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Let G = expg be a connected, simply connected, solv-
able exponential Lie group. Let I € g* and let p be an
appropriate Pukanszky polarization for [ in g. For every
D= (P1,---,Pm) € [1,00]™ we define a representation m; , 3 by
induction on an LP-space, where the norm ||-|| of this space is
in fact obtained by successive LPi-norms, with distinct p;’s in
different directions. These representations are topologically
irreducible and their restrictions to the subspaces generated
by the vectors of the form m , 5(f)¢ with f € LY (G), 7,5 5(f)
of finite rank and £ € 9,,, 5 are algebraically irreducible. All
the simple L'(G)-modules are of that form, up to equivalence.
‘We show that these representations may in fact be character-
ized (up to equivalence) by the G-orbits of couples (I, v), where
l € g* and v is a real linear form on g(1)/g(l) N n satisfying a
certain growth condition and where g(l) is the stabilizer of [
in g.

1. Introduction.

The aim of the present paper is to give an explicit description of the alge-
braically irreducible representations of L!(G), where G is a connected, simply
connected, exponential, solvable Lie group. These representations have first
been studied by D. Poguntke in 1983 ([Po2]). The method of Poguntke
which has been adapted and used in ([LuMo2]), is an important ingredient
in the present paper, as we shall see later with more details. But first we
have to recall the following definitions: We say that (7',0) is a representa-
tion of L}(G), if U is a vector space, L£(0) the space of all linear operators
on U and
T : LYG) — L(D)

an algebra homomorphism. Moreover (T,%0) is said to be algebraically ir-
reducible if 2 has no nontrivial invariant subspaces for the action of L!(G)
under T. In that case we also say that U is a simple L!(G)-module. If U
is a topological vector space, we require moreover the action of L'(G) on U
to be strongly continuous. In that case we say that (T',0) is a topologically
irreducible representation of L'(G), if %0 has no nontrivial closed invariant
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subspaces. As in the general theory, we can always assume for any represen-
tation (T, 0) of L'(G) that U is a Banach space and that the representation
(T,%0) is bounded (see [BoDul]).

Assume that (T,%0) is a topologically irreducible representation on a Ba-
nach space and that there exists f € L'(G) such that T(f) is a nonzero
operator of finite rank. Consider

0 = span {T(f)¢ | f € LY(G), T(f) of finite rank, ¢ € U}.

Then U° # {0} and the restriction of T to UV°, (T|yo, V), is a simple
LY(G)-module ([Wa]). We shall see that in our situation all the simple
L'(G)-modules are obtained in that way (up to equivalence) and we shall
give a precise description of the representations (7',0) to consider.

The previous definitions and results may of course be given for an arbi-
trary Banach algebra A instead of L'(G). Moreover the representations of
L'(G) may be considered as the integrated forms of bounded representations
of the group G. In fact, recall that (T',0) is said to be a representation of the
group G if T is a group homomorphism of G into the general linear group of
2. This representation is said to be bounded if sup,c¢ ||T(z)|| < oo, where
||T'(z)]| is the operator norm of T( ). For such a representation of G, we get
a representation of L'(G) by T(f) = [5 f( z)dz,Vf € LY(G).

A representation 7 of G, resp. Ll(g) on a Hllbert space $), is said to be
unitary, if 7(x71) = 7(z)*, resp. w(f*) = w(f)* for all x € G, resp. f €
L'(G). Recall that the unitary topologically irreducible representations
of a solvable exponential Lie group G = exp g may be described as induced
representations. There exist | € g* and a Pukanszky polarization p C g at
[ such that # = ind 7g>Xl (up to unitary equivalence), where P = exp p and
xi(exp X) = e ¥5X) for all X € p ([LeLu]). The set of equivalence classes
of topologically irreducible unitary representations of G is noted by G.

If G is a connected, simply connected nilpotent Lie group, then all the
simple L!(G)-modules are equivalent to a module of the form (7| ﬁg,ﬁg),

where 7 € Q and

92 = span {n(f)¢ | f € L' (G),n(f) of finite rank, £ € H,}.

The same remains true for L'(G,w), where G is a connected, simply con-
nected, nilpotent Lie group and w is a polynomial weight on G ([MiMo]).
In this paper these results are generalized in the following way: If G is a con-
nected, simply connected, solvable exponential Lie group, we define repre-
sentations 7, 5 by induction on LP-spaces, where p = (p1,...,pm) € [1,00]™
is a multi-index. The norm | - ||5 of such an LP-space is obtained by suc-
cessive LPi-norms with distinct p;’s in different directions. To do this, we
have to introduce a precise decomposition of the Lie algebra g of the group
G. These representations are topologically irreducible and admit nontrivial
operators of finite rank. Hence, if we write §;, 5 for the space of such a
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representation and

5’)107’34—, = span {m,5(f)¢ | f € Ll(g),m’p@(f) of finite rank, £ € $;, 5},

then (wlyp,ﬁ\ﬁap’ﬁ,ﬁ?’mﬁ = (W?’pyﬁ,ﬁgp’g is a simple L'(G)-module. We
show that all the simple L'(G)-modules (T, ) are of this type (up to equiv-
alence). To do this we rely on the work of Poguntke ([Pol], [Po2]). In his
paper ([Po2]) Poguntke gives a first description of simple L'(G)-modules.
Let’s notice first that a representation (T, 0) of L'(G) defines unique repre-
sentations of G, of A/ (by restriction) and of L'(N), where N' = expn and n
is the nilradical of g. We shall write kerz1(z) 1" for the corresponding kernel

in L'(N). This kernel is of the form ker(G - 7), where 7 € A is the represen-
tation induced from a character x, defined by a linear form ¢ € n*. Let [ € g*
such that /|y, = ¢. The method of Poguntke ([Po2]) which has been adapted
and used for the description of topologically irreducible representations in
([LuMo2]) consists in constructing an algebra of the type L!(R",w), where
w is an exponential weight in general, uniquely determined by the given sim-
ple module (T,%0) and where R" = G(1)/G(l) NN, with G(I) = exp g(l) and
(1) is the stabilizer of [ in g. Then one shows that the simple L'(G)-module
(T,%0) with given kerpi(n,)T is completely characterized by a continuous
character on L'(R",w). Conversely every such character on L'(R",w) leads
to a unique simple L'(G)-module (up to equivalence) with given ker iy T
In order to show that every simple L'(G)-module is equivalent to a module
of the form <7Tl7p7ﬁ|ﬁ?p 5,5’)2’@), it is then enough to show that every (con-

tinuous) character on L' (R", w) is associated to such a representation. To do
this we have to give an estimation of the weight w using a method developed
by Poguntke in ([Po2]). The equivalence classes of simple L!(G)-modules
are then completely characterized by the G-orbits of the couple (I, ), where
[ € g* and v is a real linear form on g(l)/g(l) N n satisfying a certain growth
condition.

