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Let G be a quaternionic real form of an exceptional group
of real rank 4. Gross and Wallach show that three representa-
tions in the continuation of the quaternionic discrete series are
unitarizable (see Gross and Wallach, 1996). In this paper we
will determine the restrictions of these representations to cer-
tain subgroups of G by computing explicitly the intersections
of orbits. In particular we will determine certain compact
dual pair correspondences of the minimal representation of

G.

1. Introduction.

1.1. We refer to §3 of [GW2] or §2 of [L3] for the definition of the double
cover GG of a quaternionic real form Gy of a complex Lie group G(C). G has
maximal compact subgroup K of the form M; x M where M; is isomorphic
to SUs. Its Lie algebra has complexified Cartan decomposition g = € @ p.
Here p = C? ® V)y where V) is a self dual representation of M (C).

1.2. Let G(C) be one of the following simply connected complex excep-
tional groups:

F4(C)7 EG((C) X Z/sz E7((C)’ ES(C)

We will index these four cases by s = 1, 2,4, 8 respectivley. Let G(C)° denote
the connected component of G(C). Then there exists a unique connected
quaternionic real form G§ of G(C)® (cf. §1.1). It has a real root system of
type Fy. We will denote G8 by Fy4, Eea, F74 and Eg4 respectively. Set
Go = Fy4, Es 4 X Z/27, E74 and Eg 4 respectively and let G denote the
corresponding double cover of Gy.

It is known that PV}, is a union of four M (C)-orbits. One of the orbits
is Zariski dense and we will follow [GW2] and denote the Zariski closure of
the remaining three orbits by X,Y and Z. Here Z is the unique closed orbit
in PVj; and

(1) PVyO>XDY DZ
Let O be either X, Y or Z and let @@,, A"(O) denote the coordinate ring of
O in PV). Note that A™(O) is a representation of M.
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In [GW1], [GW2] Gross and Wallach construct a unitary representation
oo in the continuations of the quaternionic discrete series which is associated
to O in the sense that it has K-types (K = SUy x M)

(o]
(2) > Sym™HH(C?) @ A™(0)

n=0
where k is the integer 3s + 3, 2s + 2 and s+ 2 if O is X, Y and Z respec-
tively. Again we will follow the notations of [GW2] and denote the three
representations by ox,oy and 0.

1.3. Let G be one of the exceptional groups of real rank 4 in §1.2. A
quaternionic Lie subgroup G’ of G is defined as a semisimple Lie subgroup
of G containing M. Let M’ = G' N M.

We refer to §2 and its references for the definition of a quaternionic repre-
sentation of G and G’. In [L3] we show that the restriction of oo from G to
G’ decomposes discretely into a direct sum of quaternionic representations
of G'. There we derived a formula to compute the spectrum of decompo-
sitions (See Thm. 3.4.1 [L3]) and we deduced that most of the irreducible
components of the restriction to G’ are determined by the coordinate ring of
the intersection of O NPVy. Here PV} is a M’ (C)-invariant subspace of PV
and hence O NPV, is a M'(C)-invariant projective variety. We will briefly
recall these results in §3. Unfortunately the formula cannot be applied im-
mediately to some interesting situations. In particular the coordinate ring
of O NPV} is in general difficult to compute.

This paper is a continuation of [L3]. The main objective of this paper is
to determine the restriction of oo in the following five situations (cf. (8)):

(3) G=F4 > G =Spin(5,4) Xz (Z/2Z)
(4) G=Fiy > G =Spin(4,4) x(zozy (Z/2L)°
(5) G =FEsax (Z)22) > G = Fyy x (L]27)

(6) G=Fr4 D G =EFEg4x,, U

(7) G=Fgy > G =FEryxu, SUs.

Here the tilde above the group denotes its double cover. We will compute
the decompositions of the restrictions of the representations o by explicitly
computing the intersections O N PVy. We have mentioned that one of the
difficulty is to determine the intersections and their coordinate rings. For-
tunately in each of the above G’ it is known that PV} is a union of finitely
many M’(C) orbits and the intersection O NPV, can therefore be effectively
determined. We remark that the above subgroups G’ are just a few such
examples. Our method presented in this paper should be applicable to other
subgroups G’ where M’'(C) exhibit a dense orbit in PVj.
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The restrictions provide an efficient method for finding many quaternionic

representations of the exceptional quaternionic Lie groups which are unita-
rizable. Since op has small Gelfand-Kirillov dimensions, the quaternionic
representations obtained in the restriction would have small Gelfand-Kirillov
dimensions too.
1.4. The representation oz is a ladder representation and it is annihilated
precisely by the Joseph ideal and it is thus called the minimal representation
of G. A pair of reductive subgroups H; x¢ Hy in G is called a (reductive)
dual pair if the centralizers of Hy and Hs in G are Hs and Hp respectively.
The dual pair is called compact if either Hy or Hs is compact. Note that
G’ in (3) to (7) are examples of compact dual pairs. In the appendix of
[L3], we showed that certain correspondences of dual pairs in §1.3 exist
and the second objective of this paper is to find the rest (if any) of the
correspondences. We will also describe the dual pairs correspondences of
Spin (4,4) X2 UZ in Eg4 x Z/27 in Theorem 7.3.1 and Eg4 x SUs in Eg4
in Corollary 4.10.1.

We remark that the restrictions of the minimal representations to dual
pairs are of great interest. Exceptional dual pairs correspondences have been
investigated by [HPS], [Lil], [Li2], [GS] and [L2]. In [GS] and [MS], the
authors computed certain dual pair correspondences of p-adic exceptional
groups by determining the intersection of orbits.

1.5. The organization of the paper is as follows: In §2 we will recall the
definition of quaternionic groups and quaternionic representations. In §3 we
will briefly state the restriction formula of [L3]. The main results of this
paper are stated in §4. In §5 we describe the closures of the orbits X,Y, Z
in detail. The rest of the paper is devoted to the proofs of the main results
in §4.

1.6. We define some notations. 7wg(aiwwy + -+ + anwy,) will denote the
irreducible finite dimensional complex representation of a semisimple Lie
group G with highest weight a1w; + - -+ + a,w, where w; are the funda-
mental weights given in Planches [Bou]. If V is a representation of G, then
S™(V) = Sym™V will denote its n-th symmetric product and V* its dual
representation. S™ will denote the representation Sym ™(C?) of SUs. 1 will
denote a fundamental character of the compact torus Uy. p, will denote the
cyclic group of order n. Suppose Hi and Hs are subgroups of G and C' lies
in the centers of both Hy; and Hs, then we denote

(8) Hi x¢ Hy := (H1XH2)/{(Z,Z)ZZ€C}.
2. Quaternionic groups and representations.

