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We study coherence properties of a module M over its en-
domorphism ring. Hereby we extend to modules known char-
acterizations of coherent and π-coherent rings. Moreover, we
discuss the case that the category addM is covariantly, re-
spectively contravariantly, finite in modR. Finally, we give a
new characterization of endofinite modules.

A left module SM over a ring S is coherent if it is finitely presented and
every finitely generated submodule of SM is finitely presented. Inspired by
Lenzing’s and Camillo’s work on a special class of coherent rings [15] and
[7], we will further say that SM is π-coherent if it is finitely presented and
every finitely generated left S-module which is cogenerated by SM is finitely
presented. Then the ring S is left π-coherent in the sense of [7] if and only
if the regular left module SS is π-coherent.

In this note, we consider the case that M is a right module over a ring
R with endomorphism ring S and study coherence as well as π-coherence
of SM . We prove the following results which extend to modules known
characterizations of coherent and π-coherent rings [15], [7], [18, 5.3] and [9,
5.1].

Theorem 1. The following statements are equivalent:
(1) Every finitely generated left S-module which is cogenerated by SM is

finitely presented.
(2) Every finitely M -generated right R-module has an add M -preenvelope.
(3) For every n ∈ N and every subset X ⊂ Mn the annihilator annSn×n(X)

of X in the matrix ring Sn×n is a finitely generated left ideal.

Theorem 2.
(1) If SM is π-coherent, then every finitely generated module has an

add M -preenvelope. The converse holds if MR is finitely generated.
(2) If SM is coherent, then every finitely presented module has an add M -

preenvelope. The converse holds if MR is finitely presented.

In particular, we see that a finitely presented module MR is coherent over
its endomorphism ring if and only if the category add M is covariantly finite
in modR. We also prove a dual result characterizing the case that addM
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is contravariantly finite in modR (Corollary 11). Finally, we employ our
results to give a new characterization of endofinite modules (Corollary 9).

Let us start with some notation. For an arbitrary ring R, we write
Mod R and mod R for the categories of all, respectively of the finitely
presented, right R-modules. By a subcategory we always mean a full sub-
category.

Let X ⊂ ModR and A be a right R-module. Following [9], we say that a
homomorphism a : A → X is an X -preenvelope if X ∈ X and the abelian
group homomorphism HomR(a,X ′) : HomR(X, X ′) → HomR(A,X ′) is sur-
jective for each X ′ ∈ X . A homomorphism a : A → X is said to be left
minimal if every endomorphism h : X → X such that h a = a is an isomor-
phism. Left minimal preenvelopes are called envelopes and are uniquely
determined up to isomorphism. (Pre)covers are defined dually. In the
representation theory of artin algebras, the usual terminology is (minimal)
left or right X -approximation.

Given a module MR, we denote by Add M (respectively, add M) the
category consisting of all modules isomorphic to direct summands of (finite)
direct sums of copies of M . Throughout the paper, we will freely use the fact
that for a finitely generated module the existence of an add M -preenvelope
is equivalent to the existence of an AddM -preenvelope.

If MR is finitely presented, then addM is a subcategory of modR, and it
is said to be covariantly finite in modR if every finitely presented module
has an addM -preenvelope. Dually, one says that add M is contravariantly
finite in modR if every finitely presented module has an addM -precover
[5].

The following easy observation will be very useful:

Lemma 3. Let R be a ring and MR a module with endomorphism ring S.
(1) AR has an add M -preenvelope if and only if the left S-module

SHomR (A,M) is finitely generated.
(2) CR has an add M -precover if and only if the right S-module

HomR (M,C)S is finitely generated.

Proof. (1) If SHomR (A,M) is finitely generated, one can easily check that
the map c : A → Mn induced by an S-generating set ck : A → M, 1 ≤ k ≤ n,
of HomR (A,M) is an add M -preenvelope of A. Conversely, if a : A → X
is an addM -preenvelope, then we can assume w.l.o.g. that X = Mn for
some n, and applying the functor HomR ( ,M) : ModR −→ SMod on a, we
immediately obtain the claim.

