vi) to f to help us verify that f
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satisfies Property (i). Let Lo and L; denote the leafs of G which contain f(0)
and f(1) respectively; and let V, and V; denote the planes in R™ which are
tangent to Lo and L; at f(0) and f(1) respectively. One deduces from 2.6.2
(as applied to Lo near f(0), and to L; near f(1)), and from Properties (iii)
and (vi) in the preceding paragraph, that the following holds for sufficiently
small € > 0:
(vii) d(X,V; N BY,) < (a/B)103¢% and d(Y, L; N BY,) < (a/B)10%€2
for i = 0,1 and for any X € L; N B}, and any Y € V; N BY;,.. On the other
hand, we may deduce from 2.6(i), and from the fact that length(f) = ¢, that
there is a positive number ¢ € (0, 2¢) such that:
(viii) d(X,LoN BY,) =t
for all X € Ly N Bg.. Now we deduce from Properties (vii) and (viii) above,
and from Property (v) in the preceding paragraph, that:
(ix) t — (a/B)10%€? < d(Y,Vo N BY,) < t+ (a/3)10%€2
for all Y € Vi N Bg,. It follows immediately from Property (ix) above, that:
(x) ©(V1, Pf(Vh)) < (a/B)10%,
where ©( , ) denotes the Euclidean angular distance. Finally, since V; =
TGy for i = 0,1, and length(f) = ¢, we may deduce Property (i) above
from Properties (iii) and (x) above.

Proof of Lemma 2.7. Let L € G denote the leaf which contains x. Towards
verifying 6.2.7(a) we will first show that there is an open subset U of L
which satisfies the following properties. For any ¢ > 0 let B(x; L;t) denote
the open ball in L of radius t centered at x (where the distance dz( , ) on
L is gotten by restricting gn to T'L).

2.7.0. (a) U is homeomorphic to R¥ (k = dim L).
(b) B(z;L;3B3) C U C B(xz; L; 5Bf).

Moreover for any y,z € U we have that the distances dr(y, z) and dy(y, z)
are related by:

2.7.0. (c) 2dr(y,2)/3 < dn(y,z) < drp(y, 2).

To verify 2.7.0 we refer to results in the appendix to §1 above, and use
the curvature bound for G given in 2.6, and also use the hypothesis of 2.7
that (N, gn) has radius of injectivity greater than 10*7B3 at x. In more
detail we let f; : Biypg — N denote the map given in A.1.1 and A.1.2
(where €,p, M, B™ are replaced in A.1.1, A.1.2 by 105,z, N, Bloss with

n =dim N). Set G = £;1(G); and let K (G; Biypp) denote the curvature for

G in Biypp with respect to the Euclidean metric (cf. 2.6(ii)). The proof of
Theorem A.1.4 also works to show the following (cf. A.1.4.1):
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2.7.0.1. K(G; Blyp5) — O(10BB) < K(G; N) < K(G; Byp5) + O(10BB).
Note that 2.6 and 2.7.0.1 together imply that:
2.7.0.2. K(G; Blyp) < 1050/ + O(10B).

We let L denote the leaf of G through the origin; there is no loss of generality
in assuming that the subspace R¥ ¢ R” spanned by the first k standard
directions in R™ is tangent to L at the origin. Now the curvature bounds
placed on L by 2.7.0.2 assures that L is the graph of a smooth map h: V —
R"* from an open subset V C R which satisfies the following properties:

2.7.0.3. (a) BffBﬁ C V, where BF denotes the open ball of radius ¢ > 0
centered at the origin of R¥.

(b) h(0) =0 and Dho = [0].

(c) [|D?hy|| < O(a/B+ B) for all p e V.

Now we define the subset U C L of 2.7.0 by:
2.7.0.4. U = f,(graph(h | B4Bﬁ))

Since N has injectivity radius greater than 10*7 B3 at x for 7 > 1, it follows
that f, is a smooth embedding; thus U is homeomorphic to BEB@, which
verifies Property 2.7.0(a). Note that Properties 2.7.0(b) and (c) can be
deduced from 2.7.0.3, 2.7.0.4, and from the relation between the Euclidean
metric on Bijpg and the pulled back metric g; ; (pulled back from gy by
fz) given in A.1.1, provided « and (3 are sufficiently small.

Now we will complete the proof for 2.7(a). Let h,hy : R — G be as in
2.7(a). Note that it follows from 2.7.0(b) and (c), and from the inequalities

dn(z,h(s)(z)) < BS and dn(x,he(s)(z)) < B

for all s € [0, 1] given in the hypotheses of 2.7, that the following property
holds:

2.7.1. (a) h(s)(z), hg(s)(xz) € U for all s € [0,1].
Since g € h([0,1]) N hgy([0,1]) we may choose numbers b, ¢ € [0, 1] such that:
2.7.1. (b) h(b) = g and hy(c) = g.

Now we may deduce from 2.7.1(a) and (b), from the fact that U is simply
connected (cf. 2.7.0(a)), and from the fact the the algebraic exponential

map exp : TG, — G is a diffeomorphism (where e € G denotes the identity
element of the simply connected covering G for G), that:

2.7.1. (c) h(bs/c) = hy(s)
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for all s € R. Now setting a = b/c in 2.7(a), we see that Property 2.7(a) is
a consequence of 2.7.1(c). (If g is the identity element of I'; ,, set a = 0.)

Towards verifying 2.7(b) we let 7 : G — G denote the simply connected
covering group of GG, and let iLg : R — @ denote the lifting of the hy : R — G
to a one-parameter subgroup of G (for each g € I'; ;). By the hypotheses
of 2.7 there is for each g € I'; ; a number 7, € [0, 1] such that hy(ry) = g;
let Ty, C G denote the subgroup generated by all the {h,(r,) : g € Tt.}.
Note that f‘t,x is a torsion free discrete subgroup of G; thus fm is a lattice
in a closed connected subgroup G;, C G (cf. [17, p. 31, Prop. 2.5]). We
define Gy, to be the image of Gy .« under the covering projection 7 .G —
G. Note that Gy, C G is a closed connected subgroup since Gm c G
is a closed connected subgroup, th is co-compact in Gtz, and W(th) is
discrete. We note (smce the algebraic exponential map T G. — G is a
diffeomorphism) that Gt,x is the smallest connected Lie subgroup of G which
contains each of the one-parameter subgroups Bg ‘R — G, g € I'tz. Thus
G, is the smallest connected Lie subgroup of G which contains each of the
one-parameter subgroups hy : R — G, g € I'y ;, as claimed in 2.7(b). This
completes the verification for 2.7(b).

Towards verifying Property 2.7(c) we note that there is an action Gy, X
N — N defined to be the composition

N N X1
Giox N C G x NZEG x N—=N,

where 7 : G — G denotes the covering projection and where G x N — N
is the given action. Note that G”t,x x N — N acts thru isometries of N and
has local angle control equal (a, ﬁ) Now let the sequence of Lie subgroups
e=GiCGyCGyC---CG= Gtw be defined by G;_1 = [G, G;]. Note
that each G; x N — N acts thru isometries and has local angle control
equal to (o, 3); we let G; denote the foliation of N by the orbits of the
action G; x N — N (cf. 2.5). We let L; € G; denote the leaf containing
x; and we let dr,(, ) denote the distance on L; induced by the restriction
of gy to TL;. Since G; x N — N also has local angle control equal to
(a, B) it must also have local angle control equal to («ay, 3;), where («;, 3;) =
(10%*2at/3,10%+2t) (cf. 2.4). Thus, we may (by repeating the proof of
2.7.0 with G,L,dr( , ), (e, ) replaced by Gi, L;,dr,( , ), (e, B;)) choose
an open subset U; C L; such that the following properties hold. [Note that
the hypothesis of 2.7 that N has radius of injectivity greater than 107 B3
assures us that f, : Bf BB N is an imbedding, provided that 7 > 10%;
this is an important part of the proof of 2.7.0 as applied in the present
context.|

2.7.2. (a) U; is homeomorphic to a Euclidean space.
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(b) B(z;Li;3Bp;) € U; C B(x; Li; 5Bf;), where B(xz; L;;s) denotes the
open ball of radius s > 0 (with respect to dr,( , )) centered at z in L;.
(c) 2dr,(y,2)/3 < dn(y,z) <dr,(y, z) for all y, z € U;.

We define subsets H; C G; as follows: H; = {ilg(Tg) g € Tvgty Hion
denotes the set of all commutators aba~'b~! with @ € H; and b € H;. Now
define subsets I'; C G; by

U
j=1

Let T'; denote the subgroup of G; generated by T';. Note that I'; = ft  and

that G = Gtx; since Ftw is a lattice in Gm (see the verification of 2.7(b)
above), we have that I'; is a lattice in G;. Thus it follows that for each
i1=1,2,...,1 we have:

2.7.2. (d) Ty is a lattice for the simply connected nilpotent Lie group G,
and T; is a generating set of T';. Moreover I; [defined by L, =T,NG; i is a
lattice in G; which contains I'; as a subgroup of finite index; and I‘l / I‘Z 118
a lattice in the abelian Lie group G;/G;_1.

Note that it follows from the hypothesis of 2.7 that
dn(z, hy(s)(z)) < Bt

for all g € 'y, and all s € [0, 1]; so in particular we have
A (@, hy(r) (@) < B

for all g € I'; ;. We deduce from these last two inequalities, and from the
definition of (o, 8;) and I'; given above, and from 2.7.2(a), (b) and (c), that:

2.7.2. (e) dg,(z,h(z)) < BB; for all i =1,2,...,l and all h € T,

where dg,( , ) is the distance function induced on G; by the pull back of
gn under the composite map G; = G; x {z} C G; x N — N; for future
reference we denote this pull back of gy by gg,. Note that gg, is a left
invariant Riemannian metric on the Lie group G;.

Now we can use 2.7.2 to verify 2.7(c). We will use an induction argument,
and 2.7.2, to verify that the following holds for all ¢ = 1,2,...,1:

2.7.3. diameter(G;/T;) < 70,

where 7; > 1 is a number which depends only on i, dim G; and B, and where
the diameter is computed with respect to the distance on G;/T"; induced by
ga,- Note that Property 2.7(c) is implied by 2.7.3 (with ¢ = [ in 2.7.3),



LOCAL COLLAPSING THEORY 21

provided 7 of 2.7(c) satisfies
T > 1027,

Towards verifying 2.7.3 we first note that if G; is abelian then 2.7.3 follows
immediately from 2.7.2(d) and (e) with 7, = B dim G;. In particular 2.7.3
is satisfied for ¢ = 2 with 7 = Bdim G2, which is the beginning of our
induction argument. Suppose now that 2.7.3 holds for all ¢ < r. Note that
Gr+1/G, is an abelian Lie group equipped with a left invariant Riemannian
metric gr11 uniquely determined (from gg,.,) by the requirement that the
quotient map G,y1 — G,11/G, be a Riemannian submersion. Thus it
follows immediately from 2.7.2(d) and (e) (with ¢ = r + 1 in 2.7.2(d) and
(e)), that

diameter((Gr41/Gr)/(Tri1/T4)) < BBrp1dim(Gry1/Gy).

Now 2.7.3 (for i = r + 1) follows from this last inequality, and from 2.7.3
(for i = r), and from the equality 8, = (3,41, provided we define 7,41 by
Tr+1 = Tr + 2B dim (G,41/G,). This completes the verification of 2.7(c).

Now we will complete the proof for 2.7 by verifying 2.7(d). Towards this
end we first note that for any g € G, as in 2.7(d) the following property
holds:

2.7.4. dp, ,(z,9(x)) < 3t/2,

where dr, ,(, ) is the distance induced by the restricted Riemannian metric

gn | T (Lt ).
To verify 2.7.4 we will assume it is not true and derive a contradiction.
Recall that

dy(z,g(z)) <t

is a hypothesis of 2.7(d). Recall also that for L; of 2.7.2 we have that
L; = Ly, when ¢ = [. Thus if 2.7.4 doesn’t hold then we deduce from the
preceding inequality, and from 2.7.2(b) and (c), that:

2.7.5. (a) dp, ,(z,9(z)) > 3Bf;.

The number §; of 2.7.2 was defined to be 10%+2¢; however 2.7.2(a)-(c) can
also be verified as before if (o, ;) is chosen to be

(ag, Bi) = (1007t /3,1007t),

where 7 > 1 comes from 2.7(c) and (d). (Note that the hypothesis of 2.7,
that N has radius of injectivity greater than 10*7Bg3, at z, implies that the
map fy : Blopp, — NV is an embedding for B; = 1007¢; this is an important
part of the verification of 2.7.2(a)-(c) for our present choice of (ay, 4;).) This
last equality, and Properties 2.7.5(a) and 2.7.2(c), together imply:
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2.7.5. (b) dg, (x,g(x)) > 1007 Bt.
Using 2.7(c) we may choose g € I'z, such that:
2.7.5. (c) dr,,(9(x), g(x)) < Tt.

Now combining 2.7.5(b) and (c), and recalling that B > 1 (cf. A.2.3), we
deduce that:

2.7.5. () dp, . (v, §(x)) > 907 Bt.

Now this last inequality leads to a contradiction (which will complete the
verification of 2.7.4) as follows: Since dy(z,g(x)) < t, and 7 > 1, it follows
from 2.7.5(c) that dn(z, g(z)) < 27t, and so by definition of I'; , we have
that g € I'ar¢ . Then the hypothesis of 2.7(d) (that Gy, = Gart.), together
with 2.7(b), assures us that Image(h;) C G;, (where hz comes from the
hypothesis of 2.7). Thus the equation f;(s) = hz(s)x defines a path f; :
[0,1] — Ly, which starts at « and contains gz and which (by the hypothesis
of 2.7 applied to hg) satisfies:

2.7.5. (e) dn(z, f5(s)) < 27 Bt

for all s € [0,1]. Now 2.7.5(e) and 2.7.2(b) and (c), together with the
continuity of f; imply:

2.7.5. (£) dp, . (2, f3(s)) < 47 Bt

for all s € [0,1]. [When applying 2.7.2(c) to verify 2.7.5(f) we set ¢ = [ and
B = 1007t in 2.7(b) and (c), as in the derivation of 2.7.5(b) above.] Since
gx € image( f5), we see that 2.7.5(f) contradicts 2.7.5(d). This contradiction
completes the verification of 2.7.4.

In our verification of 2.7(d) we need also consider the composite map

TG, —2> G >N,

where TG, is the tangent space for G at the identity e € G, exp : TG, —
G is the algebraic exponential map, and h : G — N is given by h(g) =
g(z). Note that h o exp is an immersion (cf. 2.5). TG, is equipped with
an inner product gotten by pulling gn | T'(Lyz ). back along the linear map
D(expoh) : TG, — T(Lty)s. For each unit vector v € TG, we have the
one-parameter subgroup p, : R — G defined by p,(s) = exp(sv). Define
the action v, : R x N — N by 7,(s,y) = pu(s)(y). In order to complete the
proof for 2.7(d) we shall need that the =, satisfy the following property:

2.7.6. |dn(z,v(s,x)) — s| < O(a)s for all s € [—403,4/0].

Towards verifying 2.7.6 we first note that each action v, : R X N — N
has local angle control equal («, 3), because the action G x N — N has local
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angle control equal (o, 3). So (by 2.5 applied to ;) the orbits of the action
vy : R X N — N are the leaves of a smooth foliation G, of N; and we may
apply 2.6 to each action v, : R X N — N to conclude that:

2.7.7. (a) K(Gy; N) < 10%a/8.
Next we consider again the map f : Bjy; — N given in A.1.1 and A.1.2
(where €,p, M, B are replaced in A.1.1, A.1.2 by 1053, z, N, Bz with n =

dim N). Set G, = f;'(G,); and let K(QAU;B?OB) denote the curvature for

G, in Bis with respect to the Euclidean metric (cf. 2.6(ii)). The proof of
Theorem A.1.4 also works to show the following (cf. A.1.4.1):

2.7.7. (b) K(Gu; Blyg) — O(108) < K(Gyi N) < K(Gu; Bly) + O(10p).
Now by combining 2.7.7(a) and (b) we conclude that:
2.7.7. (c) K(Gy; Bjys) < 10°a/3 + O(108).

Let g jdxidz; denote the Riemannian metric on Bjj,; gotten by pulling back

gn along f; : Bjys — N let d( , ) denote the distance on Biz induced
by g dxidzj, and let d( , ) denote the Euclidean distance on Bfj;. Let
L, denote the (connected) leaf of G, which contains the origin. Denote by
CZU( , ) the distance induced on L, by the restriction to TL, of gijdxidxy;
and denote by d,( , ) the distance on L, induced by the restriction to TL,
of the Euclidean structure d;dz;dx;. Note that we can deduce from 2.7.7(c)
that:

2.7.7. (d) |d(0,y) — dy(0,y)| < O(a)d,(0,y),

for all y € iv, provided «, § are sufficiently small (as assumed in the hy-
pothesis of 2.7). [In more detail we could use 2.7.7(c) (in place of 2.7.0.2
above) to verify that G, satisfies Properties 2.7.0.3(a) and (b) for k = 1;
where in 2.7.0.3 h: V — R" ! is a smooth map from an open subset V C R
such that L, is equal to the graph of h. Then we could deduce 2.7.7(d) from
this version of 2.7.0.3.] Next we note it follows from the relation between
the metrics g; jdr;dx; and 5}d:vidacj given in Theorem A.1.1, and also given
in A.1.3.3.1, A.1.3.4.1, that:

2.7.7. (e) |d(0,y) — d(0,y)| + |du(0,y) — du(0,)| < O(dy(0,3))dy(0,7)

for all y € L,, provided 8 is sufficiently small. (Note that d(0,y) = d(o, Y).)
Now by combining 2.7.7(d) and (e) we can deduce that:

2.7.7. (£) 1d(0,y) — dy(0,1)| < O()dy(0,y)
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for all y € L, with d(0,y) < 43, provided o and 3 are sufficiently small and
B < «a (as hypothesized in 2.7). Finally we recall that f, : Biog — N is
an embedding, since one of the hypotheses of 6.2.7 is that NV has injectivity
radius greater than 107 Bf at = with 7 > 1 and B > 1. Thus, the desired
inequality 2.7.6 is equivalent to the inequality of 2.7.7(f).

Now we can complete the proof of 2.7(d) by applying 2.7.4, 2.7.6, and
2.7.2(a)-(c) (with ¢ = [ in 2.7.2(a)-(c)). For any s > 0 let B.(s) denote
the closed ball of radius s centered at the origin of T'G., and let L; and
B(x; L;,s) and 3; > 0 be as in 2.7.2(a), (b) and (c) (recall 3 = 10%+2¢).
Recall that exp : TG, — G denotes the algebraic exponential map and
h : G — N is given by h(g) = g(x). Note that 2.7(d) may be deduced
directly from Property 2.7.4 and the following property. (Also recall that
Gy of 2.7.2(a)-(c) is equal Gy4.)

2.7.8. B(z; Li;3t/2) C hoexp(Be(2t) N TGy ).

Towards verifying 2.7.8 we note that it follows from 2.7.2(a) and (b), and
from 2.7.6, and from the equality G; = Gt,x, that hoexp(Be(2t) N TGy ) C
Uy and hoexp : B.(2t) — U, is a smooth embedding, provided o > 0
is sufficiently small. Now since B.(2t) N T'G;, is a closed ball, and U is
homeomorphic to Euclidean space (cf. 2.7.2(a)), and dim(B(2t) N TGt ,) =
dim Uy, it follows that the complement in U; of the sphere hoexp(9(B.(2t) N
TGt ) consists of two open connected sets UZJr and U;", with

U = hoexp((Be(2t) NTGy ) — O(Be(2t) N TGy z)).
It follows from 2.7.6 that
B(z; Ly;3t/2) Nhoexp(0(Be(2t) NTGy)) = ¢

provided a > 0 is sufficiently small; so the connected set B(x; L;; 3t/2) must
be contained in one of U;" or U;". Since both U;" and B(x; Ly; 3t/2) contain
the point z, we have that

B(z; Ly;3t/2) C U}t
This completes the verification of 2.7.8. O

Proof of Lemma 2.8. The proof is carried out in the following six steps:

Step 1. In this step we let G be a connected nilpotent Lie group with Lie
algebra g; G is equipped with a left invariant Riemannian metric. We will
say that G has («, 3)-angular control when the left multiplication group
action G X G — G has local angle control equal («, 3).

The purpose of this step is to verify the following claim. The notation @
will denote the left invariant vector field on G determined by a vector u € g.
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Claim 2.8.1. Assume « < 7. Then, G has («, §)-angular control iff for all
u,v € g we have

|Dya| < (a/B)ul[v].

Towards verifying 2.8.1 we re-look at the Proof of Lemma 2.3 in the special
case when N = G, G x G — G is the group multiplication, and x = e. And
observe that

d/dt(A_,)i—o(u) = Dyi(e)

for each pair u,v € g where |v| = 1. But, d/dt(A_,)i=o is the blocked sum
of the zero matrix of a certain size and 2 x 2 matrices of the form

0 —6
6 0|’
where 0 < 0 < /. Now 2.8.1 is easily seen to follow from these observa-

tions.

Step 1I. In this step we let G be a connected nilpotent Lie group with
Lie algebra g; G is equipped with a left invariant Riemannian metric. The
purpose of this step is to verify the following claim. In this claim we set
k =dim G.

Claim 2.8.2. If G has (a, 3)-angular control with o < 7, then for any pair
x,y € g we have

[z,y]] < (2K /)] |yl
Since g is nilpotent, we can fix an orthonormal basis x1,zs,...,x; for g
(with k& = dim g) such that
[z, z;] € Span{zg,z1,...,2i—1}

for every pair of indices i,j > 1. (We define zyp = 0.) Recall the following
standard formula (cf. [2, Prop. 7.7.1]). Let X, Y, and Z be left invariant
vector fields on G, then

(DxY)-Z=1/2{-[X,Y]- Z+[Y,Z]- X +[X,Z] - Y}

where the “dot” indicates the inner product of vector fields. Applying this
formula where X € Span{z;}, Y € span{;}, and Z = [X, Y], yields

And combining this equation with Claim 2.8.1, yields:
2.8.2.1. |[[X,Y]| < (2a/B)|X]| Y|

provided G has (o, §)-angular control and o < 7.
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k
Now we will deduce Claim 2.8.2 from 2.8.2.1 as follows: Set & = ZXi

i=1

k
and § = ZYi where X;,Y; € Span(Z;). Then, by 2.8.2.1, we have

i=1

k k
e, o)l < D0 11X V5 <Y (2a/8) X3V
ij=1 ij=1
Since {x1,x2,...,x} is an orthonormal basis we also have that
k
> (2a/8)|Xi| V5] = (20/) (Z | X |> (Z |Y|> (2/ B) (K|2[) (kly])-

ij=1

Combining these last two sets of inequalities yields 2.8.2.

Step I1I. 'We now let G be a simply connected nilpotent Lie group with
Lie algebra g; G is equipped with a left invariant Riemannian metric. The
purpose of this step is to verify the following claim:

Claim 2.8.3. Let h be an ideal in g and let H be the corresponding (closed
and normal) subgroup of G. If G has («,(3)-angular control, then G/H
also has («, #)-angular control provided we equip G/H with the (unique)
left invariant Riemannian metric which makes the quotient homomorphism
q¢: G — G/H a Riemannian submersion.

Note that H is closed because G is simply connected.