2.1. In this section we define some notations and briefly recall the defini-
tions of the quaternionic real form of an algebraic group and quaternionic
representations.
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2.2. We refer to §3 of [GW2] and §2 of [L3] for the definition of the
quaternionic real form go of a complex simple Lie algebra g. It has Cartan
decomposition g = € @ p where

= suo ®m.

Here m is a reductive Lie subgroup of g and p = C?® V; where V) is a self
dual representation of m. £ contains a Cartan subalgebra h of g. We choose a
positive root system ®* with respect to b such that the sus in € corresponds
to the highest root a. Denote this Lie algebra by sus(a). t1 = h N suy(a)
is a Cartan subalgebra of sus(c). Then [ = t; & m is a Levi subalgebra of
a maximal parabolic subalgebra q whose nilpotent radical u is a Heisenberg
Lie algebra. The one dimensional center of u is spanned by the highest root
space gz and let u/[u,u] = Vjs denote the representation of m. g = [®u will
denote the opposite parabolic subalgebra.

Let G(C) be a complex simply connected simple Lie group with Lie alge-
bra g and let Gy be a real form of G(C) having Lie algebra go. We denote
the real Lie subgroups in G(C) corresponding to the various real forms of
the Lie subalgebras my, [y and €y by M, L and K¢ = SUs(&) %, M respec-
tively. Here K is the maximal compact subgroup of Gy and SUs(a) = M;
in §1.1. Let G denote the double cover of Gy with maximal compact sub-
group K = SUs(a) x M. We will call G x H a quaternionic Lie group if G
is a quaternionic simple Lie group and H is a compact Lie group.

Set 2d = dim V. If g is of type Dy, Fy, Eg, E7, Eg, then d = 3s + 4
where s = 0, 1, 2, 4, 8 respectively. We tabulate some of the M (C) and V),
in Table 1 below.

Go M(C) Vi
Spin (d,4), d > 4 | SLy x Spin (d) C? @ C?
(e1) | Faa Spe m(ws3)
(82) E674 X Z/2Z SLG X Z/ZZ W(’Wg)
(eq) | Era Spin (12) 7 (wg)
(eg) | Ega simply connected E7 | 7(wo1)
Table 1.

2.3. We will define and review the properties of quaternionic representa-
tions. We refer to [S1], [W1], [W2], [GW1], [GW2, §5] and Theorem 3.3.1
of [L2] for proofs and details.

Let W (k] = e *%/2@W be an irreducible finite dimensional representation
of L = Uy x M. We extend W [k] trivially to a representation of g and denote

H(G, Wk]) = H(WIk]) := I, (Hom ) U(g), WIK])z)

as the Harish-Chandra module of G where T'! is the first Zuckerman derived
functor. It has infinitesimal character p+p(G)—k$. If k > 2, then H(W[E])
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has K-types (K = SUs(a) x M)
(9) D SEEC) @ (Sym ™ (Vi) @ W),
n=0
It contains a unique irreducible (g, K)-submodule denoted by o(G, W[k])
which is generated by the translates of the lowest K-types

(10) Sk () o w.
We will call H(G, Wk]) and o(G, W[k]) quaternionic representations.

3. Restrictions.

3.1. Let Gy be one of the four exceptional groups given in Table 1 (ey)
indexed by s = 1, 2, 4, 8. Let GG be its double cover.

3.2. Suppose G’ is a quaternionic real Lie subgroup of G containing SUs ().
We have correspondingly K/ = G'N K, M’ = G’ N M and the Lie algebras
g, m, v =ung. Write u =u + Vj. We have Vj;» C Vy and we define
Vo = Vi /Var as a representation of M.

We will use Resg,a to denote the restriction of a Harish-Chandra module
o of G to that of G".

3.3. First we review the work of [GW2]. Denote Hy := H(G, C[k]) and
its unique submodule o(G, C[k]) by o). Hj is irreducible and unitarizable
if k > 3s+4. If k > 6s+ 8, then it belongs to the discrete series. We recall
Corollary 4.2.2 of [L2].

Proposition 3.3.1. There exists a filtration H,, of Hy such that H,1/H,
=H(G,S"(Vp)[n+ k]). If Hy is unitarizable, then

Resg, Hy = Y H(G', S"(Vo)[n + k)
n=0

and each summand on the right is irreducible and unitarizable.

3.4. Since V) is a self dual representation of M, we identify V3, with its
dual. In §1.2 we remarked that PV), is a union of four M (C)-orbits. One
of the orbit is Zariski dense and we denote the Zariski closure of the other
three non-dense orbits by X, Y and Z satisfying (1). We will describe these
three orbits in greater detail in §5.

Let (k,m, Q) be one of the three following sets of data:

(3s+3,4,X), (2s4+2,3,Y), (s+2,2,2).

Let I*(0) = @,,5,, I"(O), (I™ # 0) be the homogeneous ideal of O in PV
and A*(O) = @ A™(O) be its coordinate ring. Then I*® is generated as a
S* (Vi) module by I"™(O) and each graded piece A™(O) is a representation
of M.
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Gross and Wallach showed that oy, is a unitarizable proper submodule of
H), with K types given in (2). Furthermore it satisfies an exact sequence

(11) 0 — oy — H(G,C[k]) % H(G, I™(O)[k +m)).

As a representation of M(C), I"(O) = C, Vi and m respectively for the
three values of k. When k = 3s+3, ¢ in (11) is a surjection (cf. §8 of [GW2]).
We will follow the notation of [GW1] and denote the three representations
03s+3, 02542 and o542 by ox, oy and oz respectively.

The annihilator ideal of o7 is the Joseph ideal in U(g) so oz is called the
minimal representation of G. It has K-types

o0

(12) D 8EC?) @ T (nh)
n=0

where A is the highest weight of Vj;. Note that all the representations
descend to representations of G except ox for groups of type E;, and oz of
F4’4.

3.5. The inclusion I"™(OQ) C S™(Vir) gives rise to the following natural
maps of M-modules:

Sym" ™" (Var) ® I"™(O) — Sym ™™™ (Vi) @ Sym™ (Vi) — Sym "™ (V).

Let 7/, denote the composite of the above maps. The direct sum Vy; = u'@Vp
(cf. §3.2) induces a natural map of M’-modules

Yl s Sym™(Var) — Sym"(Vp).