2. Construction of special irreducible representations.

2.1. For the rest of this paper G = exp g will be a connected, simply
connected, solvable exponential Lie group with Lie algebra g. The nil-radical
of g will be denoted by n and A/ = expn will be the corresponding subgroup
of G. Take [ € g* and write ¢ = I|, € n*. We define the following stabilizers:

g() ={X eg| {[X,g]) =0},
glg) ={X eg|{¢[X,n)) = (]
n(g) ={X en|(g[Xn]) = (]

0
( I) =0},
( =

X,n
X, n))
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Then we decompose the Lie algebra as follows:
g)+n=udn with u C g(I) C g(q),
g +n=wa(g(l)+n)=wadudn with w C g(q),
g=0®(g(¢)+n) =00 RuUdn.
2.2. Now we choose ) C tv C g(q) a maximal [-isotropic subspace of tv,
i.e., a maximal subspace of tv such that ([,[2),2)]) = 0. Then there exist a

subspace X in w and bases {Xy,..., X .} of X, resp. {Y7,...,Y.} of Y such
that w = X © Q) with

i.e., X is a dual space of ) with respect to {. This is possible because {Z €
w | (I,[Z,w]) =0} = {0}. As a matter of fact, ro @ n(g) modulo ker(q|n(q))

is a Heisenberg algebra. We write Y = expu, V = exp v, W = exp tv,
X=expX,VY=exp¥.

2.3. Polarizations. First let us choose p® a g(q)-invariant polarization of ¢
in n (for example a Vergne polarization). Then p = 9 @p’Du is a Pukanszky
polarization of [ in g. Moreover p® = p N n. For the rest of this paper we
shall stick to these polarizations. We write P? = exp p°, P = exp p.

2.4. Jordan-Holder decomposition. Let
n=mngDOn; D---Dng Dy = {0}
be a Jordan-Holder sequence for the action of g(¢) +n on n. Let
Y={i|p"+n;#p°+n,1,i=0,...,k}
={i; |1<j<m0<i; <--- <ip <k}

We write p; = p0 + n;, for y=1,...m, and pp41 = p?. Obviously p; = n.

For each j € {1,...,m} We choose a subspace v; C n;; C p; such that
0; DPj+1 =Py Then >t “o; ®p’ =nand
m ®
D Z v; — ./\//PO
j=1

Vit 4 Viu=V,..., Vi) —exp (V1)...exp (Vi) - P°
is a diffeomorphism.

2.5. Special representations. Let’s write
m @

m m
H:Z vj, Vj =expo; and N :H H exp v;.
j=1 j=1 j=1
Consider the following decomposition of G : G =V - X - N - P. Take p =
(p1,---,pm) € [1,00]™. The representation space LP(G/P, x;) is hen defined
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to be the completion, for the norm || - || given below, of the space of all

functions £ : V- X - N - P — C continuous with compact support mod P,
such that £(z - p) = x1(p)é(x),Vz € G,Vp € P, and

et = (L ((L ([ \g@m..vmﬂpmd%)ﬁn

1

p1 1 2 %
) dvl) )dxdv) < 00,

the different measures being the Lebesgue measures on v, X,01,...,0,,. If
1
p;j = 00, then ( fvj |...|P dvj) i is replaced by the corresponding sup-norm.

Let LP(G/P,x1) = $ip,5 be the space we get by completion. On this space
we want to define a representation by isometric operators given essentially
by left translation. This representation will be of the form

(Tip ()W) = AP (s)E(s™y), Vs,yed,

-1
where the modular function A P has to be defined in order to get isometric
operators on §; , 5. It is easy to check that

> pijtr adpj/Pj+1 (logp) > pijtr/\j (logp)
)

1

AP(v-xz-n-p)=e =e
if we use the notation \;(-) = ady, /p.,,(-). For p=2=(2,...,2) we have
A%(S) = e%tr adn/PO(IOgS) = e%tr adH/P(IOgS)’
as n/p = (ud Y ®n)/p and as tr ady/uegyen = 0. The representation
M =T3S the usual induced unitary representation ind%(xl, 2). Notice
that -

Tipp(s) = A2 7 (s)m(s)

on the dense subspace of all continuous functions of LP(G /P, x;) with com-

pact support in G/P, or, more generally, on the generalized Schwartz space
ES(G/P,xi1) (see (2.7.) for the precise definition of this space).

2.6. Remarks.

1 1
a) As G(l) C P and as AP =1 on N NG(l), AP may be considered as a
character on G(1)/G(1) NN = G/H given by

1 m 1
AP ($) = p2i=1py tradp;/p, (1089)

for all $ € G(1)/G(1) NN
b) There is a relation between the Haar measures on G, P and the measure
onG/P=V-X-N=V-X-]['L, V;: If the Lie algebra g is decomposed
by
g=00X0Youd map),
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we get a Haar measure on G by

[0 [ [ [ [ [ stewv-oox-or o

cexp Vi ...exp Vp, - p°)dp°dVy, ... dV1dUAY dX dV,

where we use the Haar measure on P° and the Lebesgue measures on
0,X,9),u,0;. The Haar measure on P is given by

/ f(p)dp = / // f(eXpY : eXpU-pO)dedUdY.
P 9 Ju Jpo
We check that

/g f(g)dg = /g R /P F(gp) A" (gp)dpdg.

2.7. The ES-spaces. Let the polarizations be chosen as in (2.3.). Let
B = {A1,...,A;} be a coexponential basis for py in n, which has for
instance been chosen in the subspaces v;. Let By = {Bi,..., By} be a
coexponential basis for n +p in g. Then B = B; U B, is a coexponential
basis for p in g. Given a function F' on G/P x G/P, we define a function F
on (R*¥ x R7) x (RF x RY) by

T L7/ /0 !
F(b1,...,bk,al,...a]‘,bl,..., k,al,...aj)

= F(exp b1By...expbpBrexpai Ay ...expajAj;
expb| By ...exp b Brexpa)A; ...exp a;-Aj>.
We proceed similarly for a function defined on G/P. This allows us to give

the following definition:

Definition 2.7.1. a) The space ES(G/P x G/P,x;) is the space of all
C-functions F' : G x G — C such that:
(1) F(zs,2's") = xi(s)xu(8)F(x,2"), Va,2’' € G, Vs, s € P.

