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BESSEL FUNCTIONS FOR GL(3) OVER A p-ADIC FIELD

EHUD MOSHE BARUCH

We attach Bessel functions to generic representations of
GL(3, k) where k is a p-adic field and study their asymptotics.

1. Introduction and main results.

Let k be a non-archimedean local field. Bessel functions for the double cover
of GL(2,k) were constructed by Gelbart and Piatetski-Shapiro in [G-PS]
and used to compute some epsilon factors. A more detailed analysis of the
Bessel functions for GL(2, k) was obtained by Soudry in [S] and again used
to compute some epsilon factors. Bessel functions for GL(2, R) were defined
and analyzed by Cogdell and Piatetski-Shapiro in [C-PS1]. Bessel functions
were also discussed in Averbuch’s thesis [Av]. In [Ba] we attached Bessel
functions to every generic representation of a quasi-split reductive group
over k using a distribution approach similar to Harish-Chandra’s approach
for the character functions. In the present paper we attach Bessel functions
to generic representations of GL(3,k) using a different method and study
their asymptotics. In [Ba2] we use the results of this paper to show that
both approaches yield the same Bessel functions.

1.1. Main results. We state here our main theorems. We shall only con-
sider here the main Bessel function of a representation which is the one
attached to the open Bruhat cell. Other Bessel functions are described in
Section 6.

Let G = GL(3,k) and let B be the Borel subgroup of upper triangular
matrices, A the subgrooup of diagonal matrices and N the subgroup of
upper unipotent matrices. Let 1) be a nondegenerate character of V. Let
W = N(A)/A be the Weyl group where N(A) is the normalizer of A. We
identify W with the set of six permutation matrices in N(A). Let

1
wo = 1
1

be the longest Weyl element in W. Let (7, V) be an irreducible admissi-
ble representation of G. We say that 7 is generic if there exist a nonzero
functional L : V — C such that

L(m(n)v) =¢(n)L(v) neN,veV.

1
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It is well-known that such a functional is unique up to scalar multiples. We
call this functional a ¥ Whittaker functional. Now define

(L.1) Wy(g) = L(x(g)v) wveV,ged,

and let G act on the space of these functions by right translations. Then
the map v — W, gives a realization of m on a space of Whittaker functions
satisfying
Wy(ng) =1¥(n)Wy(g) neN, geG.

We denote this space by W(m,1). In Section 4 we define the subspace
WO(r,4) of W(m,%). In the case where 7 is supercuspidal we have that
WO(r, ) = W(m, ). Let a1,as be the positive roots realized as functions
on A (See (2.9)). Let M > 0 be a constant and let

(1.2) AM = AM(wo) ={a € A: oy(a) < M,i=1,2}.
Our first main theorem is the following:

Theorem 1.1. Let W € WO(r, ) and M a positive constant. Then the
function

(a,n) — W (awon)
defined on the set AM x N is compactly supported in N. That is, if W (awon)
£0 and a € AM n € N then n is in some compact set independent of a.

Since AM cover A as M — oo we get the following Corollary:

Corollary 1.2. Let m be a supercuspidal representation of G and W €&
W(m, 1) a Whittaker function associated to w. Fix g € BwogB. Then the
function

n — Wign)

s compactly supported in N.

Proof. Write g = njawong and choose M large enough such that a € AM.
Since W (gn) = ¢ (n1)W (awgnan) the result follows from Theorem 1.1. O

This result allows us to define Bessel functions for supercuspidal represen-
tations. In order to treat all irreducible admissible representations we will
need the following result which allows us to move from W(r, %) to WO(r, ).

Theorem 1.3. Let W € W(m, ). There exist a compact open subgroup
No = No(W) of N such that the function W, 5 € WO(m, ).
Here Wiy, is defined by

Wiop(9) = N W (gn)y~*(n)dn.
Corollary 1.4. WO(r,v) # {0}.

Proof. Let W € W(m, 1) be such that W(e) # 0. Then Wy, ,(e) # 0 for
every compact open subgroup Ny in N. U
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Let Ny C Ny C N3 C ... be a filtration of N with compact open sub-
groups N;, ¢ = 1,2,..., such that N = J;2, N;. We denote this filtration
by NV. Let f: N — C be a locally constant function.

Definition 1.5.

N
/ f(n)dn = lim f(n)dn
N

m—00 Nm
if this limit exists.

Corollary 1.6. Let N' = {N;,i > 0} be a filtration of N as above. Let
g € BwyB and W € W(r,1). Then

N
| wigntwn

N

is convergent, and the value is independent of the choice of filtration N .

Proof. Let N9 = No(W) be a compact open subgroup of N as in Theo-
rem 1.3. There exist an integer M such that Ny C N,, for all m > M. Let
m > M. We have

(1.3) ml(lM))/Nm W (gn)d (n)dn

! -1
= —_— d d .
vol(Np) /m No W (gnin2)y™ " (ning)dnidng

Applying Fubini and changing variables n = nins we get that the last
integral is the same as

W (gn)y =" (n)dn.
Non

By Theorem 1.1 the function n — Wy, (gn) is compactly supported in N,
hence we can take the limit m — oo in (1.3) to get the value

1 —
vol(Np) /NWNo,w(gn)w Y(n)dn.

It is clear that this value is independent of the filtration N O
Let g € BwoB and define the linear functional L, : V. — C by

N
Ly(w) = /N Wo(gn)e~ (m)dn.

It is easy to see that L, is a Whittaker functional, hence it follows from the
uniqueness of Whittaker functionals that there exist a scalar j; ,(g) such
that

(1.4) Ly(v) = Jrw(g)L(v)
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for all v € V. We call jr = j the Bessel function of 7. (See Section 6 for
other Bessel functions.) The Bessel function j, is defined on the set BwyB
and we will prove that it is locally constant there. It is clear that j.(g)
satisfies

jﬂ'(nlgn2) = w(nan)jﬂ(g)a ny,ng € N7 g e B’UJ()B,

hence it is determined by its values on the set Awy. As is the case with the
character of the representation [HC], the Bessel function j, is expected to be
locally integrable on G. Harish-Chandra’s proof of the local integrability of
the character depended on certain relations between the asymptotics of the
character and certain orbital integrals. In this paper we establish that the
asymptotics of j; are the same as the asymptotics of certain orbital integrals
which were studied by Jacquet and Ye [J-Y1]. This result will allow us to
show in [Ba2] that j, is locally integrable and gives the Bessel distribution
on GG. We now describe the relation between the Bessel functions and orbital
integrals.

Let C°(G) be the space of locally constant and compactly supported
functions on G. Let Z be the center of G and let w be a quasi character on
Z.

For ¢ € C(G) and g € BwyB we define the orbital integral (see [J-Y1]

(6))

Jypw(9: 9) :/N . N¢>(n129n2)¢)_1(n1n2)w_1(z)dn1dn2dz.

It follows from [J-Y1] that this integral converges absolutely and defines a
locally constant function on BwgyB.

Theorem 1.7. Let w be an irreducible admissible representation of G with
central character w,. Let x € G. There exist a neighborhood U, of x in G
and a function ¢ € CX(G) such that

jTr,lﬂ(Q) = Jw,ww (g, ¢)
for all g € Uy,.

Remark 1.8. Since j 4 and Jy ., are only defined on BwyB we are really
asserting the equality on BwgB N U,. Another option is to define these
functions as having value zero outside of BwgB in which case the equality
above does hold. In any case, the equality is true up to a set of measure
Zero.

Corollary 1.9. If g — Jy ., (g, 9) is locally integrable as a function on G
for every ¢ € C°(G) then jry is locally integrable on G.

Hence the question of local integrability of the Bessel function reduces to
the question of the local integrability of the orbital integral. As mentioned
above, we shall consider this question in [Ba2].
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Our paper is divided as follows: In Section 2 we introduce some notations
and study certain root and weight spaces. In Section 3 we describe the
method of proof used for our main results and prove a result which is needed
later using this method. In Section 4 we prove a more general version of
Theorem 1.1. In Section 5 we prove Theorem 1.3. In Section 6 we define
Bessel functions including Bessel functions attached to other Weyl elements.
In Section 7 we prove Theorem 1.7.

2. Notations and preliminaries.

Let k be a non-archimedean local field. Let O be the ring of integers in k
and let P be the maximal ideal in k. Let w be a generator of P. We denote
by |z| the normalized absolute value of x € k. Let ¢ = |O/P| be the order
of the residue field of k. Then |w| = ¢~!. Let G = GL(3,k) and let A be
the group of diagonal matrices in G consisting of matrices of the form

al
d(ay,az,a3) = as
as

We let
(2.1) 7 =Z7(GQ) ={d(a,a,a) : a € k*}.