We define 7, = )l or] for n > m. For 0 < n < m, we set r, to be
the zero map into Sym™(Vp). Let R, denote the cokernel of 7, and let
Re := @, Rn. Note that R, is a representation of M’ and we write

Ry=> W,
J

where W, ; are the irreducible subrepresentations of M’.
Let O’ = O NPV, and we denote its coordinate ring in PV by A*(O') =
P A™(O"). Then O is cut out by r, (I™(0)) and Re/Nil(R,) = A*(O’).
We can now state Theorem 3.3.1 and Corollary 2.8.1 of [L3].
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Theorem 3.5.1.
(a)

Res&, o :iU(G/ nlk +n]) iZU Wik +n]).
n=0 n=0 j

ResGior 2> oG, A"(O)[k +nl).
n=0
Equality holds if and only if rm,(I"™(O)) generates the ideal of O'.
(¢c) If ry is surjective, then r, is surjective for n > m and
m—1
ResGior = Y o(G', S"Volk + n)).
n=0

4. The main results.

4.1. In this section we will state the main results on the restrictions of the
quaternionic representations oo of the exceptional group G to its subgroup
G’. The proofs will be given in the later sections. We will replace G by Gy if
the representation descends to Go. If H(G', W([n]) appears in the restriction
formula, it means that H(G’, Wn]) is irreducible and its K-types are given

by (9).

4.2. Let G = Fy4 D G’ = Spin(5,4) and M’ = SU; x Spin (5).
Let Vi = S™(C?) ® TSpin (5)(N@2) be the representation of M’.

Theorem 4.2.1.
(a)  Res&oz = o(G,C[3]) + a(G, Vo1[4]).

F. - .
(b) lziessl‘f"i‘;1 (5.4)0Y = Z o(Spin (5,4), Von[4 + n]).
n=0
" o
(c) Ressfn‘;(5 50X = H(Spin (5, 4), )+ Za Spin (5,4), Vo,n[6 + n]).
n=1

(d)  Res&H(G,Clk]) = i H(G, Vonulk+n]) if k> 17
n=0

If n > 1 then the summands in (c) satisfy the following exact sequence:

(13)
0— U(F474, me[ﬁ + n]) — H(F474, Vb}n[ﬁ + n]) — H(F474, Vb’n[g + n}) — 0.
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4.3. Suppose G = FV474 and G’ = S/ISﬂr1(4,4). The maximal compact sub-

group of G’ is SUs (&) x M’ where M’ = SUs(A) x SUz(B) x SUz(C'). Here
a, A, B,C are the (orthogonal) compact roots of Spin(4,4). Let

S(a,b,c) == S4(C?) ® SL(C?) ® S&(C?)

denote the irreducible representation of M’.
Theorem 4.3.1.
(a) Res& oy = o(G',C[3]) + o(G',S(1,0,0)[4])

+0(G',5(0,1,0)[4]) + o(G', S(0,0,1)[4]).
(b) Resgg’i‘; (4,4)0Y = Z o(Spin (4,4), S(a,b,c)[4+a+ b+ ¢]).

abc=0
O Z H(Spin (4,4), S(a,b,c)[6 +a+ b+ c])
abc=
+ Z (Spin (4,4),S(a,b,c)[6 + a+ b+ ]).
a,b,c>0
(d)  ResGH(G,CK]) = > H(G,S(a,bo)lk+a+b+c])ifk>T.
a,b,c>0

When a,b, c are strictly positive, the summands in (c) satisfy the following
exact sequence:

(14) 0 — o(Spin(4,4),S(a,b,c)[6 +a+ b+ c])
— H(Spin (4,4), S(a,b,c)[6 +a+ b+ c])
— H(Spin (4,4),S(a—1,b—1,c—1)[T+a+b+c]) — 0.

4.4. Note that S/I;ﬂ1(4,4) and S/I;ﬂ1(5,4) are components of dual pairs in
(3) and (4). In §6 we will describe the action of (Z/2Z)? and (Z/2Z)3 on the
summands. In particular Theorems 4.2.1(a) and 4.3.1(a) give the dual pairs
correspondences of the minimal representation o of ]?’474. The K-types of
summands are given in Theorem 6.8.1 and 6.9.1.

4.5. Let G = E6,4 X Z/27 and G’ = FV4,4 x Z/2Z. Let x be the nontrivial
character of Z/27Z.
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Theorem 4.5.1.

(a) Resgf:fg//;zz oz = 0(Fy4,C[4]) @ X° + o(Fy4,Co[5)) @ x.

o0

() Respiyotoy = > o(Fia, S"(CO)[6+n]) @ x".
n=0
(c) ResGox = H(Fy4,C[9]) @ x° + H(Fy 4, CO[10]) ® ¥

+ Z O'(ﬁ474, Sn(CG)[Q + n]) (= Xn.
n=2

(d)  ResSH(G,CIk]) = i H(Fy 4, S™(CY[10 +n]) @ X" if k > 10.
n=0

If n > 2 then the summands in (c) satisfy the following exact sequence:

(15) 0 — o (Fya, S"(CH[9 + n)) — H(Fy4, S™(CH[9 + n))
— H(Fy4, 5" 2(C%[11 + n]) — 0.

4.6. Each of the summands of ox in Theorems 4.2.1(c), 4.3.1(c) and
4.5.1(c) satisfies a short exact sequence. The K'-types of the middle and
the last term of the exact sequence is given by (9). Hence it is possible to
determine the K’-types, the Gelfand-Kirillov dimensions and the Bernstein
degrees of the summands.

4.7. Let G = Er4, G' = Eg4 X, Uy and M’ = SUg x5 Us.
Let Vo, = msu, (a1 + bw).

Theorem 4.7.1.

5 _
(a) Resp |y ,02 = Z (Eoa, Vap[6 +a +b]) @ x§~°
a,b>0,ab=0

(b) Resgt, 0y =H(Es,C12]) @ !

+Z E64, ab10+a+b])®X?_b
a,b>0

(c) ResGox = > > H(Ega, Vap[l5+2n+a+0b) @ x|
n=0,1a,b>0
(d) ResGH(G,Clk])= Y H(Ega, Vaplk+2n+a+0b) @ xi™"
a,b,n>0
if k> 16.

4.8. Let G = E8’47 GI = E774 ><'u2 SU2 and M/ = Spln(12) X/,LQ SU2 Let
Vap = Tspin (12) (a1 + bwoa).
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Theorem 4.8.1.

(a) Resgijxswcrz = Z o(E7.4, Vyo[10 + n]) ® S™(C?).
n=0
(b)  Resp', g0y = > 0 (Er 4, Vao[18 + n]) @ 57F2(C?).

a+2b+2c=n, bc=0
(C) Resg,ax = Z >kH(E774, Va+2d,c[27 + TLD ® S“”b(C2).

(d)  ResGH(G,Ck)) = > > *H(E74, Vatadclk + n+ 4m]) @

m=0

®89T2(C2) if k > 28

where the summation Y " is taken over all nonnegative integers a,b,c,d,n
satisfying the relations

(16) n—2a<a+2b+2c+4d<n, ¢cd=0, a=n mod (2).

4.9. Some of the restrictions stated in this section are known. We have
included them for the sake of completeness. Moreover they follow with little
additional effort from the proofs of the rest of the statements. The following
results are known:

(i) Theorems 4.5.1(a) and 4.7.1(a) are unpublished results of B. Gross [G].
See §6 [GW1] for Theorem 4.8.1(a). The method of proof is by considering
the decompositions of the K-types. Also see Theorem 12.1.1 [L2].