2)  [IFllo,0.00, R
= sup (eo‘|b|e°‘,|b,|\R(a)R'(a')@CL@b@a/@b/ﬁ(b, a;l, a’)|) < 0

a,a’ €ERI b,b/ €RF

for all o, @’ > 0, for all polynomials R and R’, for all derivation oper-
ators 0, if |b| and |b| denote the euclidean norm on RF.

(3) The same conditions as in (2) are required for all partial Fourier trans-
forms of F in b and /.

b) The space ES(G/P, x;) is defined similarly (see [Lu]).

Remark. The previous spaces are independent of the choice of the coex-
ponential bases. They also contain real analytic functions which, therefore,
may be extended to functions with complex variables ([LeLul]).
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Let B3 = {C1,...,C;} be a coexponential basis for n in g. We may choose
the elements of B3 in a nilpotent subalgebra 9 of g such that g = Q + n.
Let B4 = {D1,...,Dy} be a Jordan-Hélder basis for n. For a function f

defined on G, we define f on R? x RY as previously. We then define:

Definition 2.7.2. The space £S(G) is the space of all C*°-functions f :
G — C such that

Ifloar=suw (e |R@)00uF(c,d)|) < o0

ceR?,deRY
for every a > 0, for every polynomial R, for all derivation operators 9, if ||
denotes the euclidean norm on R*.

Remarks.

a) The space £S(G) is independent of the choice of the bases. It is dense
in L}(G) ([Lu]). Similarly for £S(G/P,x;) and LP(G/P, x1)-

b) The space £S(G/P x G/P,xi1) is in the image of the map that sends
every f € L'(G) to the kernel function of the operator m;(f) ([LeLul],
[Lu]). Similarly for m, 5(f) instead of m thanks to the following

11
observation: For f € £5(G) C L*(G), we have m, 5(f) = m(A? P - f)
1 1

and m(f) = mpp(AP 2 - f), where 3 — = (53— ;13— 50)-

c) Put 53?,,@,;, = span {mp5(f)€ | £ € H1p 5 f € L1(G) such that mp 5(f)
of finite rank}. Hence £S(G/P, x;) C ﬁ?yp,ﬁ, by b).

As in ([Wa]) we can prove the following theorem, using c):

Theorem 2.7.3. The representation (m,p@,fjl’p,ﬁ) 15 topologically irreduc-
; : _ 0 _ (0 0 : 3
ible and the sub-representation Wl’pp‘f)?,p,z?’ﬁl’p’ﬁ = <7rl7p7ﬁ,,61’p7ﬁ) 18 alge

braically irreducible.

3. Analysis of an arbitrary simple L!(G)-module.

3.1. In this chapter we shall use the methods of Poguntke ([Pol], [Po2])
which have been used and modified in ([LuMo2]) in order to study the topo-
logically irreducible representations. As a matter of fact most of the analysis
of ([LuMo2]) remains true in the situation of simple L'(G)-modules. There-

fore we shall give no proofs in this chapter and just recall the main results
of ([LuMo2]) and ([Po2)).

Proposition 3.2. Let (T,4) be an algebraically irreducible representation
of L'(G). Let’s write kerziary 1" for the kernel of the corresponding repre-

sentation of L'(N). Then there exist T € N and q € n*, pg a polarization
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of q in n and Py = exppg, such that
T = indé\;foxq and kerpizr) T = ker(G ﬂ ker (¥

The kernel kerpi(ny T' is completely determined by the G-orbit G - 7.

3.3. Corresponding unitary representations. The aim of this section
is to introduce the largest subgroup H on which it is possible, in a certain
sense, to work with a unitary representation. Let [ € g* be such that
I|n = q. Using the same decompositions as in (2.1.), we define h = v G n,
H =exph, r =1|y. Then p! =9 @ p° is a Pukanszky polarization of r in b.
Moreover, p! = pNh. Let P! = expp'. Asin (2.5.) we get a decomposition
of H by writing H =V - X N - PL Imitating the definition of m; , 5, we
similarly define representations 75 of H and L'(H) on the representation
space 9, = LP(H/P!, ;). Notice that the corresponding character AF is
the same as for m, 5. For p =2 = (2,...,2) we simply write v = 75 = 72.
For every extension [ of 7 to g, the representation 75 may be extended to a
representation 7; 5 of G in the following way:

(]‘) yJ’Y”; = Sj’Yi)
2) nph) =~5(h), VheH

(2)
(3) (w,p( ) )(w) = ATP()x(OEE ), VE € S,y VUYL €M
(4) np(th) = vipt)np(h), Vt€U,Vh € H.

For p = 2 we simply write v; instead of Y2 It is easy to check that v; 5
is a well-defined representation that is equivalent to m 5. Hence v; may
also be viewed as the restriction of 7, 5 to the subgroup ‘H. One may check
that different extensions r and 7’ of ¢ € n* to b give the same representation
75 (up to equivalence), whereas different extensions ! and I’ of r € h* to g
lead to representations v; 5 and 7y 5 that differ by the unitary character x;_p
on U. One defines of course the spaces ES(H), ES(H/PL, x;), ES(H/P x
H/P', xr) and one has the equivalent of (2.7.3.) for the representations ;.

Take A € ES(H/PL, x,) such that (\,\) = 1 and let py € L'(H) be an
element such that the kernel of the operator v(p,) is the projector Py y, i.e.,
such that

(e = [ A@wEws

Put p = py mod ker~y. Then p is an idempotent element of L'(H)/ker.
We have that

kery = (Ll('H) s ker(G - 7'))

TLl(n)

= kerLl(H) T,
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where kerpi3) T stands for the kernel of the corresponding representation
of LY(H) (obtained by T'|3) and

(Ll(g) * ker ’y>_L1(g) CkerT.

In particular,
T(px) # 0 and 20 = T (py)4h # {0}.

3.4. Some quotient algebras. Thanks to the decomposition g = u @ b
with u C g(I), we put Y = expu and we may identify the sets U and
Gg()/G()NN. As in ([Po2]) and ([LuMo2]) we introduce generalized con-
volution and involution formulas in L', L'(H)/ker). It is then easy to
check that the algebras L*(U, L'(H)/ker~) and L(G)/(L'(G) x kerv) L'
= LY(G)/(LY(G) xkerpipry T) '@ are isomorphic and isometric (see [Po2]
and [LuMo2]). Notice that the latter algebra is completely determined by
the initial representation (7,U).

