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Our aim in this paper is to deal with growth properties
at infinity for modified Poisson integrals (of fractional power)
in the half space of R™. We also discuss weighted boundary
limits for the modified Poisson integrals.

1. Introduction and statement of results.

Let R" (n = 2) denote the n-dimensional Euclidean space with points z =
(1,...,Tp—1,2p). Let D ={x = (z1,...,2p—1,2,) € R"; 2, > 0} , whose
boundary is usually identified with R"~!.

For A > 0 and = € R", consider the kernel function

Ky(z) = |x]7)‘.

The Poisson integral is defined by

(11) PUI(@) = antn | K =) f (),

where f is a locally integrable function on R"~! and a, = 2/(no,) with
on = 72 /T(1 + n/2) being the volume of the unit n-ball. The Poisson
integrals are used to solve the Dirichlet problem in the half space D. Further,
Sjogren ([15] and [16]), Ronning [11] and Brundin [3] treated fractional
Poisson integrals with respect to the fractional power of the Poisson kernel

(12) Rl = [ {owsuule =)} f0)d

if n = 2, then it defines a solution of the hyperbolic Laplacian
22 Au = 6(6 — 1)u.
The Poisson integral P[f] will be harmonic in D if

(13) | 1l )y < o

333
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(see [2] and [5]). In this paper, we consider functions f satisfying

(14) |l g < o

for 1 £ p < oo and a real number . To obtain the Dirichlet solution for
the boundary data f, as in [13, 14] and [19], we use the following modified
kernel function defined by

Km(2,y)
Kx(z - y) when [y| < 1,
:{Km—y)—zjgm_ﬁ;{ (0/0xy Kn(x—y)| _ | when |y| 2 1
for a nonnegative integer m and a point x = (x1,...,z,), where j =

(J1s--+,Jn) is a multiindex with length |j| = ji + -+ + ju, 5! = ji!- - dnl,
2 =)t 2l and (0/0x)7 = (8/0x1)7 - (8/0zy,)’". In the papers men-
tioned above, it is expressed by use of Gegenbauer polynomials ([18]). Write
Ko f(x) = - Km(z,y)f(y)dy
and
U)\,mf(x) = anan/\,mf(x)'
Here note that U, f is nothing but the Poisson integral P[f].

Recently Siegel-Talvila ([14, Theorem 2.1 and Corollary 2.1]) proved the
following:

Theorem A. Let f be a continuous function on R"™! satisfying (1.4) with
p=1 and v =n+m. Then the function Uy, f(x) satisfies

Unmf € C*(D)NnC°(D),
AUpmf =0 mn D,
Usmf = f on 0D,

Upmf(x) = o(a:%f"|x\n+m) as x| — 0o, x € D.

Our first aim in this paper is to establish the following theorem (cf. [14,
Theorem 2.1], [13, Theorem 5.1]):

Theorem 1. Let1 S p<oo, A>0,7v>—(n—1)(p—1) and

n—-A—1—-(n—-v=1)/p<mEn—-A—(n—-~v-1)/p in casep>1,
“A+yEm<-A+y+1 in case p = 1.

If f is a measurable function on R"™! satisfying (1.4), then

lim gzt DR L () = 0
|z|—o00,2€D



MODIFIED POISSON INTEGRALS 335

whenm <n—XA—(n—~vy—1)/p, and

el D log ) R () = 0
x|—00,x€

whenm=n—-A—(n—v—1)/p, p>1 a”dP/:P/<P_1)-

Remark 1. Siegel-Talvila [14, Theorem 2.1] treated the case p = 1 and
m = —A+~ (see also [13, Theorem 5.1]).

Corollary 1. Letp>1,v>—(n—1)(p—1) and

~1-(n—-y-1)/p<m=—(n—vy-1)/p.
If f is a measurable function on R"~! satisfying (1.4), then

\xl—»liglxeD 332_1|$|l_n—s_(n_v_1)/pUn,Tmf(fL’) =0

when m < —(n —~v —1)/p,

lim o o] O (log ) U f (1) = 0
|z|—o0,2€D

when m = —(n —~v —1)/p.