(ii) See §4.6 of [L2] for Theorems 4.3.1(c) and (d).

4.10. Using the above theorems, we will deduce the following dual pair
correspondence in §9.4:

Corollary 4.10.1.

ReSEEZiXHSSUSUZ = Z O(a,b) ® msy,(awy + bws)
a,b>0
where
(17)
0 (B4, msus(awn + bws)[a + b+ 10]) if (a,b) # (0,0)
O(a,b) =

H(Es,4,C[10]) @ H(Es 4, C[12]) if (a,b) = (0,0).

The dual pair correspondence of Spin (4, 4) x w2 U% € Eg 4 will be given in
Theorem 7.3.1.
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4.11. The proofs of part (c) of Theorems 4.2.1 to 4.8.1 are similar. By (11)
we have an exact sequence
(18) 0 —ox — H(G,C[d - 1]) — H(G,C[d + 3]) — 0.

The term on the right is irreducible and unitarizable. By Proposition 3.3.1
the restriction of the last term to G’ decomposes into

(19) > H(G, S"Vyld + 3 +n)).

n=0
Applying the filtration in Proposition 3.3.1 to the middle and the last term
of (18) gives a homomorphism of graded modules

(20)

0 — Res& ox — ZH(G’,S"VO[d— 1+4+n]) — ZH(G’,S”VO[d—i— 3+n]) — 0.

n=0 n=0

One can show that the above sequence is an exact sequence. We shall use
(20) to prove part (c) of the above theorems.

5. Orbits computations.

5.1. In this section we will give a realization of the M (C) action on PV,
and describe its subvarieties X, Y and Z (cf. §1.2). Please refer to [Ba],
[Kim], [J1], [GW2] and [GL] for more details.

5.2. Let s =1, 2,4, or 8 and let X = K, denote the composition algebra
over C of dimension s. Then up to isomorphism, Ky = C, K4 is the set
of 2 by 2 complex matrices Ma(C), Ko is the subset of diagonal elements
in M5(C) and Kg is the set of Cayley numbers [J2]. Each algebra has an
anti-automorphism z +— Z called conjugation such that N(z) := 2z = zz
is a nondegenerate bilinear form on K. Moreover N(zz') = N(z2)N(2).

Define tr(z) = z 4+ Z and (z, 2') = tr(zz/). There are obvious embeddings
/Cl C ICQ C /C4.

5.3. Let (Up, (,)) be the 3 dimensional complex inner product space with
orthonormal basis {ej,e2,e3}. Then Kg can be realized as elements of the
form

(21) z = (a,d; v1, v2) = < o v )

V2

where a,d € C and v1,v9 € Uy. The multiplication is given in [J2, p. 142]
and N(z) = ad — (v1,v2). We define an action of g € SL(Up) on Kg by

(22) g : (a,d;vi,v2) — (a,d; hoy, th 1),

Weembed/C4C]C8bY<(CI Z)H<Czl bgl >
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5.4. Let J = J(K) be the Jordan algebra consisting of 3 by 3 Hermitian
symmetric matrices of the form

71 €3 C2
(23) J = (71,72,735¢1,¢2,¢3) = | @ 72
c2 C1 73

where v; € C and ¢; € K. The composition in J is given by Jj o Jo =
1 (J1J2 + J1.J2). Define an inner product on J given by (X,Y) = Tr (X oY)
where Tr denotes the usual trace of matrices. There is a cubic form

det(J) = 117273 — 11N (c1) — 72N (c2) — 13N (c3) + tr(ei(cacs))
on J which induces a trilinear form on J such that (J,J,J) = det J. For
J (K1) and J(K2), det is the usual determinant of 3 by 3 matrices. Finally
we define a bilinear map J x J — J, (J,J') — J x J' such that in the
notation of (23)
(24) JxJ = (23— N(c1), 73711 — N(e2), 1172 — N(es);

C2C3 — 71€1, C3C1 — Y2€2, C1C3 — Y3€3).

J # 0 is said to have rank 1 if J x J =0. J has rank 0 if J =0. J # 0 has

rank 2 if det(J) = 0 and it is not of rank 1.
Define

(25) Vy=CeJeJecC

and we denote a vector in Vs by (&, J,J',¢&'). There is a realization of the
M (C) action on Vs (see [Ba]). Let p : Vay\{0} — PVis be the canonical
projection.

We refer to (23) and define

(26) Ji:={(0,0,0;¢1,0,0) € J : c1 € K}

Similarly we define J5 and J3. Define W; = {(0,J,J',0) € Vs : J,J' € T}
for i = 1,2,3. We will need these definitions in §6 and §7.

5.5. The smallest orbit Z is generated by the highest weight vector spanned
by p(1,0,0,0). The stabilizer of p(1,0,0,0) is a maximal abelian parabolic
Q=L xN'"in M(C). We denote @, = L x N’ to be the opposite parabolic
subgroup. Then @, stabilizes the flag

CcTgeCcTJagJaeCcVy.

There is a bijection J(K) — N given by B — pp where pp acts on Vs by
(see [Kim])

(27)  pp:(0,J,0,0)— (0,J,0 +2B x J,(B,B,J) + (B, J)).

We recall a version of Lemma 7.5 of [MS].
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Lemma 5.5.1. Representatives of the N'-orbits on Z are
vy = p(1,0,0,0) vy = p(0,J,0,0)
v3 = p(0,0,J°,0) vy =p(0,0,0,1)
where J and J' are rank 1 elements in 7.

5.6. The variety X is the hypersurface given by the degree 4 polynomial
(cf. [J1])
1

fal&, T, T8 = (T x J, T x J') — €det(J) — € det(J) — (7, J') — €€

If J1 =(0,0,0;2,y,2) and Jo = (0,0,0;2', 4, 2'), then
(28)

f1(0, J1, J2,0) = N(z)N(2') + N(y)N(y) + N(2)N(2') + (yz,y'2")

1
+ (zw, 20l + (zy, 2y = (@, 2) + (y, ) + (=, )%

Clearly (0, J,0,0) and (0, J1, J1,0) € X.
5.7. Y is the algebraic set cut out by the set of degree 3 polynomials
{0f1/0v : v € Vpr}. Tt contains the point p(0,.J,0,0) (resp. p(0,0,J,0)) if

and only if J (resp. J’) has rank at most 2. Similarly Z contains the point
iff J (resp. J’) has rank 1.

5.8. Let K = C, then the nontrivial outer automophism of M = SLg in
Table 1 (e2) acts on Vs by sending (, J, J',¢') = (£, J,J',&') where J and
J’ denotes taking conjugation of the entries.

5.9. Let Gy = Spin (4,4) and by setting J to be the set of diagonal 3
by 3 complex matrices in (25), Vs is the representation C? @ C? ® C2 of
M(C) = SL3(C). We index this case by s = 0.