3.5. A special subalgebra. Take p, as in (3.3.). For any f € LY(G), let’s

define f € LY (U, L'(H)) by f(u)(h) = f(u - h) for almost all u € U and
almost all A € H. It is then easy to check that

(pa * f * pa) (2) = D5 11y F(@) %1130) A

for every f € L'(G) and every x € G, where p} is the function of L'(H)
obtained by the action of x on pjy:

PR(y) = Ag(x)pa(zyz™), Yy e M.
We recall that 7 = T pd = ind%x;, that v = indgl xr and that the extension
~; is equivalent to 7. One has the following formulas:

Y(PX) = Py am@y
Y@ * g% pa) = (V@A ()" N) Py )= an,

for every g € L'(H). By ([LeLu], [Lu]) there exists vy ;(z) € L*(H) such
that y(va(2)) = Py, (z)ax and the map z — vy y(x) from G to L'(H) is
continuous. Hence, for every g € L'(H)/kerv and every x € G, there is a
constant c(x,g) = (y(g)A, yi(x)*A) such that

P * g *px = c(x, g)vx(x) mod ker~.
Moreover

vy (z) = pS * vy (x) * py mod kerr.
Let’s write

p =px mod kery, v(x)=wvy;(x) mod ker~y

in the quotient space L'(H)/kery. Then the space

p" x (L' (H)/ kery) «p = (p5 * L' (H) * px)/ ker



142 J. LUDWIG, S.M. ELHACEN, AND C. MOLITOR-BRAUN

is one dimensional for every fixed z € G and it has v;(z) as a basis.
On the other hand, it is easy to check that

V(P *a) = ((@)A A Py yaan = (@)X, Ay(va(e)),
i.e., that
px *pa = (n(@)A, A)vag(z)  mod kery.
If we apply the representation «y; instead of «, the formulas are more com-
plicated. As kerpiy) 7155 = kerpip) 15 = kery (by (3.3.)),
(@) = 5+ )

- W%,p(fﬂ1)%,p(m)'n,p(:c)%p(m).

In order to compute the exact value of vy, 5(v;(x)), we have to introduce a
more precise decomposition of the Lie algebra g (see (5.)).

Definition of v(z). The previous definition of v;(x) is the one used in
([Po2]) and ([LuMo2]). It depends on the extension [ of ¢ we have chosen.
If l and {" are two different extensions such that | = I'| = r, then ; and
differ only by the unitary character x;_;y on U. Hence, if the corresponding
functions are named vy; and vy y/, then

v () = xi—r(x)vy (z) mod kervy,Va € U.
Let lg € g* be a fixed extension of r. We have

U () = Xi—1o(x)vr () mod kery
and we define v(x) to be vy (z) = vy, (z) mod ker~.
Let’s put w(z) = [[v(®)]l11(3)/ ker~- By ([Po2], [LuMo2]) the function
w is a symmetric weight function on G, which is constant on the classes

modulo H. Notice that w is independent of the choice of the fixed linear
form Iy used to define v. Moreover, w may be considered as a function on
g(1)/g(1) NN =G(lo)/G(lo) NN

Recall that py acts on L}(G) and p = py mod kery acts on L*(G)/(L(G)*
ker v) L' (9) by convolution. Moreover f mod (L(G)xker~)~%'(9) — fmod
ker v is an isometric isomorphism between L1(G)/(LY(G) % ker v)~='(9) and
LYU, L' (H)/kerv). As

(pa * [ xpx) (@) = pX *p13) f(T) *0103) P
for every f € L'(G) and every x € G, we may consider a similar action on
L'(U, L' (H)/ ker) by

(p * f*p)("l") =p” *LY(H)/ ker v ]?(JT) *LY(H)/kery P €p’x (LI(H)/ker’y) *p
=C-v(x)
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for every f € LY(U, L*(H)/ kerv). As a matter of fact,

(p* Fp)(@) = (V(F @)X @) Nxa@)xi (@) - v(z) mod kery
= h(z)-v(x) mod ker~,

if we define the function h : U — C by h(z) = (v(f(2))A, yi(z)* N xi (@) )X1o ().
Of course the same argument is valid for every function f € LY(G) and every
z € G, if we define f(z) € L'(H)/ker~ by f(z)(h) = f(zh)modkery. As
shown in ([LuMo2]), the map A : p* f*p = h-v ~— h is an isometric
isomorphism from p * LY(U, L' (H)/ ker ) * p onto LY (U, w).

Remarks.

a) Notice that the function h given by

h(z) = (y(f (@)X (@) " ) xa(@)xio () = (7 (f (@)X, 7 (2) ")
is independent of the choice of [ such that {|, = r is fixed.

b) For a given f in L*(G)/(L'(G) *ker~) L9 the function h defined by
the previous formulas may be considered as a function on all of G(1).
It is then constant on the classes of G(I) modulo G(I) N N. Hence we
may consider h as a function in L'(G(1)/G(1) NN, w), where G(I) just
depends on I|, = ¢. In particular, h is independent of the choice of
the supplementary space u in g(l).

c) If we take another [y € g* having the same restriction to h and another
v(x) = vy, (x) mod ker+y, then the h functions are all multiplied by
the same unitary character x such that x|y = 1.

d) Let’s take A\, u € ES(H/PL, x,) such that (A\,\) = (u ,,u) = 1. If
P, pp € LY (H) are such that y(py) = Py and v(p,) = Py, then the
algebras

(px mod ker~y) * LY (U, LY (H)/ kerv) * (py mod ker+)
and
(p, mod kerv) * L'(U, L' (H)/ ker ) * (p,, mod ker~)

are x-isomorphic. The resulting weights are equivalent. In fact, take
Sxp € L'(H) and s = s, mod ker~ such that y(sy,) = Py . Then
the map

® : (pamodker )  f % (pymod ker )
— 5% * ((pamod ker ) * fx (pamodker)) *

is the corresponding x-isomorphism. Moreover the different A\, u €
ES(H/PY, xr) together with the corresponding *-isomorphism lead
to the same function h, for given functions f and f The algebra
LY (G(1)/G(I) N N,w) is hence independent of the choice of .
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e) The algebra L'(U,w) = LY (G(1)/G(I) N N,w) is abelian (see [Po2],
[LuMo2]).

