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Our aim in this paper is to deal with growth properties
at infinity for modified Poisson integrals (of fractional power)
in the half space of Rn. We also discuss weighted boundary
limits for the modified Poisson integrals.

1. Introduction and statement of results.

Let Rn (n = 2) denote the n-dimensional Euclidean space with points x =
(x1, . . . , xn−1, xn). Let D = {x = (x1, . . . , xn−1, xn) ∈ Rn;xn > 0} , whose
boundary is usually identified with Rn−1.

For λ > 0 and x ∈ Rn, consider the kernel function

Kλ(x) = |x|−λ.

The Poisson integral is defined by

P [f ](x) = αnxn

∫
Rn−1

Kn(x− y)f(y)dy,(1.1)

where f is a locally integrable function on Rn−1 and αn = 2/(nσn) with
σn = πn/2/Γ(1 + n/2) being the volume of the unit n-ball. The Poisson
integrals are used to solve the Dirichlet problem in the half space D. Further,
Sjögren ([15] and [16]), Rönning [11] and Brundin [3] treated fractional
Poisson integrals with respect to the fractional power of the Poisson kernel

Pθ[f ](x) =
∫
Rn−1

{αnxnKn(x− y)}θf(y)dy;(1.2)

if n = 2, then it defines a solution of the hyperbolic Laplacian

x2
2∆u = θ(θ − 1)u.

The Poisson integral P [f ] will be harmonic in D if∫
Rn−1

|f(y)|(1 + |y|)−ndy < ∞(1.3)
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(see [2] and [5]). In this paper, we consider functions f satisfying∫
Rn−1

|f(y)|p(1 + |y|)−γdy < ∞(1.4)

for 1 5 p < ∞ and a real number γ. To obtain the Dirichlet solution for
the boundary data f , as in [13, 14] and [19], we use the following modified
kernel function defined by

Kλ,m(x, y)

=

{
Kλ(x− y) when |y| < 1,

Kλ(x− y)−
∑

|j|5m−1
xj

j!

[
(∂/∂x)jKλ(x− y)

∣∣∣
x=0

]
when |y| = 1

for a nonnegative integer m and a point x = (x1, . . . , xn), where j =
(j1, . . . , jn) is a multiindex with length |j| = j1 + · · · + jn, j! = j1! · · · jn!,
xj = xj1

1 · · ·xjn
n and (∂/∂x)j = (∂/∂x1)j1 · · · (∂/∂xn)jn . In the papers men-

tioned above, it is expressed by use of Gegenbauer polynomials ([18]). Write

Kλ,mf(x) =
∫
Rn−1

Kλ,m(x, y)f(y)dy

and
Uλ,mf(x) = αnxnKλ,mf(x).

Here note that Un,0f is nothing but the Poisson integral P [f ].
Recently Siegel-Talvila ([14, Theorem 2.1 and Corollary 2.1]) proved the

following:

Theorem A. Let f be a continuous function on Rn−1 satisfying (1.4) with
p = 1 and γ = n + m. Then the function Un,mf(x) satisfies

Un,mf ∈ C2(D) ∩ C0(D),
∆Un,mf = 0 in D,
Un,mf = f on ∂D,

Un,mf(x) = o(x1−n
n |x|n+m) as |x| → ∞, x ∈ D.

Our first aim in this paper is to establish the following theorem (cf. [14,
Theorem 2.1], [13, Theorem 5.1]):

Theorem 1. Let 1 5 p < ∞, λ > 0, γ > −(n− 1)(p− 1) and

n− λ− 1− (n− γ − 1)/p < m 5 n− λ− (n− γ − 1)/p in case p > 1,
−λ + γ 5 m < −λ + γ + 1 in case p = 1.

If f is a measurable function on Rn−1 satisfying (1.4), then

lim
|x|→∞,x∈D

xλ
n|x|1−n+(n−γ−1)/pKλ,mf(x) = 0
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when m < n− λ− (n− γ − 1)/p, and

lim
|x|→∞,x∈D

xλ
n|x|1−n+(n−γ−1)/p(log |x|)−1/p′Kλ,mf(x) = 0

when m = n− λ− (n− γ − 1)/p, p > 1 and p′ = p/(p− 1).