6. Dual pairs in f‘4’4.

6.1. In this section let G = 15474. It has maximal compact subgroup K’ =
SUs(a) x Sps. Let G’ = Spin(5,4) and G” = Spin(4,4). In this section we
will prove Theorems 4.2.1 and 4.3.1. We will retain the notations of §4.2
and §4.3.

6.2. The center C of SpNin(4,4) is

(29)  C:={(e1e2e3, €1, €2,€3) € SUz(a) x SU3 : ¢; = +1 € SUp} =~ 1.
(=1,—-1,—1,-1) € C is the nontrivial center of ﬁ4,4. We would like to
interpret the subgroup Spin(4,4) in Fy 4 as the dual pair

Spin(4,4) x¢ C.
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We denote a character of C' by x(s1, s2,s3), s; € (Z/27Z) such that

S1 _So _S3
(€1,€2,€3) — €7' €5 €57,

Let C” denote the character group of C.
The element €; € C acts on Fy 4 by conjugation and it fixes the subgroup

SpAiJn(5, 4) in ﬁ4’4. It has maximal compact subgroup
K = SUs(a) x (SU2(A) x Spin (5)).

The center C; C C of S/I;ﬂ1(5, 4) is the Klein 4 group
Cy :={(e1,€1,€2,€2) € C 1 ¢; = £1}.

We denote the character group of C} by C7'. It consists of characters

X(s1,82) : (€1,€2) — €]'€3?

where s; € Z/2Z.
We have the following see-saw pairs in Fj 4:
Spin(5,4) C
(30) ><
Spin(4,4) Ch.

6.3. The S35 outer automorphism group on %(4’ 4) permutes the 3 factor
subgroups of SUs C M" and G contains

(31) (Spin(4,4) x¢ C) % Ss.

. F
Hence if Ress4’.4
pin

also contain

" 4)U(C[k]) contains o(Spin (4,4), S(a, b, c)[k]), then it will

"o = o (Spin (4,4), $%4) ® Stz @ Sy K1)
where s € S3.

6.4. By (31) Spin (4,4) x S3 C Fy4 and M"(C) = SL3(C) x S3. Set K = C
and we recall the definition of J; and W; (i = 1,2,3) in (26). The W;’s give
the standard representations of each of the 3 factor groups of SU3 C M".
Vo = W1 & Wy & W3. The outer automorphism group Ss acts on Vj by
permuting the W;’s. Then PV, has a dense M”(C)-orbit. There are two
more orbits and their closures are

Xy = P(Wl (&) Wg) U P(WQ D Wg) U P(Wg (&) Wl)

X7 = PWiUPWyUPW3 C Xs.
The homogeneous ideal of X5 in PV} is generated by

(32) Wo =W, @ We @ W3 C S3(Vp)
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and it has coordinate ring

AM(Xp) = S (W) @ S°(Wa) @ S°(Ws)
a,b,c
where the sum is taken over all nonnegative integers a, b, ¢ such that a +b+
c =n and abc = 0.

Lemma 6.4.1.
(a) PVp N X = PVj.
(b) PVoNY = Xo.
(c) PVpN Z is the empty set.

Proof. Let J; = (0,0,0;0,0,1), J» = (0,0,0;0,1,1), J3 = (0,0,0;1,1,1) and
v; = (0,J;,0,0) € X fori =1, 2, 3. p(vs) € (XNPV)\ X2 so PVyNX strictly
contains Xy and thus equals PVj. This proves (a). Note that p(vs) € Y so
PVoNY C Xs. On the other hand p(v2) € Y N Xy. This proves (b). Finally
p(vs) € X1 but it does not lie in Z. This proves (c). O

6.5. Consider Spin (5,4) C Fy4 and M’ = SUy x Spin (5) = SUs x Sps.
Then Vj = Wy @ W3 gives the standard representation of Sps. Note that
PV is a single Spy orbit.
Lemma 6.5.1.

(a) PVyNX =PVjNY =PVj.

(b) PVy N Z is the empty set.
Proof. Since Vjj C Vp, the lemma follows from Lemma 6.4.1. O

6.6. Proof of Theorems 4.2.1(c)(d) and 4.3.1(c)(d). Part (d) follows easily
from Proposition 3.3.1 since S"Vy = Vo, and S"Vy = >, ;. ., S(a,b,c)
respectively.

(c) By (20) we have

0 — Resox — ZH(Spin (5,4), Vonld — 1 +n])

n=0

o0
— Z H(Spin (5,4), Vou[d+3+n]) — 0.
n=0
Considering the infinitesimal characters of the summands gives (13).

The restriction of ox to Spin (4,4) and (14) have been proven in Prop.
4.6.1 of [L2]. This proves (c). O

Proof of Theorem 4.2.1(b). r3 : Vay — S3(VJ) and since the codomain is
irreducible, rg is either the zero map or a surjection. However the image

of r3 has to cut out the empty set so r3 = 0. This implies r, = 0 and
R, = S"(Vp) for all n. O
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6.7. Proof of Theorem 4.3.1(b). r3: Vi — S3(Vp) and
Vi = Sh+Sh+SE+(SheShe St
S3(Vy) = Z S(a,b,c)
a+b+c=3

as representations of M”. Thus image of rs is either 0 or Wy (cf. (32)).
By Lemma 6.4.1 the image has to cut out Xy so it is Wy. Moreover W)
generates the ideal of X5 and thus R,, = A™(X3). O

6.8. Recall that the minimal representation oz of ﬁ4,4 has K-types

(o)

(33) D SEHC?) ® mspy(news).

n=0

Suppose
Fus
es Spln(54 )xC1 97z = Z @
xXe€C)

The center of ﬁ474 acts nontrivially on oz and hence C7 only acts by the

characters x(1,0) and x(1,1). Theorem 4.2.1(a) is a consequence of the
following theorem:

Theorem 6.8.1. Let ¢ = 0,1. Then ©'(x(1,¢€)) = o(Spin(5,4), Vo [4]) and
it has K-types (K = SUs(a) X, (SUz x Spin (5)))

Z Sg+2b+1+€(<C2) ® Sa(CZ) ® Va,2b+e-
a,b>0

Proof. By Lemma 6.5.1, O’ is empty so 5 : S2Vj — S?V{ is not the zero
map. Hence 7 is a surjection and Theorem 3.5.1(a) applies. The following
lemma proves the claim about the K-types and completes the proof of the
theorem:

Lemma 6.8.2.
S
RGSSI[);;XSpm( )><C’7T nw3 Z Sa ® TSpin (5) (awl + bw2) ® X(a7 b)
a+b=n

We omit the proof of the lemma since branching law of Spg is known (see
Equation (25.27) [FH)). O
6.9. Suppose

Fuyg
s Spin(4 4)><C Z @
x€ECHN

Since the center of ﬁ474 acts nontrivially on oz, C' can only act by the
characters x(s1, $2, $3) where s1 + s9 + s3 is an odd integer.
Theorem 4.5.1(a) is a consequence of the following theorem:
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Theorem 6.9.1.