Let X(A) = Homg(A, k) be the group of rational homomorphisms. Then
each a € X(A) is of the form

a(d(ar,az2,a3)) = ay*ay?ay’

with ny,ne,n3 € Z. We view X(A) as a group under addition where the
addition is defined by

(2.2) (a+B)(a) =ala)Ba), a,f€ X(A),ac A

We let | X| = X(A) ® R. Then we shall identify |X| with the vector space
of functions |a| = ||y, ., from A to R of the form

(2.3) |al(d(ar, az, az)) = ar|™ |az|*2|as ]

where A, A2, A3 € R. Here addition is defined as in (2.2) and scalar multi-
plication is defined by

(Aal)(@) = (lal(@)), |a| € [X].a € 4, A€ R.

We define an inner product on |X| by

3
(2.4) N T e Z AiYi-
=1
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For i,j € {1,2,3}, i # j we let a; ; : A — k be the functions defined by

am(d(al, as, CL(;)) = &
a;j
and |al; j(a) = |a; j(a)|. Let @ = {c, ;}. Then |®| = {|c|, ;} is a root system
in |X|. We have that ® = ®* U ®~ where @ = {a, j : i < j} is the set of
positive roots and ®~ is the set of negative roots. Let E;; be the matrix
whose (7, 7)th entry is 1 and all other entries are zero. For o = «; j € ® and
for b € k we let

]’La(b) = hljj(b) = bEM — b_lE]”j.

For each a € ® we let N, = {x,(b) : b € k}. Let W = N(A)/A be the
Weyl group of G. We shall identify W with S3, the symmetric group. In
particular if o € S3 then we let w, be the associated permutation matrix.
For every o = o j € ® we set wo = wy; ;) where (4,7) is a transposition in
S3. W acts on ® and |®| in a natural way. We have that if i # j then
(2.5) az; j(b)a™t = 2, j(a;;(a)b), a€ Abek
(2:6) 21,5 (0)2,i(—b" )i 5 (b) = wei jyhy(b), b€ k.
Let N be the subgroup of upper unipotent matrices. Then every n € N can
be written uniquely in the form

n = x1,3(b1)r1,2(b2)r1,3(b3)

where by, by, b3 € k.

2.1. Roots, weights and Weyl elements. The root system |®| spans a
subspace |V| of | X| given by

(2.7) ‘V‘ = {‘Q‘A1,A2,A3 t A+ A3 = 0}.

Then A = {|ali 2, |al23} is a basis for |V| consisting of simple roots. If B
is a basis for |V| then we denote by B* the dual basis (up to scalars) with
respect to (2.4). In particular, the fundamental weights A1, Ay give the basis
dual to A where

(2.8) )\1 = ’Oé’g,_l,_l, )\2 = ]04
We write A = {ag,as} and A* = {1, A2} with

1,1,—2-

(2.9) ar = |alig = |afi,—10, a2 =|alz3 = |alo1,-1
and A1, A2 as in (2.8). If S C A then we let
B(S) = {’71,72}
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where ~; is defined by

o; if oy €8,
2.10 i =
(2.10) 7 {/\i if a; & .
We let B*(S) = (B(S))* (up to scalars). We shall fix the following sets:
(2.11)

B(0) =A% B({an}) = {1, Ao}, B({az2}) = {A1, a2}, B(A) = A
B*(0) = A, B ({ar}) = {ar, Ao}, B ({az}) = {A1, a2}, B (A) = A"

For each o € ® we let w, € W be the reflection associated with «. In
particular, wa,, = w(12) and wa,; = w(z3). Since W is generated by
w(1,2) and w(y 3 it follows that each w can be written as a product of these
transpositions. We define S(w) C A to be

(2.12) S(w) ={B,..., Bk}

where w = wg, - - - wg, is a minimal decomposition of w into a product of
such transpositions. In particular we have
S(e) = 0, S((1,2)) = {041,2}, 5((2,3)) = {a273}
S((1,2,3)) =4, S((1,3,2) =4, S((1,3)) =A.
It is well-known that S(w) is independent of the minimal decomposition.
We define

(2.13) S (w) ={a € @' : w(a) <0}, ST(w)={a€d" : w(a) >0}
and

(2.14) No= ] Neo NS= ][ Ne
aesS—(w) aeSt(w)

Then N = NN,

3. Method of proof.

The main method of proof in this paper is a careful analysis of the relation
between the Bruhat Decomposition and the Iwasawa decomposition of our
group. Such relations were explored by previous authors such as [Bo-HC],
[Bo], [J-PS-S]. In this paper we present an explicit method of obtaining
such information which follows a simple pattern. The idea is to analyze the
Bruhat cells inductively going from the closed cell up to the open cell. The
induction is on the length of the respective Weyl element. Another induction
takes place inside an individual cell where we “peel” the root groups one by
one. We find it very striking that the three main results in this paper were
all proved using this method. In this section we present a new proof for a
well-known result which demonstrates best how the method works.

Since we have only four different lengths for the Weyl elements of GL(3)
we shall not employ induction in this paper. The induction process will be
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used in a future paper on GL(n). Before we go to the main result of this
section we shall indicate how the method works.

3.1. Example. Let

0 01
1 00
010

W=1wW(1,2,3) =

Then every g € BwB can be written uniquely in the form

g = nawxy 3(b1)x23(b2),

with n € N,a € A and b1,bs € k. Our “peeling” proceeds in the following
way: If we have a function F' which is smooth on the right then for large
enough |be| we have that F(gaso(—by ")) = F(g) for all g € G. In particular,
if ¢ € BwB is written as above then g; = g$3’2(—b51) € Bw B with Bw; B
being a smaller cell than BwB, that is, the length of w; is less than the
length of w. At this point we know that the values of F' on such g for which
|bo| is large are determined by the values of F' on smaller cells and we can use
the induction hypothesis (whatever that may be for each proof) to conclude
the result for such b,. To continue, we need to control the values of F' for
bounded |by| which depends on the result we are trying to prove. Once this
is complete we have “peeled” the root subgroup {z23(b2)} and we are left
to treat the case g = nawx; 3(b1). At this point we look at the case where
|b1| is large and multiply g by =1 3(—b ") to get g1 = gr13(—b;"') € BwsB
with length of wso less than the length of w. The argument continues in this
way.

3.2. Iwasawa decomposition. Let K = GL(2,0). Then it is well-known
that

G = NAK.
For every |a| € | X| we extend |a] (see [J-PS-S]) to G by defining
(3.1) |l(g) = lal(a)

where g = nak, n € N,a € A,k € K, is an Iwasawa decomposition of g. It
is easy to see that || is independent of the choice of decomposition.

Recall that A* = {A1, A2} is the set of fundamental weights where A\ =
|al2,—1,—1 and Ay = |a|1,1,—2 (See (2.3).) We view A; and Ag as functions on
G as above. The main theorem of this section is the following;:

Theorem 3.1. Let A € A* and w € W. Then
Awn) <1

for everyn € N, .
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Proof. The proof is a case by case argument starting with the smaller Bruhat
cells and moving to the larger cells.

Casel. w=e.
In this case N, = {e}. Hence, wn = e. Since \(e) =1 we are done.

Case 2. w = 1w g).
In this case N, = Nj2. Hence wn = wx;2(b). If |b] < 1 then wn € K
and A(wn) = 1. If [b| > 1 then z91(—b"') € K and

Mwn) = Mwz19(b)) = Mwzy9(b)w21(=b"1)) = A(ha1 (b)) < 1.

Case 3. w=w(y3).
This case is similar to Case 2 and is omitted.

Case 4. w = w( 33)-

In this case IV, = Ny 3N23. We first look at a special case where wn =
wx13(b1). If |b] < 1 then wn € K and A(wn) = 1. If |by] > 1 then
z31(—b;") € K and

Awa13(b1)) = Mwar3(b1)z31 (b))
= Mz2,3(1)h2,1(b1)w(a,3)) = A(h21(b1)) < 1.
For the general case, assume
wn = ’waﬁl,g(bl)xg’g(bg).

If |b2] < 1 then x23(b2) € K and A(wn) = AMwz13(b1)) < 1 by the special
case above. If |bg| > 1 then x35(—b,"') € K and we have

AMwn) = )\(wx173(b1)1‘273(b2)x372(—b;l)).