Let m = h'; i.e., m is the orthogonal complement to h in g. Identify
m with g/b via the quotient map g — g/h. And, for each u € m, let @
denote the left invariant vector field on G/H determined by u. Denote the
covariant derivative operators for G and G/H by D and D respectively.
Since the quotient map ¢ : G — G/H is a Riemannian submersion, we may
apply [16, p. 212, Lemma 45] to get that

|Dytt| > | Dyl

for all u,v € m. From this inequality, and also from Claim 2.8.1, we conclude
that G/H has («, §)-angular control. (Note that we may assume that o < 7
in 2.8.1 since Claim 2.8.3 is otherwise trivially true.) This completes the
verification for Claim 2.8.3.

Step IV. In this step we let G be a simply connected nilpotent Lie group
with Lie algebra g; G is equipped with a left invariant Riemannian metric.

Let ; : R — G be the one-parameter subgroup of G such that %(O) = x;
(where the {x;} come from Step II). Define a map f : R¥ — G by

Jf(trta, .o te) = yi(t)ye(tz) - . vi(te)-
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Then it is a classical result for simply connected nilpotent Lie groups that f
is a diffeomorphism. Thus, for each g € G, we may define coordinates {g;}
for g by

(917927 s 7.gk) = f_l(g)

The purpose of this step is to verify the following claim:

Claim 2.8.4. Suppose that G has («, §)-angular control where « is suffi-
ciently small. (How small is sufficient depends only on k = dim G.) The
following inequality holds for each g € G with dg(g,e) < 3:

lg1| < 2dg(g,e).

To verify this claim we proceed by induction on & = dim G. (We may
assume that £ > 1 since 2.8.4 is clearly true when &k = 1.) Consider the
function ¥ : G — R defined by

¥(h) =M
for h € G, and let the exact 1-form w be defined by
w = dip.
Let 7 : [0,1] — G be a constant speed smooth path such that:

2.8.4.1. (a) v(0) = e and ¥(1) = g,
(b) length(v) = dc(g.e€).

1
Since g1 = / w(3(t))dt, we also have that:

0
1
2.8.4.1. (¢) |g1] < /0 w((e)d.

Now, by 2.8.4.1, in order to complete the verification for Claim 2.8.4 it
will suffice to verify the following property:

2.8.4.2. There exists a positive real number Cj such that the following is
true if @ < Cy. For each h € G with dg(h,e) < [ and for each v € TG}, we
have that |w(v)| < 2|v].

To verify 2.8.4.2 we let H denote the image of the one-parameter subgroup
v and set h = span{z;}. Then, G/H is a simply connected nilpotent Lie
group whose Lie algebra is g/h and the quotient homomorphism ¢ : G —
G/H does not increase distances. (We equip G/H with the left invariant
Riemannian metric so that ¢ is a Riemannian submersion.) Also, G/H has
(a, B)-angular control because of Claim 2.8.3. For each index i > 0 let 7;
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denote the coset ;41 +h. Then Z1,Za,...,Tr_1 is an orthonormal basis for
g/b such that

[Z;, T;] € Span{Zo, T1,...,Ti—1}

for all i,j > 1. Let f: R*~! — G/H be the diffeomorphism corresponding
to this basis (defined analogously to f : R¥ — G above). And notice that

ha = [q(h)]1

where h comes from 2.8.4.2 and where [¢(h)]; is the first coordinate of
f_l(q(h)). Hence our inductive assumption yields that

|h2‘ < 2dG/H(Q(h)7 6) < QdG(ha 6)'
We see continuing in this way that:

2.8.4.3. (a) |h;| < 2dg(h,e) <20

for all i > 2. Associate to h a finite sequence of group elements h(1), h(2),
..., h(k) € G defined by

h(i) = £(0,0,...,0, his1, hisa,- .., hi).
And define a finite sequence of vectors yi1,¥2,...,Yyr € g by:
2.8.4.3. (b) y; = Ad(h(i) ™) (x:)
where Ad : G — GL(g) is the adjoint representation. Then note that:
2.8.4.3 (c) {92(h),y3(h),...,gr(h)} is a basis for Ker(wy), and y; = z1,

where wy, : TG, — R is the restriction of the 1-form w to the tangent space
to G at h. (Recall 2 is the left invariant vector field determined by each
x € G.) A continuity argument, together with 2.8.4.3(c), shows that there
exists a positive number C, such that if:

2.8.4.3. (d) |yi — x| < C

for all ¢ > 2, then |w(v)| < 2Jv| (as desired in 2.8.4.2). We proceed to show
that there exists a positive number Cj, such that if o < C}, then 2.8.4.3(d)
holds for all indices i. (This will complete the verification of 2.8.4.2, and
hence also of Claim 2.8.4.)

We note that by the definitions of h(i) and of f : R¥ — G we have that:

2.8.4.4. (a) h(z) = 'yi+1(hi+1)'yi+2(hi+2) . 'yk(hk)
Substituting 2.8.4.4(a) into 2.8.4.3(b) yields:
2.8.4.4. (b) Yi = Ad(’}/k(—hk)) NN Ad(’}/i+1(—hi+1))(l‘i).

Note now that, for all indices j, we have:
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2.8.4.4. (C) Ad(’yj<—h])) = eihjad(xj)

where ad(z;) : g — g is defined by ad(z;)(u) = [z}, u] for all u € g. (The
equation in 2.8.4.4(c) follows from [12, formula (5), p. 118], and from the fact
that vj(—h;) = Exp(—h;z;) where Exp : g — G is the algebraic exponential
map.) Now, by combining 2.8.4.4(c) with Claim 2.8.2 and 2.8.4.3(a) and
|z;| = 1, we obtain:

2.8.4.4. (d) |Ad(v;(—hy))(u) —u| < [u] (e 1)
for all indices j and every u € g. In particular, we have that:
2.8.4.4. () |Ad(y;(—hj))(u)| < |ule*¥"e.

It now follows from 2.8.4.4(b), (d) and (e), and from the fact that |z;| = 1
for all 4, that:

2.8.4.4. () |y; — x| < ¥’ — 1

for all indices ¢. This last inequality shows that the positive number Cj
(posited above) clearly exists since e* is continuous and €? = 1.

This completes the verification of Claim 2.8.4.
Step V. In this step we let G be a simply connected nilpotent Lie group
with Lie algebra g; G is equipped with a left invariant Riemannian metric.
Recall that the algebraic exponential map Exp : g — G is defined by
Exp(v) = 7,(1) where 7, is the one parameter subgroup of G such that

%U(O) =v. It is a classical result for simply connected nilpotent Lie groups
that Exp is a diffeomorphism. The purpose of this step is to verify the
following claim. In this claim we set kK = dim G and let e € G denote the
identity element.

Claim 2.8.5. Suppose that G has («, §)-angular control where « is suffi-
ciently small. (How small is sufficient depends only on dim G.) Then, for
each g € G such that dg(g,e) < 3, we have that

|Exp~!(g)| < 4%dg(g, ).

One easily observes that the following statement is a consequence of the
proof given above for Lemma 2.3:

2.8.5.1. For every A > 1, (a, #)-angular control implies (Aa, A\3)-angular
control.

Now to verify Claim 2.8.5 we proceed by induction on k = dim G. (We
may assume k > 1 since 2.8.5 is clearly true when k& = 1.) Let H denote the
image of the one-parameter subgroup -1; it is a closed subgroup contained
in the center of G. Hence, G/H is also a simply connected nilpotent Lie
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group whose Lie algebra is g/h where h = Span{x;} is the Lie algebra of H.
Put the (unique) left invariant Riemannian metric on G/H which makes the
quotient homorphism ¢ : G — G/H a Riemannian submersion. Note that
G/H also has («, 3)-angular control (by Claim 2.8.3) and 2.8.5 is valid for
G/H since dim(G/H) = k — 1. Set

Exp (g) = sz1 + u,
where u € Span{zo, z3,...,z}, and let
b= Exp(u) and c¢= Exp(sz1) = 71(9).
Note that:
2.8.5.2. (a) g=cb
since ¢ € Center(G). Also let g denote ¢(g). Then:
2.8.5.2. (b) dg/u(g,€) < da(g,e) <

since ¢ : G — G//H does not increase distances. Also note that Expg g (u+
h) = g where Expg g : g/h — G/H denotes the algebraic exponential map
for G/H. Applying 2.8.5 to g, and using 2.8.5.2(b), we obtain that:

2.8.5.2. (¢) |u| < 4% dg(g,e).

Of course, this last inequality implies directly that:

2.8.5.2. (d) dg(b,e) < 4 Ldg(g,e).

Now, 2.8.5.2(a), and the fact that dg( , ) is left invariant, imply that:
2.8.5.2. (e) dg(c,e) < dg(g,e) + dg(e,b).

Combining 2.8.5.2(d) and (e) yields:

2.8.5.2. (f) dg(c,e) < (4*1 +1)da(g,e).

Since 71 (s) = ¢, we also have that:

2.8.5.2. (g) c1 = s

where c; is the first coordinate of f~1(c).

Now let C), be the positive real number such that the conclusion of Claim
2.8.4 is true (in dimension k) provided o < Cj, and let Cj._1 be the corre-
sponding number such that the conclusion of Claim 2.8.5 is true (in dimen-
sion k — 1) provided o < C_1. Set

ék = min{ék_l, (4k_1 + 1)_10k}-
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In particular, we assume that G has («, 3)-angular control where @ < C},.

And G also has (Cy, 3)-angular control where
B=@+1)8

because of 2.8.5.1. Now note that dg(c,e) < 3 because of 2.8.5.2(f) and our
assumption that dg(g,e) < . We can consequently apply 2.8.4 to ¢ and,
using again 2.8.5.2(f), conclude that:

2.8.5.3. (a) |c1| < 2dg(c,e) < 2(4* 1 + 1)dg(g,e).
But the triangle inequality, and 2.8.5.2(g), and |z1| = 1, together yield that:
2.8.5.3. (b) [Exp~(g)| = |sz1 + u| < |c1| + |ul.

Now, by combining the inequalities of 2.8.5.2(c) and 2.8.5.3(a) and (b) we
get that

[Exp~(g)] < 4*dg(g, ¢)
as required in 2.8.5.

This completes the proof for Claim 2.8.5.

Step VI. In this step we shall complete the proof for Lemma 2.8. We assume
s > 0 since the conclusion of 2.8 is trivially true when s = 0. Let p : G—G
denote the universal covering group of G and put the induced left invariant
Riemannian metric on G. Clearly, G also has (a, B)-angular control. Let the
one parameter subgroup 51 : R — G be the unique lift of ¢;. Furthermore,
let g : [0,1] — G be a smooth path such that:

2.8.6. (a) length(u) < t,

(b) 4(0) = ¢ and (1) = 61 (s).
And, let i : [0,1] — G be the unique lift of x such that 7i(0) = e. Set
g = ii(1) and observe that dz(g,e) < 3 (cf. 2.8.6(a) and recall ¢ < 3). Thus
we may apply Claim 2.8.5 to G to get a (unique) one-parameter subgroup
v : [0, s] — G such that:
2.8.6. (c¢) v(s) =g,

(d) [F(0)] < s~ 4Mdg(g, ).

The following useful inequality is a direct consequence of 2.8.6(d) and of the
fact that v has constant speed:

2.8.6. (e) dg(v(u),e) < (u/s)4%t for all u € [0, s].

We denote by €' C G and C C G the centers of G and C~¥, respectively.
Note that C = p~1(C); consequently, G/C = G/C is a simply connected
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nilpotent Lie group. Let ¢ : G — G/C denote the quotient homomorphism.
Then, the two one-parameter subgroups qo p oy and g o ¢; are the same
because the algebraic exponential map for G/C is a diffeomorphism and
because of the equation

qopor(s)=qo¢i(s).

Consequently, there is a one-parameter subgroup ¥ : R — C such that 51
factors as

G1(u) = P(u)y(u)
for all uw € R. Now, set
P2 =po.
Then, ¢ factors as
¢1(u) = (P2(u))(pov(u))

for all u € R. Evaluating this factorization at u = s yields that ¢2(s) = e
(since poy(s) = ¢1(s)). Thus Statement (b) of 2.8 is verified.

Since the metric on G is left invariant, the last factorization also yields
that

da(¢1(u), ¢2(u)) = da(poy(u),e)
for all w € [0, s]. And observe that

da(po(u),e) < dg(v(u),e)

because p : G — G does not increase distances. Combining these last two
facts with 2.8.6(e) yields that statement (c) of Lemma 2.8 is true.
This completes the proof for Lemma 2.8. (I

3. Proof of Theorem 0.3.

It is recommended that the reader consult Appendix 2 before reading this
section.

Let n,€,0; be as in 1.3. Let €,6 be as in Appendix 2 (cf. A.2.1-A.2.3); so
as not to confuse the € of 1.3 with the e of Appendix 2, we shall henceforth
denote the latter by €. Recall that £ denotes the total space of the frame
bundle p : £ — V defined in Appendix 2. We choose 7,¢,d; of 1.3 and €, 4§
of Appendix 2 as follows, where m = dim M:

3.0. (a) n = (m+4)%.

(b) 514.1 < edzdim E+2.
(c) h<Kio<exe<l.
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(To satisfy inequalities (b) and (c) first choose § and € and then choose the
81,02,....)

We shall prove Theorem 0.3 when n = 0 in 0.3: The proof for n > 0 is
essentially the same. With this in mind it will prove convenient to introduce
the following notation for some of the first (m + 4)® of the {§;}. [Note that
the following numbers do not exhaust all of the first (m + 4)® of the {;}.]

3.0. (d) For any integers i, j,k,l € {1,2,...,(m +4)? — 1} we set

tijk = 5 mA4)5 4+ (me )4k (mo4)2

Lijkd = Oi(m4-4)6-4j (m+4)A+k(m-+4)2+-

For given p € M we use Theorems A.2.2 and A.2.3 to choose a smooth
group action H x V — V which satisfies A.2.1(a)-(c) such that the lifted
action Hx E — FE satisfies A.2.3(a) and (b). Let H. C H denote the identity
component, and set A, = AN H, (see A.2.1 for A C H). The remainder of
this proof is carried out in Subsections 3.1-3.5 below.

3.1. The groups G, ;5 C;joy and A; ;i .. In this subsection we identify
the G x N — N and gy and I' C G of §2 with H. x E — E and ¢}, and
A. C H. of Appendix 2. We choose z of 2.7 to lie in the pre-image of p € V

under the composition of projection maps E#Viﬂ/. Then we have
that the conclusions of Lemmas 2.4, 2.6 and 2.7 hold for § = § and a = A\J
for any § > 0 (cf. 2.2 and A.2.5).

The closed connected Lie subgroups Gy, , C G are as given in 2.7. We note
that Gy,,, s C Gy, for all 1 <i < (m+4)?—1. Thus a dimension argument

gives us the following. (Recall that dim M = m and dim E < m? + m; so
dim G <m? +m (cf. A.2.3).)

3.1.1. For some 1 <i < (m + 4)% — 1 we have that
Gti,x = Gt

i+1,T°

For each 1 < j < (m +4)? — 1, and for 7 as in 3.1.1, we choose a sub-
group Cj j . C Gy, » which is maximal in Gy, , with respect to the following
properties:

3.1.2. (a) d’f/(p(:zs), hp(z)) < t;; for each h € Cj 4.
(b) C; .z is compact.
The existence of such a maximal subgroup of Gy, , can be seen as follows:

Since Gy, 4 is a connected nilpotent Lie group (cf. 2.7) it must contain a single
maximal compact subgroup C C Gy, ,. Now if C4 C Co C C3 C ... is a
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sequence of compact subgroups satisfying 3.1.2(a) and (b) with C; # Cj44 for

o
all [, then D = closure <UC’l is a subgroup of C' which satisfies Properties
I=1

3.1.2(a) and (b) and also satisfies dim(C;) < dim(D). Thus to construct

C; ;= we can first choose a compact subgroup € of maximal dimension that

satisfies 3.1.2(a) and (b); then by the preceding remarks C,, (one of the

groups in the sequence C; C Co C C3 C ...) may be chosen to be Cj ; ;.
Note that these compact subgroups can be chosen to satisfy C; j11. C

Cijo foralll1 <j< (m + 4)2 — 1. We denote by F; ;. C V the connected
component of the fixed point set for C; ; ., x V — V which is a distance less
than 2t; ; from p(x) (cf. Remark 3.1.3.1 below to see that Fj j , # ¢). Fj j, is
a totally geodesic submanifold of V. Tt follows from 3.1.2 that each F; . is

a nonempty closed subset of V; and that the equality C; j » = C; j+1,, would
be implied by the equality F;;, = Fj j+1.. On the other hand, it follows
from the inclusion C; jy1, C C; . that F; ;. C Fj 1. Thus a dimension
argument (over the dimension of the fixed point sets) can be used to verify
the following:

3.1.3. For some 1 < j < (m +4)? — 1 we have that

Cijz = Cijt1,2-

Remark 3.1.3.1. We show in this remark that F; ;. # ¢; i.e., there is a
fixed point ¥ € V for the action Cy ;. x V — V with d’v(p(ﬂs),Y) < 2t .
Since V, gy, is A’-regular with radius of injectivity at p(z) much greater than
ti; (cf. 3.0 and Appendix 2), we may choose an imbedding f, : B!* — V as

in A.1.1 and A.1.2 with p = p(z) and € > ¢; ;. The action of C; ;. x V-V
pulls back along f, to give a smooth action C; ;. X Bg}z — B defined by

the requirement that f,(hq) = hfy(q) for all h € C;;, and all ¢ € B,
(cf. 3.1.2(a)). In light of A.1.1(a) and (b), Property 3.1.2(a) implies that
the pulled back action satisfies:

() [h0] < (3/2)t,
for all h € C; j ., where h0 indicates the action of h on the origin 0 € Bgz.
Now if V were a Riemannian flat space (gij = (5; everywhere in A.1.1(a) and
(b)) we could obtain a fixed point element for the action Cj ; , x Bj, — B
by taking the geometric average:

(i) X = (Jp,,, h0) /Vol(Cija)
of all the values in (i). Note that (i) would assure that X of (ii) satisfies
|X| < (3/2)t; ;; so setting Y = f,(X) we get the desired fixed point for the
action Cjj, x V — V. In the general situation (when V is not flat) we
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obtain a fixed point set for the action Cj ;. X Bg% — B as the limit of
points X,,, n =1,2,3,..., where:

(ii) X1 = X; and X1 = ( Je. .. th) / Vol(Cy jz) for n > 1.
Note that (i) and (iii), together with Properties A.1.1(a) and (b) and A.1.3.3.1
in Appendix 1, imply that:

(iv) Xoo = limit X,,

n—oo

exists and satisfies:

(V) [ Xoo| < (7/4)t;; and hXo = Xoo
for all h € Cj 4. Setting Y = f,(Xo) we get the desired fixed point for the

action C; j, x V — V. [Note that (v) above, and Properties A.1.1(a) and
(b) in Appendix 1, together imply that d’v(p(x),Y) < 2t ;.]

For each 1 < k < (m +4)%2 — 1, and for i and j as in 3.1.1 and 3.1.3, we
let A; k2 C A denote the subgroup generated by all g € A which satisfy:

3.1.4. di, (p(x), gp(x)) < ti k-
We use the remainder of this subsection to verify the following claim:

Claim 3.1.5. The following relations exist between the groups G, +, C; j .z,
A; gz, for i and j as in 3.1.1 and 3.1.3 and each 1 < k < (m +4)? — 1
(a) Q(Gti,x)g_l = Gy, z foreach g € A; j 1. -
(b) g(Oiyj’x)g_l = Oi»j,a: for each gc Ai,j,k,m U Gti,x.
(c) Set A}y, = ANijka N Gre. Then A, is a normal subgroup of
Ai,j,k,x of index <« t;dim E
(d) A;»J}Lw = A{i,j,k,x-

Verification of Claim 3.1.5.
It will suffice to verify 3.1.5(a) for any g € A, ;1. satisfying 3.1.4. Note
that any ¢’ € 'y, , satisfies:

3.1.6. (a) d/E(x,hg/(S)ZL‘) < Btiy1

for all s € [0,1], where hy is the one-parameter subgroup hypothesized in 2.7

for t = t;11, and where B comes from A.2.3 and 2.7. And, since p: £ — 1%
is a Riemannian submersion, 3.1.6(a) immediately implies:

3.1.6. (b) d%/,(p(a:),hg/(s)p(a:)) < Btiy
for all s € [0,1]. Combining 3.1.4 with 3.1.6(b) we get:

3.1.6. (C) d"A/(p(a:),ghg/(s)g_lp(m)) < Qti,j,k + Bt
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for all s € [0,1]. Finally, by combining 3.1.6(a) and (c) with the inequality
2t; i + Btiy1 < t; (cf. 3.0), we may deduce that:

3.1.7. (a) dig(z, g(hy(s)g™ (z)) < t;

for all s € [0,1]. Recall that ¢’ = hgy(ry) for some ry € [0,1]; so when
s =rg in 3.1.7(a) we get:

3.1.7. (b) dy(z,99'g7 " (2)) < ti.
We also have that:
3.1.7. (c) gg/g7 ' €T.

To see this first note that g¢'¢g~' € A; and, since ¢’ € H, and gH.g~ ' = H.,
we also have that gg’g~! € H,. Now 3.1.7(c) follows from these remarks and
the equality I' = AN H.. An immediate consequence of Properties 3.1.7(b)
and (c), and of the definition of T'; ; given just prior to 2.7 above, is that:

3.1.8. (a) gg'g~' €Ty, ..

Thus, there is the one-parameter subgroup hygg-1 : R — Gy, , hypothesized
in 2.7. Consider also the one-parameter subgroup h : R — H,. defined by
h(s) = ghy(s)g~'. We note that 3.1.7(a) assures that 2.7(a) may be applied
to conclude that A is just a reparameterization for hggy,-1; in particular we
have that:

3.1.8. (b) ghy(s)g~! € Gy, . for all s.

Since the one-parameter subgroups hy : R — Gy, 2, ¢ € Ty, 2, generate
Giyr,e (cf. 2.7(b)), it follows from 3.1.8(b) that:

3.1.8. (C) thi+1,Ig_1 C Gtiax‘

Now Property 3.1.5(a) is a consequence of Properties 3.1.1 and 3.1.8(c).

In verifying Claim 3.1.5(b), since C} j, is in the center of Gy, ,, we only
need to consider the case where g € A; ;.. It also suffices to consider g
which satisfies 3.1.4 since A; ;. is generated by such elements. It follows
from 3.1.2 and from 3.1.4 that:

3.1.9. d’V(p(x),ghg_lp(x)) < 2tk +tijt1, for all h € Cj 10

Let C' C G denote the minimal compact subgroup which contains both
Ci j+1,2 and g(C¢7j+17x)g_1. Since C'is in the center of G it follows that any
element in C' can be written as a product gig2 of two elements in Cj j11,, U
9(Cij+1.)g~ 1. This last fact, together with 3.1.2(a) (as applied to C; j41.)
and 3.1.9, implies that:
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3.1.10. (a) dy,(p(z), hp(z)) < A(2t; 55 + tijt1) for all h e C.
It follows from 3.0 that

A2tk + tijar) < tij.
Combining this last inequality with 3.1.10(a) we get that:
3.1.10. (b) d%/(p(:v),hp(x)) <t;;forall heC.

If 315(b) doesn’t hOld, then C/L"jJr]_,z C C but Ci7j+17x 75 C (Cf 313)
These last properties, together with 3.1.2, 3.1.3 and 3.1.10(b), contradict
the maximality property for Cj ;. This completes the verification of Claim
3.1.5(b).