(2) is proven dually. �

The above lemma suggests that the existence of addM -preenvelopes is re-
lated to the behaviour of the contravariant functor HomR ( ,M) : ModR −→
SMod. We now investigate this connection more closely.
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Let BQA be a bimodule. Recall that a module XA is said to be QA-
reflexive if the evaluation morphism δX : X → HomB (HomA (X, QA), BQ)
given by δX(x) : α 7→ α(x) is an isomorphism. Of course, since Ker δX coin-
cides with the reject RejQ(X) of Q in X, all reflexive modules are in the cat-
egory CogenQ of Q-cogenerated modules. We denote further by cogenQ
the category of all finitely Q-cogenerated modules, by copresQ (respec-
tively, by sfcopresQ) the category of all finitely (respectively, semi-fini-
tely) Q-copresented modules, that is, of all modules X admitting an
exact sequence 0 −→ X −→ Qn −→ L −→ 0 where n ∈ N and L is finitely
Q-cogenerated (respectively, Q-cogenerated). Dually, we write genQ for
the category of all finitely Q-generated modules, and presQ for the cat-
egory of all finitely Q-presented modules, that is, of all modules X
admitting an exact sequence 0 −→ K −→ Qn −→ X −→ 0 where n ∈ N
and K is finitely Q-generated. Finally, we denote by K(QA) the subcate-
gory of ModA consisting of all modules KA which admit an exact sequence
0 −→ K −→ An −→ YA −→ 0 where n ∈ N and YA is QA-cogenerated, and
by K(BQ) the corresponding subcategory of BMod.

We are interested in the special case where Q is our bimodule SMR with
S = EndR M . Then S is obviously SM -reflexive, and we have the following
result:

Lemma 4.

(1) SHomR (A,M) ∈ sfcopres SM for all finitely generated modules AR,
and SHomR (A,M) ∈ copres SM for all finitely presented modules AR.

(2) The functor HomR ( ,M) : ModR −→ SMod induces dense functors
gen MR −→ K(SM) and pres MR −→ copres SS.

Proof. (1) Let AR be finitely generated with an exact sequence 0 −→ K
f−→

Rn −→ A −→ 0. We then have an exact sequence 0 → SHomR (A,M) →

SHomR (Rn,M)
HomR (f,M)
−−−−−−−−→ SHomR (K, M) where SHomR (K, M) is a sub-

module of SHomR (R(J),M) ' SMJ for some set J . Further, if AR is finitely
presented, then K is finitely generated, and SHomR (K, M) is a submodule
of SHomR (Rm,M) ' SMm for some m ∈ N.

(2) As in (1), we show that A ∈ gen MR gives rise to an exact se-
quence 0 → SHomR (A,M) → SHomR (Mn,M) → SHomR (K, M) where
SHomR (K, M) is SM -cogenerated, and moreover, that we can assume
SHomR (K, M) finitely cogenerated by S provided that A ∈ pres MR. So,
it remains to prove that the functors are dense. Any exact sequence 0 −→
K −→ Sn −→ SY −→ 0 with Y ∈ Cogen SM yields an exact sequence
0 → HomS (Y, M) → HomS (Sn,M)

g−→ HomS (K, M) where LR = Im g is
an epimorphic image of Mn. We obtain the commutative diagram
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0→ K −−−→ Sn −−−→ Y → 0yα δSn

y yδY

0→HomR (L, M)−−−→HomR(HomS(Sn, M), M)−−−→HomR(HomS(Y, M), M)

where α and δY are monomorphisms and δSn is an isomorphism. Then
by the snake lemma α is an isomorphism, hence SK ∼= HomR (L,M) with
L ∈ gen MR.

Assume further that there is a monomorphism i : Y → Sm for some
m ∈ N. Then we also have a map f = HomS (i,M) : HomS (Sm,M) →
HomS (Y, M) with AR = Im f ∈ gen MR and a commutative diagram

0−−−→ A −−−→HomS (Sn,M)−−−→ L′ −−−→0⋂
e ‖

y
0−−−→HomR (Y, M)−−−→HomS(Sn,M)−−−→ L −−−→0

where L′ ∈ pres MR. Since δ is a natural transformation, HomR (f,M) δY =
δSm i is a monomorphism, and therefore HomR (e,M) δY is a monomorphism
as well. So, we conclude as above from the commutative diagram

0→ K −−−→ Sn −−−→ Y → 0yα δSn

y yδY

0→HomR (L, M)−−−→HomR(HomS(Sn, M), M)−−−→HomR(HomS(Y, M), M)yβ ‖
yHomR (e, M)

0→HomR (L′, M)−−−→HomR(HomS(Sn, M), M)−−−→ HomR(A, M)

that βα is an isomorphism, hence SK ∼= HomR (L′,M) with L′ ∈ pres MR.
�

Let us remark that if SMR is faithfully balanced, then by similar argu-
ments, the functor HomR ( ,M) : ModR −→ SMod induces dense functors
gen R −→ sfcopres SM and modR −→ copres SM .

We now obtain a characterization of left coherent endomorphism rings,
see also [10]. Moreover, we prove the equivalence of the first two conditions
in Theorem 1.

Proposition 5.