Since w$173(b1>l’2,3(62)$3’2(—b2_1) = n’h3’1(b2)w(172)n” for some n’ € N and
n" € Ny, and since A(n'h31(b2)wq 2)n") = A(h3,1(b2)) Mw( 2n”) we can

w(1,2)
use the assumption on |be| and Case 2 to conclude that A(wn) < 1.

Case 5. w =w( 32)-
This case is similar to Case 4 and is omitted.

Case 6. w = w3y = wo.

In this case N, = N. We first prove two special cases. We show

that )\(wl'l’g(bl)) < 1 and )\(wl'l’g(bl)l‘zg(bg)) S 1. The pI"OOf is sim-

ilar to Case 4 and is omitted. The general case follows the same pat-
tern. Let wn = ’LU:El’g(bl)ZL’Q,g(bg)l‘Lg(bg). If |bg| < 1 then l’l’z(bg) e K
and A(wn) = M wx,3(b1)x23(b2)) < 1 by the special case above. Assume
lbs] > 1. Let ¢’ = wnwa1(—by'). Then A wn) = A(g’). We can write

g = n'h3a(bz)wy yn” for some n' € N,n" € N, Hence \(¢') =

W(1,2,3)"

A(h32(b3))A(w(13.2)n") < 1 by Case 4 and by the condition on [b3]. O
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4. Spaces of Whittaker functions.

In this section we define a subspace of the space of Whittaker functions
on GG and prove some properties of this subspace. In particular we prove
Theorem 4.6 which asserts that certain functions on unipotent subgroups
are compactly supported. This is one of our main theorems in this paper.

4.1. Whittaker functions. Let 1, be a character of £ and assume that
1y, is identically one on O and nontrivial on P~!'. For a unipotent matrix
n € N we set

(4.1) Y(n) = Pr(n12 +n23)

where n; ; are the entries of n. Then

Y(21,2(b1)72,3(b2)71,3(b3)) = V(b1 + b2).
We let W = W(G, ) be the set of functions W : G — C such that W is
smooth on the right and
W(ng) =4¢n)W(g), neN,geG.

Examples of such functions are Whittaker functions associated with generic
representations of G. Other examples are given by projecting compactly
supported and locally constant functions to this space as follows:

Wi(g) = /N f(ngyy~\(n)dn, f € C2(G).

We shall study the space of such functions {W; : f € C2°(G)} in Section 7.
For every |a| € |X| we extend |a| to G as in (3.1).
For w € W we set

(4.2) SO(w) = S(wwp)

where S(wwy) is defined in (2.12).

Definition 4.1. Let W = W(G, ) be the space of Whittaker functions
defined above. We define W° = WO(G, 1)) C W to be the set of functions
W € W such that for every w € W and every a € S°(w) there exist positive
constants D, < F, such that if ¢ € BwB then

(4.3) W(g) #0 = D, < |a|(9) < Eq, o€ S%w).

In other words, W € WV if for each w € W and each o € S%(w) the
support of W in BwB has bounded image under a.

Remark 4.2. The condition |a|(g) < Ea, o € S°(w) that appears in (4.3)
is redundant since by [J-PS-S] the support of W is contained in the set
{9 :]a|(9) < K,a € A} for some positive number K. Moreover, if W is a
Whittaker function in the Whittaker model of a supercuspidal representation
of G then it follows from [J-PS-S] that W is compactly supported mod N Z.
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Hence it follows that W satisfies condition (4.3) for every o € A and every
g € G and in particular W € WV.

Definition 4.3. Let o € A. we define the sets
Xeyo(a) ={g € G| C1 <|al(g) < Ca},
Ac,o,(a) ={a € A|C) < |al(a) < Ca}
and the sets

Xey,0p = m Xoyex(a), Acyo, = ﬂ Acy 0y ().
acA acA

Lemma 4.4. Let a € A, C1 < Cy positive numbers and R a compact set
in G. Then:

(a) There exist constants C} < C% such that
Xeye(@)R C Xop oy ().

(b) Let Y be a subset of G and assume that for every y € Y there exist
r € R such that yr € X¢,,c,(c). Then there exist positive constants
C1 < C3 such that Y C Xcr ¢y ().

Proof. (a) We can write X¢, ¢, (o) = NAc, ¢, (o) K. Tt is clear that
[al(Xey e, RR) = |l (Ao, 0, ()| (KR).

Since KR is a a compact set in G and |«/| is continuous the result follows.
(b) Let y € Y and let y = ngagkp be an Iwasawa decomposition for y.
If r € R then |o|(yr) = |o|(y)||a|(kor). Since KR is a compact set, there
exist positive constants D; < Da such that Dy < |a(kor)| < D2 for all
ko € K and r € R. By our assumption, there exists rp € R such that
C1 < |a|(yro) < Cp. Hence C1/Ds < |af(y) < C2/Dq and we can choose
C{:Cl/Dg and Cé:CQ/Dl |

Corollary 4.5.

(a) The set WP is invariant under right translations by B, i.e., if W € W°
then for every b € B, W, € W° where W;(g) = W (gb).

(b) WO s invariant under right integration by compact open subset of
closed subgroups of B, i.e., if H is a closed subgroup of B and X C H
is open and compact in H then for every W € WY, Wx € W° where
Wx(g) = [x W(gh)dh.

Proof. (a) We take R to be the Singleton, R = {b~!}, where b € B. By
Lemma 4.4, X¢, o, (a)b™t C Xorop(@). Thus if W restricted to the set
BwB is supported on X¢, ¢, () N BwB then W), restricted to BwB will
be supported on the set X¢r or (o) N BwB.

(b) Since W is smooth on the right, Wy is a finite linear combination of
Wy, for some b; € B, hence (b) follows from (a). O
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For each w € W we let B(SY(w)) be the basis of |V| defined in (2.10) and
let B*(S°(w)) be the dual basis (up to scalars) that we fixed in (2.11). Let
M be a positive constant. We define the multiplicative cone AM (w) C A to
be

AM(w) ={a € A:|B|(a) < M, for all g € B*(S°(w))}.
Our first main theorem of this paper is the following:
Theorem 4.6. Let W € WP and M a positive constant. Then the function
(a,n) — W(awn)

defined on the set AM(w) x N, s compactly supported in N, . That is,
if W(awn) # 0 and a € AM(w),n € N, then n is in some compact set
independent of a.

Note that if w = wg then S°(w) = @ hence B(S°(w)) = A* and B*(S°(w))
= A. Tt follows that AM(w) = AM as defined in (1.2). Since N, = N in
that case, Theorem 1.1 follows from the above theorem.

Proof. We prove the theorem for w = e, w = w(3), w = w23 and
w = w(1,3) = wo. The case w = w(y3) is similar to the case w = w(y ) and
the case w = w( 39) is similar to the case w = w3 3), hence they will be
omitted.

Casel. w=e.
In this case, N, = {e} and there is nothing to prove.

Case 2. w = w( ).
In this case

010
w=|[1 0 0
0 01

and N, = Nj 2. We need to prove that W (awx; 2(b)) # 0 implies that there
is a constant C' independent of a € AM (w) such that |b| < C. Since W is
smooth on the right, there exist a constant C; such that W (gza1(—b"1)) =
W (g) for all |b| > C; and all g € G. Hence, if |b| > C} it follows from (2.6)
that

W (awz1 2(b)xa1(—b" 1)) = W(naha1(b)) = ¢(7)W (ahg1 (D))

for some n € N. Hence W (awz12(b)) # 0 implies that W (ahsg,1(b)) # 0.
We have that S°(e) = A = {|a|1.2, |a]2.3}. Since W (ahy2(b)) # 0 and since
W € WV it follows that both |1 2 and |a|s,3 are bounded on ahs 1 (b). Hence
lali,3 = |al1,2 + |af2,3 is bounded on ahg;(b). Write a = d(a1, a2, a3). Then

|| 3(ahg (D)) = ‘sz;". Hence there exist positive constants Fy and Es such



BESSEL FUNCTIONS FOR GL(3) 13

that
a1

4.4 E — < Fs.
(44) S Joag] < 72
On the other hand S°%(w;2) = A and B*(S%(w12)) = A* = {1, A2} (see
(2.11)). Since a € AM(w), we have that A\;(a) < M and A\a(a) < M. Since
lal1,3 = (A1 + A2) we have that |ay 3(a) = % < M?/3. Combining this
with (4.4) we get that |b| < EyM?/3,
Case 3. w = wa 3.

The proof is similar to Case 2.

Case 4. w =w(33)-

In this case
0 01
1 00

010

and N, = Ny3Ni3. We need to prove that W (awxzi3(b1)x23(b2)) # 0
implies that there is a constant C' independent of a € AM(w) such that
|b1| < C and ‘52‘ < C.