Now we verify Claim 3.1.5(c). It follows directly from 3.1.5(a) that Aj
is a normal subgroup of A; ; 1. .. To estimate its index choose a covering of the
fiber p~1(p(x)) by a finite number of open subsets X1,..., X, C p~(p(z))
which satisfy the following properties:

3.1.11.

(a) Each X is an open ball in p~!(p(z)) of radius t;/8. (Here the radius
is measured with respect to the restriction of g/, to p~1(p(z)).)

—dim E
(b) ¢ < t; :

Let B(p(z),t;/8) C V denote the open ball in V of radius #;/8 centered at

p(x) € V, and define an open covering Y1,...,Y, for p~1(B(p(x),t;/8)) as
follows:

3.1.11.

(c) Each Y; is gotten by parallel translating the set X, along all the
geodesics in B(p(z),t;/8) which start at p(z).

If for hi, ho € A; j k. we have that hi(x), ho(z) € Y, (for some s € {1,2,...,
q}), it follows from 3.1.11(a) and (c) that d(x, hy'hi(z)) < t;. Tt follows
from this last inequality, and from A.2.3 and 3.0, that h;lhl el'=ANH,.
Thus hy lhy e Iy, = (cf. the definition of I', , which precedes 2.7, and recall
that ' = AN H,); so hz_lhl € Gy, » by 2.7(b). It follows that there at most
q distinct left cosets of A;’ ik in A; j k.. This completes the verification of
Claim 3.1.5(c).
Finally we will verify 3.1.5(d). First we note that:

8.1.12. Iy, o CAL Ly

To see this we recall that I' = AN H,, and thus (by the definition of |
preceding 2.7 and the definition of A; ;. in 3.1.4) it follows that Tt e C
A jkz- We conclude from 2.7(b) and 3.0 that I'y, ., » C Gy, .. Now these

1,5,k
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last two inclusions, together with the definition given for A} ke i 3.1.5(c),
imply 3.1.12. Next we note that it follows from 2.7(c) (with ¢t = t;11 in 2.7)

and 3.1.1 that:
3.1.13. diameter (Lti,j,k,x/fti,j,k,z) < Ttit1

for all 1 < k < (m+4)%—1. From the definition given for A} ;. in3.1.5(c),
and from 3.0 and 3.1.1, it follows that A}, = acts on the space Ly, ;, u
and thus there is the orbit space Ly, _, +/A] j k- NOW combining 3.1.12 and

3.1.13 we conclude (even when k = (m + 4)? — 1) that:

3.1.14. diameter (Lti,j,kvx/A;,j,k,z) < Ttiy1.

Setting k£ = 1 in 3.1.14 we see that:
3.1.15. diameter (Ly, , , o/A} 1 ,) < Ttijp, for 1 <k < (m+4)? — 1.

/L?j?]‘?x

!/

It follows immediately from 3.1.15 that there is a generating set .S C Am’l’x

for the group Aj ;, , such that

d(z, gz) < 27t j k

for all g € S; and, since p : £ — V is a Riemannian submersion, this last
inequality implies

dy, (p(x), gp(x)) < 27t 5k
for all g € S. It follows from 3.0 that
QTti,j,k < ti,j,kfl-
Combining these last two inequalities with the definition given for A; ;14
in 3.1.4, and with the definitions of A;,; , and A;,j,kfl,x given in 3.1.5(c),
we see that:

3.1.16. A/

7‘7.]‘71’1' C A;{),j,k—l,x for 1 < k S (m + 4)2 - 1.

On the other hand it is a clear consequence of 3.1.4 and 3.1.5(c), and of the
fact that ¢; j, < t; ;1 if k> 1 (cf. 3.0), that:

c A

3.1.17. A/ fida

ik for 1 <k <(m+4)>—1.

Now 3.1.16 and 3.1.17 together imply 3.1.5(d).

3.2. The group action G, X F; j 1., — F; 1y Let the positive integers
i,7 be as in 3.1.1 and 3.1.3. We have referred to the subset F; ;, C v
in 3.1: It is the connected component of the fixed point set for the action
Cijz X V — V which is a distance less than 2t; ; from p(z). Note that it
follows from 3.1.2, 3.1.3, 3.1.5 that F; ; , satisfies the following properties:
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3.2.1. (a) d’ﬁ( (x),y) < 2t; j41, for some y € Fj j ,.

(b) F, . is invariant under the action Gy, , : V — V.
(c) Fi

ij 18 1nvar1ant under the action A; ;. Vs Vifrall <k<
(m +4)% —

Property 3.2.1(a) follows from 3.1.1-3.1.3. To verify Property 3.2.1(c) it will
suffice to show that gF; ; , = Fj j, for any g € A; ;1 which satisfies 3.1.4.
Note that by 3.1.5(b) we have that gF; ;, is a connected component of the
fixed point set for C; ;. x V — V. Using Appendix 2, 3.0, 3.1.4, 3.2. 1(a)
we have that y € F; ;. and gy € gF; ;. are a distance apart less than ¢; ;,
and that ¢; ; is much less than the radius of injectivity for V at y. Thus
there is a unique shortest geodesic arc connecting y to gy, which must be
in the fixed point set for C; j, x V' — V because y and gy are fixed points.
It follows that F; ;. = gFj ;.. This completes the verification for 3.2.1(c).
The verification of 3.2.1(b) is the same as that for 3.2.1(c); note that since
Gy, is connected it has a generating set of elements g € Gy, , which satisfy
Property 3.1.4.
We see from 3.2.1(b) (see also 3.1.5(b)) that there is an action

Gija X Fija — Fija
by the quotient group

Gijae = Gt,2/Cija
by 3.2.1(c) we see that there is the action

Nijka X Fijoz— Fija
forall 1 <k < (m+4)2—1. Foreach 1 <k < (m+4)? — 1, we let

Fijky C Fija

denote the union of all the orbits of the action G; ;. X Fj j . — Fj j, which

intersect with U 9(B(y;ti k) where B(y;t; 1) denotes the open ball
9EN; j kx

in Fj ;. of radius t; ;, centered at y, and y € Fj;, comes from 3.2.1(a).

Since Fj i, is the union of some Gj j ,-orbits, it is therefore left invariant

by the action G, X Fjj, — Fj ;.. To see that F; ;. is left invariant by

the action A; j i o X Fi jo — Fij. we must appeal to 3.1.5(a). Thus we have

the following:

3.2.2. Fj 1,y is left invariant by each of the actions G ;. X Fjj» — Fij
and Aijke X Fije = Fija-

We use the remainder of this subsection for verifying the following two
claims. In both these claims we let ¢, 5 be as in 3.1.1, 3.1.3.
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Claim 3.2.3. For any 2 < k < (m + 4)? — 1 the following hold:

(a) The action Gjj gz X Fijry — Fijky has local angle control equal
(€:tij.2)-

(b) Giju X Fijry — Fijky is a free action.

(c) Let G; ji, denote the foliation of F; ;. by the orbits of this action.
Then G; j .y is a strongly Riemannian foliation which satisfies

K(Gijky Fijky) < 106€t;j172.
(See Remarks 2.6(i) and (ii) for terminology and notation.)

For each t > 0 let At(y;t) denote the set of all vectors v € T(F; j2y)y
which are perpendicular to G; 2, and have length < t. Note that the

exponential map exp : A (y;t) — V is a well-defined smooth embedding for
all t € (0,; 2] (cf. A.2.1, A.2.2, 3.0); denote its image by B (y;t).

Claim 3.2.4. For any 4 < k < (m + 4)2 — 1 we have that B (y;t; jx—1)
intersects each leaf of G; ; 1., at most once.

Verification of Claim 3.2.3.

Note that Lemma 2.6 and 3.2.3(a) together imply Property 3.2.3(c). To-
wards verifying Property 3.2.3(b) we denote by Gj ;.. . the isotropy group for
the action G j o X F; j .y — Fi j iy at any point z € Fj ;1. To verify 3.2.3(b)
it will suffice to show that |G; ;.| = 1. And, since Gz 4. = g(Gi,jyx’Z)g_l
for any g € G; j» UA; j o (cf. 3.1.5(a) and (b)) and

Eijky = U 9192B (Y3 ti jik),
91€G 5,2,92€EN; 5 kz

it follows that we only have to show that |G; ;.. = 1 for z € B(y;t; ;).
Note that Lemma 2.5 and 3.2.3(a), together with Corollary A.2.4, imply
that |Gjja,-| < co. So the pre-image of G; ;.. under the quotient map
G« — G j g is a finite extension Cj j » C ém,z of the compact group Cj ; z-
Note also that z is in the fixed point set for the action a;,j,m xV — V,
and that dy (p(z),2) < t;; (use 3.0, 3.2.1(a), and z € B(y;t;;x)). Thus,
if |Gija,z| > 1, ém-,w will be a larger compact group than Cj j, which also
satisfies 3.1.2. This would contradict the maximality property for Cj ;.. So
we must have that |G} ;. .| = 1 as desired.

We have just argued that Properties 3.2.3(b) and (¢) can be deduced
from Property 3.2.3(a). Thus to complete the proof of Claim 3.2.3 it will
suffice to verify 3.2.3(a). Note also that Fj ., C Fj, 2, for all k > 2; so
it will suffice to verify 3.2.3(a) for k£ = 2. To verify 3.2.3(a) for k = 2 it
will suffice to show that the action Gj ;. X Fj j2, — Fjj24 has local angle
control equal (€,t;;2) at every z € B(y,t;j2) since gG; .9 " = Gy for
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all g € G;j» UA; 2, by 3.1.5(a) and (b), and
Fijay = U 9192B(y; tij,2)-
91€G j,2,92€N: j 2.2

If the desired local angle control does not hold at some z € B(y,t; ;2) then
(by Lemma 2.3) there must exist a unit speed path f : R — Fj 2, and a
unit vector v € T'(Fj j2,). which satisfy the following properties:

3.2.5. (a) There is a one-parameter subgroup ¢ : R — G, ;, such that
f(t) = o(t)(2).
(b) ©(Dg(v), Pyjo,r)(v)) > €, where g = ¢(r) for some 0 < r < t; 9.

Choose 2 € p~1(z), and let qg : R — Gy, , denote a one-parameter sub-

q

group such that the composition R d (Er G jz (¢ = quotient map)
is equal to ¢ of 3.2.5. Define a map f : R — E by f(t) = ¢(t)(2) for all
t € R. Then f satisfies the following properties. (Note that 3.2.6(b) is
a consequence of 3.2.6(a), and Appendix 2, and the fact that f has unit
speed.)

3.2.6. (a) po f = f.
(b) f has constant speed > 1.

Note that Properties 3.2.5(b) and 3.2.6(a) together imply that:

A~

3.2.7. (a) diz(g(2), f(u)) > ¢/8, for some u € (0,t; 2) and all g € C; j 5.
Combining 3.2.6(b) with 3.2.7(a) (with g = id in 3.2.7(a)) we get that:
3.2.7. (b) f has constant speed > €/8t; ;.

Now, combining 3.2.6 and 3.2.7(b), together with the relation:

3.2.7. (c) tijo < €ty )Hm E+2

(which follows from 3.0) and the fact that p o f has unit speed, imply that
the following is true:

3.2.8. (a) There is s € (u,t; ;1/2) so that dy(£(0), f(s)) < tij1-
[In more detail we verify 3.2.8(a) as follows: Let B(z,t; ;1) denote the open
ball in V of radius ti ;i centered at z. We may choose a covering {By, : 1 <
k <k} for p~1(B(z,t; ;1)) by open balls By in E satisfying:

(i) radius(Bk) <L i1,
—dim E_

(i) k< t; 5
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On the other hand it follows from 3.2.6, and from the fact that f has unit
speed, that:

(i) f(a) € UBk for all a € [0,%; 1].
k=1
Finally, by combining (ii) and (iii) above with Property 3.2.7(c), we deduce
that there are numbers a, ¢ € [0,1; ;1/2] such that:

(iv) a+tija2 < cand f(a), f(c) € By, for some 1 < k < k.

Now Property 3.2.8(a) is an immediate consequence of (i) and (iv), and of
the inequality u < t; j2 (cf. 3.2.7(a)), provided the number s of 3.2.8(a) is
defined by s = ¢ — a.]

Note that Appendix 2, 2.2, and 3.1.1 assure that all the hypotheses for
2.7(d) are satisfied by the action Gy, , x E — E. Thus we may apply 2.7(d),
in conjunction with 3.2.8(a), to deduce that:

3.2.8. (b) da,, ,($(0),8(s)) < tij1-

Now we can apply Lemma 2.8 with ¢1,t, s, G of 2.8 set equal to qub, tij1,58
(of 3.2.8), Gy, », and with gg of 2.8 set equal to the Riemannian metric on
G, » induced from g, by identifying Gy, , with the subset Gy, »(2) = {g(2) :
g € Gy, o} of E via the map g — g(2). We choose the local angle control
numbers (a, 3) (assumed in the hypothesis of 2.8) to be equal (Ad1, d1) where
A > 1 comes from Remark 2.2 and A.2.5; then it follows from 2.2 and
A.2.5 that the left action G x G — G has local angle control equal («, 3)
as required in 2.8. Note that 3.2.8(b), and the preceding remarks, imply
that these choices for ¢1,t, s, G, gg satisfy Property 2.8(a). Thus we may
apply Lemma 2.8 to conclude that there is another one-parameter group
¢2 : R — Gy, , which satisfies the following properties:

3.2.9. (a) ¢a(s)(3) = 2.
(b) dyy(62(u)(2), 1 (u)(2)) < (u/s)A%™ E(t; 1) for all u € [0, 5],

We can deduce from 3.2.9(b), 3.2.7(a), and from the inequality ¢; j1 < €/8
(cf. 3.0), the following additional property for ¢o:

3.2.9. (c) Image (¢2) is not contained in C; j ;.

Note that 3.2.9(a), together with the fact that Gy, , x E — E is a free

action [the action H x V — V is effective (cf. Appendix 2) and thus the
action H x E — F is free] implies that Image(¢s) is a compact subgroup of
Gy, - Let C denote the minimal compact subgroup of Gy, , which contains
Ci j+1,2 UImage(p2). The following properties hold:

3.2.10. (a) Cm'@ cCcC Gti,m and Ci,j,z 7'5 C.
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(b) d%/(p(:n), hp(z)) < t;;, for all h € C.

Note that 3.2.10(a) is a consequence of 3.1.3, 3.2.9(c) and of the definition
of C'. Also note that each element h € C can be written as product h = g1 9o
of two elements in Cj 11, U Image(¢2) (because Gy, . is connected and
nilpotent). Thus Property 3.2.10(b) follows from 3.0, 3.1.2 (as applied to
Cij+1,z), and from the following property:

3.2.11. d’f/(p(x),gp(x)) < 8imE(, 1) for all g € Image (¢2).

To verify 3.2.11 we note first that p : £ — V doesn’t increase distances;
thus

di, (da(w)z, d1(u)2) < (u/s)AM™ F(ti51), for all e (0,s),

follows from 3.2.9(b). Now ¢;(u)z has unit speed in the variable u (because
it coincides with the path f(u)), and s € (0,¢; ;1) (by 3.2.8(a)), so

d'v(z,d)l(u)z) < tjjq1 forall ue(0,s).

On the other hand we deduce from 3.0, 3.2.1(a), and from the fact that
A B(y,ti,jg), that

d/‘;—(P(fL’)» z) <tij1.

Now Property 3.2.11 follows directly form 3.2.9(a), and from the three pre-
ceding inequalities.

Note that 3.2.10 contradicts the maximality of the compact subgroup
Ci,j- This contradiction can be traced back to our assumption that the
action Gjjz X Fj jky — Fijky does not have local control equal (e, ¢; j2) at
S B(y,tz-yj,g) (Cf. 325)

This completes the verification of Claim 3.2.3.

Verification of Claim 3.2.4.
We begin by verifying the following property:

8.2.12. diameter (L/Aj ;, ) < 27t;41, for each leaf L € G; j 1.

Here 7 > 0 comes from 2.7(c), and the diameter is computed with respect
to the Riemannian metric which L C V inherits from (V/, g;)

It will suffice to consider only those leaves L € G; j . in 3.2.12 which in-
tersect with the subset B(y;t; ;i) of Fj j . (cf. 3.1.5, and review the definition
of Fj jry); note that this condition on L is equlvalent to:

3.2.13. (a) diy(y, L) < tijn,

since F} ;. is a path component of the fixed point set of Cj ; » X V — V and
the injectivity radius of V' at y is > t; ;1 (cf. 3.0 and Appendix 2). Let G; ,
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denote the foliation of E by the orbits of the group action Gy, , x E — E
(recall that this action is free). Note that the pre-image of L under the

composition map E*pﬂ? is a union of leaves in G;,. It follows from
Appendix 2, 3.0, 3.2.1(a), and from 3.2.13(a) that there is a leaf Le Gix

such that p(L) = L and:
3.2.13. (b) diy(z, L) < 2t; .

Remark 2.2 and A.2.5 assure us that we may apply Lemma 2.6, with the
group action G x N — N and the numbers «, 3 of 2.6 taken to be the group
action Gy, , x E — E and the numbers A, ¢ (for any small t > 0 and A as
in 2.2 and A.2.5), to conclude that:

3.2.13. (c) K(Giu; E) < 10°).
Now 3.2.13(b) and (c) and 3.1.14 together imply that:

3.2.13. (d) diameter(ﬁ/A;j7k7$) < 27tiy.

[When deriving 3.2.13(d) see also 3.0, 3.1.1, and recall that the actions of
Gy, and A; j 1 on E are free.] Since p: E — V is a Riemannian submersion

which maps L onto L, and which commutes the action of A’ on FE and

1,5,k,x
on V, we may deduce 3.2.12 from 3.2.13(d).
It follows from A.2.2 and from 3.0 that the radius of injectivity for F; ;.
is greater than ¢; ;2 at y € Fj ;.. This fact, together with the curvature
restrictions placed on G; 2, by 3.2.3, allow us to define a “local projection”

m: X(yitij2) — Al(y; tijz2)

from an open subset X (y;t;;2) C F; 2, as follows: Recall that B (y;t) and
AL (y;t) were defined just prior to 3.2.4 above for any t € (0, tij2); AL (y;t)
is a subset of T(F;;2)y and B*(y;t) C Fijs is the diffeomorphic image
of At(y;t) under the exponential map exp : Al(y;t) — ij,2- For each
q € B*(y;t) let L, denote the leaf of Gi jo2,y containing ¢ and let X (y;t),
denote the open ball in L, of radius ¢ centered at g. Set

Xwity="|J Xt
q€BL(y;t)

for each t € (0,¢;2]; and define 7 : X (y;t;2) — At(y;tij2) by sending
X(y;tij2)g to exp~i(q) for each ¢ € B1(y;t; ;2). Then  is a smooth fiber
bundle projection having the open balls {X(y;t;j2), : ¢ € B(y;t)} for
fibers. Note that for each t € (0,t; ;2] the restricted map = : X(y,t) —
At (y;t) is a smooth bundle projection having the open balls {X (y;t), : q €
Bt (y;t)} for fibers.
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If Claim 3.2.4 does not hold then we may deduce from 3.2.12 that there

isge A;J’k’z which for some z € X (y;t; j—1) satisfies:

3.2.14. (a) d, , (2,9(2)) < 4tjk—1, and thus g(2) € X (y; ti2);
(b) m(2) # m(g(2)).

We will complete the proof for 3.2.4 by deriving a contradiction to 3.2.14(b).
We can deduce from 3.0, 3.2.14(a), and from the definition of the 7, that
for each positive integer s < - dim B

P2 left multiplication by ¢° is a smooth
embedding

g% X(ystij2/8) — X(y;tijz2)

which maps each fiber for 7 | X (y;t;;2/8) into a fiber for 7. Thus each g¢*
induces a smooth embedding hs : At (y;t; j2/8) — ALt(y;tij2) . We will
—dim E7.

verify the following properties for {hs: 1 < s < Ay

3.2.15. (a) ’hs(O)’ <K ti,j,k72-

(b) There is linear isometry Is : T(G;j24)y — TF(Gijoy)y such that
|Dhs — I| < O(¢). (Here T*(G; j2,) denotes the orthogonal comple-
ment for Tgi’j’gyy in TFz',j,Q,y-)

(¢) If hs | A+(y;tij2/8%) has a fixed point then hy is the inclusion map.

(d) Each composition h{ is well-defined and equal to hs on all of A+ (y;
tijz2/8%)

2Js2 .

Properties 3.2.15(a) and (b) are a consequence of 3.0 and 3.2.14(a), and
of the curvature condition and the “strongly Riemannian” condition placed
on the foliation of X (y;t;;2) by the fibers of m by Claim 3.2.3 (see also
Appendix 1). And Property 3.2.15(d) is a consequence of 3.2.15(a) and (b).
Towards verifying Property 3.2.15(c) we denote by ¢ € AL(y;t;;2/8%) a
fixed point for hg; we have then that

g (m @) N X (y3ti52/8%)) € 7 (q);

and then by appealing to 3.0 and 3.2.14(a) this last assertion can be im-
proved to

g° (7 (g) N X (y;ti2/8%)) C 7 (q) N X (Y3t j2/8).
It follows from this last inclusion, and from the fact that G; ;. X< F; j2, —
F; j2y is a free action by isometries (cf. 3.2.3(b)), that there is a path f :
[0,1] — G; j, which satisfies:
3.2.16. (a) f(0) = identity and f(1) = g°;
(b) fO)(m @) N X (y5ti,2/8%)) € 71 (q) N X (ystij,2/4) for all ¢ € [0,1].
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Now it follows from 3.2.16(b), and from the curvature condition placed on
the foliation of X (y;t; j x—2) by the fibers of 7 in Claim 3.2.3, that:

3.2.16. (c) f(t)(m Y (uw)NX (y;tij2/8%) C 7 L(u) for all u € AL (y;t; j2/8?)
and all t € [0, 1].

Property 3.2.15(c) is a consequence of 3.2.16(a) and (c).
A contradiction to Property 3.2.14(b) is contained in the following state-
ment:

3.2.17. All the maps {hs: 1 <s < t;ﬁ"jf} have a common fixed point in
At (y;tij2/8%).

In fact 3.2.17 and 3.2.15(c) together imply that hy is the inclusion map;
this is equivalent to the equalities 7(z) = 7(g(2)) for all z € X (y;; j2/8%),
which contradicts 3.2.14(b).

Thus to complete the proof of Claim 3.2.4 it remains only to verify 3.2.17.
First we will verify the following weakened version of 3.2.17:

3.2.18. For some positive integer r < ti_f}ijE we have that h,(0) = 0.

Towards this end we first note it follows from 3.2.14(a), 3.0, 3.2.1(a) that:
3.2.19. (a) d.(p(2), 9°(p(2))) < 10st; 51

for all s € {1,2,... ,t;ﬁ“jQE , where x € E was selected at the outset of 3.1.
Now it follows from 3.2.19(a) and 3.0 that there are two distinct positive

integers r; < ro < ti_]d}ﬁf such that:

3.2.19. (b) dx(9" (2), g™ (x)) < t; jx—2-

[We use a covering argument to verify 3.2.19, similar to the argument of
3.1.11 used above in the proof of Claim 3.1.5(c).] Now, if we set r = ro —ry,
we have (by 3.2.19(b)) that:

3.2.19. (¢) dg(z,¢"(x)) < tijr—2-

Combining this last property with Lemma 2.7(d) (where we set the N, G, T, ¢
of 2.7 equal to E, Gy, 2, A maximum {d(z, 9" (x)),t; ;r}) we can de-
duce the following:

/
i’j7k»m’

3.2.19.