Remark 1. Siegel-Talvila [14, Theorem 2.1] treated the case p = 1 and
m = −λ + γ (see also [13, Theorem 5.1]).

Corollary 1. Let p > 1, γ > −(n− 1)(p− 1) and

−1− (n− γ − 1)/p < m 5 −(n− γ − 1)/p.

If f is a measurable function on Rn−1 satisfying (1.4), then

lim
|x|→∞,x∈D

xn−1
n |x|1−n+(n−γ−1)/pUn,mf(x) = 0

when m < −(n− γ − 1)/p,

lim
|x|→∞,x∈D

xn−1
n |x|1−n+(n−γ−1)/p(log |x|)−1/p′Un,mf(x) = 0

when m = −(n− γ − 1)/p.

Next we are concerned with minimally fine limits at infinity for Uλ,mf , as
an extension of Lelong-Ferrand [7]. For related results, we refer the reader
to the papers by Aikawa [1], Essén-Jackson [4], Miyamoto-Yoshida [8] and
the first author [9]. For this purpose, consider the kernel function

kβ,λ(x, y) = x1−β
n |x− y|−λ.

To evaluate the size of exceptional sets, for a set E ⊂ D and an open set
G ⊂ Rn−1, we consider the capacity

Ckβ,λ,p(E;G) = inf
∫
Rn−1

g(y)p dy,

where the infimum is taken over all nonnegative measurable functions g such
that g = 0 outside G and∫

Rn−1

kβ,λ(x, y)g(y)dy = 1 for all x ∈ E.

We say that E ⊂ D is (minimally) (kβ,λ, p)-thin at infinity if
∞∑
i=1

2−i{(β+λ−n)p+n−1}Ckβ,λ,p(Ei;Di) < ∞,(1.5)

where Ei = {x ∈ E : 2i 5 |x| < 2i+1} and Di = {x ∈ Rn−1 : 2i−1 < |x| <
2i+2}.
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Theorem 2 (cf. Aikawa [1] and the first author [9]). Let p, λ and γ be as
in Theorem 1. If f is a measurable function on Rn−1 satisfying (1.4) and
β 5 1, then there exists a set E ⊂ D such that E is (kβ,λ, p)-thin at infinity
and

lim
|x|→∞,x∈D−E

x−β
n |x|β+λ−n+(n−γ−1)/pUλ,mf(x) = 0.

It is well-known that the Poisson integral Un,0f = P [f ] has nontangential
boundary limits f at almost all boundary points. Our final goal is to show
that Uλ,mf has weighted boundary limits. For this purpose, we discuss the
existence of boundary limits for

Pλf(x) =
Kλf(x)

KλχG(x)
,

where λ = n− 1, G is a bounded open set in Rn−1, 1 5 p < ∞, f ∈ Lp(G),
χG denotes the characteristic function of G and

Kλf(x) =
∫

G
Kλ(x− y)f(y)dy.

For a nonnegative function h on the interval R+ = [0,∞), let

Ah(ξ) = {x ∈ D : |x− ξ| < h(xn)}.

Theorem 3. Let 1 5 p < ∞ and f ∈ Lp(G). For a.e. ξ ∈ G, Pλf(x) →
f(ξ) as x → ξ along Ah(ξ), where

h(t) = C

{
t (λ > n− 1),
t
(
log 1

t

)p/(n−1) (λ = n− 1)

for fixed C > 0.

In the unit disc, this result was proved for λ = 1 by Sjögren [15] and [16],
Rönning [11] and Brundin [3].

2. Proof of Theorem 1.

Throughout this paper, let M denote various constants independent of the
variables in question.

First we note the following properties for the kernel functions Kλ,m(x, y):

Lemma 1. For t > 0, set

f(t) = f(t, x, y) = txn|tx− y|−λ

and

g(t) = g(t, x, y) = |tx− y|−λ.
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Then f (`)(0) = `xng(`−1)(0) for ` = 1, 2, . . . ,m, and

f(1)−
(

f(0) + f ′(0) +
1
2!

f ′′(0) + · · ·+ 1
m!

f (m)(0)
)

= xn

{
g(1)−

(
g(0) + g′(0) +

1
2!

g′′(0) + · · ·+ 1
(m− 1)!

g(m−1)(0)
)}

= xnKλ,m(x, y)

when |y| = 1.