We first prove a special case. Assume that W(awz;3(b1)) # 0 and a €
AM (w). If |by| is large enough then we have

W (awzy,3(b1)) = W(awzy 3(b1)zs1(—by ")) = ()W (ahs,1(b1)wes)

for some n € N. Since S%(w(a3)) = A, wes) € K and W € WY it follows
that |a|1 2 and |a|2,3 are bounded on ahs 1(b1). In particular, |a|1 3(ahsa,1(b1))
= (|lal12 + |al23)(ahe1(b1)) = |araz 'b; | is bounded from below.

On the other hand, So(w17273) == {|O[|2’3} = {‘O{|071’,1} hence B(SO(W(1’2’3)))
={lal2,—1,-1,|elo1,-1} and B*(S°(w1,2,3)) = {lal2,—1,-1,|eo,1,-1} (see (2.11)).
Since a € AM(w) we have that |af13(a) = (3(|al2,—1,-1 + |afo1,-1))(a) =
lajaz'| < M hence it follows that |b;| is bounded from above which is what
we need.

For the general case, assume W (awx1 3(b1)x23(b2)) # 0 and a € AM (w).
If |bg| is large enough then we can write

W (awz1 3(b1)w23(ba)) = W(awzy 3(b1)za3(b2)wsa(—b""))
= Y(R)W (ahs 1 (b2)w(1 2)1,2(—b1by "))
for some n € N. This lands us in Case 2! To use Case 2, we need to show
that if @ € Ap(w(123) and |bo| is large then ahsi(by) € AM (w(1,2y) for
some positive constant M. Assume |by| > D. Then
lal2,—1,-1(ahs,1(b2)) = |erl2,—1,-1(a)|er|2,—1,-1(h3,1(b2))
= |alz,-1,-1(a)||b3°| < MD?.

w =
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Also
lal1,1,—2(ah31(b2)) = |al1,1,—2(a)|al1,1,—2(h3,1(b2))

1 _ _
= (3alacr1+ 3lalos ) ) (@37 < 22D

Hence we can choose M; = max{M D3 M2D~3}.
It follows that we can now use Case 2 to conclude that

W(ahg,l(bg)w(172)$1,2(_blb2_1)) 7& 0

with the above conditions on a and by implies that | — b1y !| is bounded.

Now S%(wi2) = A. Since W € WY it follows that |als3 is bounded
on ah371(bg)w(lyg)[BLQ(—ble_l). (Here b; and by and a are allowed to
change but are subject to the conditions |by| > C, a € AM(w) and
W(ah3,1(bg)w(l,g)ml,g(—blbgl)) #0.) Since | — byby '] is bounded it follows
from Lemma 4.4 (b) that |a|z3 is bounded on ahsi(b2). In particular,
lal2.3(ahs1(b2)) = |azaz 'byt| is bounded from below. Since a € AM (w) we
get that |a|az(a) = |azaz!| < M hence we get that |bs| is bounded from
above (independent of b; or a € AM(w)).

So we can assume that |by] < C; for some positive constant Cj. Since
W is smooth on the right it follows that the space spanned by the func-
tions {p(z2,3(b2))W : |ba| < C1} is finite dimensional. Here (p(h)W)(g) =
W(gh). Let Wy,...,W; be a basis for this space. It follows from Corol-
lary 4.5 (a) that W;, i = 1,...,[ are all in W". By the special case above it
follows that if a € AM (w) and W;(awz1,3(b1)) # 0 the there exist a constant
D; independent of a such that |by| < D;. Let D be the maximum of the D;s.
We write

W(awz1,3(b1)x2,3(b2)) = (p(22,3(b2))W)(awz13(b1))
— Z A\iWi(awzq 3(b1))

where )\; is a scalar depending on by. Since W (awx; 3(b1)x23(b2)) # 0, it
follows that there exist ¢ such that W;(awx; 3(b1)) # 0 hence |b;| < D. We
notice that D is independent of |b2| < C}.

Case 5. w = w(39)-
This case is proved in the same way as Case 4.

Case 6. w = w3y = wo.
This case is similar to Case 4. We will outline the proof:
In this case N, = N. We need to prove that

W (awzq 3(b1)x23(b2)z12(b3)) # 0

implies that there is a constant C independent of a € AM(w) such that
|b1] < C, |b2| < C and |bs| < C. We first prove two special cases. In the
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first case we show that W(awz13(b1)) # 0 implies that there is a constant
C independent of a € AM(w) such that |b;| < C. In the second case we
show that W (awxy 3(b1)x23(b2)) # 0 implies that there is a constant C
independent of a € AM(w) such that |b1| < C and |bs] < C. The proof
follows the same lines as in Case 4 and is omitted.

For the general case we assume that |bs| is large. Then

awzy 3(b1)ze3(be)x12(b3) w21 (—bs ) = n'ahs 2 (bs)w 231"

for some n’ € N and n” € Ni, 5.4, Hence
(4.5) W(awag(b1)$273(b2)$1,2(()3))

= W(awxl,g(bl)$2,3(b2)$172(b3)x271(—bgl))
= Y(n")W (ah32(b3)wa 320" ).

Here we landed in Case 4. The proof continues as in the general step of
Case 4. O

5. Projection into WO(G, v).

In this section we shall show that every W € W(G, 1) can be projected into
WO(G, ) by integrating it on a compact unipotent group versus a character
of that group. We start with some preliminary results about Howe vectors.

5.1. Howe vectors. For a positive integer m we denote by K,, the con-
gruence subgroup of K given by K, = Is+ M3(P™). We let A,, = ANK,,.

Let
1

d= w?
ot

Let J,, = d"K,,d~"™. Then J,, is given by

pm p—m P73m
(5.1) Jp =13+ | PP P pm

P5m P3m pm
Notice that J,, is expanding above the main diagonal and shrinking on and
below the main diagonal. Let

(5.2) N = N0 Jp.
Let N,y = NN Jy, and By, = B[\ Jm. It is easy to see that

We fix a character ¢y on k as Section 4. In particular ¢4 (0O) = 1 and
Yp(P~1) # 1. Let ¢ be a character of N obtained from 1 as in (4.1). For
m > 1 we define a character v,,, on J,, by
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where j = Bjnj, 5]- € B, n; € Ny, is the unique decomposition of j. It is
easy to see that iy, is a character on J,,. For each W € W(G, 1) we define
W = Wn,,» by

(5.3) Win(g) = Wi, (g) = /N W (gnyd (n)dn.

Since Nyp+1 D Ny, it is a simple application of Fubini to show that if m > k
then

(5.4) Wn(g) = Vol(Nk)l/N Wi (gn)y L (n)dn.

For g1 € G we let (p(g1)W)(g) = W(gg1)-

Lemma 5.1. Let M be such that p(Ky )W = W and let m be an integer
such that m > 3M. Then

(5.5) P Win = Ym(§)Wm, J € Jm.
Proof. Define

Wi = vol(Bn) ™" J b (1)) Windj.

It is clear that W, satisfies (5.5). On the other hand we have

vol(B,,) ™! ’ U (5)p(F) Windj

= vol(B / / )p(b)W dn db.

Looking at (5.1) it is easy to see that B,, C Ky, hence b € B, fixes W,
and we get that W, = W,,. U

Formulating Lemma 5.1 for functions we get that
(5.6) Win(9j) = Ym(j)Wm(g) forall g€ G,j € Jp.

We call a vector W in a representation space of G satisfying (5.5) (or (5.6))
a Howe vector. The above Lemma shows that if the representation space
affords a nontrivial Whittaker functional then nonzero Howe vectors exist.
This property and some uniqueness properties of Howe vectors for irreducible
admissible representations of GL,,(k) were established in [H]. We now con-
tinue to study the behavior of Whittaker functions satisfying (5.6).

Lemma 5.2. Let m > 0 and assume that W € W(G, ) satisfies (5.6). Let
a € A. Then W(a) # 0 implies that oy 2(a) € 14+ P™ and ag3(a) € 1+ P™.
In particular, |a|1 2 and |a|23 are bounded on a.
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Proof. Assume |b| < ¢™. Then
Y)W (a) = W(az1,2(b)) = W(z12(a12(a)b)a) = P(a1,2(a)b) W (a).