(d) There is a one-parameter subgroup f : R — Gy, , such that ¢" €
£([0,1]) and such that d’(Gt_ I)x(m, ft)(x)) <t jr—o forall t € [0,1].

We can combine 3.2.19(d) with 3.2.1(a), and with the fact that p: E — V.
is a Riemannian submersion, to conclude:
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3.2.19. (e) dy (y, f(t)(y)) < tijk—2 forall t € [0,1].

Now this last inequality, together with the definition of X (y;t), as the open
ball in L, of radius ¢ and center y, implies that all the points {f(¢)(y) : t €
[0,1]} are contained in the fiber 771(0). Since g" € £([0,1]) it follows that
g"(y) € 7 1(0); from which we immediately deduce 3.2.18.

Now to complete the verification for 3.2.17 we note that it follows from 3.0,
3.2.18, and 3.2.15(a)-(d), that there is a cyclic group action ¢ : Z, xW — W,
where

At (yitijo/8%) CW C At (y;ti59/8°)
and
P(s,w) = hg(w) for 1 <s<r.

By appealing to 3.2.15(a) and (b) we can obtain a fixed point for the action
Y L. x W — W as the limit of a sequence of points z1, 22, 23, ... defined
inductively by

21:0,

Zn+1 = rt Z¢(S’ Zn)'

s=1
We note that limit z, is the desired common fixed point of 3.2.17.
n—oo
This completes the verification for Claim 3.2.4.

3.3. The projection 7; .y : Fjry — Bijry for any 4 < k < (m +
4)% — 1. Set

Nijra = Ai,j,k,m/A27j7k7x)
V=V/A s
Fijky = Fijky/Nijp
Gijky = Gigka/ N j oo
Y= 4ijkyy),
where q;jry @ Fijry — Fi,j,k;,y is the quotient map and y comes from
3.2.1(a). We will verify that the following properties hold:
3.3.1. For each 4 < k < (m + 4)? — 1 we have:

(a) Gijky is a strongly Riemannian foliation which satisfies

= = 6 4—1
K(Gijhys Fijhy) <107t ;5.

(b) diameter (L) < 27t;41, for each leaf L € G; j 1 -
(c) diameter (Fyky) < tijk-11, Wwhere | = (m + 4)? — 1.
(d) Fijrriy C Fijry-
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(©) Gijiky | Fijhiiy = Gijhiiy-

Property 3.3.1(a) is a direct consequence of 3.2.3(c). Property 3.3.1(b)
is a direct consequence of 3.2.12. Properties 3.3.1(d) and (e) follow from
3.1.1 and 3.1.5(d), and from the fact that F; i1, C Fj i,y Now we will
verify 3.3.1(c). Since A}, . is a normal subgroup of A; ;.. (cf. 3.1.5(c))

it follows that Ai,j,k;,x defined above is a group. We may choose, by 3.0,
3.1.4, 3.1.5(c), 3.2.1(a), a subset of elements {g1,92,...,9x} C Aj jk which
satisfy the following properties:

3.3.2. (a) {g1,...,9\} maps onto KM’;C’I under the quotient map A; j ., —
Aivjvkvm'
(b) dy (v, 9iy)) < (2 4™ F)(2t058)-

Let U; j 1y denote the union of all leaves in G; ; 1, which intersect the ball
B(ya zyk) (Cf 3. 2) set

— . . ’
Uivjvkvy - Ulvjvkvy/Ai,j,k,.Z"

We note it follows from 3.3.1(b), and from the fact that B(y;t; j ) has radius
equal t; ; 1, that the following holds:

3.3.2. (c) diameter(U; jxy) < (47 + 2)t; ) k-

Since we have that Fj ;5 , = U 9(Ui jky) (cf. 3.2), we also have that:
9EN; j k.

3.3.2. Fijky = Ugt ijiky)-

Now we deduce 3.3.1(c) from 3.3.2(b)-(d) and from 3.0. This completes the
verification for 3.3.1.

Now we can use 3.3.1 to aid in the definition of the projections m; ;1 . :
F; igky — Bijky forany 4 <k < (m+4) —1. Let W denote the space of all
v E T(F” k,y)y Which are perpendicular to g” k,y, and let exp : W — F” .
and fyr : W — RP denote the exponential map and a fixed linear isometry
respectively, where Fi,j,x is defined by

Fija="Fija/Njpa
and where § = dim W (cf. 3.2.1(c) and 3.1.5(d)). Let B(2t;) C W denote
the ball of radius 2¢; centered at the origin of W. Since the injectivity
radius of Fj ;, is much greater than 2¢; at every one of its points (cf. A.2.2,
3.0) it follows from 3.3.1(a)-(c) and from 3.2.4 that exp : B(2t;) — Fi .
maps B(2t; 31) diffeomorphically onto a smooth submanifold B(2¢; j31) of
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F; ;» which intersects each leaf L € G;;x, in exactly one point (see 3.0,

and recall that A; ik leaves each leaf of G; ;1 , invariant). Define a map

Tijky : Fighky — Bijky bY:
3.3.3. (a) Wi,j,k,y(L) = fW ) eXpil(L N E(2ti,j,3,1)) for L € gi’j’kyy.
(b) Bijky = Image(m jk,y)-

There is also a canonical cross section s; .y @ Bijky — Fiu}/ay defined by:
—1
3.3.3. (¢) 8 jky(v) =expofy (v) for v € By

Note it follows from 3.3.1(d) and (e) that W (in the preceding construc-
tion) is independent of k. Thus we concluded (by 3.3.1(d) and (e)) that the
following relations hold:

3.3.4. () iy | Fijhtly = Tijh+iy-
(b) Bijk+1y C Bijky-
(©) Sijky | Bijk+1y = Sijk+1y-

Also, since Fj j 1, contains the open ball B(y;t; k), it follows that Fi,j,ky
contains the subset B(t; ), where B(t;;x) = exp(B(t;;x)) and where
B(t; ) is the open ball of radius t; ; , centered at the origin of W. The fol-
lowing property is a reinterpretation of the containment B(t; ;) C Fijry
and of Property 3.3.1(c):
3.3.5.
B j ky is an open subset of RP which contains the open ball of ra-
dius t; j  centered at the origin of R?: moreover diameter(B; j i) <
i k—1, with [ = (m + 4)2 — 1.

We note that if § € Fi,j,k,y were replaced by any other point 7/ € Fi,j,k,y in
the preceding construction for the maps ; ;1 ., and s; ;1. we would obtain

.. , 5 , : ; .

a new projection m; ;¢ Fijry — B; ;. and a new cross section s; ;.
/ il . . . .

Bi,j,k,y — Fijky. We will verify the following properties:

(.7’ MOte that s maps the open subset Bf ;, € R”
/

diffeomorphically onto to the open subset B; j ., C RP. For each z € Bl’ ik

3.3.6. Set s = m; j 408

there is a linear isometry L, : R® — R such that s and L, satisfy:
() [|Ds). — L]l <
(b) [[D?s).]| < O(e)t; -

Towards this end we let W’ denote all v € T'(F i.jk,z)y Which are perpen-

dicular to G, j k., and let fy : W' — R# denote a given linear isometry;
we use W', fyy+ in the preceding construction (in place of W, fi/) to obtain
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/ / : : /
T ik and Si ik (in place of m; 1, and s; ;). For any given z € Bi,j,k,y

_ /
we set z1 = S5k

denote all vectors v € T(F; j )z which are perpendicular to G; ;,; and
choose linear isometries fy, : W; — RP. For sufficiently small neighbor-
hoods U’,U, Uy, Us of z,5(z),0,0 in R? there are diffeomorphisms

(2) and set zo = 7’71k y(2) N Image(s; jry); let W;

ggZU/—>U1 and g2:U1—>U2 and gle2—>U
defined as follows: Define g; to be the composition of three maps g1 =
gri0g120g13 Here g = expo(fyy! | U); g13 = expo(fys | Ua); and
g1,2 : Image(g13) — Image(gﬁ) is the holonomy map for G; ;. Define
g2 to be the composition of three maps go = g2.1 © g2,2 © g2.3 Where go1 =
913 923 = expo(fyy! | U1); and goo : Image(ga3) — Image(gy3) is the
holonomy map for G; j . Define g3 to be the composition of three maps
g3 = 93,1 © 932 © g3,3 where g31 = 95&; 933 = expo(fyr | U'); and g3 :
Image(gs,3) — Image(go,3) is just the holonomy map for G; k. Note that:

3.3.7. (a) S ‘ U, = (g1 © g2 © g3.

It follows from the fact that G; j ., is “strongly Riemannian” (cf. 3.3.1(a))
that:

3.3.7. (b) g2 : Uy — Us is an isometry.

On the other hand we will show that there are linear isometries I, I3 : R’ —
R# which satisfy the following claim in which 1 =0 and 3 = z:

Claim 3.3.8. (a) ||[D'(gy — Ib)“; < eforb=1,3.

(b) 1D*(g6 — Ib) 3/l < O(e)t; 5 for b=1,3.
Now Properties 3.3.6(a) and (b) are a consequence of Properties 3.3.7(a)
and (b) and 3.3.8(a) and (b).

Verification of Claim 3.3.8.

We will verify the claim for b = 1; the same proof works for b = 3.

First we remark that Fj ;. is an open subset of F;; ., and that Fj;,
is (locally) a totally geodesic subset of V with respect to the Riemannian
metric g%. Thus, if h denotes the Riemannian metric inherited by F; ;x ,

from g%/, we see (cf. Appendix 2) that Fj ;. h is an A’-regular Riemannian

manifold, where A’ comes from A.2.2. Note that the quotient & of the metric

h by the action Agjk.x X Fjky — Fijry is also an A'-regular metric for

F; jky- Thus, for sufficiently small € > 0, there is an imbedding f, : B® —

Fi jky which satisfies the conclusions of A.1.1 and A.1.2 (for p = 2 and
m = dim Fi:jzkzy)'
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Define a foliation g}-,j,k,y on B by
gAiyjakzy - f}:1<gl,.7,k,y>'

Let « denote the dimension of the leaves of QAi7j7k7y; note that 6 = m — a.
Without loss of generality we may assume that the first a-coordinates of
R™ are tangent to G; ;1 at the origin. Thus there is a smooth function
f: R™ — R” so that the following properties hold near the origin of R™.
In what follows we identify R™ with R® x R?, and denote a variable point
in R* x R? by (u,v).
3.3.8.1. (a) £(0,0) =0 and D, f(0,0) = 0; f(0,v) = v for all v € R”.

(b) For each v € RP define f, : R® — R” by f,(z) = f(z,v). The leaf of

Gi jky thru the point (0,v) coincides with the graph of f,.

We note that the curvature bounds placed on G; j ., by 3.3.1(a) lead (thru

A.1.4) to curvature bounds for Ql j.k,y» Which can be expressed in terms of the
function f(u,v) as follows: Let u = (u1,ug,...,uq) and v = (vq,v2,...,v3)
denote the standard coordinates for the variables v and v respectively.
3.3.8.1. (c) Near the origin of R® x R® we have that |0f/0uq, Oua,| <
O(e)t 1, and |02 f/Ovydug| < O(e)t; 1, for all ay,az,a € {1,2,...,a}

Z7j72 l’j72
and all b € {1,2,...,5}.

Define a map 3; jxy : Bijry — B by

Bijky = 5; ), (Image(f,))
and
§i’jak’y = f;l o 8i7j7k7y'
It follows from 3.0, 3.3.3, 3.3.8.1(a)-(c), and from A.1.1-A.1.3 and A.1.3.3.1
(as applied to our present f, and also to the exponential map used in

3.3.3(c)), and from the preceding definition, that §;;, satisfies the fol-
lowing properties:

3.3.8.2. (a) ||D5;ky — L|| < € for some linear distance preserving map
L:RP —R™
(b) |D?3; jkyl < B, where B > 0 depends only on m and A’ (cf. A.2.2).
(c) Let Ty denote the tangent plane to Image($; ;) at the origin of R™;
we also have the subspace 0 x R? of R™ = R® x R?. We have that

O(Ty,0 x R?) < e.

Now, by appealing to Properties 3.3.8.1 and 3.3.8.2 we can define a smooth
embedding §; : V — RP, from a small open neighborhood V of the origin
in R?, as follows:
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3.3.8.3. (a) g1(v) = §Z]{k’y(uv,f(uv,v))
where u,, € R* is uniquely determined by the requirement:
3.3.8.3. (b) (uy, f(uv,v)) € Image(5; j1y)-

To complete the verification of Claim 3.3.8 it will suffice to show that ¢;
satisfies the following properties:

3.3.8.4. (a) [[Dgijo — 1| < € for some linear isometry I; : R® — R,

(b) [|1D2g10ll < O(e)t; .

To verify 3.3.8.4(a) we first define a map g; : V' — Image(s; j 1) defined
by

51(’0) = (umf(uvav))

where u, is as in 3.3.8.3(b). And we let ps : R™ — RS denote the standard
projection of R™ = R x R” onto its second factor. Note that:

3.3.8.4.1. (a) D(q1)j0 = (p2 | To) ™,
(b) g1 = S;j{hy ° g1,

where T comes from 3.3.8.2(c). Now Property 3.3.8.4(a) is a direct conse-
quence of 3.3.8.4.1(a) and (b) and 3.3.8.2(a) and (c).

To verify 3.3.8.4(b) we need some more maps. For each v € V we let
u, € R be as in 3.3.8.3(b), and we define a map h, : V — u, X RP c R™
by

hy(w) = (wy, f(uy, w))

for all w € V. Let P, denote the tangent plane to Gi,j,k,y at (Uy, f(uy,v));
define a map p, : R™ — u, x R by

pv(‘]) = (Pv +Q) N (uv X Rﬁ)

for all ¢ € R™. Let T, denote the tangent plane to Image(5; k) at
(uy, f(uy,v)). Note that h, and p, satisfy the following property:

3.3.8.4.2. (a) Dy = (pu | To) ™" © (Dhy).
It also follows from Properties 3.3.8.1(a)-(c), and from 3.3.8.2(a)-(c), that:
3.3.8.4.2. (b) || Dhyy, — Dhejoll < O(e)|vlt; |

,L7j72’
() I1Ds; )y (po | To) ™" = Dsijy 0 (po | To) Ml < O(e) ol

(d) HDsi_’jl’hy o(py | To) Y| <2and ||h| <2 forallveV,
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where we use Euclidean parallel translation to identify the ranges of the two
linear maps Dh,,|,, and Dhg|g, and also use Euclidean parallel translation to
identify the domains and ranges of the two linear maps Ds;; ky © (P | T,)~*
and Dsi_’jl’k’y o (po | To)~t. Now, by combining Properties 3.3.8.4.2(a)-(d)

with 3.3.8.4.1(b), and recalling that ¢; jo < € (cf. 3.0), we conclude that

IDg110 — Dinpoll < O(e)vlt; ),

where the domains and ranges of the linear maps are identified under Eu-
clidean parallel translation. Note that 3.3.8.4(b) is an immediate conse-
quence of this last inequality.

3.4. Km-,k,x X B; jay — Bija,y and the fixed point set C; ;. ,. It follows
from 3.1.5(a) and (b), and from the fact that the leaves of the foliation
G jkx are just the orbits of the action Gy, » X Fjjry — Fjjky, that the
leaves of G; j 1. are permuted by the action A; o X F; j ko — Fj j iy for all
4 <k < (m+4)%—1. It follows from 3.1.5(c), and from the definitions given
for Fi,j,k,ya gi’j’k’y, Ki,j,k,m in 3.3, that the action Ai,j,k,a: X Fi,j,k,y — Fi,j,k,y
induces an isometric action

Nijka X Fijry = Fijky

which permutes the leaves of Qm,k,y. Now since B; j, is obtained from
F; j iy by collapsing each leaf of G; ;1 , to a point we also have the action

Ai7j7k7x X Bi7j7k7y - Bi:jzk7y7

for each 4 < k < (m + 4)? — 1. Note that B;;, is an open subset of
B jay (cf. 3.3.4(b), and recall that Fj;, is an open subset of Fj;, for
all k and G; j .y = Gijay | Fijry)- Note also that A, jj . C A;ja, for all
k>4 (cf. 3.1.1,3.1.4, 3.1.5(c) and (d)). Thus the action of A; j ;. on B; j .y
extends to an action

Aijka X Bijay — Bijay-

This last action is not an isometric action, but it is nearly so. In fact the
following properties can be deduced from 3.3.6(a) and (b):

3.4.1. For any g € Kmk’r and any z € B; i, there is a linear isometry
L, :R? — RP (where R® comes from 3.3.6) which satisfies:
(a) |Dyg. — L:| < ¢
(b) [D%g] < O(e)ti -

Note that the following additional property can be deduced from 3.3.5, and
from the fact that the action of g on B; 4, leaves invariant the subset
Bijky C Bijay:
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3.4.1. (¢) |g(0)] < b1y for I = (m+4)2 — 1.

We denote by C; jxy C Bija,y the fixed point set of the action Ki,j,k,w X
B jay — Bijay. Wewill verify the following important properties of C; ;
forall 5 <k < (m+4)? —1:

3.4.2. (a) There is ¢ € C; 1, satisfying |q| < t; jx—1, for | = (m+4)% — 1.

(b) K(Cyjry; RP) < C’)(e)ti_’jlg, where K (C; jx,; R”) is defined to be the

curvature K(r; M) of 0.1 when in 0.1 we set M = R” and we let
r:Cjjky — {1} denote the constant map.

(c) Cijky is a closed subset of B 4.

We define the point ¢ of 3.4.2(a) by ¢ = limit ¢, where the sequence
n—oo
q1, 92,93, - .. is defined inductively as follows:

0 =0 gy =Rijral [ D 9lan)
9€N; jkw
It follows from 3.4.1(a) and (c) that g is well-defined and satisfies 3.4.2(a).
We note that 3.4.2(b) is a direct consequence of 3.4.1(a) and (b). Property
3.4.2(c) is immediate. We leave as an exercise for the reader to verify the
following additional property for Cj ., for all 5 < k < (m + 4)?2 — 1. Let

B(t; j,4) denote the open ball of radius ¢; j 4 centered at the origin of B; j 4,
(cf. 3.3.5).

3.4.2. (d) Cjjky N B(tija) is a path connected manifold.

Note that for any 5 < k < (m +4)? — 1 we have A; jri1. C Nijga DY
3.1.1, 3.1.4, 3.1.5(c) and (d), and 3.3; thus we have that

Cijky C Cijktiy-

Now we may use an induction argument (induction over dim(C;jy)), in
conjunction with the preceding inclusion and with Properties 3.4.2(c) and
(d), to conclude that for some 5 < k < (m + 4)? — 2 we have that:

3.4.3. Cijky N B(tija) = Cijrriy N B(tija) = Cijkiay 0 Bltija).
We also have as a consequence of 3.4.3 that:

344 Nijrw = Nijrire

for k as in 3.4.3. To verify 3.4.4 we use 3.4.2(a) (with k replaced by k + 2)
to choose ¢ € C; j k42, Which satisfies:

3.4.5. (a) |q| < tijr+1y for I = (m+4)? — 1.
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It follows from 3.4.3 that:
3.4.5. (b) qE C’i,j,k,y-

Note it also follows from 3.3.1(b) (with k replaced by k+1 in 3.3.1(b)), 3.3.3,

3.3.4(a), and1 from 3.4.5(b) and from the fact that ﬂijkﬂ(q) is a covering

ik y(q)/Ki,j,k,xv that the following property holds:

space for m
3.4.5. (¢) diameter(ﬂgﬁhy(q)/Ki7j7k7w) < 275 j kyo-

Let L € G; j x,y denote the leaf which covers the leaf Tri_jl koy
we may reinterpret Properties 3.4.5(a) and (c) as follows:

(9) € Gijky, then

3.4.5. (d) There is ¢ € L with dy(y, §) < t;j k41, for I = (m+4)? — 1.
(e) L is left invariant by the action A; ;. x V — V. Moreover there is a
generating set {s1,s2,...,s:} for A; ;. such that for all s, we have
dp (G, $r(q)) < 87t j ko
Now 3.4.4 follows from 3.4.5(d) and (e), and from 3.0, 3.1.4, 3.2.1(a).

3.5. The infranil core r : U — B. In this subsection we shall complete
the proof of Theorem 0.3 by defining r : U — B and 6. > 0 of 0.3 which
satisfy Properties 0.3(a)-(c).

First we define §. by:
3.5.1. (a) dc = ti k3,

where for the duration of this subsection the positive integers i, j, k are as
in 3.1.1, 3.1.3, 3.4.3 and 3.4.4, respectively. Now we let ¢ € C; j 41,4 be as
in 3.4.5(a). Recall that C; ., C R7; let P ¢ R” denote the plane which is
tangent to C; j x4 at ¢; and let P : R? — P denote the orthogonal projection
onto P. Set:

3.5.1. (b) B={ueP:|lu—q| <}

then B is isometrically equivalent to an open ball of radius . centered at
the origin (i.e., at ¢) in some Euclidean space (i.e., in P), as is required in
0.2.1(b) and 0.3(a). Note that (P | C; k)" is well-defined (cf. 3.4.2(b)-
(d)) and maps B diffeomorphically onto an open subset BC Ci,jk,y- Define
the map r: U — B by:

3.5.1. () U=} (B)/Kijra

d) Note that m; ;1 induces a map m; i, : U — B; let r denote the
Joky P Tij.ky 3
composition of 7; ; ., with P | B.



56 F.T. FARRELL AND L.E. JONES

First we must verify that r : U — B is an infranil core for M as defined
in 0.2. We note that for each z € B there is a leaf L, € G, ;1, which is
left invariant by the action A; ;. X V — V such that r1i(z) = L./Nijka
Since the leaves of G; ;, are just the orbits of the free action G, X
Fiiky — Fijky, it follows that each fiber r~!(z) is diffeomorphic to the
infranil manifold G j . /A; j k2; cf. 3.1.5 and 3.2. This shows that r satisfies
0.2.1(a). We note that 0.2.1(b) is immediate from 3.5.1(b). To see that
r satisfies 0.2.1(c) we argue as follows. First we deduce from 3.4.2(b) and
3.3.1(a) that:

3.5.2. (a) K(G;U) < O(e)t; 1

where G denotes the foliation for U by the fibers of r. And we may deduce
from 3.4.5(c) and 3.5.1(a) (see also 3.0) that:

3.5.2. (b) diameter(U) < O(4.).

Let ¢ € V denote a point in the preimage of r~!(g ~ 0) under the covering
space projection 7 : V' — V (cf. Appendix 2); and set:

3.5.2. (c) U =7""(U)N B(4,1),

where ¢ denotes the O(é.) of 3.5.2(b) and where B(§,t) denotes the open
ball of radius ¢ centered at ¢ in V. Note that 3.4.2(b) and 3.3.1(a) (together
with the fact that F; ;  , is locally a totally geodesic submanifold of V') also
imply:

3.5.2. (d) K(U;V) < O(e)t;

where K (U;V) denotes the curvature of the constant map U — {1} (as
described in 0.1) for the submanifold U C V with respect to the Riemann-
ian metric gg/ of Appendix 2. We deduce from 3.5.2(c) and (d), and from

A.2.1(b) and 3.0 and 3.5.1(a), that the following holds for U c V:
3.5.2. (e) U has a well-defined tubular neighborhood of radius 4. in V.