Corollary 2. Un,m(x, y) = αnxnKn,m(x, y) is harmonic in D for each fixed
y ∈ Rn−1.

In our discussions, the following estimates for the kernel functions Kλ,m

are fundamental (see [6, Lemma 4.2] and [12, Section 3]):

Lemma 2. Let m be a nonnegative integer and λ > 0.
(1) If 1 5 |y| 5 |x|/2, then |Kλ,m(x, y)| 5 M |x|m−1|y|−λ−m+1.
(2) If |x|/2 5 |y| 5 2|x|, then |Kλ,m(x, y)| 5 M |x− y|−λ 5 Mx−λ

n .
(3) If |y| = 2|x| and |y| = 1, then |Kλ,m(x, y)| 5 M |x|m|y|−λ−m.

Proof of Theorem 1. We prove only the case p > 1; the proof of the case
p = 1 is similar. For fixed x ∈ D, |x| > 2, we write

Kλ,mf(x) =
∫

G1

Kλ,m(x, y)f(y) dy +
∫

G2

Kλ,m(x, y)f(y) dy

+
∫

G3

Kλ,m(x, y)f(y) dy +
∫

B(0,1)
Kλ,m(x, y)f(y) dy

= U1(x) + U2(x) + U3(x) + U4(x),

where B(x, r) denotes the open ball centered at x with radius r > 0, and

G1 = {y ∈ Rn−1 : |y| = 2|x|},
G2 = {y ∈ Rn−1 : 1 5 |y| < |x|/2},
G3 = {y ∈ Rn−1 : |x|/2 5 |y| < 2|x|}.

First note that

|U4(x)| 5 (|x|/2)−λ

∫
B(0,1)

|f(y)|dy,

so that

lim
|x|→∞,x∈D

|x|λ−n+1+(n−γ−1)/pU4(x) = 0(2.1)

since γ > −(n− 1)(p− 1).
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Lemma 3. If m > n− λ− 1− (n− γ − 1)/p, then

|U1(x)| 5 M |x|−λ+n−1−(n−γ−1)/p

(∫
G1

|f(y)|p|y|−γdy

)1/p

.

Proof. If m > n−λ− 1− (n− γ− 1)/p, then (−λ−m + γ/p)p′ + n− 1 < 0,
so that we obtain by Lemma 2 (3) and Hölder’s inequality

|U1(x)| 5 M |x|m
∫

G1

|y|−λ−m|f(y)| dy

5 M |x|m
(∫

G1

|y|(−λ−m+γ/p)p′dy

)1/p′ (∫
G1

|f(y)|p|y|−γdy

)1/p

5 M |x|−λ+n−1−(n−γ−1)/p

(∫
G1

|f(y)|p|y|−γdy

)1/p

,

where 1/p + 1/p′ = 1. This proves the lemma.

By Lemma 3, we have

lim
|x|→∞,x∈D

|x|λ−n+1+(n−γ−1)/p U1(x) = 0.(2.2)

Lemma 4. If m < n− λ− (n− γ − 1)/p, then

|U2(x)| 5 M |x|−λ+n−1−(n−γ−1)/p

(∫
G2

|f(y)|p|y|−γdy

)1/p

;

if m = n− λ− (n− γ − 1)/p, then

|U2(x)| 5 M |x|−λ+n−1−(n−γ−1)/p(log |x|)1/p′
(∫

G2

|f(y)|p|y|−γdy

)1/p

.

Proof. If m < n−λ− (n− γ− 1)/p, then (−λ−m + 1 + γ/p)p′ + n− 1 > 0,
so that we obtain by Lemma 2 (1) and Hölder’s inequality

|U2(x)| 5 M |x|m−1

∫
G2

|y|−λ−m+1|f(y)| dy

5 M |x|m−1

(∫
G2

|y|(−λ−m+1+γ/p)p′dy

)1/p′ (∫
G2

|f(y)|p|y|−γdy

)1/p

5 M |x|−λ+n−1−(n−γ−1)/p

(∫
G2

|f(y)|p|y|−γdy

)1/p

,

as required.
The remaining case can be proved similarly.
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For r > 1, we have

U2(x) =
∫

G2

Kλ,m(x, y)f(y) dy

=
∫

G2∩B(0,r)
Kλ,m(x, y)f(y) dy +

∫
G2−B(0,r)

Kλ,m(x, y)f(y) dy

= U21(x) + U22(x).