Next we are concerned with minimally fine limits at infinity for Uy ,, f, as
an extension of Lelong-Ferrand [7]. For related results, we refer the reader
to the papers by Aikawa [1], Essén-Jackson [4], Miyamoto-Yoshida [8] and
the first author [9]. For this purpose, consider the kernel function

koa(a,y) = le —y| 7N

To evaluate the size of exceptional sets, for a set £ C D and an open set
G C R"!, we consider the capacity

Ck,&/\,p(E; G) = inf/R » g(y)? dy,

where the infimum is taken over all nonnegative measurable functions g such
that g = 0 outside G and

[ Baseidyz1 foralize k.
Rn—1

We say that £ C D is (minimally) (kg x,p)-thin at infinity if

o0
(1.5) > oritERAmmptn=licy (B Dy) < oo,

i=1
where B; = {r € E:2' < |z| <2} and D; = {z ¢ R" 1 : 2071 < |z] <
2i+2}.
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Theorem 2 (cf. Aikawa [1] and the first author [9]). Let p, A and v be as
in Theorem 1. If f is a measurable function on R"~! satisfying (1.4) and
B <1, then there exists a set E C D such that E is (kg x,p)-thin at infinity
and

|w\—>ol>irxréD—E x;ﬁ‘x|ﬁ+)\7n+(n7771)/pU>\,mf(x) =0.

It is well-known that the Poisson integral U,, o f = P[f] has nontangential
boundary limits f at almost all boundary points. Our final goal is to show
that Uy, f has weighted boundary limits. For this purpose, we discuss the
existence of boundary limits for

_ Kif(z)
Prf(z) = m,

where A > n — 1, G is a bounded open set in R" ™!, 1 < p < oo, f € LP(G),
X denotes the characteristic function of G and

K f(z) = /S Kz — ) (y)dy.

For a nonnegative function h on the interval Rt = [0, 00), let
Ap(&) ={z €D :|x—& < h(zn)}.

Theorem 3. Let 1 < p < o0 and f € LP(G). For a.e. £ € G, Prf(z) —
f(&) as x — £ along Ap(§), where

; A>n—1),
h(t)zc{ t(log%)p/(n_l) E)\Zn—li

for fixred C' > 0.
In the unit disc, this result was proved for A = 1 by Sjogren [15] and [16],
Ronning [11] and Brundin [3].
2. Proof of Theorem 1.

Throughout this paper, let M denote various constants independent of the
variables in question.
First we note the following properties for the kernel functions K ,,,(x, y):

Lemma 1. Fort >0, set
F) = [tz y) = tay|te —y|
and

g(t) = g(t,z,y) = [ta —y| .
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Then fO0) = Lz, (0) for £ =1,2,...,m, and

10 = (O 47O+ 37" 0+ 4 70))

= {a0) = (90 + /O + 5" O 4+ 0 ) |
= an)\,m(-rv y)
when |y| = 1.

Corollary 2. U, m(x,y) = anzn Ky m(x,y) is harmonic in D for each fized
y € R,

In our discussions, the following estimates for the kernel functions K ,,
are fundamental (see [6, Lemma 4.2] and [12, Section 3]):

Lemma 2. Let m be a nonnegative integer and A > 0.
(1) If 1 < |yl < [2]/2, then | Ky pm(z,y)| < Mlz|™Hy[ A=+
(2) If |z|/2 < |y| £ 2|z, then |Kym(x,y)| £ M|z —y|~ £ Mz >,
(3) If lyl = 2[z| and |y| 2 1, then |Kym(z,y)| < M|z[™[y| ™.