Finally, we may deduce that U satisfies Property 0.2.1(c) from 3.5.2(b), (c)
and (e), and from 3.0, 3.1.1, 3.1.3, 3.1.4, 3.1.5(c) and (d), 3.4.4.

Now we must verify that r : U — B satisfies Properties 0.3(a)-(c).

Towards verifying 0.3(a) we first note that B has radius equal d. (cf.
3.5.1(b)). Moreover ¢ € (0,n) by 3.0 and 3.5.1(a). (Recall that we are
proving 0.3 for the special case n = 0.) This completes the verification of
0.3(a).

Next we will verify 0.3(c). Let ¢ € V be as in 3.4.5(d), and define p’ € U
of 0.3 to be the image of ¢ under the covering projection 7 : V — V. Note
that ¢ of 3.5.3 may be chosen equal to ¢ of 3.5.2(c); thus we have:
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3.5.3. (a) |r(p)] = 0.

[Actually we have r(p’) = ¢ € P; but we are identifying (P, q) isometrically
with (R"™,0) for some integer n, in order that B be an open ball centered
at the origin of R™ as is required in 0.2.1.] Note also that it follows from
3.0, 3.2.1(a), 3.4.5(d), 3.5.1(a), and from the fact that z € E is mapped to

p € M under the composition E—>7— "=V (cf. 3.1), that:
3.5.3. (b) dy(p,p) < €,

where dps( , ) denotes the distance in the manifold M of 0.3. Now 0.3(c) is
a consequence of 3.5.3(a) and (b).

It remains to verify Property 0.3(b); i.e., we must find a number 6 € (0, 1)
which depends only on dim M such that Properties 0.2.2(a)-(d) hold, for
0 =9, in 0.2.2.

Note that Property 0.2.2(c) can be deduced fairly directly from 3.0,
3.3.1(a), 3.3.3(a), and 3.5.1(a)-(d).

Towards verifying 0.2.2(b) we first note that

r=1(0) = ng%k,y(Q)/Ki,j,k,x;
thus we may deduce from 3.0, 3.5.1(a), and from 3.4.5(c) that
diameter(r~1(0)) < €d...

Now 0.2.2(b) follows from this last inequality and from Properties 3.5.2(a)
and 0.2.2(c).

Next we verify 0.2.2(a). We have already verified part of this property
by noting above that 3.4.2(b) and 3.3.1(a) together imply 3.5.2(a) and (d).
Unfortunately the curvature bounds for G provided by 3.5.2(a) can not be
translated into curvature bounds for r. [Although the converse is true: A
bound on K(r; M) can be translated into a bound for K(G;U) and for
K(U,V).] What we need is a stronger version of 3.3.1(a) which we can
combine with 3.4.2(b) to deduce 0.2.2(a), and this stronger version is pro-
vided by the following claim. Let 7; j , : Fi’j’k.’y — B; j 1y denote the fiber
bundle projection defined in 3.3, and V be as in 3.3.1(a).

Claim 3.5.4. K(7; i, V) < (’)(e)t;j{Q.

The verification of this claim, which will be carried out at the end of this
chapter, relies on 3.3.1(a) and 3.3.6. Note that 3.5.4 and 3.4.2(b), together
with 3.3.3 and 3.5.1, imply that

K(r;M) < 0(6)755}72.

Now 0.2.2(a) follows immediately from this last inequality and from 3.0,
3.5.1(a).
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Finally we will verify 0.2.2(d). Let v € TM‘U be perpendicular to U; and
denote by v € T V a vector which is in the pre-image of under the covering

projection 7 : V. — V. In order to verify that v satisfies the conclusions of
0.2.2(d) it will suffice to consider the following special cases:

(i) The foot of © lies in F; j ., and © is perpendicular to Fj j 4, in V:
(ii) the foot of v lies in Fj ;1 ,, and 0 is tangent to Fj ;4.

If 9 is perpendicular to F; j 4, in V then we argue as follows: Since Fj j 4,
is an open subset of the fixed point set for the compact group action Cj ;. x

V-V (cf. 3.2), we can choose g € C; j , so that:
3.5.5. (a) A1 < O(0,9(0))

where A1 > 0 depends only on dim V. Recall that Ui« is the foliation of £
by the orbits of the free action Gy, , x E — FE; let u denote the foot of 9,
let 4 denote a point in the pre-image of u under the map p: £ — V, and

let I denote the leaf of Ui which contains the point 4. We have shown in
3.2.13(d) that:

3.5.5. (b) diameter([l/AgiYM’m) < 2Tti4q.

[Note that there is no loss of generality in choosing the preimage 4 of u

so that our present choice of L is equal the L of 3.2.13.] Thus, for some
g €A, (cf. 3.1.5(d)), we have that:

,J,k+1,T
3.5.5. (c) ' (9(@),¢/(@)) < Aatis1

where A2 > 1 depends only on dim E. Since g(u) = u, and since p : E — 1%
is a Riemannian submersion, we may deduce from 3.5.5(c) that:

3.5.5. (d) d'L(u,g’(u)) < )\2ti+1,

where the leaf L € G; 1, contains u. Hence we can find a smooth path

N

f:[0,1] — L which satisfies the following property:
3.5.5. () f(0) = w and f(1) = ¢'(u); length(f) < 2Xati; 1.

Now the desired path f : [0,1] — U in 0.2.2(d) may be defined to be the
composition of f with the covering projection 7 : V — V. That f satisfies
the conclusions of 0.2.2(d) can be deduced from 3.0, 3.5.1(a), and 3.5.5(a),
(c) and (e). This completes the verification of 0.2.2(d) for the case when ©
is perpendicular to Fj ;4. in V.

If  is tangent to Fj j4, in V then we verify 0.2.2(d) as follows: Let ©
denote the image of ¥ under the composition of the covering map F; 4, —
F;jay (recall that F; j4, = Fi,j,4,y/A;,j,4,q;) with the projection map 7; j 1y
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Fijay — Bijay- It follows from 3.0, 3.3.1, 3.3.3, 3.5.1, and from the fact
that v is perpendicular to U in F; j4./A; j k., that:

3.5.6. (a) O, Cijpa) > /2 — O(e),

where C; j . is the fixed point set of the action Ki,j,k,x X Bjjaz— Bijaz
Since the foot of ¥ (denoted by @) is in Cj j x4, it follows from 3.5.6(a) (see
also 3.4.1) that we can choose g € Ki,j,k,x such that:

3.5.6. (b) O(7,g9(v)) > A3

where A3 depends only on dim B; ;.. Note that it follows from 3.3.1(b),
3.4.3, 3.4.4, and from 3.5.1 that the fiber r~!(%) has a finite covering space
Y — r~1(@) which satisfies:

3.5.6. (c) diameter(Y') < 27t; ; k41;
(d) Y/Ki,j,k,x = Tﬁl(ﬂ).

Let u € Y/Km,k’x denote the foot of v and let v/ € Y denote a pre-image
of u under the covering map Y — r~!(u). Using 3.5.6(c) and (d) we may
choose a path f:[0,1] — Y which satisfies:

3.5.6. (¢) f(0) =’ and f(1) = g(u'); length(f) < 27t; ;i1

Now the desired path f : [0,1] — U of 0.2.2(d) may be defined to be the
composition of f with the covering projection Y — r~!(@). That f and v
satisfy the conclusions of 0.2.2(d) follows from 3.0, 3.5.1(a), 3.5.4, 3.3.6(a),
and 3.5.6(b) and (e). This completes the verification for 0.2.2(d) when © is
tangent to I ;4.

Verification of Claim 3.5.4.

Since F'; j ., is an open subset of a totally geodesic submanifold of V, it
will suffice to show that there is a positive number x, with x < (’)(e)t;j{Q,
such that for any smooth path h : [0,1] — F; ;5 we have:

3.5.4.1. HPh(Dﬂ'i,j,k,yM(O))aDﬂ'z’,j,k,y\h(l)” < k(length(h)).

Recall (cf. 0.1) that for any v € T'(F' jky) 1) we have that
Pr(D7; j k,yin(0)) (v) = P o Dy j k. yin(o) © p o Py(v)

where P is Euclidean parallel translation in B; ., and p : TV|h(O) —

T(Fz‘,j,k,y)m(o) denotes orthogonal projection, and P; is parallel translation
along h in V where h(t) = h(1 —t) for all t € [0, 1].
We will first verify 3.5.4.1 in the following two special cases:
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Case 1. 'We suppose in this case that h of 3.5.4.1 satisfies Image(h) C L
for some L € G; jky; and we shall deduce 3.5.4.1 from 3.3.1(a). In more
detail, we may proceed as in the verification for Claim 3.3.8 given above.
Set p = h(0) and let f, : B — F; 1, be a smooth embedding as in A.1.1
and A.1.2. Let gAm,k,y and f: R™ — RP be as in 3.3.8.1. There will be no
loss of generality in assuming that Image(h) C Image(fp); because if 3.5.4.1
holds for all curves of sufficiently small length, then it must hold for all
curves. Thus we define A : [0,1] — B by

h=f"oh.

Recall that 3.3.8.1(c) is just a reformulation for the curvature bounds given
in 3.3.1(a). Define a map 7; jxy : B — B jry by

i jky = Tijky © Ip-

Note that 7; ;. , is equal to the composition of the orthogonal projection of

B™ onto RP (cf. 3.3.8.1) with one of the maps s = m; j ., 0 8 jky Of 3.3.6.

Thus we may apply 3.3.8.1(a)-(c) and 3.3.6(a) and (b) to deduce that:

~

3.5.4.2. HPH(Dﬁi,j,k,ym(o))’Dﬁz‘7j7k7y\iz(1)H < K(length(h))

for some positive number £ satisfying & < O(e)t;j{Q, where the ©( , ) and P,
and length(h) are all geometric constructions and measurements made with
respect to the Euclidean metrics on Bf* and on B; ;1. ,. Let 6§dxidmj denote
the Euclidean metric on B, and let g; jdz;dx; denote the metric B7* pulled
back along f, from V (cf. A.1.1). Now, by comparing parallel translation in
B with respect to these two Riemannian metrics (see Appendix 1), we see

that 3.5.4.2 implies 3.5.4.1.

Case II.  We suppose in this case that h of 3.5.4.1 satisfies Image(h) C

/ / . / .. : .
Image(sivjvkvy) for some map s} ;. B, — Fijky as in 3.3.6; and we

shall deduce 3.5.4.1 from 3.3.1(a) and 3.3.6. Recall (cf. 3.3) that s/

. igiky S @
composition

fwr exp
le',j,kvy CRZ w’ v,
where BZ{’ iy is an open subset of the Euclidean space R?, fy is a linear

isometry onto a subspace of T(Fi,j,k,y)@’ for some i € Fm-’k,y, and exp
denotes the exponential map. Thus the Euclidean metric 5§dacid;rj on Bl{, ey
is a very close approximation to the Riemannian metric g; jdz;dx; gotten

by pulling the Riemannian metric on V back along s, iky (see Appendix

1). In light of these few preceding remarks we may deduce from Properties
3.3.6(a) and (b) that:
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8.5.4.3. |Py(D7; j g yin(0)) (V) DTy j kg n(1) (v)] < K" (length(h))

for any v € T'(image(s; ; ;. ,))|n(1), where £ is a positive number satisfying
K < O(e)tZJ{Q. Finally we may deduce 3.5.4.1 from 3.5.4.3 and 3.3.1(a).

To verify 3.5.4.1 in general we note that any smooth path h : [0,1] —
F ijky May be point wise approximated by a piecewise smooth path g :
[0,1] — F j 1, which satisfies:

(1) g(0) = h(0) and ¢(1) = h(1);
(ii) every smooth piece of g is either a path as in Case I (reparametrized)
or a path as in Case II (reparametrized);
(iii) (1/3)length(h) < length(g) < 3(length(h)).

Then, since 3.5.4.1 has been verified for Cases I and II, it follows from (i)
above that 3.5.4.1 holds also for g. Also, since g point wise approximates h,
we have that parallel translation along g approximates parallel translation
along h. Thus, by (iii) and the two preceding remarks, we may conclude
that h also satisfies 3.5.4.1.

Appendix 1.

Let (M, g) denote a complete A-regular Riemannian manifold. In this ap-
pendix we reformulate the A-regular condition for (M, g) in terms of the
local coordinates associated with the exponential map exp : TM — M (the
“normal” coordinates for M). We analyze to what extent the metric g is
approximated by the Euclidean metric for a normal coordinate system (cf.
A.1.1 and A.1.2), and to what extent germs of isometries of M are approx-
imated by linear isometries for a normal coordinate system (cf. A.1.3). We
also reexamine here the notion of “curvature” for a map (cf. 0.1): We analyze
the relations between curvatures computed in (M, g) and curvatures com-
puted with respect to the Euclidean metric for a normal coordinate system
for M (cf. A.1.4).

All of the results A.1.1-A.1.4 are referred to in the proof for Theorem 0.5
given above.

We begin by paraphrasing a result of J. Jost and H. Karcher [14, Satz
3.4 and 5.1], and of J. Bemelmans, M. Min-Oo, and E. Ruh [1]. In the next
theorem we let B" denote the open ball of radius € > 0 centered at the
origin of R™, and we let 9/0x; : R™ — TR™, i = 1,2,...,m, denote the
vector fields associated to the standard coordinates x1,x2,...,xy, for the
R™.

Theorem A.1.1. There is n > 0 and a collection B = {B;} of positive
numbers By, B, Bs, ... which depend only A = {A;} and m = dim M. For
each p € M and each € € (0,n) there is a smooth immersion f : BI* — M
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which satisfies the following properties. Let g;; : B{® — R be defined by
9ij(x) = g(Df(0/0xi(x)), Df(0/0x(x))) for all x € BL".

(a) f(0) =p and g;;(0) = 5;
(b) |0%g; j/0xs,0xs, ... Oxs, (x)| < By for all k,i,j,{s1,...,sk}, * € B™.

Remark A.1.1.1. Actually Jost and Karcher [14] verify this theorem under
the added hypothesis that there is a lower bound 7 > 0 to the injectivity
radius of M, and € > 0 is also dependent on 7. The following simple trick
can be used to remove this hypothesis (cf. [1]). Since the curvature of M
is pinched, there is a > 0, which depends only on dim M and the bounds
of the curvature of (M, g), so that the following is true: For any p € M the
exponential map exp : B, — M is an immersion, where B, denotes the open
ball of radius « centered at the origin in T'M,,; moreover the g*-injectivity
radius at each point p € B,/ is greater than 7 > 0, where g* is the pull
back along exp of the metric g on M, and where 7 > 0 depends only on dim
M and the curvature bounds for (M, g) (cf. Cheeger and Ebin [3]). Thus
the results of [14, Satz 3.4 and 5.1] may be applied to (B,,g*) near the
origin of B, to obtain a desirable coordinate system h : B]* — B, near the

origin in (Bg, g*); now the immersion f : B — M of Theorem A.1.2 can

be defined to be the composition Bem—h>Baﬂ>M.

The maps h : B — B, referred to in the preceding remark are the
harmonic coordinates for (Bg,g¢") near the origin (cf. [14, Satz 3.4 and
5.1]). So, roughly speaking, the maps f : B!* — M which Theorem A.1.1
provides are the “immersed” harmonic coordinates. The following corollary
states Theorem A.1.1 is also true for the “immersed” normal coordinates.
Both Corollaries A.1.2 and A.1.3 are proven below.

Corollary A.1.2. We may assume in A.1.1 that f = expolL, where L :
R™ — TM, is a linear isometry and where exp : TM,, — M denotes the
exponential map.

Corollary A.1.3. For given p,p' € M we let f: B™ — M and [’ : B™ —
M denote the maps given by A.1.2 with f(0) = p and f'(0) = p’. Suppose
that for x,a’ € BYjg we have that f(z) = f/(«'). Then there is a smooth
embedding h : Bg}g — B™ uniquely determined by Property (a) below; and

there is an isometry h : R™ — R™ of Euclidean space satisfying Properties
(b) and (c) below:

(a) h(z) =2/, and f | By = f'oh.

(b) h(0) = h(0), and ||D(h — h).|| < O(€?) at all z € B, [Here, and
in Part (c) below, || || indicates the Euclidean norm of the appropriate
derivative.]
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(c) There is a collection of positive numbers B = {B; :i=1,2,...} which
depend only on the B = {B;} and dim M. We have for all i and all

z € B?}g that

ID"h.|| < Bi.

Remark A.1.3.1. Note that 1.3 (in the Proof of Theorem 0.5) can be
deduced from A.1.3 in the special case when p = p’ and f = f": Just
identify z,y, e of 1.3 with z,2’, ¢ of Corollary A.1.3; and assume (with no
loss of generality) that 100§ < €, where § comes from 0.5.

In the next theorem we let p € M and f : B — M be as in Theorem
A.1.1 and Corollary A.1.2. We let r : U — B denote an infranil core for M;
recall that B is a ball in some Euclidean space R*. We set

U=f1U),
ro f.
So # maps U to B = B. Let K(r; M) denote the curvature for r in (M, g)

as defined in 0.1; and let K(7; B!™) denote the curvatures for 7 in (B!", e
as defined in 0.1, where e denotes the Euclidean metric.

Theorem A.1.4. Suppose that U C f(B™), K(r; M) < ¢ 1, and that
| Dryl| < O(1) for all g € U. Then we have that

K(#;B") — O(e) < K(r; M) < K(#; B") + O(e).

,,?.

~—

Remark A.1.5. The preceding theorem remains true if we replace 7 by
7| X, for any open subset X C U which satisfies U C f(X). This theorem
will be proven below.

In our next and last theorem of this appendix we let r : U — B denote
an infranil core for (M, g) of radius 6 > 0, and we let s : E — B denote the
thickening for r described in 0.4. For each positive number ¢ > 0 we denote
by K(s; M,t) the glb for all numbers o > 0 which satisfy

||D8f(1) — Psof ODSf(O) o Pf_l)H < ot

for any smooth path f : [0,1] — FE having length less than or equal to t.
Here Py denotes parallel translation along f in (M, g), and Py denotes
Euclidean-parallel translation along so f in B (recall that B is an open ball
in some Euclidean space). Note (cf. 0.1 as applied to s) that

K(s; M) =1ub{K(s; M,t):0 < t}.
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Theorem A.1.6. Let €,0 > 0 denote sufficiently small numbers, where
how small is sufficient for € depends only on A = {4;} and dim M, and
how small is sufficient for 6 depends only on €, A = {A;}, and dim M. If
r satisfies Properties 0.2.2(a)-(c) for our present choice of €,6 > 0, then s
must satisfy

K(s;M,68) < O(e)d .

The following lemma will be used in the proof for Theorem A.1.6. In this

lemma we let § : £ — B denote the composition function Ei>E*S>B7
where f, now denotes the immersion f : B* — M of A.1.1 and A.1.2, and
E = fp_l(E); and we let X C E denote an open subset of E. For any
number ¢ > 0 we denote by K (s | X; BI",t) the glb of all numbers o > 0
which satisfy

D341y = Paoy 0 Dés(g) 0 P; || < ot

for any smooth path f : [0,1] — X which has Euclidean length less than or
equal to t.

Lemma A.1.7. Suppose E C fp(B{") and that for any smooth path f :
[0,1] — E, having length less than or equal to t, there is another smooth
path f:[0,1] — X such that f, o f = f. Suppose also that |Dsy|| < O(1)
for all g € E. Then we have that

K(5| X;B" t)—0O(e) < K(s; M,t) <3K(s| X;B",t)+ O(e)
provided € is sufficiently small depending only on A = {A;} and dim M .

The proof of Lemma A.1.7, which is analogous to the proof of Theorem
A.1.4, is left as an exercise for the reader.

Proof of Corollary A.1.2. Recall Theorem A.1.1 which defines n,{B;} de-
pending on {4;} and dim M, such that for each ¢ € (0,n7) we have an
immersion f : B — M and a pull back metric {g;;} on B{" satisfying
Properties A.1.1(a) and (b). Let A, be defined as below (A.1.2.1(c)); and
choose € as below (A.1.2.1(a)). Then Theorem A.1.1 implies that there is
an immersion f : B® — M such that the pulled back metric {g; ;} satisfies
A.1.2.1(b). (Note that A.1.2.1(b) is true for any choice of A, > 0 just so
long as €, By, n, A, are related as in A.1.2.1(a); the restriction placed on A,
in A.1.2.1(c) will be relevant later in this section.)

A.1.2.1. (a) € < min{\,,/B1,n}.
(b) 1gij(x) = 8ij| < A, for all z € B™.
(¢) Am = min{(10m)~™, (10~™ + 1)}/™ — 1}.
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Let Ff’ ;B — R denote the classical Christoffel functions for the Rie-
mannian metric represented by the {g; j} with respect to the standard co-
ordinates z1,x2,...,T,. Using of the equality

T =1/2)  hir(Dgr5/0xi + Ogri/ Oz + Dgi ) Oxy)

r=1

where the matrix [h; ;] is the inverse of the matrix [g;;], together with
A.1.1(b) and A.1.2.1(b) and (c), we can deduce the following:

A.1.2.2. |(8"F£j/8x818x52 .0z, ) (x)] < Cy for all n,i,5,k,{s1,...,5n},
x € B".
Here C' = {C;} is a collection of positive numbers which depend only on
B = {B;} and dim M.

The standard coordinates 1, xo,...,z, for R™ induce coordinates on
TR™ y1,92, -+« Ym, Ym+1s - - - » Yom via the correspondence

m
Zmerla/awl(ylv cee aym) — (ylay27 o Ymy YmA1, - - - 7y2m)-
=1

We define a vector field V : TB™ — T(T'B!") on TB!" by A.1.2.3(a); note
that we may deduce from A.1.2.2 that V satisfies Property A.1.2.3(b) and

().

2m
A.1.2.3. (a) V = Zvia/ayi, where

i=1
Ymeti ifi<m
‘/z'(yly...,y2m) = _ Z ym+jym+kré7k(y1""7ym) if7/>m.
1<j,k<m

(b) For all k,4,{s1,...,sk}, y € B! x B{" we have that

05V; /Dy, . . . Dys,, (y)| < 3"m <Zc> +1.
c¢) For all 2 and all y € B™ x B{* we have that
€ 1

i)l < § Lo
(2 — . .
m2Co(y2p1 + - + Y3y ifi>m.

Note that in Parts (b) and(c) above we have used the identification TR =
R™ x R™ — arising from the coordinates (yi,...,Ym,Ym+1,---,Y2m) ON
TR™ — to make sense of “y € B]" x B"".
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We integrate the vector field V to get a partial flow ¢ : S — T'B*, where
S C R xTB! is the maximal subset on which this partial low makes sense.
Note it follows from A.1.2.1(b) and (c¢) that the next two properties hold for

P
A.1.2.4. (a) [-2,2] x (B, x BYj,) C 5.
(b) ¥ ([~2,2] x (B}, x B,)) C BI" x Bl,.

[To see this notice that v is the geodesic flow on T'B!" relative to the Rie-
mannian metric g; ; on B/".]
Now we can deduce from A.1.2.3(b) and A.1.2.4(b) that the partial flow

Y [~2,2] x (B}, x B},) — TB!"
satisfies:
A.1.2.5. [0 /dys, ... 0ys, (t,y)| < Dy

forall k, (t,y) € [-2,2] x (B:’}4 X BZ’/‘AL)7 where | | denotes the Euclidean norm
(with respect to the coordinates y1,y2, . .., yom ). Here D = {D;} is collection
of positive numbers which depend only on C' = {C;} and m = dim M.