(a) ©(x(1,1,1)) = o(Spin(4,4), C[3]).

(b) ©(x(1,0,0)) = o(Spin(4,4), 5(1,0,0)[4)).

(c) ©(x(0,1,0)) = o(Spin(4,4), 5(0,1,0)[4]).

(d) ©(x(0,0,1)) = o(Spin(4,4),5(0,0, 1)[4]).

O(x(1,1,1)) (resp. ©(x(1,0,0))) has K-types (K = SUy x SU3)
(34) > SEMC) @ S(a,b,c)

n,a,b,c>0

where the sum is taken over all nonnegative integers n,a,b,c such that a +
b+c>n,a+b—c<n,a—b+c<n,b+c—a<nandn=a=b=c
(mod 2) (resp. n=a # b= c (mod 2)).

The K-types of ©(x(0,1,0)) and ©(x(0,0,1)) differ from that of ©(x(1,
0,0)) by permuting a,b, c in (34) accordingly under the action of S (cf. §6.3).

Proof. By the action of S3, it suffices to prove (a) and (b). By the see-saw
pair (30), we note that

(35) ®'(x(1,0)) = ©(x(1,1,1)) + O(x(1,0,0)).

The branching rule from Spin (5) to Spin (4) = SU3 is well-known (see eqn
(25.34) [FH]). Applying this to Theorem 6.8.1 shows that the sum of the
K-types of (a) and (b) agrees with the K-types in (35). A K-type
S™(C?) ® S(a,b,c)
in (35) will belong to ©(x(1,1,1)) (resp. ©(x(1,0,0))) if and only if a — b is
an even (resp. odd) integer. This proves (34).
By naturality, the composition of the map

1*(2) 2 S*Vy — S?Vy = S% + S¢ + Cp® Co

is the map 7} in the proof of Theorem 6.8.1 and it is surjective. This implies
that the image contains Sl?; + S% + Cp ® Co. Since ro commutes with
the action of S3 (cf. §6.3), 2 is surjective and the theorem follows from
Theorem 3.5.1(c). O

7. Dual pairs in FEg 4.

7.1. Let G’ C G be one of the dual pairs (5) to (7). We set s = 2,4, 8 and
we define

TP ={(0,0,0; 21,29, 23) € T(Ks) : i € Ky, (x4,2) = 0 for all z € K/}
then
(36) Vo = {(0,.0,.0,0) € Vi : J,J' € TPY.
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It is known that M’(C) has a dense orbit in PV [SK]. The orbits and their
coordinate rings have been extensively studied and they are documented in
§7 [GW2]. We will make use of these results to determine R,.

7.2. Consider G = EGA X 7/27 > G = 15474 X ZJ27. Set s = 2. Then
Vo = €5 in (36) is the standard representation of M’'(C) = Sps(C) x Z/2Z.
It is well-known that PV} is a single orbit of M'(C).

Lemma 7.2.1.
(a) PVon X =PVpNY = PVj.
(b) PVp N Z is an empty set.

Proof. (a) It suffices to show that PVp NY is nonempty since X D Y and
PV, is a single orbit of M'(C). Let J = (0,0,0;s,0,0) € J(K2) where
s = diag(1, —1) € Kq. By (36) (0,.,0,0) € Vp. Since det(J) =0, p(J) € Y
by §5.7.

(b) We will prove this by contradiction. Suppose on the contrary PVyNZ
is nonempty and it equals PVy. Let v = (0,J,J',0) € 1} as given in (36)
and assume that J # 0. Since p(v) € Z, by Lemma 5.5.1 and (27) J has
rank at most 1. By (24), J = 0. This yields the contradiction. O

Proof of Theorem 4.5.1. (a) By Lemma 7.2.1(b), ro : slg — S?(C°) is non-
zero. Since the image is irreducible 7y is a surjection. (a) follows from
Theorem 3.5.1(c).

(b) and (c) follow from Lemma 7.2.1(a) and Theorem 3.5.1(a) since R,, =
Sn(C).

By (20) we have

0— Resox — Y H(Fy4,5"(CO[9+n]) @ x"

n=0

— Y H(Fya, S"(CO)[13 +n]) @ X" — 0.
n=0

Finally considering the infinitesimal characters of the above summands gives
(15). O

7.3. Consider Gy = Eg4 % Z/2Z D Gy = Spin (4,4) X2 (U2 x Z/2Z) and
M" = SU; x5 (U} x Z/2Z). Here we identify U7 = {(t1,t2,t3) : t; €
Ui, titats = 1}.

Let xo(a1,az,as) : (t1,t2,t3) — t$1t52t5% be a character of U? where a; €
Z. Let x(a1,as2,a3) be the unique irreducible representation of U12 X Z7/27
containing xo(a1, az,as). Note that x(a,a,a) = C and if not all the a;’s are
the same, then y(ai,as,a3) = xo(a1,as,as) + xo(—ai, —as, —as). Clearly
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x(a1,az2,a3) = x(a1 — a,a2 — a,a3 — a) = x(—a1, —az, —as). Therefore we
may assume that (a1, as,as) takes values from the set

T .= {(al,ag,ag) S Z3 ta; > a1 = 02> a2
for some i =1,2,3} U{(0,0,0)}.

Set K = Ky and we define J; and W; (i = 1,2,3) using (26). Then
Vo =Wy Wy Ws. W, = W;1 & Wi where W;1 and Wjo are the stan-
dard representations of SUs. (t1,t2,t3) € UZ acts on Wy (resp. Wia) by
multiplication by ¢; (resp. til)

Write V) = Z - W;; and we denote an element of Vy by (w;;) where
wi; € Wij. Let V denote the subset of V) consisting of (w;;) satisfying the
following:

1. For each j = 1,2, at least 2 of wy;, wa;, ws; is zero.

2. For each 7« = 1, 2, 3, either w;; = 0 or w;s = 0.

Then one can show that Z NPV = PV and the ideal of PV is generated by
degree 2 polynomials. Its coordinate ring is

AMPY) = S(|a1],|azl, |as]) ® x(a1, az, as)

where the sum is taken over all (a1, as, a3) € T satisfying |a1|+]|az|+|a3| = n.
By Theorem 3.5.1(c) we get the dual pair correspondence of G” in G.

Theorem 7.3.1.
ReSE6 4 NZ/QZ

Spin (4,4)x (U2 x2/22)° Z
=) o(Spin(4,4), S(|au], |ag|, las|)[|a1] + |az| + |as| + 4]) @ x(a1, az, a3).