3.6. Relation with the simple L'(G)-module. Let’s recall that if (T, )
is a simple L'(G)-module, there is a unique orbit G -7 C N, 7 € N, such
that kerLl( )T = ker(G - 7). Then we construct H C G and v € H as
explained previously. To characterize completely (7, 4) with a given ker T,

it is of course enough to study the algebraically irreducible representations
of

LYG)/ (LNG) s kerpizn T) 2@ = LY(G)/(L'(G) x kery) =@
~ L' (U, L} (H)/ ker ),

as (L'(G) * kerpizy T) 2@ C kerT. By ([Po2], Theorem 1) these are de-
termined by the simple (p * L'(U, L*(H)/kerv) * p)-modules. But B =
p* LYU, L' (H)/kervy) * p ~ L'(R", w) is abelian and its simple mod-
ules coincide with the characters of L!'(R™ w). Hence, if we put A =
LU, LY (H)/kerv) and if (S,4) is a simple A-module, this means that
the subspace U = S(p)U is one-dimensional. So there exists a character
x on LY(R™ w) ~ p* LY(U, L*(H)/ker~) = p such that for every v € U
and f € B we have S(f)v = x(f)v. Hence the maximal modular left ideal
M of A consisting of all f in A for which S(f)v = 0,v € U, is given by
M={feA| x(p*Ax f*p)=0}. The given simple L*(U, L'(H)/ ker v)-
module is then isomorphic to (L, A/M) where L is the left multiplication
on A/M.

On the other hand, for a given (7,4l), let ¢ € n* be as in (3.2.). We
want to show that (T i) is equivalent to 7rlop 5 for some [,p,5 such that
lln = q. But kerpinnT = ker(G - 7) = kerpi mpp for every | € g*
such that [|, = g, for every multi-index p, 7 being given by 7 = ind%foxq.
Hence the algebraically irreducible representations (myp,;,\ 80 5,552'3713) give

rise to the same algebra L'(U, L'(H)/kerv) as (T,44) does (if we make the
same choices for H,U,p,...). To show that (T,4) is equivalent to such a
(7” p.p
correspondlng characters on L'(R",w) coincide for some p. To do this we
first have to study the weight w

50 ﬁlpp> with [|, = ¢ it is therefore enough to show that the

Example 3.7. Let 7y = mp2 € G such that il = v and consider the
simple module (’yl|5§3,5’)9y). Let’s compute the character of L'(R" w) =
p* LY(U, L' (H)/kerv) * p associated to ’Yl|5§g~ Recall that this is done by
considering the action of p x L' (U, L'(H)/ker ) x p on 7(p)$H3 = 7(px)$H3.
Take h-v € px LY (U, L*(H)/ ker v)* p corresponding to h € L'(R",w). Then
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one checks that
- 006 = [ [ s )edsdt = b~ e

Hence the character of L'(R",w) = L'(U,w) corresponding to v, = mp 2 is
Xi—1,- Similarly, we may compute v; 5(h - v):

(- v)((2)€) = /u B i1, <t>WW,,(pA)w,p(tm(pA)gdt,

by (3.5.). In order to conclude, we need to know vz(py). This computation
requires a more precise decomposition of the Lie algebra g and will be done
n (5.6.1.). We shall see that the character corresponding to v, 5 = 1, 5 is

1

i1
Xip=A27F - Xy,

4. Characters of L'(R",w).

4.1. Let’sfixz =exp X € U C G(I) and let’s study the growth of w(exp t.X)
for t € R and X fixed. Take A, py, vy, v as in (3.3.) and (3.5.). Recall that

w(exptX) = [lo(exp tX)|| L1 (7)) ker~

where v(exptX) = vy, (exptX) mod ker~y. Moreover let’s choose for A
the Gaussian function. This is possible because different choices of A give
equivalent weights. Put o(g) = e2 iz [tr A (logg)| o g € G(1), where \;(-) =
ady/p;., (). Using a method developed by Poguntke ([Po2]), one checks
that there are constants C' and C’ (depending on the choice of X but not
on t) such that

wlexptX) < - (14 [t])° - ¢'2 Tl (0| — o 1+t - o(exptX).

Proposition 4.2. Let x be a continuous character on L'(G(1)/G(1) NN, w)
=L'U,w) = LY (R",w). Then

x(exp X)| H 3ltr A (X)] =o(exp X)

forall X eu=g(l)/g(l)Nn

Proof. As x is a continuous character on L'(U,w), |x(exp X)| < w(exp X),
X € U. Let’s write x(expX) = e”X) with p a complex linear form on
U = R™ Then |y(expX)| = eMP(X) VX € Y. Assume that there is
Xo € U such that Rep(Xy) > 0 (otherwise, change Xy to —X() and such
that

m

— Rep(Xo) _ [Rep(Xo) 3 ltr Xi(Xo)|

Ix(exp Xo)| =e e >1]e .
=1
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Hence

m
He OO < |y (exp 1] Xo)|

wexp ] Xo) < C'(1+ [¢))C T ez =X
=1
and
1 < eltl(%en(Xo)l—5 3% ltr Ai(Xo)]) <C'(1+ ]t])c

for all ¢ € R*. As this is impossible, we have that
m
x(exp X)| < [T ez = o (exp X),

i=1
for all X e Y. O

5. Characterization of all the simple modules.
We proceed now as written in (3.6.).

5.1. Identification of $,, = LP(H/PY, xr) and LP(K/PY, x,)QL*(X).

a) We use the decompositions and notations introduced in (2.1.) to (2.5.)
and in (3.3.). Recall in particular that h =v@&ndw =0En®Y S X. Let’s
define t =v@n. Hence h =86 $ X. In order to get an isometry between
Doy = LP(H/PY, xr) and LP(K/PY, x,)®L?(X), let’s define

E(k,w) = E(k-w), Yk € K,Vo € X,VE € $Hy,

and
(Sﬁé‘)(]{% :C) —e Z] 1 P; tI‘ adpj/pj+1(logx)g(k7 x)
e DI i (0.
1 -y m d It
Let’s write 6 P(x) =e “7/7'7 i1t o /p;4 (082) , Vo € X. Then it is easy to

see that the map S; : { — 575 . is an isometry between LP(H/PY, x;) and
LP(K/PY, xr)RL2(X) if the norm on LP(KC/PY, x,)®L?(X) is given by

171 = ([ e, rd:c> |
AR
> dv1> )dvd:p)Q.
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In particular, for £ € f_)«,ﬁ,

(S56) (K - po, ) = 8 P (x)E(k - po - )

S S -
=6 P(x)xr(z~por) (k- ) = Xr(po) (5p€) (K, ),
because * € X C G(q),po € P, P is G(q)-invariant and (r, [logz, logpo]) =
0.

b) Notice that L?(X) may be identified with L?(X). In fact, if z,2’ € X C
G(q), then

x-2' = q(z,2") - exp (logz + logz’)
with q(x,2') € N(q) C PY and x,(q(z,2")) = 1. Hence

E(k-xz-2') =€k q(x,2') - exp (logz + loga')) = £(k, exp (logz + loga”))

and we may identify L?(X) with L?(X) where X = exp X as before. More-
over

S Lrad, . ogx+logx’) ~
(SpE)(ky - af) = ¢ 290 7 " ey /o COBTHOEE) g o (logar + loga))

and we may consider S;¢ as a function on (K/P°) x X. Similarly we shall
consider

ES(X) = ES(X) C L*(X) = L*(X%),

an £S-space with decay conditions as in (2.7.1.).