Proof of Theorem 1. We prove only the case p > 1; the proof of the case
p =1 is similar. For fixed € D, |z| > 2, we write

Kymf(z) = ; Kym(x,y)f(y) dy + : Kxm(z,y)f(y) dy

[ K@) @) dy + / Ko (,9)F () dy
Gs B(0,1)

= Ui(z) + Uz(z) + Us(z) 4 Us(z),
where B(z,r) denotes the open ball centered at x with radius r > 0, and
Gi={yeR" "yl 2 2z[},
Go={yeR" 1=yl < [z|/2},
Gz ={y e R" ' : |z[/2 = |y| < 2fal}.
First note that

Ua()] < (jal/2) > / 1F()ldy,
B(0,1)
so that

(2.1) lim |z =Dy () = 0

|x|—o00,2€D

since v > —(n —1)(p — 1).
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Lemma 3. Ifm>n—A—1—(n—~v—1)/p, then

U1 (2)] < Mla] n1=-(=a-1/p ( /

G1

1/p
!f(y)!ply!‘”dy> .

Proof. Ifm>n—XA—1—(n—~—1)/p, then (=\—m+~/p)p’+n—1<0,
so that we obtain by Lemma 2 (3) and Holder’s inequality

()] € Mlz|™ / W ()] dy

G1

\ , 1/p 1/p
< Mla|™ (/G 1yl -mﬂ/mpdy) (/G !f(y)!p\y!‘”dy>
1 1

1/p
< Ma| -t ( / \f(y)\prywdy) |

G1

where 1/p + 1/p’ = 1. This proves the lemma.
By Lemma 3, we have

(2.2) lim |z} =D/ () = 0.

|z|—o0,2€D

Lemma 4. If m <n—X—(n—~—1)/p, then

Un(2)| < M| +nt=(=a-D/p ( /

Ga

1/p
|f<y>|p|y|—my) ;

ifm=n—X—(n—~—1)/p, then

|Uz(z)| = M|x‘*)\+nflf(n*’}’*l)/17(log ‘IDI/?’/ (/

G2

1/p
If(y)lplyl”dy) .

Proof. fm <n—X—(n—vy—1)/p, then (=\—m+1+~/p)p'+n—1> 0,
so that we obtain by Lemma 2 (1) and Hoélder’s inequality

Us(2)] < Mz / " ()] dy

G2

) N . ) 1/p’ 1/p
< Mla|™ ( /G (A= dy) < /G If(y)lp!yl‘”dy)
2 2

1/p
§M|x|—“”—1—<”—”—”/p</ !f(y)!ply!‘”dy> ,

G2

as required.
The remaining case can be proved similarly.
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For r > 1, we have
Us(z) = Ky m(z,y)f(y) dy
Ga
- / Kom(@9)f () dy + / Ko (@, 9)f () dy
G2NB(0,r)

Go—B(0,r)
= U21(x) + UQQ(.’E).

If || >2r and m <n—X—(n—~vy—1)/p, then

s ()] < M| / 1" (),
B(O,T‘)—B(O,l)

so that

lim |z =D, () = 0.
|z|—o0,2€D

Moreover, we have by Lemma 4

1/p
Uno(z)| £ M|z An—1-(n—r=1)/p (/R \f(y)\p]y\_vdy> .

n—l_B(07r)
Hence, in case m <n— X — (n —~ —1)/p, we find

limsup [z~ =D/, (o)
|z|—o00,2€D

1/p
<M ( / |f<y>|Py|7dy> ,
R»—1-B(0,r)

which implies by arbitrariness of r that

(2.3) lim |z =D, () = 0.

|x|—o0,z€D
Similarly, in case m =n — A — (n — v — 1)/p, we find
(2.4) lim |z =D (log |2]) VP Uy(a) = 0.

|x|—o00,2€D

Finally, by Lemma 2 (2) and Holder’s inequality, we obtain

Uata)| £ M [ 15wl

G3

1/p
< Ma a0/ ( / |f<y>\Pyr'Ydy) .
G3

Hence we have

(2.5) lim )|z Dy (2) = 0.

|z|—o00,z€D

Thus, collecting (2.1)-(2.5), we complete the Proof of Theorem 1. O
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Corollary 3 (cf. [14, Corollary 2.1]). Let f be a continuous function on
R satisfying (1.4) with v > —(n —1)(p—1). Let
“-1-(n—y=-1)/p<m<—(n—v-1)/p.
Then the function Uy, f(z) satisfies
(1) Unmf € C*D)NCD),

(i) AUpmf =0 in D,
(iii) Upmf = f on 0D,
(iv) Unmf(z) = o(zl |z~ 1= (=7=1/p) as |x| — oo, x € D.