Since W (a) # 0 then ¢(b) = 1(ay 2(a)b) for every b such that |b] < ¢™ hence
using that ¢ has conductor O we get that a; 2(a) € 1+ P™. A similar proof
works for ap 3. O

Let xx be the characteristic function of the set X.
Corollary 5.3. Assume that W € W(G, ) satisfies (5.6). Then

ai

W as = X14pm(a1)X14pm(a2).
1

Let No C GL(2, k) be the subgroup of upper unipotent matrices and let

Bgm:{<x1 0) :x1,$3€1—|—Pm,$26P3m}.
’ To I3

The following Lemma is not needed for the proof of the main results in this
paper. It is needed for our result on Bessel distributions in [BaZ2].

Lemma 5.4. Assume that W € W(G, ) satisfies (5.6). Let h € GL(2,k).
Then
h
w(t )
ifh & NQEQ,m. If h=nb forn € Ny and b € EQ’m then

w(" )= v

where 1 is the natural restriction of 1 to Na.

Proof. Let
hii hia
h — ) )
(h2,1 h2,2>
and let
Iy

()

where
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and the above matrix being in .J,,, is equivalent to y; € P~3™ and yo € P™™.

o s (") =w (1) (1))
() ()

h
= (ho1y1 + ho2y2)W ( 1) -

()

Then we have ¢(ha1y1 + (he,2 — 1)y2) = 1 for all y; and y» as above hence
by the assumptions on the conductor of ) we have that ho;1 € P3 and
hao € 1+ P™. It follows that we can write

h — Yy Y2 10
0 y3) \z 1
with z € P3™. Using (5.6) and Corollary 5.3 we get that h € NyBa ,,, hence

we proved the first statement. Using the equivariance of W on the left by
N and on the right by J,, we get the second statement. ([

Lemma 5.5. Assume that W € W(G, ) satisfies (5.6). Then W (aw( 2))
=0 and W(aw(3)) = 0 for every a € A.

Proof. Let b € P~™ be such that 1(b) # 1. Then
Y(b)W (aw( 2)) = W(aw( 2)72,3(D))
= W (r1,3(a1,3(a)b)aw 2y) = W(aw g))-
Since 9(b) # 0 we get that W (aw(; 2)) = 0. A similar proof will show that
W(a’wzg) =0. U

Lemma 5.6. Assume that W € W(G, ) satisfies (5.6). Then W (aw 23))
# 0 implies that as3(a) € 1+ P™ and in particular |a|z,3 is bounded on a.
Also, W(aw(y 39)) # 0 implies that ay 2(a) € 1+ P™ and in particular [al 2
s bounded on a.

Proof. Let b € P~™. Then
P(O)W (aw( 2,3)) = Waw( 2,3)%1,2(b))
= W (x23(a23(a)b)aw( 2 3))
= P(az,3(a)b)W (aw( 23))-

Hence, W(aw(; 23)) # 0 implies that ¥(b) = ¥(az3(a)b) for all b € P~
hence az3(a) € 1+P™. A similar proof works for the case where W (aw(; 3 ))

£0.

Assume that
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We now prove the second main theorem of this paper. It was stated in
the introduction as Theorem 1.3. Let W°(G, 9) be the subspace of W(G, )
introduced in Definition 4.1.

Theorem 5.7. Let W € W(G, ). Then there exist a positive integer M
such that Wy, = Wy, € WO(G,9) for every m > M.

Proof. We need to show that there exist M such that for every fixed m > M
and every w € W, the support of W, in BwB has bounded image under
every |a| € S%(w). It is enough to show this for each individual cell and
then take the maximum of these Ms that we obtain.

We now show that given w € W there exist an integer M such that if
m > M and if W,,(g) # 0 then |a|(g) is in a fixed bounded set in R* for
every a € SO(w).

Casel. w=e.

In that case SO(w) = {|a|12,|a|23}. Let M be such that Wy, is a Howe
vector (that is satisfies (5.6)) for m > M. We need to show that if g €
BwB = B and Wy,(g) # 0 then both |a|i2 and |a|z3 are bounded on g.
Since g € B we can write g = na forn € N and a € A. We have that |a|(g) =
|al(a) for every |a] € |X|. Also, Wi,(g9) = ¥ (n)Wy,(a) hence W,(g) # 0
implies that W, (a) # 0. Now the theorem follows from Lemma 5.2.

Case 2. w = 1w g).

In that case S°(w) = {|a|12, |a|23}. Let My be such that W,, is a Howe
vector for m > My and let M = 3M;. Let m > M. Let ¢ € BwB and
assume Wi,(g) # 0. We can write g = naw 9)71,2(b) for some n € N,
a € A and b € k. To make the proof more clear we shall consider three cases
although two may suffice. The first case is when |b| > ¢*™. In that case
221(=b"1) € J;, hence by (5.6) we have

Win(g) = W(gza1(—b~")) = W(g)

where § = gra1(—b"') € B. By Case 1 it follows that W (g) # 0 implies
that |a|12(9) and |a|23(g) are in a fixed compact set. Hence if we let R =
{21(=b71Y) ¢ [b] > ¢®™} U {e} then R is a compact set in G and the above
argument implies that for each g of the above form such that |[b] > ¢3™
and such that W, (g) # 0 there exist 7 = ry € R such that |a|12(gr) and
|a|2.3(gr) are in fixed compact set of R*. Hence, by Lemma 4.4 (b) we get
that |a|12(9) and |a|2,3(g) are in compact sets independent of g, (depending
only on m and W).
The second case is when ¢ < [b| < ¢*™. By (5.4) we can write

1
Win(g) = ———
9) = ol S,
Hence, if W,,(g) # 0 there exist n’ € Ny, such that Wy, (gn') # 0. We
have that gn' = n"aw( 921,2(b) for some n” € N and b € k such that

War, (gn)y ™" (n)dn.
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b] = |b]. Since |b] > ¢™ > ¢M = 3™ it follows that azg,l(—’bv_l) € Ju, and
we can use the argument above to conclude that |a|; 2(gn’ 56271(*5_1)) and
|a|273(gn’x271(—5_1)) are in fixed compact sets in R* independent of g. Let
Q = {z21(c) : |¢| < ¢ ™}. Then R = Np,Q is a compact set in G and we
can use Lemma 4.4 (b) to conclude that |a|; 2(g) and |a|23(g) are in fixed
compact sets in R* for all such g.

The last case is when |b| < ¢™. In that case x;2(b) € J,, and we have

Win(g) = Win(naw 2)21,2(b)) = ¥ (n)r(b) Wi (aw(y 2)) = 0
where the last equality is Lemma 5.5.

Case 3. w = w(y3)
This case is similar to Case 2 and is omitted.

Case 4. w = w( 23)-

In this case S°(w) = {|a|23}. Let Ms be such that W, satisfies (5.6) and
such that W, satisfies the support conditions for the theorem on the Bruhat
cells covered by Cases 1, 2 and 3 for every m > M. (Since an appropriate
M exist for each case we can take Ms to be the maximum of the three.)
Let My = 3My and M = 3M; = 9M5. We need to show that for a fixed
m > M, |az,3 is bounded on the set of g € BwDB such that W, (g) # 0. We
can write

(5.7) g = naw$173(b1)1‘273(b2)
where n € N, a € A and by, by € k. We first show that for a fixed m > My,
|a|2.3 is bounded on the set of g of the form (5.7) satisfying W,,,(¢) # 0 and
|b2] > ¢™. In that case we can write

1
VOI(NMQ) N

Since W, (g) # 0 we get that Wiy, (gn’) # 0 for some n’ € N,,. Writing
gn' in the form (5.7) with by replacing by it is easy to see that [by| = |by| >
qm" > ¢ = M2, Hence 1'3’2(—52_1) € Ja,. It follows that Wy, (gn') =
WM2(gn’x372(—551)) # 0. However, g = gn’x372(—52_1) € Bw(2)B and
our assumptions on My imply that |al23(g) is in a fixed compact set in
R* depending only on M. Hence by Lemma 4.4 (b) |af2,3(g) is in a fixed
compact set depending only on m and M.

Now assume m > M, W,,(g) # 0 and g is of the form (5.7) with |ba| < ¢™.
If |b1| < @™ then zy 5(b1)z2,3(b2) € Jp and we have

Wm(g) - w(n)wk(bl)wk(bQ)W(Gw(l,zvg)) 7& 0.

By Lemma 5.6 we have that |a|23(a) is in a fixed compact set in R. But
|al2,3(a) = lal2s(g223(=b2)x13(=b1)) = [al23(9n) for 7 € Nin. Hence, by
Lemma 4.4 (b) we get that |a|2,3(g) is in a fixed compact set.