5.2. Equivalent representations. Let v; be the representation defined
on $ = LP(H/PY, x»). If we define k5 on LP(K/PY, x,)&L?(X) by

(k1) (S56)) (. ) = S5(i(W)€) (hy ) = 8 7 () AP (R)E(h~ k)

Vh € H, then the representations (rz, LP(K/P?, x,)®L*(X)) and (vz,
LP(H/PL, x)) are equivalent. Similarly, we define r; 5 on LP(K/PY,
Xr)©L?(X) by
(r1p(t)(SpE)) (ks ) = Sp(np(H)€) (K, )
- _1 -
=0 P (@) AT OxEE - (¢ ate )

for t € U C G(I) and ry5(h) = kp(h) for h € H. As t™lata™! € G(g) NN C
PY and as x,(t " lztz~1) = 1, we have that

(rp(D(S59)) (k) = 877 (@) A7 (D (HER )

= AP () (S0 ),

i.e., t € G(I) acts only on K. The representations (r; 5,LP (K/PY, x,)QL*(X))
and (v,5, LP(H/P*, xr)) are equivalent by construction.

=



148 J. LUDWIG, S.M. ELHACEN, AND C. MOLITOR-BRAUN

5.3. Kernel of k3(f). The kernel of the operator xz(f), f € ES(H) C
L'(H), is given by the following computations:

(r5(f)(SpE)) (K, 2")
///f ry)k (a}yk)g(kfl(xy)flk/x/)dkdxdy

/ / / F((ay) (R k) - A7 B (R (o))

xy) Yy \dkdzdy

/ / / F((y) ()= 1) A7 (K (ay) ™)

1 g—i(rlog(y)) ,—i(r,[log(y) log(x~"a")])

'%H'—‘

||
'@HH

(2)(S56) (k,z~ 2" )dkdzdy

/ / / (@2 ) () AT (! (@ k)

L, g=i(rlog(y)) ,—i(r,[log(y),log(z)])

-5‘5(x’x—1)( S58) (k, x)dkdxdy

/ / / L@ V) ()@ =97 k)
K/Po Jpo
(k)™ 1A p(y) —i(rlog(po)) . o—i(rlog(y))

. 1 :
e—z<r,uog<y>,log(x>1>5 P (2/27)(Sp¢) (k, ) dpodiedady,

as A =1 on K. Consider p; = dpo(xq,p) and py = 1nd§0(xq,2). Let’s
write f(z,y)(k) = f(x-y-k), k € K. Then the kernel of x5(f) may be
written

(fuz) (K, 2"), (k, )
/f o 7((k/)((w’x‘1)-y)‘ k)
(y) e~ irlog(y)) | o i<r,[10g(y),log(m)]>5_%(x/x—l)d%
where the kernel of p5(g), g € L' (K), is given by
(o) (K1) = [ oWpuk™) - €5 &)

In particular, for g € £S(K), gpﬁ(k’, k) = gp,(K', k) for every multi-index p.
Hence the representations p; and py are given by the same formulas (but
act on different spaces).
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5.4. Behavior of pI‘OJGCtOI‘S For p = (pl, ..., Pm) we define § = (q1, ...
¢m) such that 1 =1- 5, which means that -~ =1 — 1 for each i. Take

a,f € SS('H/Pl,xr) C LP(H/PY, x») ﬂLq(H/Pl,XT) One checks that
(a, B) = (Spar, Sz0). Hence, if y5(f) is the projector P, 3, then kz(f) is
the projector Pgﬁa,gqg. Conversely, every projector rz(f) = Py g, with

o, 3 € ES(K/PY, xr)RES(X), comes from a projector v5(f) = Pa 3 where

a(vzvy ... vy) = (57%(1’*1)@’(1} (zvrz7Y) . (2veTh), o). Similarly for
and .

5.5. Choice of a particular py.Let p be an arbitrary function in
ES(K/PY, x,) such that (u,u) = 1. For every s € G there is a function
g(s) € ES(K) such that the kernel of pz(g(s)) is given by g(s),, (k' k) =

w((K")*) (k). Moreover, as A|po = 1, the kernels g(s)p]3 and g(s),, coincide.

Let’s choose a real-valued analytic function v € £S(X) = £S(X) C L*(X)
such that (v,v) = 1. Put

a(z) = 3 Tima “ /0541 (080) () = 52 ()0 ()
and define A € ES(H /P, x,) by the formulas

Avzvy .. vp) =

One checks that
A A) = {u, ) {v,v) = 1= (SpA, 53A) = (S22, So ),
where the last equalities are due to (5.4.). Moreover, for k = vvy ... v, € K,
(SzA) (K, ) = p(k)v(z),
(SpA) () = 251 T2 20/ 008, ) = 5

In order to construct the function py € L!(H) that will give us the projectors
associated to A, let’s put

a(z,y) = /X oz(:ztu)oz(u)em’[logy’log“]> . gifrlogy) . A%(y)du, Vee X,Vye),

and define py € ES(H) C L' (H) by px(zyk) = pr(z,y)(k) = a(z,y)g(xy) (k).

Proposition 5.5.1. For every p € [1,00]™, the operator vz(py) is a rank
one operator. This is in particular true for the operator v(px) = Y5(pa).
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Proof. Using the previous computations and the observation (5.1.b) we get

A2 ) (K k)

= a(a'z™", y)u(k ) (k)
— w4 [ ot wa(w)
X
ei(rllogylogul) i(rlogy) A 3 (4))5~1 (u)du,

_ —> M trady ., (1
where 6 (u) = e 2= tradp; v (08 fopce

)

// 2z lu)a(u)

(P ) (K, 2

( [logy,logu] —i(r [logylogx]) % %(y)5_1(u)5_%(x'x_1)du,
1_1 1_1
( ,[logy, logu] —i(r [logylogx])AQ f)(y)(;Z ﬁ(m’x_l)du.