Proof. We show only (iii). For r > 2 and = € B(0,r) N D, we write

Un,mf<37) = anmn/ Kn,m(xa y)f(y)dy
R"~1nB(0,2r)

+ antn / Koy, 9) F(y)dy = w1 (2) + ua(x).
R"—1—-B(0,2r)

In view of Lemma 2 (3), we find

lim  wus(z) =0
z—&,x€D

for every ¢ € R"1 N B(0,r). Further,

r—&,x€D 1( ) z—&x€D ~/R”_1FWB(0,27*) ( y)f(y) Y f(g)

for every £ € R"1 N B(0,7) (see [17]), so that (iii) follows. O

3. Proof of Theorem 2.
As in the Proof of Theorem 1 we write
Uxmf(2) = anen{U1(2) + Uz(z) + Us(x) + Us(z)}.
By (2.1) we see that

lm e bRy @) = 0

since 1 — 3 = 0. Moreover, by (2.2) and (2.3) we have
lim )Pz (2) + Uy(2)} = 0.

|x|—o0,z€D

Note that by Lemma 2 (2)

£alUs(2)] € M, /G & — 4 F ()] dy

= Ml /G Ko, 9)|f(v)] dy.
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In view of (1.4), we can find a sequence {a;} of positive numbers such that
lim;_, a; = 0o and

o
Sai [ 1Pl 7y < o
i=1 7D
recall D; = {y € R"1: 2171 < |y| < 272}, Consider the sets
E; = {ﬂs eD:2 < lz| < 2i+1,x}L_ﬁ|U3(x)| > a;1/p2_i{5+)‘_”+("_7_1)/p}}

fori=1,2,.... If x € E;, then
a;l/p é Qi{ﬁ+)\_n+(n_7_l)/p}ﬂjk_’8|U3($)‘

< M0 [ )0
so that it follows from the definition of C, A,Zp that
Chyrp(Ei; Di) £ Ma 2=+ (n==1)/pip /D 1f )Py
< Ma2 OO [y
Define E = |J;2, E;. Then E N B(0,2°71) — B(0, 2) = E; and

Z 27i{(ﬂ+/\7n)p+n71}Ckgy/\,p(Ei;Di) < 0.

i=1
Clearly,
lim 2P| g|fHAH =1/ Py (1) = 0.
|x|—o0,c€eD—-F "
Thus the proof of Theorem 2 is completed. O

Remark 2. Suppose A > 1—3+(n—1)/p’. Then we can find a measurable
function f on R™! satisfying (1.4) such that

(3.1) ‘ l|im SupD x;ﬁ|x\”BJF)‘*TLJF(”*W*I)/”UA’mf(x) = 00.
T|—00,x€

To show this, take a positive number § such that n—A—8 < é < (n—1)/p.
Letting e; = (27,0,...,0) and r; = 297!, we consider

oo
fly) = 27700 e —y| X pie, rynre-1 (1),
j=1
where xg denotes the characteristic function of E. Then

62 [ Sy S a2 o
J
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Moreover, if x € B(ej,r;) N D, then

w7 B IRy, () 2 M B-bgi(Am),
so that

lim x;ﬁ|:E|B+)‘_”+("_7_1)/pU)\7mf(m) = o0.

z—ej,x€D

This proves (3.1). Thus f has all the required conditions.

4. Proof of Theorem 3.

Recall that A = n — 1, G is a bounded open set in R*™!, 1 < p < oo,
f € LP(G) and x¢ denotes the characteristic function of G.
For a proof of Theorem 3, we need some lemmas.