To complete the proof for Corollary A.1.2 recall that ¢ : S — T'B[" is the
(partial) geodesic flow for the Riemannian metric g; jdx;dz; on B{*. Thus

the composition
B, =0x B, C Bl x Bl Vo PO pm Sy

€

is equal to a composition

B, 1M, 2P

€

where L is a linear isometry and exp is the exponential map and f is given
in A.1.1 and ; is the composition

B,

Thus it follows from A.1.1(b) and from A.1.2.5 that exp oL satisfies:

x B, =1x B, x B, ¢ S—Yorpm.

A.1.2.6. |0%g, ;/0xs, ... 0z, (x)| < By

for all k and all z € B, where the B = {B;} is a set of positive numbers
which depend only on the B = {B;} and m = dim M, and the g, ; : TB* —
R are defined by

9i,j(x) = g(D(expoL)(d/0xi(x)), D(exp oL)(9/xj(x))).

[Recall that B?/LZL =0x 3274 C B x R™, and B x R™ has coordinates

Y1,---,Yom. Here we have renamed the coordinates Ym+1, Ym+2,---,Y2m
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for R™ to be x1,x2,...,2m.] If we replace (in A.1.1) the f, B, g;;,€e by
f =expoL, B, Gij: € = €/4, then A.1.2.6 assures that Property A.1.1(b) is
still satisfied for the “barred” quantities; Property A.1.1(a) is satisfied by
the “barred” quantities because f (restricted to a small neighborhood for
0 € B!") is a normal coordinate system at p.

This completes the proof for Corollary A.1.2. O

Proof of Corollary A.1.3. Note that all the steps in the proof for A.1.2 apply
to the immersions f, f' : B™ — M given in the hypothesis of A.1.3. In
particular Properties A.1.2.1(b) and (c) hold for the functions {g;;} and
{ggﬁj} associated to f and f’ respectively by A.1.1. For any y € Bjg let
hy :[0,1] — B be defined by hy(t) = (1 —t)x +ty, t € [0, 1]; note that
1ength( y) = |y — x| < 2¢/9, Where the length and the norm are computed
in Euchdean metric. Now it follows from A.1.2.1(b) and (c) as applied to
both the {g;;} and the {g;;}, and from the fact that both f and f" are
immersions, and from the fact that 2’ € B"}g, that there is a smooth path

hi, : [0,1] — By which satisfies the following properties:
A.1.3.1. (a) fohy(t) = f"ohy(t) for all t € [0, 1].

(b) length(hf) < length(hy) + ¢*m*(10m)~"™, where the lengths are com-
puted in the Euclidean metric.

Now we can define h : B™

oo B" by:

A.1.3.1. () h(y) = h! (1)

for all y € B™ /9" We leave as an exercise for the reader to determine that
h is a smooth embedding uniquely determined by the properties listed in
A.1.3.1.

In order to verify Properties A.1.3(b) and (c) for A : Bllg — B we will
need another description of this map. Let ¢ : S — TB™ and ¢’ : S’ — TB"
denote the (partial) geodesic flows for gZ jdzr;dr; and ga jdxidz; respectively.
We have by A.1.2.4 that [-2,2] x (B, x B"/‘4) C S and [-2,2] x (B, x

/4) C S’. Define mappings r : B™ o4 — B and r' By, — B{" to be the
compositions:

A.1.3.2. (a)

Bijy =@ )XB%CSHTB’” BganmLoJ;Bm

€

| |
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€

| |

,,,l

Bg4z(x/)ng}4csLTB:n:BgnXRmLoj.Bm

respectively. Define the linear map L : R™ — R™ to be the composition:
A.1.3.2. (¢)

R™ = TB7, 2L Ty, P T, — R,

elx el T

| !

L

where the identifications R™ = T'B™ and T B™

, = R™ are induced from
€|z €|z

the standard coordinates x1,x2,...,xy for B{". Note that the diffeomor-
phism h : ng — B!" defined in A.1.3.1(c) is also given by the following
formula:

A.1.3.2. (d)h=7r"0oLor™!| B,

[Note that 7,7’ are essentially the exponential maps for g; jdz;dr; and
gg’jdzid:cj respectively. Thus Image (r) is the ball B4, of radius ¢/4 cen-
tered at x in B274 computed with respect to the metric g; jdz;dz;. Note that

A.1.2.1(b) and (c) (applied just to the {g;;}), together with the fact that
T € Bg’}g, assure us that:

(i) B:}Q C Be/4@.

Thus r~! : Blly — B}, is well-defined. In addition A.1.2.1(b) and (c)
(applied to both the {g;;} and the {g; ;}), assure us that:

(ii) Lo T*I(B?/Lg) C B,
Thus (by (i) and (ii)) we have that 7’ o L o r~! is well defined on Bq (the

domain of h); this is a necessary condition for A.1.3.2 to hold.]
Note that Properties A.1.3(b) and (c) follow easily from A.1.3.2(d) and
the following two claims:

Claim A.1.3.3. For every v € R™ we have that
(1= 0()lo] < L) < (1+O(e?))]o],

where | | denotes the Euclidean norm.
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Claim A.1.3.4. Let 7,7 : R™ — R denote the translations of Euclidean
space which satisfy 7(0) = z and #(0) = 2/. There is a collection of positive
numbers E = {E;} which depend only on m = dim M and on the B = {B;}
of A.1.1, such that the following properties hold:

(a) |[D(r—7)5.ll < O(e?) and |D(r' —),,|| < O(e?) hold for all z € B!}

\ /4
b) ||Dir.|| < E; and |D'r!_|| < E; for all i and all z € B™,.
|2 |z €/4

Verification of Claim A.1.3.3.

The key idea here is to improve upon Properties A.1.2.1(b) and (c) for
both the {g;;} and the {g;;} (cf. A.1.3.3.2 below). Since f, ' : B* — M
are (when restricted to a sufficiently small neighborhood for 0 € B!") normal
coordinates for M near p,p’ € M respectively, it follows that:

A.1.3.3.1. 0g;,;/0xk(0) = 0 = 9g; ;/0x(0) for all i, 7, k.

Property A.1.3.3.1, together with Properties A.1.1(a) and (b) for both the
{gi;} and the {gé,j}, imply that:

A.1.3.3.2. [g;j(2) — 85| < O(€%) and |g; ;(2) — 6%] < O(e?)

for all 4,j and all z € B". By reviewing the definition given for the {g;;}
and the {g; ;} just prior to A.1.1, we see it follows from A.1.3.2(c) that:

A.1.3.3.3. ) gij(x)viv; = gi (=) L(v)iL(v);
4,3 .3
for all v € R™, where (v1,v2,...,vn) and (L(v)1, L(v)a, ..., L(v),) denote

the standard coordinates for v and L(v). Now Claim A.1.3.3 can be easily
deduced from A.1.3.3.2 and A.1.3.3.3.

Verification of Claim A.1.3.4.

Note that A.1.3.4(b) can easily be deduced from A.1.2.5 (as applied to
both v,4’), and from A.1.3.2(a) and (b).

Now we will verify A.1.3.4(a); the key idea here is to improve upon Prop-
erty A.1.2.5 in the special case that £ = 2 in A.1.2.5 (cf. A.1.3.4.4 below).
Towards this end we first note it follows from A.1.3.3.1 that:

A.1.3.4.1. T, (0) = 0 = [/, (0)

for all 4, 5, k, where I‘; . and F;Zk are the Christoffel functions associated to
the g; jdr;dx; and g;jd:cidxj. We deduce from A.1.2.2 (as applied to both
Fé‘k and F}ik) and from A.1.3.4.1, that:

A.1.3.4.2. [T (2)] < O() and I, (2)] < O(e)
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for all 7, j,k and all z € B{". Now let V and Vv’ denote the vector fields on
TB;" defined in A.1.2.3(a) (where I'/; replaces I'} ; in A.1.2.3(a) to define
V). Then it follows from A.1.2.3(a) and from A.1.3.4.2 that:

A.1.3.4.3. |0%V/0y;, 0yi,(y)| < O(e) and |0*V' /Dys, Oyi, (y)| < O(e)

for all (i1,12) and all y € B™ x B, where (y1,...,Y2m) are the standard
coordinates for T'B]" referred to in A.1.2.3 and where | | indicates the Eu-
clidean norm for vectors. Since we integrate V and V' to get the (partial)
geodesic flows 1), and v/, we may deduce the following inequalities from

those in A.1.3.4.3:
A.1.3.4.4. |0%) /0y, 0yi, (t,y)| < O(e) and 0% /Oyi, Oyiy (t,y)| < Oe)

for all (i1,i2) and all (¢,y) € [-2,2] X (3274 X 32}4).
To complete the verification for A.1.3.4(a) note that the following equal-
ities are a consequence of the definition given for r,7' in A.1.3.2(a) and (b):

A.1.3.4.5. D(r — 7)o = 0= D(r' — ).

Now Claim A.1.3.4(a) is easily deduced from A.1.3.2(a) and (b), A.1.3.4.4,
and A.1.3.4.5.
This completes the proof for Corollary A.1.3. O

Proof of Theorem A.1.4. For each smooth path p : [0,1] — B[ let P,,
and P,. denote parallel translation along p with respect to the metrics
g = gi,jdr;drjand e = 6;dxidxj respectively. The following relation between
P, , and P, is an easy consequence of Property A.1.3.4.2 (as applied to the
Christoffel functions Ffi ; of gijdxidzy).

A.1.4.1. For each smooth path p : [0,1] — B! and each vector v € TB{, )

we have

|[Pp,g(v) = Bpe(v)]e < (lengthe(p))O(e).

Now Theorem A.1.4 is a direct consequence of Property A.1.4.1, and of
Property A.1.3.3.2 (as applied to the g; ;), and of the hypothesis for A.1.4

that [[Dry|| < O(1) for all g € U.
This completes the proof for Theorem A.1.4. O

Proof of Theorem A.1.6. Note from the hypothesis of A.1.6 (that r satisfies
0.2.2(a)-(c)) that:

A.1.6.1. (a) diameter(U) < O(9).

Thus, by choosing p € U and choosing § < €, we may assume that:
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A.1.6.1. (b) U C f,(B).

In particular A.1.4 applies to r and #, where 7 : U — B was defined just
prior to A.1.4. We also want to apply A.1.7 to s and §, where § : E — B
was defined just prior to A.1.7; recall that £ = fp_l(E).

The remainder of this proof is based upon the following claim, which we
will verify at the end of this proof. In this claim we set £ = dim U, and for
any integer i > 0 and any number ¢ > 0 we let B} denote the open ball of
radius t centered at the origin of R’.

Claim A.1.6.2. Let Y = U N BZ5. There is a smooth embedding h :

Y x Bg”_k — B!, where Y is an open subset of Bgé containing 0, which
satisfies the following properties:

(a) h(0,0) =0, and Dh(g ) is an isometry with respect to the Euclidean
metrics.

(b) [|Dh(yy) — Dhiw |l < O(e) for all (z,y), (2',y') € Y x By* . (Here
the norm || || is computed with respect to the Euclidean metrics.)

(¢) h(Y,0) =Y and h(z x Bg”fk) = p~1(h(z,0)) for all z € Y, where

p:ENBY —U

denotes the orthogonal projection with respect to the Riemannian met-
ric 9i,j of A.1.1.

To complete the proof for Theorem A.1.6 we first note we have as an
immediate consequence of A.1.6.2(a) and (b) the following properties. Let
p:Y X Bg”_k — Y denote the standard projection onto the first factor.

A.1.6.3. (a) [[D(poh Y| < 1+ O(e) for all g € h(Y x By~F).
(b) [ID(po h*l)q —D(po h’l)q/H < O(e) for all q,¢' € h(Y x Bg”_k).

Note also that it follows from A.1.6.2(a) and (b) as applied to h | Y x 0 (see
also A.1.6.2(c)), and from 0.2.2(a)-(c) as applied to r, and from A.1.1 and
A.1.4 as applied to r and 7, that:

A.1.6.3. (¢) |[D(Fohol),] <1+ O(e) forall z €Y,
(d) |D(fohol),—D(fohol),| <O(e) for all z,2/ €Y,

where I : Y — Y x 0 sends z to (z,0). Finally we note that A.1.6.2(c)
implies that:

A.1.6.3. (¢) (Fohol)o(poh ) =5|h(Y x BI* ™).
It follows from A.1.6.3(a)-(e) that:
A.1.6.4. (a) | D3] < 1+ O(e) for all ¢ € h(Y x By"™F)
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(b) D3, — Déy|| < O(e) for all q,¢' € h(Y x By*™%).
We may rephrase A.1.6.4(b) as follows. (See Remark A.1.7 for notation.)
A.1.6.4. (c) K(3| X;B",0) < O(e)d~! where X = h(Y x BJ"™*).

Note that it follows from A.1.6.2(a), (b) and (c), and from A.1.3.3.2 as
applied to g; j, and from 0.2.2(a)-(c) as applied to r, that the subset X C £
of A.1.6.4(c) has the following desirable lifting property:

A.1.6.4. (d) For each smooth path f:[0,1] — E having length less than
or equal to d, there is a smooth path f : [0,1] — X such that fpof = f.

Now the conclusion of A.1.6 follows immediately from Property A.1.6.4(c)
and Lemma A.1.7: Note that Properties A.1.6.4(a) and (d), and Property
A.1.3.3.2 as applied to g; j assure that the hypotheses of Lemma A.1.7 hold.

Verification of Claim A.1.6.2.

Let V' denote the tangent plane to Uat0eU , and choose an isometry
g1 : R¥ — V with ¢1(0) = 0 (here V has the metric inherited from the
Euclidean metric on B"). For sufficiently small ¢ there is a unique smooth
embedding go : Y — B! which satisfies the following properties:

A.1.6.2.1.

(a) We have that g»(Y) =Y and, for all z € Y, ga(2) — g1(2) is perpendic-
ular to V. (To make sense of the difference g2(z) — g1(z) we identify
g1(z) with its image in B!"™ under the Euclidean-exponential map.)

(b) g2(0) = 0; and Dgs | T(BEs)o = g1 when T(B%)o is identified with R*
by the Euclidean exponential map.

(c) [|D*(g2)qll < O(e)d L forall g€ Y.

We note that Y and gy are uniquely determined from g¢; by Property
A.1.6.2.1(a); and Property A.1.6.2.1(b) is a direct consequence of A.1.6.2.1(a)
and of the definition for g;. Note that Property A.1.6.2.1(c) is equivalent to
the inequality:

(i) K(Image(ge); B™) < O(e)d™1;

and, since Image(g2) is an open subset of U , this last inequality is implied
by:

(i) K(U; B™) < O(e)d~ 1.
(Here for any smooth submanifold S C B!"™ we denote by K(S;B!) the
curvature of the constant map ¢ : S — {1} with respect to the Euclidean

metric on B! as described in 0.1.) Finally we note that inequality (ii) is
a consequence of 0.2.2(a) and A.1.4. (Note that Properties 0.2.2(a)-(c) are
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assumed in A.1.6; and A.1.4 may be applied here because its hypotheses are
a consequence of 0.2.2(a)-(c) and A.1.3.3.2.)

Now we define smooth vector fields vy, v, ..., Um_ on Y = g2(Y) as fol-
lows: Let TU~ denote the orthogonal complement for TU in T(Bm)‘ 7 with

€

respect to the metric {g; ; }; and for each z € Y'let p, : T(B")y,(z) — Tﬁgt(z)
denote the orthogonal projection with respect to the metric {g;;}. Choose
the {v;(0)} to be an orthonormal basis for TU3- with respect to the met-
ric {g;;}; and then define {v(z),v2(2),...,vm—k(2)} to be the orthonor-
mal subset of T Ugt(z) obtained by applying the Gramm-Schmidt process
to the set of vectors {p, o P,(v1(0)), p, o P.(v2(0)),...,ps o Py(vm—_k(0))}
with respect to the metric {g; ;}, where P, denotes Euclidean parallel trans-
lation to T'(B{")g,().- Note that T'(B[") is identified with B" x R™ by
using Euclidean parallel translation to identify each T'(B["),, y € B!,
with T'(BI")o, and by identifying T'(B!")o with R™ via the exponential
map exp : T(B) — R™. Thus we may define maps w; : Y — R™ (for
1 <i<m-—k)by (g2(2),wi(2)) = vi(g2(2)) for all z € Y. Note that it
follows from the construction just given, and from Properties A.1.6.2.1(a)-
(c), and from Properties A.1.1(a) and (b), that the maps {w;} satisfy the
following properties:

A.1.6.2.2. (a) For each z € Y the vectors {(g2(2),wi(2)) : 1 <i <m — k}
are an orthonormal basis for TUL with respect to the metric {g; ;}.

(b) | D(w;).|| < O(€)d~! (where the norm || || is computed with respect to
the Euclidean metrics on Bfs and on T(B™)).

We can now define a map g3 : Y x Bg"_k — T(B) = B x R™ by:

m—k
A.1.6.2.3. g3(z,a) = (gg(z), Zaiwi(z)>
i=1

forall (z,a) € Y x Bg"_k, where (ay, ..., any,_r) are the standard coordinates

for a € By*™*. Tt follows from A.1.6.2.1-A.1.6.2.3, and from A.1.1(a) and
(b), that g3 is a smooth embedding which satisfies the following properties.
(See in particular A.1.6.2.1(b) and A.1.1(a) for Part (a) below.)

A.1.6.2.4. (a) g3(0,0) = (0,0); and D(g3)(p,0) is a linear isometry with
respect to the Euclidean metrics.

(b) 1D(93)(2,0) — D(93) (21,0l < O(e) for all (z,a) and (2',a’) in ¥ x Bk,
(Here the norm || || is computed with respect to the Euclidean metrics
on Bfs x BP™* and T(B™) = B™ x R™.)
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(c) g3(2,0) = (g2(2),0), s0 g3(2,0) € U for all z € Y; moreover gz(z x
Bg”_k) = 7 (g3(2,0)) for all z € Y, where 7 : (TU+)® — U denotes
the usual bundle projection and (TU 1Y% denotes all vectors v € TU+
whose {g;;}-length is less than 4.

Now we can finally define the map h : Y x B{"~ ko B™ of A.1.6.2 to be
the composition:

A1.6.2.5. YV x B *—2LT(BM") = B x R™ D Bl x B}, —=-Bm,

where “exp” denotes the exponential map with respect to the metric {g; ;}
on B". It follows from A.1.1(a) and (b) that “exp” is defined on Bl x B,
(see also A.1.2.4, and note that exp = v1). And, by choosing 5 < ¢, it follows
from the deﬁmtlon of g3 in A.1.6.2.3 that Image(gg) C B, x B, (see also
A.1.6.2.1). Thus h is well-defined by the preceding composition. Note that
Property A.1.6.2(a) is implied by A.1.6.2.4(a) and A.1.6.2.3 and A.1.6.2.5.
Note also that Property A.1.6.2(c) is implied by A.1.6.2.4(c) and A.1.6.2.5.
Finally we note that Property A.1.6.2(b) is implied by A.1.6.2.4(a) and (b)
and A.1.6.2.5.

This completes the verification of Claim A.1.6.2; thus also the proof of
Theorem A.1.6 is completed. O

Appendix 2.

In this appendix we review the results for the Collapsing theory of Cheeger-
Fukaya-Gromov (cf. [4]) which we need to carry out the proof of Theorem
0.3 in §3 above (cf. A.2.2-A.2.5 below).

Let M, gy denote an A-regular complete Riemannian manifold, where
A denotes a collection {4; : i = 0,1,2,...} of positive numbers. For any
0 > 0 we shall say that gps is d-round at the point p € M if there is an open
neighborhood V' C M for p € M, and a regular covering 7 : VoViorV
with covering group A, such that the following properties hold. Note that 1%
is equipped with a Riemannian metric gy, gotten by pulling back gp; along

TV V.
A.2.1. (a) V contains the ball B(p,d) of radius d centered at p € M.

(b) The injectivity radius of V at all points of 7' (B(p, §)) is greater than
J.

(c) There is a virtually nilpotent Lie group [ and an effective isometric
action H x V' — V extending that of A x V. — V. (Recall that
HxV - V is effective if only the identity element of H fixes all
points of V.)
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Note that w(Hgq), for ¢ € V, gives the orbits of the isometries in the
collapsed directions.

We say that gps is 0-round if it is d-round at every p € M.

The next theorem is a direct consequence of [4, 1.3]. Let V denote the
Levi-Civita connection for gjp; and let V' denote the Levi-Civita connection
for the Riemannian metric ¢}, given in the following Theorem:

Theorem A.2.2 (Cheeger-Fukaya-Gromov). Given any € > 0, any integer
m > 0, and any collection of positive numbers A = {A; | i =0,1,2,...},
there ezists a positive number n(e,m,A). For any § € (0,n(e,m, A)), and
for any A-regular complete Riemannian manifold (M, gyr) of dimension m,
there exists a §-round metric gy, such that the following hold:
(a) e “gm < ghy < e“gum-
(b) |V —V'| <e.
(c) M, gy, is A'-reqular, where A" = {A] : 1 = 0,1,2,3,...} denotes a
collection of positive numbers which depends only on €, m, and A =
{4;:1=0,1,2,3,...}. (In fact, A, depends only on Ay, i, € and m.)

Note that for fixed A = {A;}, there are sequences of A-regular manifolds
whose injectivity radius approaches 0; so the cover of V' by V is nontrivial.
Thus A and H are nontrivial as well and the collapsing can be seen.

In the next theorem we will need the following notation: Let p: E — 1%
denote the bundle of orthonormal frames over V with respect to the metric
g%/ (the pull back of ¢/, along 7 : V — V). E is given a Riemannian metric
structure g/, of bounded geometric type as follows: For any v; € TE, i = 1,2,
choose paths «; : [-1,1] — E, i = 1,2, such that 0.42-(0) = v; holds; each «;
may be regarded as a path 5; : [-1,1] — 1% together with an orthonormal
frame (w;1(t), wi2(t), ..., wim(t)) along F;(t), t € [-1,1]. Let V;; denote
the covariant derivative of w; ;(t) at ¢t = 0, and set

m
L] L]

i (v1,v2) = g}, (81(0), B2(0)) + Y _ g5, (Va5 Vo).
j=1

Let d;( , ) denote the metric on E associated to g7;. Note that the canonical
lifting H x E — E of the group action H x V — V is a free isometric
group action (cf. A.2.1(c)). The following theorem is not explicitly stated
in [4], so we shall derive it at the end of this appendix.

Theorem A.2.3. There exists a real number B > 1, which depends only
onn =dim M, e, and on the sectional curvature bound Ay for M, such that
the following is true. Suppose for x € E and g € H (g # e) we have that
dip(z,9(x)) < 6. Then there is a one-parameter subgroup ¢ : R — H of H
satisfying:
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(a) ¢(t) = g, for some t € (0, BY).
(b) The path f : R — E, defined by f(s) = ¢(s)(x), has unit speed.

For any y € V we set Hy={h e H:h(y) =y}, ie., Hy is the isotropy
group at y for the action H x V. — V. Choose § € p~L(y). Since the
lifted action H x £ — FE is a free action, it follows from A.2.3 that the
map f: H — E given by f(g) = ¢g(9) is an embedding onto a closed subset
of E. Since Hy is a closed subset of H it follows that the restricted map
f: Hy — p~!(y) is an embedding onto a closed subset of the compact space
p~!(y). Thus we have proven the following corollary of Theorem A.2.3:

Corollary A.2.4. For each y € V the isotropy group H, is a compact
subgroup of H.