(1) S is left coherent if and only if every A ∈ pres MR has an add M -
preenvelope.
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(2) Every finitely generated left S-module which is cogenerated by SM is
finitely presented if and only if every A ∈ gen MR has an add M -
preenvelope.

Proof. (1) Of course, S is left coherent if and only if every module in
copres SS is finitely generated over S. By Lemma 4 the latter means that
SHomR (A,M) is finitely generated for all modules AR ∈ pres M . Combin-
ing this with Lemma 3, we obtain the claim.

(2) is proven similarly. �

Note that Lenzing has described left coherence in terms of annihilators
of matrix rings [15, §4, Korollar 1]. More precisely, denoting by Rn×n the
n× n matrix ring over R, he has proven that R is left coherent if and only
if for every n ∈ N and every A ∈ Rn×n the left annihilator of A in Rn×n is a
finitely generated left ideal. Moreover, he has shown in [15, Satz 4] that R is
left π-coherent if and only if for every n ∈ N all left annihilators in Rn×n are
finitely generated left ideals, see also [7]. We now establish a corresponding
result for modules and complete the proof of Theorems 1 and 2.

Proposition 6. The following statements are equivalent:

(1) Every finitely generated left S-module which is cogenerated by SM is
finitely presented.

(2) For every n ∈ N and every subset X ⊂ Mn the annihilator annSn×n(X)
of X in Sn×n is a finitely generated left ideal.

Proof. (1)⇒(2) : Let X ⊂ Mn, put K = X · R and AR = Mn/K, and
denote by ν : Mn → A the canonical surjection. By assumption and the
above proposition, AR ∈ gen M has an addM -preenvelope a : A → Mm,
and we can consider the maps fi : Mn ν−→ A

a−→ Mm pri−→ M
ι−→ Mn,

1 ≤ i ≤ m, where pri and ι denote the canonical projections and a canonical
injection, respectively. Obviously, f1, . . . , fm are contained in annSn×n(X),
and since every other map h ∈ annSn×n(X) factors through ν and hence
through aν, they are generators of annSn×n(X) over Sn×n.

(2)⇒(1) : We again apply Proposition 5 and show that every A ∈ gen M
has an addM -preenvelope. Consider an exact sequence 0 −→ K −→
Mn g−→ A −→ 0 and a generating set f1, . . . , fm of annSn×n(K) over Sn×n.
Then K is contained in the kernel of the product map f : Mn → Mnm

induced by the fi, and so there is a map a : A → Mnm such that f =
a g. Let us verify that a is an addM -preenvelope. In fact, if we denote
again by M

ι−→ Mn a canonical injection, then for every homomorphism
h : A → M the composition ι h g lies in annSn×n(K) and therefore has the
form

∑m
i=1 ti fi for some t1, . . . , tm ∈ Sn×n. This shows that h g factors

through a g, and hence h factors through a. �
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Proof of Theorem 2. (1) If AR is finitely generated, then by Lemma 4 there
is an exact sequence 0 −→ SHomR (A,M) −→ SMn −→ L −→ 0 where
n ∈ N and L ∈ Cogen SM . By assumption L is then finitely generated and
even finitely presented, so SHomR (A,M) is finitely generated, and A has an
addM -preenvelope by Lemma 3. Conversely, if MR is finitely generated and
every finitely generated module has an addM -preenvelope, then we deduce
that R and every A ∈ gen M have an addM -preenvelope. But this implies
by Lemma 3 and Proposition 5(2) that SM is π-coherent.

(2) We show as in (1) that Lemma 4 and Lemma 3 yield the existence of
an addM -preenvelope for every finitely presented module AR. Conversely, if
MR is finitely presented and every finitely presented module has an add M -
preenvelope, then we deduce that R and every A ∈ pres M have an addM -
preenvelope. In particular, S is then left coherent by Proposition 5(1).
Moreover, if a : R → Mn is an addM -preenvelope with cokernel L, then also
LR is finitely presented, and therefore SHomR (L,M) is finitely generated by
Lemma 3. So, we infer from the exact sequence 0 −→ SHomR (L,M) −→
SHomR (Mn,M) −→ SHomR (R, M) −→ 0 that SM is finitely presented
and hence coherent. �

Assume that R is semiregular, that is, idempotents lift modulo the
Jacobson radical J(R) and R/J(R) is von Neumann regular. Then we know
from [3, Corollary 3] and [18, Corollary 5.4] that R being left (π-)coherent
even implies the existence of projective envelopes for the finitely presented
(respectively, finitely generated) modules. Also these results can be extended
to modules.