If |x| > 2r and m < n− λ− (n− γ − 1)/p, then

|U21(x)| 5 M |x|m−1

∫
B(0,r)−B(0,1)

|y|−λ−m+1|f(y)|dy,

so that
lim

|x|→∞,x∈D
|x|λ−n+1+(n−γ−1)/pU21(x) = 0.

Moreover, we have by Lemma 4

|U22(x)| 5 M |x|−λ+n−1−(n−γ−1)/p

(∫
Rn−1−B(0,r)

|f(y)|p|y|−γdy

)1/p

.

Hence, in case m < n− λ− (n− γ − 1)/p, we find

lim sup
|x|→∞,x∈D

|x|λ−n+1+(n−γ−1)/p|U2(x)|

5 M

(∫
Rn−1−B(0,r)

|f(y)|p|y|−γdy

)1/p

,

which implies by arbitrariness of r that

lim
|x|→∞,x∈D

|x|λ−n+1+(n−γ−1)/pU2(x) = 0.(2.3)

Similarly, in case m = n− λ− (n− γ − 1)/p, we find

lim
|x|→∞,x∈D

|x|λ−n+1+(n−γ−1)/p(log |x|)−1/p′U2(x) = 0.(2.4)

Finally, by Lemma 2 (2) and Hölder’s inequality, we obtain

|U3(x)| 5 Mx−λ
n

∫
G3

|f(y)|dy

5 Mx−λ
n |x|n−1−(n−γ−1)/p

(∫
G3

|f(y)|p|y|−γdy

)1/p

.

Hence we have

lim
|x|→∞,x∈D

xλ
n|x|−n+1+(n−γ−1)/pU3(x) = 0.(2.5)

Thus, collecting (2.1)-(2.5), we complete the Proof of Theorem 1. �
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Corollary 3 (cf. [14, Corollary 2.1]). Let f be a continuous function on
Rn−1 satisfying (1.4) with γ > −(n− 1)(p− 1). Let

−1− (n− γ − 1)/p < m < −(n− γ − 1)/p.

Then the function Un,mf(x) satisfies

(i) Un,mf ∈ C2(D) ∩ C0(D),
(ii) ∆Un,mf = 0 in D,
(iii) Un,mf = f on ∂D,
(iv) Un,mf(x) = o(x1−n

n |x|n−1−(n−γ−1)/p) as |x| → ∞, x ∈ D.

Proof. We show only (iii). For r > 2 and x ∈ B(0, r) ∩D, we write

Un,mf(x) = αnxn

∫
Rn−1∩B(0,2r)

Kn,m(x, y)f(y)dy

+ αnxn

∫
Rn−1−B(0,2r)

Kn,m(x, y)f(y)dy = u1(x) + u2(x).

In view of Lemma 2 (3), we find

lim
x→ξ,x∈D

u2(x) = 0

for every ξ ∈ Rn−1 ∩B(0, r). Further,

lim
x→ξ,x∈D

u1(x) = lim
x→ξ,x∈D

αnxn

∫
Rn−1∩B(0,2r)

Kn(x− y)f(y)dy = f(ξ)

for every ξ ∈ Rn−1 ∩B(0, r) (see [17]), so that (iii) follows. �

3. Proof of Theorem 2.

As in the Proof of Theorem 1 we write

Uλ,mf(x) = αnxn{U1(x) + U2(x) + U3(x) + U4(x)}.

By (2.1) we see that

lim
|x|→∞,x∈D

x1−β
n |x|β+λ−n+(n−γ−1)/pU4(x) = 0

since 1− β = 0. Moreover, by (2.2) and (2.3) we have

lim
|x|→∞,x∈D

x1−β
n |x|β+λ−n+(n−γ−1)/p{U1(x) + U2(x)} = 0.