Wm(g) = W, (gn)lbil(n)dn
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Now assume |b1| > ¢*™. As before we write

1
Wi(g) = ——— [ W “!(n)dn.
0= i [, Wnlom mdn
Again we have that there exist n’ € Ny, such that Wy, (gn’) # 0. Write

g =gn = TL”CL’U):CLg(El).%'Q’g(’I;Q)

as in (5.7). It is easy to see that |51] = |b1| > @™ > B3M = M1, We
now separate into two cases. If |32| > ¢ then we are in the case already
discussed above hence we have that |a|23(gn’) is in a fixed compact set
hence |a|23(g) is in a fixed compact set. Now assume that bs| < ¢M'. Then
$273(52) € J, and

Wir, (') = i (b2) Wi (0" awzy 3(b1)) # 0.
Since [by| > ¢! we have that 3:371(—’51_1) € Ju, . Hence
VV]\/[1 (n”awx173(51>) = ‘/V]\/[1 (n”awxlvg(gl)x&l(—51_1)) ;é 0.

However, ¢" = n”awxl,g(gl)mg,l(—gl_l) € Bw(y3)B and by our assumptions
on My, |alas(g”) is in a fixed compact set. Since ¢"” = g'z31(—b;') =
gn'ma3(—b)xs1(—b; ') we get that |aja3(g) is in a fixed compact set.

Case 5. w = w( 329)-
This case is similar to Case 4 and is omitted.

Case 6. w = w3y = wo.
In this case, S°(w) = () and there is nothing to prove. O

6. Bessel functions.

In this section we attach Bessel functions to generic representations of G.
Each Bessel function will be defined on one of three Bruhat cells and will
be left and right invariant by (NV,). The most significant one is the Bessel
function attached to the open Bruhat cell BwyB.

Let w € W. Let N,/ and N, be the subgroups of N as defined in (2.14).
We define the subtorus A, to be

(6.1) Ay ={a € A: Yp(n) =(n™), foralne N}

Here n9 = gng~!. It is easy to see that A, = Z(G), Aqg) = Aps =0,
A(1’273) = {d(al,ag,ag) €A ag= a3}, A(1,3,2) = {d(al,ag,ag) €A: a =
az} and A 3) = A.

Let w = w(y23) or w = w1 32). It is easy to check that N, normalizes
N, . If n™ € N then the mapping u — n*u(n™)~! is measure preserving
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on N, and we also have
(6.2) Y(ntu(n™)™l) = (u), for every u € N.

Let N,, be the open compact subgroup of N defined in (5.2). Then N, =
(N NN (N NN, ). Welet N = Nt o, = (N NN ) and N, = N, ., =
(Nm N N,). We let dn = dn*dn~ be a Haar measure on N where dn™ and
dn~ are Haar measures on N, and N, respectively.

Proposition 6.1. Let w € W and g € NAywN,, . Let W € WY (G, ) and
let Wi, = W, 4 be the function defined in (5.3). Then

W (gn)p ™ tndn =

-1
Ny vol(Np,) - Wn(gn)y™ (n)dn.

Proof. By Theorem 4.6 the integrals above converge absolutely. If w = e
then N, = {e} and there is nothing to prove. If w = w9y or w = w(y 3
then A, = () and there is nothing to prove. If w = w3y then N, = N
and the proposition follows from a simple use of Fubini’s theorem. So we
assume w = w(23) OF W = w(32). We first notice that if g = njawny
where n; € N and ng € N, then

 W(gn)y™H(n)dn = (m)g(nz) | W(awn)y ™ (n)dn
Na Ny

and similarly for the second integral. Hence, using the assumption on g, it
is enough to prove the equality for ¢ = aw with a € A,. In that case we
have

1
VOl(Nm) N

1 1
- - - / (/ W (awun™*n™)
vol(Nyy) vol(Nym) Jng \Ung I

: ¢_1(u)¢_1(n+n_)dn+dn_> du.

Wi (awu)y ™ (u)du

It follows from Theorem 4.6 that the function u — W (awuntn™) is sup-
ported on a compact set in N, independent of n* € N and n~ € N,
hence the above integral converges absolutely and we can use Fubini and
the change of variables u +— (n7)"lun™ and (6.2) to get that the above
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integral equals

vol(N+ vol(N, / /N+< N,W awn™ (n")tuntn”)
0 0 ) Jan

- Vol(NJr vol(V, / /N+( wa awnun”)
L @)y ()Y (n )du)dmdn |

By (6.1) it follows that if a € A, and n™ € N} then W(awntun™) =
(nT)W (awun~). Hence the last integral equals

7 ( - Wawn ) un)du) do”

= 1)/ (W(awu)wfl(u)du) dn~

vol
:/ W (awu)y ™ (u)du™.

O

Let w € Wand g € NA,wN,,. Let W € W(G, ). By Theorem 5.7 there
exist M such that W,, € W° for every m > M. Let m > M. We define

1

(N g Voo

(6.3) Jgw(W) =
By applying Proposition 6.1 to F' = W), and using that F,, = vol(Ny;)W,,
if m > M we see that the above integral equals

1

vol(Nar) o War(gn)y ™! (n)dn

hence it is independent of m.

Remark 6.2. It follows from Proposition 6.1 that if W € W° then

Tou(W) = | Wignv™ (m)an

Remark 6.3. For w = wo = w(; 3y we have that N;; = N. In that case we
have that if f is a compactly supported function on N then [ f N f(n)dn =
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limy, o0 [ N, f(n)dn. Hence

Tyl W) =~y [ Wartamyu™ (yn

1
N -1
Vol(Nyy) oo War(gn)y=(n)dn

= lim Wp,(9)

= lim W(gn)y~'(n)dn
m—0o0 Nm
which can be viewed as a principal valued p-adic integral. (See Defini-
tion 1.5.)

Lemma 6.4. Let n € N. Then Jgu(p(n)W) = (n)Jyw(W). Here
(p(M)W)(g) = W(gn).

Proof. Let F' = p(n)W. Pick m large enough so that F,, € WY and such
that n € N,,. For such m we have that F,,, = 1)(n)W,, and the result follows
from the definition of Jy . O

6.1. Bessel functions. We now return to the setting of Section 1.1. Let &
be an irreducible admissible representation of G on a complex vector space
V. Let L be a nonzero 1» Whittaker functional on V. Let W(m, ) be the
space of functions
Wy(g) = L(m(g)v)

for all v € V. Tt is easy to see that W, € W(G,v) and that the space
W(m, ) = {W, : v € V'} is a subspace of W(G, 1) which is isomorphic to
(m, V). G acts on W(G, ) by right translations (that is, by p). Let w € W
and g € NA,wN, . It follows from Lemma 6.4 that the restriction of the
functional Jj ., defined in (6.3) to W(m, ) is a Whittaker functional. From
the uniqueness of the Whittaker functional it follows that there exist a scalar
Jrapw(g) such that

(6'4) Jg,w(W) = jw,w,w(g)W(e)'
If w = wy = w3y then we let jry(9) = juypuwo(g) and we call jr 4 (g) the

Bessel function of .

Remark 6.5. The Bessel functions defined above are independent of the
choice of initial Whittaker functional L. They do depend on the choice of
Haar measure for N.

We let WO(mr, ) = W(m, ) N WO(G, ).

Remark 6.6. Since L is assumed to be nonzero there exist W € W(m, )
such that W(e) # 0. Since W,,(e) = vol(N,,)W(e) it follows from The-
orem 5.7 that there exist W € WO°(w, %) such that W(e) # 0. Hence,
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WO(r, ) # {0}. (This is Corollary 1.4.) If we choose W € W?(r, ) such
that W(e) = 1 we get that Jg (W) = jr¢w(g). By Remark 6.2 it follows
that for such W we have

(6.5) raan) = [ Wlgn)™ ()

for every g € NA,wN,, .
Remark 6.7. It follows from (6.5) that jr . (g) satisfies

(6.6)  Jrypw(nigna) = Y(n)Y(ne)jrpw(g), forallng € N,ng e N, .

Remark 6.8. If 7 is supercuspidal then it follows from Remark 4.2 that
WO(r, ) = W(m, ). Hence j ,w is defined by the equation

/’wmz (n)dn = jrp(9)W (e)

for all W € W(G,v) and g € NA,wN,, .
Lemma 6.9. j; ., is locally constant on N A,wN, .

Proof. Using the invariance of j ., given by (6.6) it is enough to show
that jr . is locally constant on A,w. We write jr ., as an integral of
a function W € WO(w, %) as in (6.5). By Theorem 4.6 n +— W (awn) is
compactly supported on N, uniformly for a € AM (w) for every positive
constant M. Since the sets AM(w) are open sets of A which cover A the
result is clear. O

We finish this section by describing the Bessel functions associated to
the contragredient representation. Let 7w be an irreducible admissible rep-
resentation of G with a v Whittaker functional L as above. Let & be the
representation contragredient to w. Let 7 be the involution of G defined by

7(g9) = wg g wo.