Corollary 7. Let S be semiregular.
(1) If SM is π-coherent, then every finitely generated module has an

add M -envelope.
(2) If SM is coherent and MR is finitely presented, then every finitely

presented module has an add M -envelope.

Proof. From Theorem 2 we obtain the existence of an add M -preenvelope
f : A → Mn with A finitely generated or finitely presented, respectively.
Note that in both cases the cokernel L = Coker f has an addM -preenvelope
g : L → Mm, too. Indeed, in Case (1) this follows from Proposition 5(2) and
the fact that L ∈ gen M , and in Case (2) we have only to remind that MR,
and therefore also LR, are finitely presented. Set E = EndR Mn. From the

exact sequence EHomR (Mm,Mn) −→ EE
HomR (f,Mn)
−−−−−−−−→ EHomR (A,Mn) −→

0 we deduce that the annihilator annE(f) is a finitely generated left ideal
of E. Since E is semiregular by [16, 2.7], we know from [17, Satz 1.2] that
there is a left ideal I which satisfies annE(f) + I = E and is minimal with
respect to this property. Then annE(f)∩I is superfluous in I and therefore
also in E. So, we have verified that:
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(i) There is a left ideal I in E such that annE(f)+ I = E and annE(f)∩
I ⊂ J(E); and

(ii) idempotents lift modulo J(E).

Thus we can apply a result of Zimmermann [21] asserting that under these
conditions f has a left minimal version, that is, there is a decomposition
Mn = X ⊕K such that the composition of f with the canonical projection
p : Mn → X gives rise to an add M -envelope. �

Let us now compare different notions of coherence. Recall that a ring
R is said to be left strongly coherent if products of projective right R-
modules are locally projective [19] and [11]. Such rings are characterized
by the property that every matrix subgroup of the right module RR is a
finitely generated left ideal. Moreover, as observed in [20], they are always
left π-coherent.

More generally, if MR is a finitely generated module with all matrix sub-
groups being finitely generated over the endomorphism ring S, then we can
prove as in [2, 3.1] that every finitely generated module has an addM -preen-
velope, and so it follows immediately from Theorem 2 that SM is π-coherent
and in particular coherent.

Examples for the failure of the converse implications even in the case M =
R are given in [20, Example 29], [11, Example 5.2] and [7]. In particular,
every commutative von Neumann regular ring which is not self-injective is
coherent but not π-coherent, and the ring R = K[X1, X2, . . . ] over a field
K is π-coherent but not strongly coherent.

Next, we investigate the gap between π-coherence and coherence. To this
end, we recall the notion of an R-Mittag-Leffler (or finitely pure-projecti-
ve) module studied in [12], [8], [13] and [6]. A module XR is said to
be an R-Mittag-Leffler module if the canonical map X ⊗R RJ → XJ

is a monomorphism for every set J , or equivalently, if for every finitely
generated submodule AR the embedding A ⊂ X factors through a finitely
presented module. Jones showed in [13, p. 104] that a ring is left π-coherent
if and only if it is left coherent and all products of copies of R (on either
side) are R-Mittag-Leffler modules. Note that since the class of R-Mittag-
Leffler modules is closed under pure submodules [6, Proposition 9], the latter
property amounts to saying that all products of projective modules are R-
Mittag-Leffler modules. We now prove the general statement for modules.

Corollary 8. The following statements are equivalent:

(1) SM is π-coherent.
(2) S is left (π-)coherent, SM is finitely presented, and all products of

copies of SM are S-Mittag-Leffler modules.

If MR is finitely presented, the following statement is further equivalent:
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(3) S is left (π-)coherent, SM is finitely presented, and all products of
copies of MR are R-Mittag-Leffler modules.

Proof. (1)⇒(2) : Any epimorphism R(K) → M gives rise to a monomor-
phism SS ' HomR (M,M) → HomR (R(K),M) ' SMK , showing that S is
left (π-)coherent. Moreover, all finitely generated submodules of products of
copies of SM are finitely presented by definition, and so the claim is proven.

(2)⇒(1) : Let SA be a finitely generated submodule of a product of copies
of SM . By assumption, SA is contained in a finitely presented module SY ,
which is coherent since so is the ring S. Hence SA is finitely presented, and
we have verified that SM is π-coherent.

(1)⇒(3) : Let AR be a finitely generated submodule of MJ for some set
J . By Theorem 2, the embedding A ⊂ MJ factors through an addM -
preenvelope A → Mn, and Mn is finitely presented if so is MR.