(a1,a2,a3)€T

The K-types of the summands could be calculated using (12) by applying
the branching rule from M = SUs to SU3 x UZ C M". This in turn could
be computed using the Littlewood-Richardson rule (see [FH, p. 456]).

Note that the summands of the above correspondence also appear in
Theorem 4.3.1(b). This follows from the fact that the dual pairs Gfj and
Fy4 x Z/27 form a see-saw pair in G. Similarly restrictions of oy and ox
to G{; will yield representations of 8/551(4, 4) appearing in Theorem 4.3.1(c)
and (d).

8. Dual pair in E7 4.

8.1. Consider Gy = E74 O G = (Eeu Xpu, Ur) X Z/27Z and M'(C) =
GLg x Z/2Z. The nontrivial element in Z/2Z acts on Eg4 as the outer
automorphism. It also acts on U; by sending z — 271,

Set s = 4 and define V{ as in (36). z € U;(C) = C* will act on Vp by

(0,.J,J,0) — (0,2J, 2710, 0).
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Recall K4 = M3(C) and let K, (resp. K;) denote the subspace of strictly
upper (resp. lower) triangular matrices. Define

Ju = {(0,0,05¢1,¢2,¢c3) € T(Ky) : ¢; € Ky}
Vi = {(0,J,J,0) € Vo : J,J € Tu}.
Similarly we define J; and V; by replacing IC,, with K;. V,, (resp. V) gives
the standard (resp. dual) representation of GLg. Thus Vy = C® @ (C%)* as
a representation of M'(C) = GLg X Z/2Z.
There are only two nontrivial proper orbits of M’ in PV; (cf. §6 [GW2]).
Their closures are
X; = PCOUP(CY*
F = {(w,v*) €ePVy: fo:= (v,0*) = 0}.
Note that X; € F. The inner product fy defining F is an M’-invariant
quadratic form in S?V}) and this in turn induces an inclusion

S™Vy - fo — S"TVj,.

The coordinate ring A™(F) is the quotient of the above inclusion. Recall
§4.7 where we define V, ,, = mgrs(awi + bwe). Then

(37) AMF) = ) Vapoxi™
a+b=n
A"PV) = A'A)fl= D Vapr@xi"
a+b+2m=n

as a representation of GLg = SLg X 5 Uy.

Lemma 8.1.1.
(a) PVonZ = PCS U P(CG)*.
(b) F=PWHhNnX =PyNY.

Proof. Define

0 1 0 0
S:<O 0), t:<1 O>€]C4:M2((C),
z1 = (0,0,0;s,0,0), x2=(0,0,0;¢0,0) € J(Kyq),

Ty = (0,21,0,0), To = (0,21 +22,0,0), T3=(0,21,22,0) € V.

By Lemma 5.5.1 p(T1) € Z NPVy. Hence Z NPV is nontrivial and it must
contain X;. z1 + x2 has rank 2 so p(Ts) € Y\Z (cf. §5.7) and p(T3) ¢ X;.
This proves (a) and implies that PV, NY D F.

Next p(T3) € PVo\F. fa(T3) # 0 so T3 ¢ X. Since F is maximal proper,
F 2 XNPVy 2Y NPV,. This proves (b). O
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Proof of Theorem 4.7.1. (a) The image of ro must be cut out X so it is
either V41 or Cfy + Vi1 in S?V4.

We claim that the image cannot be V; ;. Indeed if otherwise by Theo-
rem 3.5.1(b) the restriction of oz will contain o’ = o(Eg4,C[6]). o’ contains
the lowest K’-type 7 = S4(C?) ® C (K’ = SUs(@) x SUs). Therefore 7 is a
subrepresentation of the K-type

S5(C?) ® Tgpin (12) (26)

in 0z. However the tables of [KP] show that the above does not contain 7.
This proves the claim.

Finally since Vi1 + Cfy generates the homogeneous ideal of X1 so Ry =
A*(F) (cf. (37)). This proves (a).

(b) Similar to (a) the image of r3 cuts out F and it has to be Vj - fo C
S3Vy. The ideal generated by Vjfy contains all homogeneous polynomials
vanishing on F except Cfy. Thus Re = A*(F) + Cfp. Finally we note that
H(E¢ 4, C[12]) is irreducible (cf. §3.3).

(c) By (20) we get

(38) 0—Resox — Y H(Ega, Vop[l5+2n+a+b]) @x] "

a,bn

= H(Eg4, Vap[19+ 20+ a + b)) © x¥ " — 0.

a,b,n

The summands on the right are all irreducible and unitary, and they also
appear as summands in the middle term. Therefore removing these repre-
sentations from (38) gives

0—Resox — > > H(Hoa, Vap[15+2n+a+b)@xi " —0.
n=0,1 a,b

This completes the proof of (c). O

Note that in (c) the image of r4 is one dimensional and it cuts out F and
it has to be (fo)? € S*Vp. Therefore R, is not reduced. This example shows
that the containment in Theorem 3.5.1(b) may be proper.
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9. Dual pairs in Eg 4.

9.1. In this section we consider E8,4 ) E7,4 Xy SUz and M’ = Spin (12) x
SUs,. Set s = 8 and define Vj by (36).

9.2. Recall U in §5.3. Define U, := Ceg & Ces C Up. By (22) SL(U.) acts
on Ks. This induces an action of SL(U.) on (0, .J,J,0) € Vi where SL(U.)
acts uniformly on each of the nonzero entries of J and J'.

Fori =1, 2, define J; = (0,0, 0; 21, 242, x;3) € J where z;; = (0, 0; wyj1€2,
—wyjzez) in Kg (cf. (21)) and w;ji, € C. Let v = (0, Ji, J2,0) € Vj. Denote
the set of such vectors v in V) by V.

Similarly for 7 = 1, 2, define J] = (0,0, 0; x{, ¥}y, 7i3) € J where zi; =
(0,05 wij €3, wijne2) € Kg and w;jk € C. Let v' = (0,.J1, J4,0) € Vp. Denote
the set of such vectors v’ in Vj by V5.

Note that Vp = V1 & V,. Both Vi and V5 give the standard representations
of Spin (12) in M (C). The invariant quadratic forms on V; and V3 are given
respectively by

3

QI(wijk) = Z(w1j1w2j2_w1j2w2j1)
j=1
3

QQ(ngk) Z(wlljlwl2j2 - w/1j2w/2j1)'
j=1

0 1 , .
Letw={ | 0 )€ SL(Ue), (wiji) € V1 and (wy;;) € Va. The action

of w on Vj commutes with that of Spin(12) and wV, = Vj by sending
(w;jk) — (wjji) where w;j, = ngk. Let w1, ws € V4, define ¢ : Vi@ U, —
by

¢ w e+ wor ® ez — wi +w_1WQ.

Then ¢ is an isomorphism of representations of M’(C) = Spin (12) x SL(U.).