Note that by Lemma 2 (2)

xn|U3(x)| 5 Mxn

∫
G3

|x− y|−λ|f(y)| dy

= Mxβ
n

∫
G3

kβ,λ(x, y)|f(y)| dy.
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In view of (1.4), we can find a sequence {ai} of positive numbers such that
limi→∞ ai = ∞ and

∞∑
i=1

ai

∫
Di

|f(y)|p|y|−γdy < ∞;

recall Di = {y ∈ Rn−1 : 2i−1 < |y| < 2i+2}. Consider the sets

Ei =
{

x ∈ D : 2i 5 |x| < 2i+1, x1−β
n |U3(x)| = a

−1/p
i 2−i{β+λ−n+(n−γ−1)/p}

}
for i = 1, 2, . . . . If x ∈ Ei, then

a
−1/p
i 5 2i{β+λ−n+(n−γ−1)/p}x1−β

n |U3(x)|

5 M2i{β+λ−n+(n−γ−1)/p}
∫

Di

kβ,λ(x, y)|f(y)|dy,

so that it follows from the definition of Ckβ,λ,p that

Ckβ,λ,p(Ei;Di) 5 Mai2i{β+λ−n+(n−γ−1)/p}p
∫

Di

|f(y)|pdy

5 Mai2i{(β+λ−n)p+n−1}
∫

Di

|f(y)|p|y|−γdy.

Define E =
⋃∞

i=1 Ei. Then E ∩B(0, 2i+1)−B(0, 2i) = Ei and
∞∑
i=1

2−i{(β+λ−n)p+n−1}Ckβ,λ,p(Ei;Di) < ∞.

Clearly,
lim

|x|→∞,x∈D−E
x1−β

n |x|β+λ−n+(n−γ−1)/pU3(x) = 0.

Thus the proof of Theorem 2 is completed. �

Remark 2. Suppose λ > 1−β+(n−1)/p′. Then we can find a measurable
function f on Rn−1 satisfying (1.4) such that

lim sup
|x|→∞,x∈D

x−β
n |x|β+λ−n+(n−γ−1)/pUλ,mf(x) = ∞.(3.1)

To show this, take a positive number δ such that n−λ−β < δ < (n−1)/p.
Letting ej = (2j , 0, . . . , 0) and rj = 2j−1, we consider

f(y) =
∞∑

j=1

2−j(n−γ−1)/p|ej − y|−δχB(ej ,rj)∩Rn−1(y),

where χE denotes the characteristic function of E. Then∫
Rn−1

f(y)p(1 + |y|)−γdy 5 M
∑

j

2−j(n−1)r−δp+n−1
j < ∞.(3.2)
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Moreover, if x ∈ B(ej , rj) ∩D, then

x−β
n |x|β+λ−n+(n−γ−1)/pUλ,mf(x) = Mxn−λ−β−δ

n 2j(β+λ−n),

so that

lim
x→ej ,x∈D

x−β
n |x|β+λ−n+(n−γ−1)/pUλ,mf(x) = ∞.

This proves (3.1). Thus f has all the required conditions.

4. Proof of Theorem 3.

Recall that λ = n − 1, G is a bounded open set in Rn−1, 1 5 p < ∞,
f ∈ Lp(G) and χG denotes the characteristic function of G.

For a proof of Theorem 3, we need some lemmas.

Lemma 5. Consider the function

H(t) = C

{
tn−1−λ (λ > n− 1),
log 1

t (λ = n− 1),

where C = KλχRn−1(e) with e = (0, . . . , 0, 1) when n − 1 < λ and C =
(n− 1)σn−1 when λ = n− 1. Then

KλχG(x) = H(xn) + O(1) as x ∈ D tends to ξ ∈ G.

Proof. We give a proof only when λ > n−1, because the case λ = n−1 can
be treated similarly. In this case, let x = (x′, xn) ∈ D, ξ ∈ G and note that

KλχG(x) =
∫
Rn−1

(x2
n + |x′ − y|2)−λ/2dy + O(1) (as x → ξ)

= x−λ+n−1
n

∫
Rn−1

(1 + |z|2)−λ/2dz + O(1),

which proves the required case. �

For fixed ξ ∈ G and g ∈ Lp(G), write

Kλg(x) =
∫

G
Kλ(x− y)g(y) dy

=
∫
{y∈G:|ξ−y|≤2r}

Kλ(x− y)g(y) dy

+
∫
{y∈G:|ξ−y|>2r}

Kλ(x− y)g(y) dy

= I1(x) + I2(x),

where x ∈ D and r = |x− ξ|.