For each W € W(m,v) we let W7 (g) = W(7(g)). By [J-PS-S] the mapping
W +— WT is a bijection between W(r, 1) and W(#,~1).

Lemma 6.10. The mapping above induces a bijection between WP (m, )
and WO(7,~1).

Proof. If g € G is written in the Iwasawa decomposition in the form g = nak
where n is upper triangular a is diagonal and k € GL3(O) then

7(g) = (wgn ™ wo)(woa™ wo) (wy k™ wo)

is an Iwasawa decomposition for 7(g). If w € W and ¢ € BwB then
7(g9) € BwowwoB. It is easy to check that oy2(a) = g 3(woa"twp) and
that oy 2 € S%(w) if and only if ag 3 € S®(wowwy). Hence if W € WO(r, )
and W7(g) # 0 we get that each a € S°(wowwy) is bounded on woa ™ wy
hence each a € SY(w) is bounded on a. O
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Lemma 6.11. j;: -1 ,,(9) = Jrprw)(7(9), g€ NAywN.

Proof. Let W € W?(w,v) such that W(e) = 1. (There exists such W by
Remark 6.6.) Then by Lemma 6.10, W™ € WO(#,4~1) and W7 (e) = 1. By
(6.5) we have

- WT(gn)(n)dn = jz y-1.,(9)-
On the other hand

W (gn)p(n)dn = | W(r(gn))y(n)dn
Ny Ny

= [ W(r(g)r(n))ib(n)dn
Ny

= [ Welgm wn
N,

woww(

= jﬂ,w,‘r(w) (T(g))

Corollary 6.12. j; 4-1(9) = jry(97"), g€ BwyB.

Proof. Recall that jr 4 (9) = Jrwpwe(9). Since 7(wo) = wo, it follows from
Lemma 6.11 that jz ,-1(9) = jr,u(7(g)). It is clear that both the functions
on the right-hand side and of the left-hand side of the equality we are trying
to prove are equivariant from the left and right by (N,v~!). Hence it is
enough to prove the equality for g = awg. If g = awg then 7(g) = ¢~ ! and
we are done. O

7. Orbital integrals.

In this section we show that the Bessel functions defined in Section 6 are
given locally by orbital integrals. These integrals were studied in [J-Y1].
We will do this in two steps. We will show that the Bessel function restricted
to a small open set around an arbitrary element g € G is given by an integral
of a Whittaker function which is compactly supported mod N. That is, if
we restrict ourselves to this small neighborhood, we can replace a Whittaker
function in the representation space with a different Whittaker function (not
necessarily in the representation space) which is compactly supported mod
N. Then we use the fact that each Whittaker function which is compactly
supported mod N comes from an integral of a function in C°(G). We will
start from the second part.

Let w be a character of Z and let W,,(G, 1) C W(G, 1) be the subspace
of functions W € W(G, ¢) satisfying

(7.1) Wi(gz) =w(z)W(g) g€ G,z Z.
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Let C°(G) be the space of locally constant functions on G with compact
support. For each f € C°(G) we let

Wilg) = W} (g) = /N £ (ng)d~ (n)dn.

It is clear that Wy € W(G,4). We also define

(72)  Wialg) = /N f(nzg)p~ () (s)dndz,  f € CX(G).

It is clear that Wy, € W, (G, ). The image of these maps is well-known.
We thank H. Jacquet for providing us with the following proof which we
include for the sake of completeness:

Lemma 7.1. Let f € C*(G). Then Wy is compactly supported mod N
and the map f — Wy is a linear map onto the space of compactly supported

functions mod N in W(G, ).

Proof. The only nontrivial claim is that the map is onto. Assume W ¢
W(G, ) is compactly supported mod N. We would like to show that
W =Wy for some f € C°(G). Since W is smooth there exist an open
compact group U such that W(gu) = W(u) for all g € G and u € U. Since
W is compactly supported mod N, it follows that it is supported on a finite
number of double cosets of the form NgU. Hence, it is enough to prove the
result for W which is supported on one double coset NgU. For such W we
have that W(ngu) = ¢ (n)W(g) for all n € N and v € U and W(x) = 0 if
x & NgU. Assume W(g) # 0. Then ¢)(n) = 1 for all n € gUg ' N N. Let F
be the characteristic function of gUg™' N N and let ¢ = [, F(n)dn. Define
f € CX(Q) by f(ngu) = ¢ 'W(g)F(n), and f(x) = 0 if x ¢ NgU. Tt is
easy to check that f is well-defined and that Wy = W. O

The same proof works for our second projection:

Lemma 7.2. Let f € S(G). Then Wy, is compactly supported mod NZ
and the map f — Wy, is a linear map onto the space of compactly supported
functions mod N in W, (G, ).

Let |V be the subspace of | X | given by |V| = {|a|p, ryrs : r1+72+7r3 = 0}.
(See (2.7).) Let @ = {f1, B2} be a basis for |V|. Let Cy < Cy be positive
constants and define

AQ(Cl,CQ) = {(I eA: (1 < ﬁl(a) < Cq, 1= 1,2}.

Lemma 7.3. A function W on G is compactly supported mod NZ if
and only if there exist constants Cy, Cy such that W is supported on NAg(Ch,
Cy)K.
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Proof. We can write Ag(C1,C) = ZA' where
A = {d(al,ag, 1) S AQ(Cl, 02)}

Since @ is a basis it is clear that A’ is compact. Hence if W is supported on
NAQ(Ch,Ca)K then it is compactly supported mod NZ. Now assume W is
compactly supported mod NZ. Then W is supported on a set of the form
NZR for some compact set R. Since the sets NAg(C1, Co)K for different
choices of C] and Cy are open sets that cover G we get that the sets of
the form NAg(Cy,C2)K cover R. Since R is compact there exist constants
C1,C% so that R C NAQ(C1,C%) K. Hence NZR C NAg(C1,CH)K. O

For each w € W we define the set M (w) C A* as follows:
M(w) ={a*|lac A, a ¢ S°(w)}.

Then M(e) = M(w(LQ)) = M(w273) == @, M(w17273) = {)\2}, M(w173’2) =
{)\1} and M(w(1,3)) = A*,
Remark 7.4. It is easily checked that the set M(w) U S°(w) is a basis for
V1.

Let E be a positive constant. We let

Apw)(B) ={a € A: |M(a) > E for every A € M(w)}.

Theorem 7.5. Let W € W, w € W and E > 0. There exist a function
F € WY compactly supported mod NZ such that
(7.3) F(niawng) = W(njawnys)
for all a € Ay (E) and ny,ng € N.
Remark 7.6. Let C; < Cy be positive constants and let Ac, ¢, = Aa(Ch,
C3). By Lemma 7.3 we have that F' being compactly supported mod NZ is
equivalent to F' being supported on a set of the form NAc, ¢, K for some

C1,Cy. Hence we can find F € W° compactly supported mod N Z such that
(7.3) holds if and only if we can find constants C, Co such that the function

F(g) _ {W(g)7 lfg € NACl,CbK;

(7.4) |
0, otherwise,

satisfies (7.3). Hence, we shall use (7.4) to define the desired F'. Notice that
if we define F' by (7.4) then W(g) = 0 = F(g) = 0 hence we only need to
prove (7.3) for g = njawny such that a € Ay, (E) and W(g) # 0.

Proof. We proceed with a case by case analysis as in the proofs of Theo-
rem 3.1, Theorem 4.6 and Theorem 5.7.
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Case 1. w =e.

In this case S°(w) = A, M(w) = 0 and N, = {e}. Since W € WV it
follows that the support of W on B is contained in a set of the form N A¢, ¢, .
Define F' as in (7.4). Then F satisfies the requirements of the theorem.

Case 2. w = w( ).

In this case S%(w) = A and M(w) = (. Since W € WY it follows that
the support of W on BwB is contained in NA¢, ¢, K for some constants
C4,Cs. Hence, if we define F' by (7.4) then FF = W on BwB. Thus F will
satisfy the requirements of the theorem.

Case 3. w=w(y3).
This case is the same as Case 2.

Case 4. w = w3 3)-

In this case S°(w) = {|ala3 = |aloa,-1}, M(w) = {|al2,—1,-1} and N, =
No 3Ny 3.