9.3. We will describe the orbits of M'(C) on PV,. PVj has a dense M'(C)
orbit. It contains four additional orbits and we denote their closures by X7,
Y1, Yo, Z;1. Let (, ) denote the inner product induced by quadratic form ¢
on Vi and let v = w; ® es + wo ® es. Then X7 is a hypersurface whose ideal
is generated by a degree 4 polynomial f}

fi() :det< {wr,wn) - wn, w2) )

(wo,w1) (wa,ws)
Y1 is the complete intersection of the 3 quadrics

(39) <w1,w1) = <w1,w2> = <UJ2,U)2> =0.
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Yo C X is the subvariety PW xPU. Let @@ C PW be defined by (wy,w;) = 0.
Then Z7 = QQ x PU = Y7 NY5 is the unique minimal closed orbit in PVj.
Y1 UY5 is cut out by cubics

(40) fofw) = e (i) ) o,

(wg,w1> <w2,a>
bwi)  (b,wa)
'(v) := det (b, wn ’ =0
folw) := de < (wa,wi) (w2, ws)
for all a,b € W. Let Iy be the homogeneous ideal generated by {fa, f} :
a,b € W}. We claim that Iy is the homogeneous ideal of Y7 U Y. Indeed
suppose f vanishes on Y; U Y3, by (39) we may assume that modulo I
J(wr,we) = hy(wr)(wi,wr) + ho(w1, w2){wi, w2) + hz(w2){ws, wa)

where hy, he, hs are polynomials on V3, W and Vs respectively. Since f(wq,
wg) = 0 whenever w, is parallel to we, we get hy = hg = 0 and hg vanishes
on Ys. Thus f € Iy and this proves the claim.

Recall §4.8 where V;, ;, = Tgpin (12) (a1 + bwz). Then the coordinate rings
are:

(41) A*(PVp) = A*(X1)[f1]
AMX1) =Y Vagoae ® S™(U)
where the sum " is taken over a, b, ¢, d satisfying (16).
(12) A0 = Y Vaew SUU).

a+2c=n
(43)  AM(Y2)=S"W)@S"(U)= Y  Vao®S"(U).
a+2b=n
(44)
AM(YLUY,) = > Ve ® 8H2(U).

a+2b+2c=n, bc=0
(45) An(Zl) = Vn,O & Sn(U>

The coordinate rings except (44) are given in §5, §6 [GW2]. Since A™(Y; U
Y3) is a quotient of A™(X7) which is multiplicity free, (44) follows from (42)
and (43).

Lemma 9.3.1.
(a) X NPV = X;.
(b) YNPVy =Y UY5.
(c) ZNPVy = Z;.

Proof. For the ease of notations, suppose J; = (0,0,0;¢1,ci2,¢i3) € T (i
= 1, 2), then we denote (O,Jl, JQ,O) S V() by (011,012,013‘011,012,013). For
i=2,3,let ; = (0,0;e;,€;),y; = (0,0;¢e;,0) € Kg and (cf. (21)).
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(a) Set vy := (wo,x2,22/0,0,0) € Vy. Then f4(v1) # 0. Hence X NPV} is
a hypersurface in PV{, of degree 4 and it has to be Xj.

(b) Jy = (0,0,0;x9,x2,x2) has rank 3 so p(0,J4,0,0) € (X\Y) N PV.
Hence Y NPV C Y1 UYs. J5 = (0,0,0;22,0,0) has rank 2 so p(0, J5,0,0) €
(Y\Z) N (Y1\Z1). Hence ZNPVy C Yy and Y7 C Y NPV,

Let v3 = (y2,0,0]ys,0,0) so that pvs € Yo\ Z;. It is easy to check that v
satisfies 0f4/0v = 0 in §5.7 so pvy € Y. This implies that Y D Ya.

(c) We have seen in (b) that Z NPV, C Ya. Jg = (0,0,0;y2,0,0) has
rank 1 so p(0,Js,0,0) € Z NPVy. Hence Z NPVy O Z;. To complete the
proof it suffices to show that pvs € Z. Indeed otherwise, by Lemma 5.5.1,
vz = pp(0,Js,0,0) for some B = (f;;d;) € J (cf. (27)). Computations show
that pp(Js) = (0, Js,2B x Jg,0). However 2B x Jg = (x, *, *; —31y2, *, *) #
(0,0,0;y3,0,0). Hence pvs & Z. O

Proof of Theorem 4.8.1. (a) This is determined by the map

ry i er=C®S8*U + Vo1 + U ® Tspin,, (w6) —
— S2(W @ U) = Voo ® S?U + S*(U) + Vo,1.
The image of ry is nonzero so it is either S2U, Vj; or the sum. By (42)
(resp. (43)) S2U (resp. Vo) vanishes on Y; (resp. Y2). By Lemma 9.3.1(c)

the image cuts out Z; and hence it is must be the sum. Since I*(Z;) i
generated by degree 2 polynomials, R, = A"(Z1).

(b)
r3 ¢ V=W U + Tspin12)(w5) —
— S3Vo) =V @SP(U)+ WU +W e S*U)+ViseU.
Since r3 is nontrivial, the image has to be W ® U and they are the set of

cubics in (40). We have shown that the set of cubics generates the ideal of
Y1 UY, and (b) follows from Theorem 3.5.1(b) and (44).

(c) By (20) and (41) we get
(46) 0— Resox — Y H(G', A™(X1)[27 + m + 4n))
— Y H(G, A™(X1)[31+ m + 4n]) — 0.

The summands on the right also appear in the middle term. Therefore by
removing these representations from (46) we get

0— Resox — Y _ H(G', A™(X1)[27 +m +n]) — 0.

m=0

This completes the Proof of Theorem 4.8.1(c).
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(d) This follows from Proposition 3.3.1 and (41). O

9.4. Proof of Corollary 4.10.1. First we recall a well-known fact [FH].

Lemma 9.4.1. The 1 dimensional character det®=" of Uy is the only SUs
fized vector in wgy,(awy + bwa).

Consider the see-saw pair

E774 SUs
(47) ><
Eg.4 SUs
By Theorem 4.8.1(a), the trivial representation of SUs corresponds to the
representation oy of E74. Applying Lemma 9.4.1 to the see-saw pair (47)
gives
(48)
> O(a,b) @xi"

a,b>0
o Er4
= ResEﬁ’4 <UL, OY

= H(E6,4, (C[lQD ® X(l) + Z J(E6,4, TSUs (awl + bYD5)[CL + b+ 10]) & X%_b.
a,b>0

The second equality is Theorem 4.7.1(b). By Table 1B of the Appendix

to [L3], O(a,b) contains the right-hand side of (17). Alternatively, one can

deduce this by considering the correspondence of the infinitesimal characters

[Li3]. By (48) the containment is an equality. This proves Corollary 4.10.1.

O
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