In particular, for p = 2 and x = k3, we have

(P2)e((K '), (k,2)) // V(o' ) ()

< J|logy,logul) —z(r [logy, logac]>dudy

= u(k ) p(k)v (@) (x)
= (SgA) (K, &) (Sz) (k, ),
as v is in fact a real-valued function. Hence k(p)) is a projector, i.e.,
K(pA) = Psa,s,0 and y(py) = Py

In order to characterize the kernel of k5(py), let’s recall that

m 1 r o
AtiDy) = S (1 vt
where 37, (% - %) trA;(+) is a linear form on %) and may hence be iden-
tified with an element of X, because of the duality between X and ) (see
(2.2.)). Let’s write % — 1 for this element of X, i.e.,

/1

<r, B _ 1,logy]> = ( - ;) trA;(logy), Vy €V,

2 o\P
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by definition. The function v has been chosen analytic in £S(X) = £S(X).
Hence it admits an extension to a complex-valued analytic function on X¢
which we shall also denote by v. We compute

(P )y (K, 2), (K, 7))

= (k) (k)87 7 (' // 'z~ 1) - w)v(u)

oi(r:[logy,logu]) ,—i(r[logy,logz—i( 3 — 2)]>dudy

()03 (') (logx —z<;—;>>
@kaw (togo =i (5 -3)).

if we 1dent1fy v with a function on the complex vector space X¢ and if

111
p

Let’s define new functions v; € £S(X) = £S(X), ¢1,( € LP(K/PY,
Xr)®L?(X) and A5, Ao € ES(H) € L' (H) by

'UW—‘

= u(k)p(k)o~

’UHH

-0

=

£S

vp(z) = 5%(1')1/ (logm —1 (; - ;)) , YreX,
(Spp)(k, ) = 677 (@) (k) vp() = Ca (I, )
(S N (ky @) = 6~ %<x>u<k>m = Go(k, @),

)

i.e., )\ﬁ (

o
<<
|

an (2). Hence

.
q
(P ) (K, ) (k,2)) = (SpAp) (K, &) (SgAp) (K, @),

i.e., kp(pa) is the projector PSE/\@S&/\L' So v5(pa) is also a projector, more
P
precisely 5(px) = PAﬁ ».. Both projectors are idempotent because
P

(Mg, A5) = (SpAp, SgAp)

= [ [ 5 @) @Rtk
=) [ 67 @ (o)

2
ey D)o

=1, (,u) =1 and

< (10gw—2<;—;>>>2dx:/x(y(x))2da::(V,V>:1

_l’_

[l
Q=

><\
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by Cauchy’s theorem. O

5.5.2. The following computation will be important in the characterization
of the character associated to v, 5 = m p 5

(Mpt) A, )
= (r1(t)(SpAp), S7Ap)

:A—%(t)Xl(t) / / (Sﬁ)\ﬁ)(kt_l,a:)(Sa)\%)(k,a:)dk:da;
= AP ()t / / 5 @) (kg (a) u(k)vy(x)dkds
(t)xi

In particular, for p =2 = (2, e ,2), Az = A5 = A (as v is real-valued) and

(M50 A5, A5)
MBAN)

5.6. Character of L'(R™,w) corresponding to Y5

‘EH'—‘

=A"

Sil=

— ATTE(D).
5.6.1. Using the computations of (3.5.) and (3.7.) we get
1
5 t) = — Py_ t)Py_y
Y50 (1)) <,yl(t)>\’)\>7l,p( ) P 15 (8) P
_1
p

)5t )5(pr)

and

m\»—t
"eHH

(vp(h - v)(p(PA)E) = (/u h(t)xi—1, (£)A2 75 (¢ )dt> (v5(pA)E).
Hence x; 5() —ATTF (t)x1—1, (t) is the character of LY (U,w)=LY(G(1)/G()N
N ,w) associated to the representation ;5.

Remark. If | and I’ are two different extensions of r € bh* to g, then
xrpt) = xv—i(t) - xip(t), YVt € U C G(I). Hence, if | and I’ are in the
same G-orbit, then xy 5(t) = x15(t), VteU C G(1).

Corollary 5.6.2. The weight w satisfies the inequality

z;?;(; n )tr)\ (logz)

AP ()= <w(z), Ve

for all p. Hence
[t]

ez 2= A (X)) < w(exptX)

<O+ [f)% T TN v e R VX € (1),
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1 1
27 5)(t) =1and w > 1. For ¢t € U, for every
)

multi-index p € [1,00] , AG~ (t) = xip(t)| < w(t) as x; 5 is a continuous
character on L'(R", w) = LY(G(1)/G(I) N N,w) (see proof of (4.2.)). See
(4.1.) for the last assertion. O

5.7. Characterization of an arbitrary simple L!(G)-module.

Proposition 5.7.1. Let S and Sy be the following subsets of (R™)* = u* =

(a())/g() N )™
Slz{z<;—;)tr/\() \ 1§p¢§oo}

=1

— {iC’ZtrAZ() ‘C‘ < ,C; € R}
=1

|
Sy = {peu* | [p(X)] < Z§’tr)‘i(X)|’ VX Eu:R"}.
=1

Then S1 = Ss.

Proof. Notice first that the linear form v(-) = Y1, (3 — )tr)\ (+) of g(l) is

constant on the classes modulo g(l) N n and may hence be considered as a
linear form on g(7)/g(l) N n. The sets S; and Ss are closed convex subsets
of (R™)* such that S; C Sy. Assume there exists p € S3\S;. By the Hahn-
Banach theorem there is Xy € R” = u and o € R such that s1(Xp) < a <
p(Xo), Vs1 € Si. Let’s then choose s; € Sy by s1(X) = >, %atr)\i(X),
VX € u, where g; = 1 if trA\;(Xo) > 0 and ¢; = —1 if tr\;(Xo) < 0. Hence

m

3 SIA(Xo)| = 51(X0) < p(Xo),
=1

which contradicts the fact that p € Ss. O

Corollary 5.7.2. Let x be a continuous character on L*(R™,w) = LY(U,w).
Then there is a multi-index p = (p1,...,pm) and ' € g* with 'l = 1|y such
that

i) yx eu

m (11
xexp X)| = 2 (573)
and such that

x(expX) = xy_i,(exp X) - e TI( )tr/\ (X) _ =xrplexpX), VX eu,

i.e., every continuous character on L*(G(1)/G(1) NN ,w) is of the form
x(exp X) = xpr—i, (exp X)e’™),
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where I — 1y € b+ and v € (g(1)/g(l) Nn)* such that

m

(0] < 5 D ey (X))

Jj=1

Proof. We may write x(exp X) = e~ 1(X) . er2(X) with py,ps € (R?)* =
u* = (g()/g(l) Nn)*. By (4.2.) and (5.6.1.) p2 € So = S and hence there
is a multi-index p = (p1,...,Pm), pi € [1,00] for all i, such that

m (11 Y.
Ix(exp X)| = 200 = S (573" gy ¢y = (g(1)/a() )