We shall also need the following theorem, which among other uses will
be used in proving Theorem A.2.3. Recall that the notion of “local angle
control” was defined in 2.1 of §2 above.

Theorem A.2.5. The action H x E — E has local angle control equal
(At t) for any t > 0, where X\ depends only on dim E, Ag, €.

Remark A.2.6. In fact, we will show in proving A.2.5 that A depends only
on dim V and the sectional curvature bound Aj for V. Recall from A.2.2 that
Al depends only on Ag,e and n = dim V. Also, that dim E = n(n + 1)/2.
Moreover, we will use no special facts about V; only that H acts effectively
onV by isometries.

Proof of Theorem A.2.5. Let x € F, uw € TE, and oy, : R — H be a one-

parameter subgroup with &, (0) = v € g(H), where g(H) is the Lie algebra
of H. Define a curve v: R — E by

and a vector field u along v by
(t) = day(t)(u).

And let D denote the Levi-Civita connection on E. The argument above
proving Lemma 2.3 yields that it suffices to show that ]D% (0)12\ is bounded
above by a constant multiplied by |Y(0)|lu| and this constant depends only
on n = dim V and A} (see Remark A.2.6). Since 3(0) # 0 when v # 0, in
bounding |]j%(0)ﬂ|, we may assume (and do assume) that |u| = |Y(0)| = 1
and need only consider the two cases: w vertical and u horizontal with
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respect to the Riemannian submersion
O(n) —=E "~V

where n = dim V.

Let us first consider the case where u is vertical. A continuity argument
then shows that we need only consider the subcase where poy : R — V is an
immersion. To verify this subcase, we need the following lemma. Consider
the submanifold S of F defined by

S = p~!(image(p o 7).

Lemma A.2.5.1. Let B(, ) denote the second fundamental form of S in
E. The set {|B(v,u)| : |ul,|v] < 1 and w vertical} is bounded above by a
positive real number which depends only on n and Aj,.

Before proving Lemma A.2.5.1, we use it to bound ‘E’y 0)ﬂ| when w is

(
vertical. Note that the map

(:RxO(n)— S

defined by

1 -1

(t,9) = aw(t)zg™" =(t)g
is either a bijective immersion or a covering projection depending on whether
p o~y is monic or not. Use this map to put a left invariant Riemannian
metric on R x O(n); in particular, an inner product (, ) on the Lie algebra
g(R x O(n)). Since ( , ) restricted to g(O(n)) is —1 times the Killing form,
it satisfies the equation:

A.2.5.2. ([a,b],a) =0
valid for all a,b € g(O(n)).

Remark A.2.5.2.1. When n = 1 or 2, instead of the negative of the Killing
form, we mean the unique bi-invariant metric such that Vol(O(n)) = 2 or
47, respectively.

Let U,V € g(R x O(n)) be the vectors corresponding to u,v(0) € TE, via
d¢. And let U,V be left invariant vector fields on R x O(n) determined by
U,V. Then note that

Dy i = d¢(DyU) + B(3(0), )
where D is the Levi-Civita connection for R x O(n) and B( , ) is the second
fundamental form of S in E. Because of this equation and Lemma A.2.5.1,

it remains to show the following to verify A.2.5 when w is vertical:
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Lemma A.2.5.3. Let T and X be unit length left invariant vector fields
on R x O(n) tangent to R x % and x x O(n), respectively. Then |DrX]| is
bounded above by a constant which depends only on n.

Proof of Lemma A.2.5.3. Identify the left invariant vector fields on R xO(n)
with the elements in its Lie algebra g(R x O(n)). Then orthogonally de-
compose T and DrX as:

A2531. DrX=Y+RandT=2+F

where Y, Z € g(O(n)) and R, F € g(O(n))*. Recall [2, Prop. 7.7.1] which
states that:

A.2.5.3.2. (Dgb,c) =1/2({[b,al,c) + ([a,c],b) + ([b,c],a))
for all a,b,c € g(R x O(n)). And note that:
A.2.5.3.3. [T,a] =0

for all @ € g(O(n)). Setting a =T, b = X, and ¢ = Y in A.2.5.3.2 and
applying A.2.5.3.3, we obtain:

A.2.5.3.4. (DrX,Y) = 1/2([X,Y],T).

Note also that the norm of the Lie bracket [ , ] restricted to g(O(n)) is
bounded above by a constant r > 0 which depends only on n since ( , ) re-
stricted to g(O(n)) is the negative of the Killing form; cf. Remark A.2.5.2.1.
Consequently, A.2.5.3.1 and A.2.5.3.4 yield that:

A.2.5.3.5. [Y| <r/2.

Next, setting a =T, b= X, and ¢ =T in A.2.5.3.2 and applying A.2.5.3.3,
we obtain:

A.2.5.3.6. (DrX,T) = 0.

Hence A.2.5.3.1 and A.2.5.3.6 yield:

A.2.5.3.7. (DrX,F)=—(DrX, 7).

Settinga =7T,b= X, and ¢ = Z in A.2.5.3.2 and applying A.2.5.3.3 yields:
A.2.5.3.8. (DrX,Z) = (1/2)(|X, Z],T).

And substituting Equation A.2.5.3.1 for T into A.2.5.3.8 yields:
A.2.5.3.9. (DrX,Z) = (1/2)(|X, Z], F)

since Z L [X, Z] by A.2.5.2 above. Combining A.2.5.3.7 and A.2.5.3.9 yields:



LOCAL COLLAPSING THEORY 79

A.2.5.3.10. (DX, F) = —(1/2){|X, Z], F).

Note that F' # 0 since we assumed that po~vy : R — V is an immersion.
Therefore, R is a scalar multiple of F' and A.2.5.3.10 consequently yields:

A.2.5.3.11. (D7 X,R) = —(1/2)([X, Z], R).
Now A.2.5.3.11 implies:
A.2.5.3.12. |R| <r/2

in the same way that A.2.5.3.4 implies A.2.5.3.5. Combining the inequalities
of A.2.5.3.12 and A.2.5.3.5 yields that |D7X| < r proving Lemma A.2.5.3.
O

To prove Lemma A.2.5.1 we need to calculate D. And for this purpose
we define special horizontal and vertical vector fields on E as follows: A
horizontal vector field X on E is special if there exists a vector field X on
V such that

dp()?x) = Xp(m)

forall x € E. Let g(O(n)) denote the Lie algebra of O(n). Each v € g(O(n))
determines a special vertical vector field ¥ on E by requiring

Oy = 0,(0)
for each x € E. Here, 0,(t) = x3,(t) where 3, is the one-parameter subgroup

of O(n) such that 3,(0) = v. To calculate D it suffices to calculate (D,b)-c,
where a, b, ¢ are the special vector fields just defined. A routine application
of the Koszul formula yields the following result:

Lemma A.2.5.4. Let u,v,w € g(O(n)) and X,Y, Z be vector fields on V.
Also let B(, ) denote the negative of the Killing form on g(O(n)) and D
denote the Levi-Civita connection on V; cf. Remark A.2.5.2.1. Then the
following are valid equations:

(a) (Dgv) - = (1/2)B([u,v], w);

(b) (DgY) Z = (DxY)- Z;
(©) (DuX)- ¥ = (D) - ¥ = (D) - = (1/2)[F. X -0
(d) (Dav) - X = (D) -t = (DyX) -0 = 0.

Proof of Lemma A.2.5.1. It suffices to prove the assertion in the two cases:
v vertical and v horizontal. The equation of A.2.5.4(d) shows that the fibers
of p are totally geodesic submanifolds of Fj; i.e., B(v,u) = 0 when both u
and v are vertical. Therefore, it remains to estimate

B(X,u) Y



80 F.T. FARRELL AND L.E. JONES

where X and Y are special horizontal vector fields on E induced by vector
fields X and Y, respectively, on V. (Also, X is assumed tangent to S and
Y perpendicular to S at points of S.) In this situation, the equation of
A.2.5.4(c) yields that

B(X,u)-Y =1/2[V,X] -u=Q(X,Y) w

where Q( , ) denotes the curvature form for the frame bundle of V and w
is the unique vector in g(O(n)) such that w, = u. Since the norm of the
curvature tensor for V is bounded by Aj,, we also get the desired upper
bound for |B(v,u)| in this case. (See [15, Vol. 1, p. 133] for the standard
relation between Q( , ) and the curvature tensor on V.)

This completes the proof for Lemma A.2.5.1. O

It remains, in proving Theorem A.2.5, to consider the case where u is
horizontal with respect to p. Since we have assumed that |Y(0)| = |u| = 1,

it suffices to show that \E%(O)fd is bounded above by a real number which

depends only on n and Aj. Let z = p(z) and define a curve 3(t) in V by
B(t) = ap(t)z.
And note that § = po~. Decompose

¥(0) = vt 40~

where v is vertical and v~ is horizontal relative to p. A continuity argument
yields that it suffices to consider the situation where v~ # 0; hence, we now
make this assumption. Also, note that

o] T < 1.

Since 3(0) = dp(v™) # 0, there is a vector field Y on V such that the induced
special horizontal vector field Y on E satisfies

Yo = at)

for all ¢ sufficiently close to 0. Hence, it suffices to show that |D,+Y| and
|D,-Y| are both bounded above by a real number which depends only on
n, Ag, and e. Therefore it remains to estimate

(Dy+Y)-Z and (D,+Y)-w

where Z is a vector field on V with |Z30)] = 1 and w € g(O(n)) with
|lw| = 1. (Recall w is the special vertical vector field induced by w.) We
will use Lemma A.2.5.4 to do these estimates. For this purpose, we need to
fix some notation. Let X be a vector field on V such that Xp(0) = dp(v™).
(Note that X, ) =v".) Also, let w € g(O(n)) be the vector satisfying

() = v
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Let ug = dp(u) and 1o denote the vector field along the curve 3 in V defined
by

Uo(t) = dow(t)(uo).

Recall that D is the covariant derivative in V. And Q(, ) denotes (as before)
the curvature form for the frame bundle of V. With this notation, Lemma
A.2.5.4 yields the following calculation:

A.2.5.5. (a) (D,+Y) - = 0;

(b) (D, V)& = (1/2)[X,7] -0 = QY. X) -
(¢) (DY) -Z = (1/2)|Z,Y]-@ = QY. Z) - &
(@) (DY) Z = (DxY)-Z =Dy ity Z.

The four equations of A.2.5.5(a)-(d) combined with the fact that the norm of
the curvature tensor for V is bounded by Ajf, yield the necessary estimates
for |D,+Y]| and |D,-Y| completing the proof for Theorem A.2.5 once we
have verified the following lemma. (See again [15, Vol. 1, p. 133] for the

standard relation between ( , ) and the curvature tensor on V. It yields
the bound for the norm of Q( , ) needed for using A.2.5.5(b) and (c).)

Lemma A.2.5.6. ’Dfi(o)ao - Z| < n, where n = dim V.

Proof of Lemma A.2.5.6. Recall that v(0) is an orthonormal framing for the
tangent space of V' at ((0); i.e., v(0) = (ui,u2,...,u,) where each u; €
Tﬁ(O)V and

T (U 2 oY
) it =

And notice that ~(t) is the frame field (4y(t),da(t),..., U, (t)) along the
curve f(t) in V; consequently,

1 SO)? = [BO)? +|De @[>+ +|De g
0 )R = BO)P + 1Dy a4 1Dy
We conclude from (1) and |}(0)| = 1 that

(2) |De ;| <1 for i=1,2,....n
B(0)

Express ug € Tg(o)f/ in terms of the orthonormal frame (uy,ug, ..., uy); i.e.,
let ug = aquy + asug + - - - + apuy,. Then for each ¢ we have that

3) Jail <1
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since |ug] = 1. Note also that 49 = a1ty + astia + ... + apty,. It follows
therefore from inequalities (2) and (3) that

4 De 1| < a; D. le §n
() LR I

The inequality posited in the lemma now follows immediately from (4) and
the fact that |Z| < 1.
This completes the proof of Theorem A.2.5. O

Proof of Theorem A.2.3. We may identify V with Tr(Hy); i.e., with the
tubular neighborhood of radius R > § where y € V is a point such that the
isotropy subgroup C' of the action of H at y is a maximal compact subgroup
of the virtually nilpotent Lie group H; cf. [4, §8].

(We must distinguish between the orbit of y under the action of H denoted
by Hy and the isotropy subgroup of H fixing y denoted by H,.)

Remark 1. Let j € FV = FE lie over y; i.e., p(§) = y where p: E — V is
the canonical projection. Then the equation

cy = yé, where c € C,

identifies C' with a subgroup C of O(n), n = dim V. (Throughout the proof,
n denotes dim V = dim M.) In fact, C is the  isotropy group of the (right)

action of O(n) on H\E at Hy. Consequently, C'is a maximal isotropy group
for the action of O(n) on H\E.

Fact 1. There exists a positive integer k = k(n, €, Ag) and closed subgroups
C1,Cy,...,Cr of O(n), depending only on n, € and Ap, such that C is
orthogonally conjugate to some group C; in this list.

Fact 1 is verified at the end of this appendix after using it to prove
Theorem A.2.3. There are the following ten steps in this Proof of
Theorem A.2.3:

Step1l. Leta:[0,1] —» F = FV bea piecewise smooth path connecting x to
gz such that length(a) < §. Let ¢ : V= Tr(Hy) — Hy be the orthogonal
projection. It clearly suffices to consider the case where ¥ (p(z)) = y. So we
make this assumption. Let 3 : [0,1] — Hy be the composite of a and 1 o p;
ie.,

B=vopoa.
Claim. There exists a constant C; = Ci(n, €, Ag) > 0 such that length(3) <

C16 where Hy has the Riemannian metric determined by being a submanifold
of V.
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Step 2. There exists a piecewise smooth path 3 : [0,1] — H and a constant
Co = Ca(n, e, Ag) satisfying the following properties where 3 : [0,1] — E is
defined by 3(t) = B(t)j for all t € [0, 1]:

1. 3(0) = e. (Here e is the identity element of H.)

~

2. pof3=p.

3. length(3) < Ca6.

Step 3. Define a piecewise smooth path ~ : [0,1] — E by ~(t) = B(t)z for
all ¢ € [0,1]. Tt clearly satisfies the following properties:

1. v(0) = x.
2. hpopoy=p.

Claim. There exists a constant C3 = C3(n, €, Ag) > 0 such that length(v) <
C30.

Step 4. Let h = 3(1) € H. Because of Step 3 (Property 2), we have hy = gy
and consequently y = (h~'g)y . Thus setting ¢ = h~!g, we have that ¢ € C.
Also

dp(z,cx) < (C3+1)d
because of the following reasoning:
dp(z,cx) = dp(z, h 1gz) = dp(hz, gr) < dp(hz,z) + dg(z, gz) < C36 + 6.
Claim. There exists a constant Cy = C4(n, €, Ag) > 0 such that dg (7, cy) <
C40.

Remark. Let V: E — p~!(Hy) = HyO(n) be the orthogonal projection.
Then ¥ is H, O(n) bi-equivariant and covers ¢ : V — Hy. Also fix j = ¥(z);
i.e., this is a specific framing of y. Then the above claim will result by
establishing the inequality

de(¥(x),V(cx)) < C4dp(z, cx).

Step 5. 'We make the following claim in this step:

Claim. There exists a constant C5 = C5(n, €, Ag) > 0 such that d -1, (7, cv)
< C50.
Remark. This is proved using the facts that:

1. p~1(y) is a totally geodesic submanifold of F = F V;
2. p: EF — V is a Riemannian submersion;
3. V has injectivity radius > ¢ at y.

Step 6. In this step we make the following claim:
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Claim. Provided 0 is sufficiently small, then ng(y, cy) < 2Cs9.

Remark. Recall that cj = 3¢ where ¢ € C C O(n). (See Remark 1 at
the beginning of this proof.) Note also, for each z € F, that the orbit map
g — zg is an isometry between O(n) with its standard metric and zO(n)
with its Riemannian metric induced by the inclusion zO(n) C E. Then the
above claim is a consequence of Fact 1 (at the beginning of this proof) and
the Claim made in Step 5.

Step 7. The following inequality is an immediate consequence of the Claim
made in Step 6 and the inclusion Cy C Hy:

duy (¥, cy) < 2Cs0.

Step 8. 'We have the following claim:
Claim. dp,(z,cr) < C3(2C5)0.

This claim is a consequence of the inequality posited in Step 7 together with
the argument which yields the Claim made in Step 3.

Step 9. The triangle inequality says that
diz(z, gx) < dg.(x, he) + dg(hz, gx) = dg.(z, he) + dg.(z, cr).
Combining this inequality with the claims made in Steps 3 and 8 yields that
dpg(z,gr) < C3(1+ 2Cs)0.

Step 10. Put on H the left invariant Riemannian metric induced from the
monic immersion H — FE defined by k — kx for all £ € H. Then the sec-
tional curvatures of H are bounded above by a constant which depends only
on n,e and Ag. This fact is a consequence of Theorem A.2.5. Hence, pro-
vided 0 is sufficiently small (how small again depends only on n,e and Ag)
we can use Claim 2.8.5 (from §2) in conjunction with the inequality demon-
strated in Step 9 to produce a 1-parameter subgroup ¢ : R — G satisfying
Properties (a) and (b) posited in Theorem A.2.3 with B = 4"C3(1 + 2Cs).

This completes the outline of the main steps in the Proof of Theorem
A.2.3. Now in the following remarks we shall indicate some more details in
the verifications of the Claims made in the preceding steps.

Remarks on Step 10.

To show that the hypotheses of Claim 2.8.5 are satisfied use the following
Lemma which we proceed now to formulate and prove:

Let G be a simply connected nilpotent Lie group with Lie algebra g
equipped with an inner product. Put on G the corresponding left invariant
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Riemannian metric. Let a; denote the norm of the Lie bracket on g; i.e.,
a; = max{|[u,v]| 1 u,v € g and |u] =1=|v|}.

Let as denote the square root of the maximum of the absolute values of the
sectional curvatures of G. And let ag denote the norm of Djyii; i.e.,

ag = max{|Dyd| : u,v € g and |u| =1= |v|},

where 4,0 are the left invariant vector fields on G with 4(e) and v(e) = v.
(Here e is the identity element of G.)

Lemma. There is a positive real number B which depends only on dim G,
such that a; < Baj for all i,j € {1,2,3}.

Proof of Lemma. From [2, Proposition 7.7.1] one deduces the following two
inequalities:

(a) az < V6 ay;

(b) as S (3/2)&1.
Using [16, Theorem 47, p. 213], one can construct a positive real number
B, which depends only on dim G, such that:

(c) a; < Bas.
Also Claims 2.8.1 and 2.8.2 (proven in §2 above) yield the following inequal-
ity:

(d) aj < 2(d1H1 G)Qag.
Concatenating inequalities (a)-(d) proves the Lemma. O

Remarks on Steps 1 and 4.

Inequality (8.7) of [4] states that the norm of the second fundamental
form of Hy in V is bounded above by a positive constant depending only on
n,e and Ag. (This can also be independently verified using that the angle
between Hy and yO(n) is bounded below. We will show this in “Remarks
on Step 2”7 given below.) Then Lemma A.2.5.4 can be used to verify the
same fact for the second fundamental form of HyO(n) in E. Consequently,
both ¢ and ¥ are ©-almost Riemannian submersions (cf. 2.5.1 of [4] for the
definition) where © depends only on n, e and Ay.

Remarks on Steps 3 and 8.

Note that o~y = 3 and recall from “Remarks on Steps 1 and 47 that
¥ is a ©-almost Riemannian submersion where © depends only on n, € and
Ap. Also note that v is tangent to the foliation of £ by the orbits of H. So
it suffices to show that the angle between Hx and ¥~1(7) at x is larger than
Cé = Cg(n, €, Ag) > 0. But because of Theorem A.2.5, we can apply Lemma
2.6 to conclude this. Step 8 follows by the same argument.
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Remarks on Step 2.

Let p: Hjj — Hy be the restriction of p: FV — V. (Recall p(7) = y and
p is H-equivariant.) It suffices to show that p is a ©-almost Riemannian
submersion where ©® = O(n, e, Ag) > 0. To do this, it is enough to show
that the angle between the tangent spaces to Hj and yO(n) at 7 is bounded
below by a number © = O(n,¢, Ag) > 0. This is because p : p~}(Hy) =
HyO(n) — Hy is a Riemannian submersion.

Let € be the Riemannian manifold used in [4, §8] to construct V. There
is a virtually nilpotent Lie group H such that H and O(n) both act freely
(and properly) by isometries on &, these actions commute, and V = £/0(n).
(H acts on the left and O(n) on the right of £.) Furthermore, there is a
Lie group epimorphism ¢ : H — H with finite kernel such that ®l g0 is
an isomorphism of (H)° to H® and such that the principal O(n)-bundle
projection

pE—-V

is ¢-equivariant; [4, pp. 365, 369]. Let C = ¢~ 1(0); it is a maximal compact
subgroup of H and }| o maps (C’)O isomorphically to C°. We identify (ﬁ )0
and (C)° with H? and C°, respectively, via ¢. (Recall GO denotes the
connected component of G' containing the identity element.)

Let § € € be a point such that p(§) = y. To show the bound © exists, we

need the following result:

Theorem 1. The angle between the tangent spaces to H'j and §O(n) at §
is bounded below by a number © = O(n, e, Ag) > 0.

To prove this result we need three lemmas.

Lemma 1. Given o > 0, there exists p = u(o,n) > 1 such that for any unit
speed 1-parameter subgroup o : R — O(n) there is a number t € [1, pu] with
d(a(t),a(0)) < o.

Proof. There is a maximal torus 7" in O(n) containing the image of a. The

volume of T depends only on n since all maximal tori in O(n) are conjugate.

Consider the set of open balls in T': B, /((1)), By /2((2)), By/a(a(3)), - - - .

They all have the same volume V = V(n,o) > 0. Let u =1+ [Vol(T')/V].

Then clearly there are two integers ¢ and j with 1 <7 < j < p such that
Bo/?(a(i)) N BU/Q(a(j)) 7& .

Let t = j — 4, then we are done with the proof of Lemma 1. ([
Consider the orbit action of H x O(n) on & at § defined by
(a,b) — agg™", where (a,g) € H x O(n)
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and denote this action by (a,g) - 9. Since the induced actions of H and
O(n), respectively, are faithful, they determine left invariant Riemannian
metrics on H and O(n). The metric determined thusly on O(n) is the same
as that induced by the negative of the Killing form on g(O(n)); cf. Remark
A.2.5.2.1. For any v € g(H® x O(n)), let a, : R — H° x O(n) denote the
corresponding 1-parameter subgroup. Let u € g(O(n)) and v € g(H") be
such that the two curves in &, 3, and ,, defined by

t— ga_y,(t) and t — ay(t)y

are both perpendicular to the orbit space C°f at §. Let V C g(H® x O(n))
denote the subspace spanned by u and v. Since [u,v] = 0, this subspace is
an abelian Lie subalgebra. Furthermore, assume that

jul = 1,(0)] = 1
and that when Z?U(O) is orthogonally projected onto T3(yO(n)) it hits the
vector éu(O) Denote the angle between éu(O) and EU(O) by ©.
Lemma 2. Given o > 0 there exists t > 1 such that
de(eu(D)§9) < 7/2 + pu(o/2,n) tan(©)
and

dHOQ(av(t)y7 @) Z d= d(nv €, AO) > 0.