(3)⇒(1) : We claim that every finitely generated module has an addM -
preenvelope. The claim then follows from Theorem 2 whenever MR is
finitely generated. So, let AR be finitely generated. By possibly consid-
ering A/RejM (A), we can assume without loss of generality that A is M -
cogenerated. Then the product map f : A → MJ induced by all maps
in J = HomR (A,M) is a monomorphism and therefore factors through a
homomorphism f ′ : A → F where F is finitely presented. But since SM
is coherent by assumption, we obtain from Theorem 2 the existence of an
addM -preenvelope a : F → Mn. Now it is easy to check that the composi-
tion a f ′ : A → Mn is an addM -preenvelope as well. �

Here is a further application of Theorem 2. Recall that M is said to
be endonoetherian, respectively endofinite, if SM is noetherian, respec-
tively a module of finite length. We will moreover call M endocoherent if
SM is coherent, and endocoperfect if it satisfies the descending chain con-
dition for cyclic S-submodules. We explore the relationship between these
finiteness conditions over the endomorphism ring.

Corollary 9. The following statements are equivalent:
(1) M is endofinite.
(2) M is endocoperfect, and for all direct summands M ′ of M and all

finitely presented modules AR, there exists an add M ′-preenvelope.

If MR is finitely generated, then (1) is further equivalent to:
(3) M is endocoperfect and all its direct summands are endocoherent.

Proof. (1)⇔(2): Assume that M is endofinite. Then M is Σ-pure-injective
and therefore satisfies the descending chain condition for cyclic S-submo-
dules. Moreover, M is endonoetherian, and it is well-known that its direct
summands are then endonoetherian as well. Now, we have shown in [2, 3.1]
that all finitely presented modules AR have an addM ′-preenvelope if and
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only if certain endo-submodules of M ′, namely the finite matrix subgroups,
are finitely generated over EndR M ′. Thus (1) implies (2). For the converse
implication, we use that M is endofinite if and only if every direct summand
of M is product-complete [14]. Observe that by [2, 5.1] a module M ′ is
product-complete if and only if it is endocoperfect and all finite matrix sub-
groups of M ′ are finitely generated over EndR M ′. Since endocoperfectness
is inherited to direct summands, we have verified (2)⇒(1).

(3)⇒(2) follows immediately from Theorem 2.
(1)⇒(3) : The direct summands of M are finitely generated and endo-

noetherian, so their endomorphism rings are left noetherian. Thus they are
also endocoherent. �

We close the paper with some dual considerations. We have seen above
that the existence of addM -preenvelopes is related to coherence properties
of SM . Dually, we can describe the existence of addM -precovers in terms
of coherence properties of the dual module M∗

S = HomR (M,W ) S , where
WR denotes a minimal injective cogenerator of ModR. We refer to [1] for
details and only mention the main results.

Theorem 10.
(1) If M∗

S is π-coherent, then every finitely W -cogenerated module has an
add M -precover. The converse holds if MR is finitely W -cogenerated.

(2) If M∗
S is coherent, then every finitely W -copresented module has an

add M -precover. The converse holds if MR is finitely W -copresented.

If R is a right Morita ring, that is, if R is a right artinian ring and
WR is finitely generated, then we obtain a characterization of contravari-
antly finiteness. This and other consequences are collected in the following
corollary. Observe that the last statement generalizes a result proven by
Auslander for finitely generated projective modules [4, 6.6].

Corollary 11.
(1) Assume that M is a finitely generated module over a right Morita ring

R. Then M∗
S is (π-)coherent if and only if add M is contravariantly

finite in modR.
(2) Assume that MR is a finitely generated module over a right noetherian

ring R. If add M is contravariantly finite in modR, then every finitely
generated right S-module which is cogenerated by M∗

S is finitely pre-
sented. In particular, S is then a right π-coherent ring.

(3) Assume that MR is a coherent module. If all finitely generated modules
have an add M -precover, then S is a right coherent ring.

Proof. (1) By assumption every finitely generated module is finitely W -co-
presented and therefore has an addM -precover provided that M∗

S is coher-
ent. Conversely, assume that add M is contravariantly finite in modR. Then
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every finitely W -cogenerated module, being finitely presented by assump-
tion, has an addM -precover. Moreover, the finitely generated module MR

is finitely W -cogenerated, and we conclude from Theorem 10 that M∗
S is

π-coherent.
(2) Under the given assumptions, all modules in cogenM are finitely

presented and therefore have an addM -precover whenever addM is con-
travariantly finite in modR. The claim then follows from the dual version
of Proposition 5(2). That S is right π-coherent follows from the fact that
SS is M∗

S-cogenerated.
(3) Under the given assumption, all modules in copres M are finitely gen-

erated and therefore have an add M -precover. The claim then follows from
the dual version of Proposition 5(1), see also [10]. �
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