Lemma 5. Consider the function

B 1A A>n-—1),
H(t)_c{log1 A=n—1),

where C' = Kyxrn-1(e) with e = (0,...,0,1) whenn —1 < X and C =
(n—1)op—1 when A=n —1. Then

Kyxg(x) = H(z,) +0(1) asx € D tends to £ € G.

Proof. We give a proof only when A > n —1, because the case A =n —1 can
be treated similarly. In this case, let x = (2/,2,) € D,£ € G and note that

Koxale) = [ @+l =y Py 00)  sa—
—a Mt [ )+ 0,
Rn—1

which proves the required case. ([

For fixed £ € G and g € LP(G), write

Kgl) = /G Kz — y)g(y) dy

_ / K@ — 9)9(y) dy
{yeG:|§—y|<2r}

+ / K@ — 9)9(y) dy
{yeG:|§—y|>2r}
= I(x) + I(x),

where x € D and r = |z — &|.



MODIFIED POISSON INTEGRALS 343

Lemma 6. Let g € LP(G). For x = (2',x,) € D and r = |z — &|, we have

1/p
I (2)| £ Ma, A0/ </{ Ig(y)lpdy> :

Proof. Since —Ap’ +n — 1 < 0, we have by Holder’s inequality
11 ()]

1/p 1/p
< (/ (22 + |2/ —y|?)~? /Qdy> (/ Ig(y)\pdy>
GNB(¢&,2r) GNB(&,2r)

yEG:[E—y|<2r}

IN

1/p 1/p
a0 ([ i) ([ )
Rn—1 GNB(E,2r)
which implies the required inequality. ([
Note that
(4.1) |[I2(2)| £ M 1€ =y g ()| dy.
G_B(g)QT)

Lemma 7. Iflim; qt'™" meB(g y9)ldy = 0, then

r—0

i (HO) [ Je— g gl dy=o.
G—B(¢,2r
Proof. For r > 0, set

)= swp 17 [ gyl
o<t<r GNB(£ t)
then lim,_,ge(r) = 0 by our assumption. Hence we have

limsup [H(r)] " /G oo €=yl g(y)| dy

r—0

= limsup [H(r)]"! / €=yl Ma(w)| dy
(€0)-B(€2r)

r—0

< limsup [H(r)]™* (5_)‘ /GmB(g 5 l9(y)|dy

r—0

)
+A { / Ig<y)ldy} t‘“dt)
2r GNB(&t)

1
< Mlimsup [H(r)]"=(5) / 1A gy
2r

r—0

< Me(5)
for § > 0, which gives the required equality. O
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Now we are ready to prove Theorem 3.

Proof of Theorem 3. Letting & be a point such that

t—0

(4.2) lim 1" /G ey f0) = FOF dy =0,

almost every £ € G has this property. Note that

Paf(x) — f(§)
_ K\(f = f(©)xe)(x)

Kyxa(z)
_ KX((f = f(€))xanB(e,2r)(T) N KX\((f = f(€))xa-B(e,2r)(T)
Kyxa(x) Kxxa()

= Jl(x) + JQ(Q?)

By Lemmas 5 and 6, we have

1/p
| Ji(z)] = M (7“1_" /GmB(52 | |f(y) — fEOF dy)

for z € Aj(§) and small > 0. Hence it follows from (4.2) that

lim  Ji(z) = 0.
.’ﬂ"f,l‘GAh(g)

On the other hand, we have by Lemma 5 and (4.1)

a(x)] < M[H(r) ! /

G—-B(§,2r

)|5 —yl M fy) — FO)] dy

for z € Ap(€) and small r > 0, so that we see that by (4.2) and Lemma 7

lim  Jo(z) =0.
CE-’&,IEGA}I(S)

Thus the Proof of Theorem 3 is completed. O

Remark 3. Let 1 < p < oo and f be a measurable function on R"™!

satisfying (1.4) for some number . Then, taking m as in Theorem 1, we
may consider the function Ky ,,f(x) instead of K f(z), and see that

lim © H(|lx — €|)71K)\,mf($) = f(§)

r—Ex€A

for a.e. £ € R 1.
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