Proof. Let t € [1,u(c/2,n)] be the number posited in Lemma 1 when a =
a_y. And let w = v — u, then w € V. Hence we have that

(1) = () au,(t)
since V is abelian; consequently
(1) de(a(t) - 9, 9) < de((au(t)aw(t) - 9, au(t) - §) + de(ou(t) - 9,9)
by the triangle inequality. Substituting the equations
de ((ow(t)ouw(t)) - §, au(t) - §) = de(aw(t) - §,9) and
dS(au<t) s Q) = dO(n)(a—u(t)a a—u(o))
into (1) and applying Lemma 1 to « = a_,,, we obtain that
(2) dé’(av(t) ’ :g7 :g) < 0/2 + dc‘)(aw(t) : Qa Q)
Let 3, denote the curve in £ defined by

s — ay(s) g
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and observe that

|8,,(0)] = tan ©.
Note also that (3, is a constant speed curve; consequently,
(3) de (o (t) - §,9) < t(tan©).

Substituting (3) into (2) and recalling that ¢t < u(c/2,n) yields the first
inequality of Lemma 2.
To prove the second inequality, recall that the orbit action is an isometry

between H? and H%j. Hence |v] = |&,(0)| > 1 since

(4) 1&(0)] = 13,(0)] > [3,(0)] = 1.

Next consider the simply connected nilpotent Lie group H"/C? and its one-
parameter subgroup v defined by

v(s) = a,(s)C?, forall s€R.

Put the left invariant Riemannian metric on H°/CY such that the quotient
map H® — H?/CY is a Riemannian submersion; hence,

() 7(0)] = 1

because of (4) and the fact that &, (0) is perpendicular to T,C%. (We use e
to denote the identity element of a group.) Also note that

(6) drg(aw()d,5) > dgosco(y(t), C°)

since dpg(c (1), 9) = du(ay(t),e) and H® — H?/C? is a Riemannian sub-
mersion. Next observe that the sectional curvatures of HY/C? are bounded
above by a positive real number k(n, €, Ag). This observation follows from
Lemma in the above Remarks on Step 10 and from [4, 6.1.8, 7.21]. Therefore
Claim 2.8.5, together with Lemma in Remarks on Step 10, and this bound
on the sectional curvatures of H%/CY yield that there exists a positive real
number ¢(n, €, Ag) such that either

(7) dgosco(¥(t),C°%) > c(n, e, Ag) or
drposco((t), C°) > A7Y(0)[E > 47
Now define the number d(n, €, Ag) posited in Lemma 2 by
d(n,e, Ag) = min{c(n, €, Ag),4 " }.

Then combining the inequalities occurring in (6) and (7) proves the second
assertion of Lemma 2.
This completes the proof of Lemma 2. ([
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Lemma 3. There exist positive real numbers v = v(n,e, Ag) and 7 =
T(n, €, Ag) such that, for any z € Hy,

dHO@(Z7?3) < ng(Z,z))
whenever dg(z,9) < v.

Proof. This is a routine consequence of the following two facts:

1) The normal injectivity radius of H¢g in & is bounded below by a positive
number which depends only on n, €, Ag.

2) The norm of the second fundamental form for Hy in € is bounded
above by a positive number which depends only on n, €, Ag.

These two facts are proven in [4] (cf. 7.21, 6.1.2, 6.1.4 and 6.1.8; also the
proof of Proposition A.2.2). This completes the proof for Lemma 3. ([

Proof of Theorem 1. Set 0 = min{r,d/7} and select O to be any positive
number such that

w(o/2,n)tan© < o/2.
(Here v,d, T and pu come from Lemmas 1, 2 and 3.) Now suppose the asser-

tion in Theorem 1 is false. Then there exists vectors u and v as in the setup
to Lemma 2 such that

tan © < tan ©.

Set z = a,(t)y in Lemma 3, where ¢t comes from Lemma 2. Then the first
inequality in Lemma 2 yields that

(1) de(z,9) <o <w.
Hence Lemma 3 applies to show that
(2) dHOQ(Za Q) < ng(Z, :&)

Combining inequalities (1) and (2) with the second inequality in Lemma 2
yields that

(3) d<rTo

contradicting the fact that o < d/7.
This completes the Proof of Theorem 1. O

Continuing now with the verification of Step 2 we will need the following
notation:

Notation. Let G x X — X be a smooth action of a Lie group G on a
smooth manifold X and v € g(G) where g(G) denotes the Lie algebra of G.
Then v denotes the vector field on X whose value at z € X is the tangent
vector to the curve

t— ay(t)x
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at t = 0. (As usual a, denotes the one-parameter subgroup of G corre-
sponding to v.)

Lemma 4. There exists a positive number K1 = K1(n, €, Ag) such that
|Dx#| < Ki|X|o]

for ever pair of vectors v € g(H®) and X tangent to £. (Here D denotes the
Levi-Civita connection on E.)

Proof. This follows from [4, 4.7 and 4.9]. O

Recall p: € — V denotes the orbit map. (Also recall V = £/O(n).) And
let D denote the Levi-Civita connection on V. We say that v € g(H?) is
perpendicular to g(C°) at §j € € provided v is perpendicular to @ at ¢ for
every vector u € g(C?).

Theorem 2. There exists a positive number Ko = Ko(n, €, Ag) such that
|Dx | < K| X||]

for every vector X € T,(V) and every v € g(H®) which is perpendicular to
9(C) at . (Recall y = p(j).)

Proof. Since p : £ — V is HO-equivariant, the vector field ¥ on € maps to
the vector field ¥ on V via dp; i.e., they are p-related vector fields. Let v
denote the horizontal lift of & in V to E. Since ¥ in & is p-related to ¥ in v,
¥ is the horizontal component of ¥ in &; i.e.,

(1) V=0U+w

where w iAs a VertE:al vector field in € relative to the Riemannian submersion
p: E — V. Let X denote the horizontal lift of X to &, then

because of (1). Consequently

(3) H(D+7) = H(Dxv) — H(Dxw)

where H(u) denotes the horizontal component of a vector u tangent to &.
By a standard result (cf. [16, p. 212, Lemma 45])

H(Dx0) =Y where Y = (Dx7).
Applying this fact and Lemma 4 to (3) yields
(4) | Do < Ki|X[[|o]] + [H(Dxw)|

where ||?] denotes the length of © in £. Let w denote the angle between
and v at ¢, then

(5) (7/2 —w) > O
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because of Theorem 1 and the fact that v is perpendicular to g(C?) at 7.
(Recall that © = ©(n, €, Ag) > 0.) Consequently,
(6) 19 < (csc©)[3].
Combining inequalities (4) and (6) yields
(7) D] < (esc O) Ky | X [5] + [H(Dgw)).

It remains to estimate |H(D)7w)|. For this purpose, a routine application of
the Koszul formula (as in the proof of Lemma A.2.5.4(c) above) yields that

() Dew -V =QX,Y)
where Y is any vector tangent to V at y; u € g(O(n)) is the unique vector

such that @ = w at ¢, and Q( , ) denotes the curvature form for the principal
O(n)-bundle p : £ — V relative to its horizontal distribution.

Claim 1. The norm of €( , ) is bounded above by a positive number
Ko = Ko(n, €, Ao).

Before verifying this claim, we us it to complete the proof of Theorem 2. (Its
verification will come at the end of Remarks on Step 2.) Claim 1 applied to
Equation (8) yields

(9) (H(Dxw)| < KolX|Jwl.

Now note that inequality (5) yields

(10) lw| < (cot ©)|).
Combining inequalities (7), (9) and (10) yields that
(11) |Dx 0| < (Kicsc© + Kqcot ©)| X ][9]

proving Theorem 2.

Lemma 5. Let v € g(H®) and u € T, (V), then
Dyt = Dy0.

Remark. Recall @ denotes the H-invariant vector field along Hy whose
value at y is u.

Proof. This is because [4,9] = 0, which is seen by considering the para-
metrized surface f : R? — V defined by

f(sat) = O‘v(t)ﬁ(s)



92 F.T. FARRELL AND L.E. JONES

where 3: R — V is any smooth curve such that 3(0) = u. Then note that
0f /0s = 4, while 9f /Ot = v. This completes the proof of Lemma 5. O

We are now ready to show that the angle between Hy and gO(n) at j € E
is bounded by a positive number © = ©(n, ¢, Ag). To do this, let v € g(H")
and define smooth curves 8 : R — E and v : R — V by the equations
B(t) = aw(t)y and (t) = ay(t)y

for all ¢ € R. Note that v = po 3 and that ¥(0) = ¥ in the notation fixed
in Lemma 4. Assume also that v is perpendicular to g(C?) at § € £. Recall
that 7 is an orthonormal framing of T, (V); i.e.,

Y= (ur,ug,..., up)
where each u; € T, (V) and

v N ifi=
7o ifi g

Hence 3(0) € T;(E) is represented by the following (n + 1)-tuple of vectors

~

in T,,(V):

(0, Dyti1, Dytia, . . ., Dyty,)
which equals
() (0, Doy 0y Doy 0, ..y Dy, )
because of Lemma 5. Applying Theorem 2, we see that

() | D, 0] < Ka|v| for 1 =1,2,... n.

Let w denote the angle between (3(0) and the O(n)-orbit gO(n) at g, then
(x * %) tanw > 1/(nkKy)

because of (x) and (xx). It is now a routine exercise, using (x * x), to
show that the angle between the tangent spaces to Hy and yO(n) at 7 is
bounded from below by a number © = ©(n, €, Ag) > 0. This completes the
demonstration of Step 2 modulo the verification of Claim 1.

Verification of Claim 1.
We start by stating the following extension of Lemma A.2.5.4 which fol-
lows again from a routine application of the Koszul formula:

Observation. Let p: E — N be any principal O(n)-bundle where O(n)
acts by isometries on the Riemannian manifold E and p is a Riemannian
submersion. Then formulas (b) and (c) of Lemma A.2.5.4 remain true in
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this more general setting where X, Y, Z are now vector fields on N and spe-
cial vector fields w, v, w, X,Y, Z are defined as in the preamble to A.2.5.4.
Furthermore, formulas (a) and (d) also hold true if the right invariant Rie-
mannian metric induced on O(n) by the immersion g — zg, g € O(n), and
z a fixed point in E, is independent of z and is identical to that determined
by the negative of the Killing form for the Lie algebra g(O(n)); cf. Remark
A.25.2.1.
Let © and ) denote the curvature forms for the principal O(n)-bundle

pE—-V
relative to the horizontal distributions determined by the O(n)-invariant

Riemannian metrics h and h on &, respectively. Here h and h are as in
Proposition 7.2.1 of [4] and h is the Riemannian metric S, /5(g) of [4, p. 362,

line-5]. Also g, denotes the Riemannian metric on V such that

pi(Ehe) = (V,ge)
is a Riemannian submersion.

Because the standard relation between () and the curvature tensor on V'
for the Riemannian metric h, given in [15, Vol.1, p. 133], we see that the

norm of {2 is bounded above by a positive number
Ko = Ko(n, €, Ap).

So it suffices to show that the norms of Q and € are nicely related.

To do this, we use the notation X and X for the horizontal lifts of a vector
(or vector field) X in V to £ with reference to the horizontal distributions
determined by h and h respectively. Let X and Y be vectors tangent to
V based at a common point and such that

(O) ge(XaX) :ge(YaY) =1

and let u € g(O(n)) denote Q(X,Y’) where the horizontal lifts X,Y are also
based at a common point in £. Recall that u is the unique vector satisfying
(1) w=2"1Y, X].

We proceed to estimate |u| where | | denotes the norm on g(O(n)) determined
by the negative of its Killing form; cf. Remark A.2.5.2.1. First note that
(2) Jul® < 2he(a, 0)

since [u[?2 = h(w, %) and because of the inequality (7.21.1) of [4]. (Here
and throughout the proof of Claim 1 we assume that e is sufficiently small
relative to the number 2.)

Let D and D denote the Levi-Civita connections on & with respect to %E
and 7L, then

(3) he(ii, @) = he(Dga, V)
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because of formula (c) of A.2.5.4 and Equation (1); cf. Observation. But
note that

(4) he(Dxi,Y) < 2h(Dxit, V)| + 2]ul

because of inequality (7.21.1) of [4]. Let v,w € g(O(n)) denote the unique
vectors such that

(5) X=X+,
Y =Y 4w
It follows that
(6) o], [w], h(X, X), h(Y,Y) <2

because of Equations (0) and inequality (7.21.1) of [4]. Expanding E(f?)?a, Y)
using Equations (5) yields that
(1) h(Dga,Y) = h(Dgu,Y) + h(Dyit, @) + h(D i, w) + h(Ds, V).
And applying formulas (a), (c¢) and (d) of Lemma A.2.5.4 to Equation (7)
yields

(8) WDz, V) = QX V) u— 2" u,0] - w.

(Formulas (a) and (d) hold because & is the naturally induced Riemannian
metric on the principle tangent bundle of the Riemannian manifold (V, 9);
cf. Observation.) Combining formulas (2), (3), (4) and (8) and using the
fact that the inner product on g(O(n)) is bi-invariant yields that

(9) [ul? < 41X, Y)fu] + 2/[v, w]lu] + 4]ul.

Canceling |u| from inequality (9) and using that the norm of € is bounded
above by Ky together with the inequalities (6) yields that

(10) lu| < 8Ko + 81+ 4

where 7 is the norm of the Lie bracket on g(O(n)). This inequality (10)

shows that we can set Ko = 8K + 8n + 4 completing the verification of
Claim 1. O

We end these Remarks on Step 2 by fulfilling the promise made in “Re-
marks on Steps 1 and 4” to give an alternate verification of inequality (8.7)
in [4]. This inequality follows directly from the following three results proven
above: Theorem 2, Lemma 5, and the fact that the angle between the tan-
gent spaces to Hy and gO(n) at g is bounded below by the positive number
O(n, e, Ag).

Remarks on Fact 1. To complete the Proof of Theorem A.2.3 it remains
to verify Fact 1. We start our verification of Fact 1 with the following result:
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Lemma 1. Let T be a mazimal torus in O(n). Givenv > 0, there exists only
a finite number of closed connected subgroups S of T such that Vol(S) < v.

Proof. Let m = dim T and s = dim S, then s € {0,1,2,...,m}. Hence
in proving that the number of such subgroups S is finite, we may assume
that s is fixed and s # 0. Let M*(m,s;Z) denote the set of all m x s
matrices A with integral entries and rank A = s. Also let 7% denote the Lie
group S' x S! x ... x S! (i-factors) and identify T with T™. Then each
A € M*(m,s;Z) determines a homomorphism f4 : T° — T. Note that if
B € M*(s,s;Z), then image(fap) =image(fa). Furthermore for each closed
connected subgroup S of T, there is a matrix A € M*(m, s;Z) such that
both image(f4) = S and f4 is monic. An elementary argument yields the
following estimate for Vol(S). There is a positive constant o (independent
of S) such that

(%) Vol(S) > o|det|/|ker(fa)]

where “det” denotes the determinant of any s x s submatrix of A € M*(m, s;
Z) and image (fa) = S. Since rank A = s, there exists an s X s submatrix
B of A such that det B # 0; i.e., B € M*(s,s;Z). Let D = Aadj(B) where
adj (B) denotes the classical adjoint of B. Since image (fp) = image (fa),
to prove Lemma, 1, it suffices to show that the absolute values of the entries
in D are all bounded above by a positive number K = K(v,m), where v
is any upper bound for Vol(f4), when f4 is monic. But this follows from
inequality (%), in which D replaces A, by considering the different s x s
submatrices of D. In fact, we can take

K(v,m)=v/o.
This completes the proof of Lemma 1. ([

Lemma 2. Given v > 0, there are only finitely many conjugacy classes of
closed subgroups C' of O(n) such that both C° is abelian and Vol (C) < v.

Proof. Fix a maximal torus 7 in O(n). Then C? is conjugate to a subgroup
of T. Hence Lemma 1 shows that there exists a positive integer 7 = 7(n,v)
such that the finite subgroup C/C? has order < 7. Another consequence
of Lemma 1 is that it suffices, in proving Lemma 2, to demonstrate the
following weaker statement:

(¥) Given v > 0 and a closed connected abelian subgroup S of O(n), there
are only finitely many conjugacy classes of closed subgroups C of O(n)
such that both CY = S and Vol (C) < v.

To verify statement (x), consider the normalizer N(S) of S in O(n) and
note that N(S) is a compact Lie group and that C' is a subgroup of N(S).
Consider the factor Lie group N(S)/S and its finite subgroup C/S whose
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order is less than 7. Then (x) is an easy consequence of the following obser-
vation:

(#%) There are only finitely many conjugacy classes of finite subgroups of
N(S)/S of order < 7.

Observation (*x) is a consequence of the fact that representations of finite
groups into Lie groups are (locally) rigid, because of Weil’s rigidity theorem,
together with the fact that N(S5)/S is compact.

This completes the proof of Lemma 2. O

Lemma 3. There is a function f : RT x ZT — R for which the following
statement is true. Let C be any closed subgroup of O(n) such that both C°
s abelian and

Vol (C\S"™ 1) > v >0,
then
Vol (C) < f(v,n).

Remark. The function f in Lemma 3 can in fact be taken to be
f(v,n) = Vol (T) Vol (T\S" ) /v

where 7" is a maximal torus in O(n). (Since all maximal tori in O(n) are
conjugate, this function depends only on v and n.)

Proof. Let P(C) denote the set of all points in S"~! at which C acts freely.
Then P(C) is an open dense submanifold of S"~!; in fact,
Vol (P(C)) = Vol (S™1).

Put the Riemannian metric on C'\ P(C) such that the orbit map P(C) —
C\P(C) is a Riemannian submersion. Let pc be the measure on C\P(C)
determined by this Riemannian metric, then

Vol (C\S™ ™) = pe(C\P(C))

and

() Vol (8" 1) = / Vol (Cx)dpc.
CzeC\P(C)

Special Case. We first verify Lemma 3 under the extra assumption that
C is connected; i.e., C = C°. Then let T be a maximal torus in O(n)
containing C. Note that P(T") C P(C) and

(1) Vol (C\P(C)) = Vol (C\P(T))
since Vol (P(C)) = Vol (P(T)). Consider the principal bundle
(%) C\T — C\P(T) -2 T\P(T)
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and notice that p is a Riemannian submersion since C\T acts by isometries
on C\P(T). Our argument in this special case is based on the following
assertion:

Claim. For each point Cx € C\P(T), the following inequality is true:
Vol (C\T'(Cz)) < Vol (T)/Vol (C).

Proof of Claim. Note first that
C\TI'(Cz) = q(T'x)
where ¢ : P(T') — C\P(T) is the orbit map. Also note that
Vol (C(tzx)) = Vol (Cx)
for each t € T'; since T is abelian and C' C T'. Hence
Vol (T'z) = Vol (Cz) Vol (¢(T'z))
since ¢ is a Riemannian submersion; i.e.,
(2) Vol (C\T'(Cz)) = Vol (Tx)/Vol (Cx).

Consider the Riemannian submersion f : O(n) — S"~! defined by f(g) =
gz, g € O(n). Note that f maps both T and C diffeomorphically onto Tz
and C'z, respectively, since z € P(T'). Let ¢ denote df : g(C) — T,(Cx) and
¢ denote df : g(T') — T(Tx). Then note that

Vol (Cz) = |det ¢|Vol (C') and

Vol (Tx) = |det &| Vol (T')
where det ( and det £ are computed using orthonormal bases for the relevant
vector spaces; therefore, we obtain by dividing these equations that
(3) Vol (T'z) /Vol (Cz) = |det &| Vol (T)/|det (|Vol (C).
Concatenating Equations (2) and (3) establishes the Claim once we verify
that
(4) det £] < [det ¢|.
But inequality (4) is true since ¢ is a weakly decreasing linear transformation;
ie.,

()| < [

for all v € domain (§). This completes the verification of Claim. O

We now complete the proof of the Special Case of Lemma 3. Recall that
the projection p in the principal bundle of (x) is a Riemannian submersion;
hence,

(5) Vol (C\P(T)) = /T ey VO
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Combining Equations (1) and (5) with the Claim and the facts that
Vol (C\S™™ 1) = Vol (C\P(C)) and
Vol (T\S" ') = Vol (T\P(T))

yield the following inequality:

(6) Vol (C\S™™ 1) < (Vol (T))/Vol(C)) Vol (T\S™™1).
Note that inequality (6) is equivalent to
(7) Vol (C) < Vol (T) Vol (T\S™ 1) /Vol (C\S™1).

But inequality (7) shows that the function f(v,n) defined in Remark satisfies
Lemma 3 in the special case.

We now prove Lemma 3 in general; i.e., without assuming C' = C°. Let T
be a maximal torus in O(n) containing C° and G be the finite group C/C°
whose order is denoted by |G|. Note that inequality (7) is valid when we
replace C by CY; i.e.,

(8) Vol (C%) < Vol (T) Vol (T\S™ 1) /Vol (C%\S"1).
Also note that
(9) Vol (CO\S™ 1) = |G| Vol (C\S™ 1),

This is because
Vol (C%\ S~ 1) = Vol (C\P(C?)) = Vol (C°\P(C))
and
Vol (C°\P(C)) = |G| Vol (C\P(C)).
But we obviously have
(10) Vol (C) = |G| Vol (C).

Substituting Equations (9) and (10) into inequality (8) now yields that in-
equality (7) is true in general. This shows that the function f(v,n) defined
in Remark satisfies Lemma 3 in general, completing the proof for Lemma
3. O

We have the following corollary obtained by directly combining Lemmas
2 and 3:

Corollary 4. Given v > 0, there are only finitely many conjugacy classes of
closed subgroups C of O(n) such that both C is abelian and Vol (C\S"~1) >

V.

We have now completed discussing the preliminaries needed to verify Fact
1. We’ve shown that to verify Fact 1 it suffices to show that there exists a
positive number b = b(n, €, Ag) such that

Vol (C\O(n)) > b.
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This assertion is an immediate consequence of Corollary 4. Let
d:C —Tso(T,V)

denote the derivative map at y € V. (Recall that C'is the isotropy subgroup
at y of the action of H on V.) The map d is a faithful representation. Recall
that y € F'V is an orthonormal basis for 7))V and that, for each ¢ € C,
¢ € O(n) is the matrix representing linear transformation
d(e) : TyV — TyV
with respect to this basis. Hence, to verify Fact 1 it suffices to show that
Vol (d(C)\Sy) > b

where S, denotes the sphere of radius 1 in TyV.

Recall again the Riemannian manifold £ used in [4, §8] to construct V.
It has an action of H x O(n) such that V = £/O(n) and there is a point
g € & such that y is the orbit §O(n). There is also an isomorphism « which
maps C onto a subgroup C of O(n) defined by the equation

99 = go(g)
for each g € C. (Recall that C' = ¢~!(C) where ¢ : H — H is an epimor-
phism such that the principal O(n)-bundle projection

pE—-V
is ¢-equivariant; cf. paragraph 2 of Remarks to Step 2.) Let z denote the
orbit Hy in H\E and S, denote the sphere of radius 1 in T,(H\&). Then it

is easy to construct an a-equivariant isometry from S, to S, where C acts
on S, via the composite representation d o ¢. Hence

Vol (d(C)\S,) = Vol (d(C)\S)

where again d : C' — Iso (T,(H\&)) denotes the derivative map at z € H\E.
But

Vol (d(C)\S) > b

because of [4, Lemma 8.5].
This completes the verification of Fact 1. O
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