We may then choose I’ € g* such that |y = |, and such that ' — Iy = py
on u. g

Theorem 5.7.3.

a) Let (T,4) be a simple L'(G)-module. Then there exists | € g*, a
polarization p for | in g and a multi-index p € [1,00|™, such that

0 —_
Lpp)-

b) Letp, g € [1,00|™ be two multi-indices. Then (W?p 5,539” , E) o~ (W?p 5

0 . .
ﬁﬂl’m;) if and only if

(T, 40) is equivalent to the simple module <7Tlop 59

m m

(3-2) o0 £ - eno-ne

i=1 i=1
on u and hence on g(l), i.e., if the corresponding linear forms v €
(g(l)/g(l) "n)* are the same.
Proof. By (3.6.) and (5.7.2.). O

5.7.4. Remarks.

a) One can show that up to equivalence the representations ﬂgp’ﬁ are
independent of the choice of the polarization p.

b) Let’s write G for the space of the equivalence classes of simple L!(G)-
modules. Let’s write g* for the collection of all pairs (I, v) with I € g*,
v € (g(l)/g(l) N n)* such that |v(X)| < %Z;n:1 [trA; (X)], VX € g(l).
The group G acts on g* by conjugation. Let g* /G be the set of all
equivalence classes for this action.

We then get our final theorem:

Theorem 5.7.5. There is a bijection between &/g and GV
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6. Final remarks.

As it was already pointed out in the introduction, the algebraically simple
L(G)-modules for a solvable exponential Lie group are essentially obtained
in the same way as in the case of the nilpotent groups, except that one has to
generalize the induced representations. This is no longer true for topologi-
cally irreducible representations, as it was shown in ([LuMo2]). Two major
differences exist. Usually there are a lot of extensions of a topologically ir-
reducible representation of the subalgebra p* L'(G/H, L'(H)/ker v) *p to a
topologically irreducible representation of the algebra IL!'(G/H,L' (H) /ker v),
whereas this extension is unique in the algebraic case. These different exten-
sions are characterized by different extension norms. But the main difference
arises from the irreducible representations of L'(R",w). These representa-
tions coincide with the characters in the algebraic case. In the topological
case there are a lot of irreducible inifinite dimensional representations of
L'(R™,w) if the weight w is exponential, which happens if and only if the
group G is nonsymmetric. The corresponding representations of L!(G) are
fundamentally different from induced representations. The construction of
such representations is linked to the invariant subspace problem, as it was
shown in ([LuMoz2]).

References

[BerCo] P. Bernat, N. Conze, M. Duflo, M. Lévy-Nahas, M. Rais, P. Renouard and
M. Vergne, Représentations des groupes de Lie résolubles, Dunod, Paris, 1972,
MR 56 #3183, Zbl 0248.22012.

[BoDu] F.F. Bonsall and J. Duncan, Complete Normed Algebras, Springer, 1973,
MR 54 #11013, Zbl 0271.46039.

[Di] J. Dixmier, Opérateurs de rang fini dans les représentations unitaires,
Inst. Hautes Etudes Sci. Publi. Math., 6 (1960), 305-317, MR 25 #1409,
Zbl 0100.32303.

[Ki] A.A. Kirillov, Unitary representations of nilpotent Lie groups, Uspekhi Mat.
Nauk., 17 (1962), 53-104, MR 25 #5396, Zbl 0106.25001.
[Le] H. Leptin, Ideal Theory in Group Algebras of Locally Compact Groups, Invent.

Math., 31 (1976), 259-278, MR 53 #3189, Zbl 0328.22012.

[LeLu] H. Leptin and J. Ludwig, Unitary Representation Theory of Ezponential Lie
Groups, De Gruyter Expositions in Mathematics, 18, De Gruyter, Berlin, New
York, 1994, MR 96e:22001, Zbl 0833.22012.

[Lu] J. Ludwig, Irreducible representations of erponential solvable Lie groups and
operators with smooth kernels, J. Reine Angew. Math., 339 (1983), 1-26,
MR 84g:22025, Zbl 0492.22007.

[LuMol] J. Ludwig and C. Molitor-Braun, Ezponential actions, orbits and their kernels,
Bull. Austral. Math. Soc., 57 (1998), 497-513, MR 99£:22010, Zbl 0938.43002.

, Représentations irréductibles bornées des groupes de Lie exponentiels,
Canad. J. Math., 53(5) (2001), 944-978, MR, 2002h:22015, Zbl 0990.43004.

[LuMo2]




156
[Mi]

[MiMo]

[Pol]

[Po2]

[Pu]

[Wal

J. LUDWIG, S.M. ELHACEN, AND C. MOLITOR-BRAUN

A.S. Mint Elhacen, Sur les représentations algébriquement irréductibles des
groupes de Lie exponentiels et nilpotents, These, Metz, 1999.

A.S. Mint Elhacen and C. Molitor-Braun, Etude de lalgébre LL(G) avec G
groupe de Lie nilpotent et w poids polynomial, Travaux mathématiques, Publica-
tions du Centre Universitaire de Luxembourg, X (1998), 77-94, MR 99m:43001,
Zbl 0932.22005.

D. Poguntke, Operators of finite rank in unitary representations of exponential
Lie groups, Math. Ann., 259 (1982), 371-383, MR 83i:22018, Zbl 0471.22005.

, Algebraically irreducible representations of L'-algebras of exponen-
tial Lie groups, Duke Math. J., 50(4) (1983), 1077-1106, MR 85e:22014,
Zbl 0555.43005.

L. Pukanszky, On the unitary representations of exponential groups, J. Funct.
Anal., 2 (1968), 73-113, MR 37 #4205, Zbl 0172.18502.

G. Warner, Harmonic Analysis on Semi-Simple Lie Groups I, Springer, Berlin,
Heidelberg, New York, 1972, MR 58 #16979, Zbl 0265.22020.

Received November 1, 2000 and revised October 8, 2002. This work was supported by the
research project MEN/CUL/98/007.

DEPARTEMENT DE MATHEMATIQUES
UNIVERSITE DE METZ

ILE DU SAULCY

F-57045 METZ CEDEX 1

FRANCE

FE-mail address: ludwig@poncelet.sciences.univ-metz.fr

SEMINAIRE DE MATHEMATIQUE
CENTRE UNIVERSITAIRE DE LUXEMBOURG
162A, AVENUE DE LA FATENCERIE

L-1511

LUXEMBOURG
FE-mail address: molitor@cu.lu