We consider a special case. Assume that W(awz3(b)) # 0 and
lala—1,-1(a) > E (that is, a € Apj()(E)). If [b] is large then zg1(—b~')
stabilizes W and we have

(7.5) W (awzy 3(b)) = W (awzy 3(b)xs1(—b~1)).

Now awxy 3(b)z31(—b"1) € Bwy 3B and by Case 3 we can choose F' as in
(7.4) so that F'(g) = W(g) for every g € Bwy3)B. Since F is smooth F
satisfies an equation such as (7.5) for |b| large enough hence we have that
there exist a constant D such that

(7.6) F(awz; 3(b)) = W(awz 3(b))

for every |b| > D.

Now assume |b| < D. It follows from the proof of Lemma 4.4 (a) that
there exist a constant E; such that |a|g 1 —1(awzi3(b)) > E; for every
|b| < D and every a such that |a|g,—1,—1(a) > E. Since we assumed that
W (awz; 3(b)) # 0 and since |a|g,—1,—1 is a positive linear combination of
|a|1 2 and |ag 3| it follows from [J-PS-S] (see also Remark 4.2) that there ex-
ist a constant E such that |als,—1—1(awz; 3(b)) < Ea. Since W € WP there
exist constants Dy, Dy such that Dy < |afo1,—1(awz13(b)) < D2. Hence it
follows from Lemma 7.3 that awzy3(b) € NAc, ¢, K for some constants
C4,Cs and if we define F' by (7.4) we get that

(7.7) F(awzy3(b)) = W(awz13(b))

for every a € A such that |ajs—1,-1(a) > E and every b € k such that
|b| < D. From (7.6), and (7.7) it follows that we can choose the constants
C1 and Cy to cover both cases and then the F' defined by (7.4) will satisfy

(7.8) F(awz; 3(b)) = W(awz 3(b))
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for every a € A such that |ajs,—1,—1(a) > E and every b € k.
For the general case we consider the values of the function

W (awxy 3(b1)x23(b2)),

with |alg,—1,—1(a) > E. If |by| is very large then we argue as in the special
case that there exist constants C1,Cy and a function F' given by (7.4) such
that

(79) F(a’w$1,3(b1)$273(b2)) == W(awfblyg(bl)l‘zg(bg))

for every for every a € A such that |af2,—1,—1(a) > E and every by € k such
that |be| is larger than some constant D.
Assume |by| < D. There exist functions W, ..., W; € W such that

p(l’zg(bg))w = Cl(b)Wl +--+ Cl(b)I/Vl

for all |b3] < D and ¢; are locally constant functions from {z : |z| < C}
to C. By our special case, there exist functions F1, ..., F; € WY compactly
supported mod N Z such that

Fi(awxl,g(bl)) = Wz‘(awwlﬁ(bl))

for every a € A such that |afz,—1,-1(a) > E. Let y € k with |y| < D and
define

F,=c1(y)p(zes(—y))Fi + -+ a(y)p(zes(—y)) Fi.
Then we have

(7.10) Fy(awzy 3(b1)z23(y)) = W(awzy 3(b1)72,3(y))

for every a € A such that |a|2.—1.—1(a) > E. Since every function in sight
is locally constant the equality in (7.10) will remain true if we fix F, but
change z23(y) to z23(y’) for some 3’ in a small neighborhood of y. Since
F, is compactly supported mod N Z it follows from Remark 7.6 that we can
choose F' as in (7.4) so that (7.9) will hold for every a as above and every
|b2] < D in a small neighborhood of y. Since we need only a finite number
of such y to cover the set {by : |b2| < D} we can change the constants C
and Cy in the definition of F' in (7.4) to get the conclusion of the theorem.

Case 5. w = w(339).
This case is similar to Case 4 and is omitted.

Case 6. w = wp = wy 3).

In this case S°(w) = 0 hence M(w) = A* = {\;,\2}. Also N, = N.
We first consider two special cases. Since the arguments are the same as in
Case 4 and as in our general case below we omit them.

In the first special case we prove that there exist constants Cp,Cs de-
pending on F such that if F' is given by (7.4) then

F(awx; 3(b)) = W(awz 3(b))
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for every a € A such that A\i(a) > E and Aa(a) > E. The proof of this case
is the same as the proof of the special case of Case 4.

In the second special case we prove that there exist constants Cq,Cs
depending on E such that if F' is given by (7.4) then

F(awl'l’g(bl)ng(bg)) = W(awag(bl)wQ’g(bg))

for every a € A such that \i(a) > E and Aa(a) > E. The proof of this case
uses the first special case and is similar to our general case below.

We consider the function W (awx13(b1)z23(b2)z1,2(b3)). If |b3| is very
large then

W (awz1 3(b1)x2,3(ba)x1 2(b3)) = W (awz1 3(b1)za 3(ba)z12(b3)w2,1(—b3 1))

Let g = aw$1,3(b1)$2’3(52)$172(b3>$2,1(—bgl). Then we can write g =
niaw( g zn2 with n1 € N, a € A and ng € N1;<17273>. It is also easy to
see that @ = ahsz2(b2). Since Aj(ahsz2(b2)) = Ai(a) it follows from Case 4
that there exist constants C,Co depending on E such that if F' is defined

by (7.4) then

F(nlahgg(bg)w(l’zg)ng) = W(nlah&g(bg)w(l’z’g)ng)
for every |a| such that Aj(a) > E. Since F' is smooth it follows that there
exist a constant |D| such that
(711) F(aw$173(b1)l‘2’3(b2)x172(b3)) = W(awl‘Lg(b1)$2,3(b2)l‘1’2(b3))
for every a € A and b3 € k such that Aj(a) > E and |bs| > D. For the case
where |b3| < D we argue as in Case 4 using our special case above. O

For W € W° and g € BwoB we let
TW.0) = Ty (W) = [ Wignyu~ (m)dn.

Corollary 7.7. Let W € WY and x € G. Let U, be a compact neighborhood
of x in G. Then there exists a function F' € W compactly supported mod
NZ such that
J(F,g) = J(W,g)

for every g € U, N BugB.
Proof. Let A* = {A1, \2} as above. Since U, is compact it follows that A\;
and A9 are both bounded on U,. Hence there exist a constant I such that
Ai(g) > E and Xo(g) > E for every g € U,. Let g € U, () BwyB. Then
g = nijawgne for some ni,ne € N and a € A. By Theorem 3.1 we have

Ai(g) = Ai(n1awgng) = Ai(a)Mwonz) < Ai(a)
for i = 1,2. Since \;j(g) > E it follows that \;(a) > E for ¢ = 1,2. By
Theorem 7.5 we can find F' in W compactly supported mod NZ such that

F(awon) = W(awgn)
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for every n € N and a € A such that A\;(a) > E, ¢ = 1,2. In particular
we have F(gn) = W(gn) for every g € U, N BwgB and n € N. Hence
J(F,g) = J(W,g) for such g which is what we wanted to prove. O

Let ¢ € C°(G) and w a quasi-character of Z. Let g € BwyB. We define

Jpw(d,9) ///fnlngQ Y my)p H(ng)w ™ (2)dnydnadz.

It follows from [J-Y1] that this integral converges absolutely. It is easy to
see that

T / We.w(gn)y 1(n)dn =JWsw,9)
where Wy, is defined by (7.2).

Corollary 7.8. Let w be an irreducible admissible representation of G with
central character wy. Let x € G and let Uy be a compact neighborhood of x
in G. Then there exist a function ¢ € C°(G) such that

(7.12) T (9:9) = Jnwp(9)
for every g € Uy N BwyB.

Proof. Recall that jr.(9) = jrp.w,(g) is the Bessel function associated to
the longest Weyl element wg. By (6.5) there exist W € WO(r, ) such that
Jrew(g) = J(W, g) for every g € BwoB Since the central character of 7 is w;,
it follows that W € W0 _(G,v¢) = W, (G,¢) N W*(G, ). By Corollary 7.7
there exist F' € W(G, 1) which is compactly supported mod NZ such that
J(F,g) = J(W,g) for every g € U, N BwyB. It is easy to see from the proof
of Theorem 7.5 that if W € WO(G, ) then F can be chosen in W,,(G, )
(see (7.4)). By Lemma 7.2 there exist ¢ € C°(G) such that Wy, = F.
Hence

Jw w(¢7 ) (W¢wa ) J(F,g) = J(W,g) = jw,w(g)
for every g € U, N BwyB. O

Remark 7.9. If 7 is supercuspidal then there exis ¢ € C°(G) such that
(7.12) holds for every g € BwoB. That is, in this case the Bessel function
is globally given by an orbital integral. This follows from Remark 4.2, from
Lemma 7.2 and (6.5).
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