MODIFIED POISSON INTEGRALS 343

Lemma 6. Let g ∈ Lp(G). For x = (x′, xn) ∈ D and r = |x− ξ|, we have

|I1(x)| 5 Mx−λ+(n−1)/p′
n

(∫
{y∈G:|ξ−y|≤2r}

|g(y)|pdy

)1/p

.

Proof. Since −λp′ + n− 1 < 0, we have by Hölder’s inequality

|I1(x)|

5

(∫
G∩B(ξ,2r)

(x2
n + |x′ − y|2)−λp′/2dy

)1/p′ (∫
G∩B(ξ,2r)

|g(y)|pdy

)1/p

5 x−λ+(n−1)/p′
n

(∫
Rn−1

(1 + |z|2)−λp′/2dz

)1/p′
(∫

G∩B(ξ,2r)
|g(y)|pdy

)1/p

,

which implies the required inequality. �

Note that

|I2(x)| 5 M

∫
G−B(ξ,2r)

|ξ − y|−λ|g(y)| dy.(4.1)

Lemma 7. If limt→0 t1−n
∫
G∩B(ξ,t) |g(y)|dy = 0, then

lim
r→0

[H(r)]−1

∫
G−B(ξ,2r)

|ξ − y|−λ|g(y)| dy = 0.

Proof. For r > 0, set

ε(r) = sup
0<t<r

t1−n

∫
G∩B(ξ,t)

|g(y)|dy;

then limr→0 ε(r) = 0 by our assumption. Hence we have

lim sup
r→0

[H(r)]−1

∫
G−B(ξ,2r)

|ξ − y|−λ|g(y)| dy

= lim sup
r→0

[H(r)]−1

∫
B(ξ,δ)−B(ξ,2r)

|ξ − y|−λ|g(y)| dy

5 lim sup
r→0

[H(r)]−1

(
δ−λ

∫
G∩B(ξ,δ)

|g(y)|dy

+ λ

∫ δ

2r

{∫
G∩B(ξ,t)

|g(y)|dy

}
t−λ−1dt

)

5 M lim sup
r→0

[H(r)]−1ε(δ)
∫ δ

2r
tn−1−λ−1dt

5 Mε(δ)

for δ > 0, which gives the required equality. �
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Now we are ready to prove Theorem 3.

Proof of Theorem 3. Letting ξ be a point such that

lim
t→0

t1−n

∫
G∩B(ξ,t)

|f(y)− f(ξ)|p dy = 0,(4.2)

almost every ξ ∈ G has this property. Note that

Pλf(x)− f(ξ)

=
Kλ(f − f(ξ)χG)(x)

KλχG(x)

=
Kλ((f − f(ξ))χG∩B(ξ,2r))(x)

KλχG(x)
+

Kλ((f − f(ξ))χG−B(ξ,2r))(x)
KλχG(x)

= J1(x) + J2(x).

By Lemmas 5 and 6, we have

|J1(x)| 5 M

(
r1−n

∫
G∩B(ξ,2r)

|f(y)− f(ξ)|p dy

)1/p

for x ∈ Ah(ξ) and small r > 0. Hence it follows from (4.2) that

lim
x→ξ,x∈Ah(ξ)

J1(x) = 0.

On the other hand, we have by Lemma 5 and (4.1)

|J2(x)| 5 M [H(r)]−1

∫
G−B(ξ,2r)

|ξ − y|−λ|f(y)− f(ξ)| dy

for x ∈ Ah(ξ) and small r > 0, so that we see that by (4.2) and Lemma 7

lim
x→ξ,x∈Ah(ξ)

J2(x) = 0.

Thus the Proof of Theorem 3 is completed. �

Remark 3. Let 1 5 p < ∞ and f be a measurable function on Rn−1

satisfying (1.4) for some number γ. Then, taking m as in Theorem 1, we
may consider the function Kλ,mf(x) instead of Kλf(x), and see that

lim
x→ξ,x∈Ah(ξ)

H(|x− ξ|)−1Kλ,mf(x) = f(ξ)

for a.e. ξ ∈ Rn−1.
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