POSITIVE SOLUTIONS TO Au —Vu+4 WuP =0
AND ITS PARABOLIC COUNTERPART
IN NONCOMPACT MANIFOLDS

QI S. ZHANG

Volume 213 No. 1 January 2004






PACIFIC JOURNAL OF MATHEMATICS
Vol. 213, No. 1, 2004

POSITIVE SOLUTIONS TO Au—Vu+Wu?P =0
AND ITS PARABOLIC COUNTERPART
IN NONCOMPACT MANIFOLDS

QI S. ZHANG

We consider the equation Au — V(z)u + W(z)u? = 0 and
its parabolic counterpart in noncompact manifolds. Under
some natural conditions on the positive functions V and W,
which may only have ‘slow’ or no decay near infinity, we es-
tablish existence of positive solutions in both the critical and
the subcritical case. This leads to the solutions, in the diffi-
cult positive curvature case, of many scalar curvature equa-
tion in noncompact manifolds. The result is new even in the
Euclidean space.

In the subcritical, parabolic case, we also prove the conver-
gence of some global solutions to nontrivial stationary solu-
tions.

1. Introduction.

In this paper we establish positive solutions to some semilinear elliptic equa-
tions in noncompact manifolds of dimension n(> 3), which involve both the
subcritical and critical exponent (n + 2)/(n — 2). We will also prove the
convergence of global solutions to nontrivial stationary solutions for some
parabolic equations. For the sake of clarity we present these results in three
subsections.

1.1. Results on the scalar curvature equations in noncompact com-
plete manifolds. The scalar curvature equations

(1.1) Ay — 4&_21)]%(:1:)10 + WD/ (=2 —

are the targets of intensive study over the last decades. Here M is a Rie-
mannian manifold of dimension n(> 3), R is the scalar curvature, and W is
a function of x. In the case of compact manifolds, great progress have been
made. For the Yamabe problem (W is a constant), we refer to the survey
paper [LP] and the book [Au2] for an account of this matter. In the 80’s,
Yau [Yau| and Kazdan [Kaz] suggested the study of (1.1) in the noncom-
pact setting. In the recent book [Au2], this study was proposed again by
Aubin.
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164 QI S. ZHANG

However the understanding in the noncompact case is still rather limited
when the scalar curvature is nonnegative. In the negative scalar curvature
case, we refer the reader to [AM], [LTY] and the references there. Some
nonexistence and existence results in the positive scalar curvature case can
be found in [Jin] (W = 1), [Zh3] (W = 1), [Ki2] (W = 1) and [Ni], [KN],
[Ho] (R, W decay rapidly). In Theorem 1.1 below, we establish a general
existence result on scalar curvature equations in the most difficult case, i.e.,
when the scalar curvature is positive and not necessarily decaying.

In order to state the result precisely, it is necessary to recall some well-
known objects. We use M to denote a complete noncompact manifold with
dimension n > 3. We use 0 to denote a fixed point in M and write d(z) =
d(x,0), the distance from 0 to z € M.

(1) Let R = R(z) be the scalar curvature of M, then the Yamabe invariant
is

- . 2 n—2 2 2
Y(M) = ueclgg(M) /M (Wu’ i mRu ) dw/Nullnrn-2 -

(2) Given a function W = W (x) and a domain D C M, define
QW,D)

_9 (n—2)/n
—  inf Vul?+ ——% R 2>d </W 2”/<”—2>d> .
A GTES = L LA VA G

The quantities Y (M) and Q(W, D) have been used widely in the study
of conformal properties of both compact and noncompact manifolds. For
further properties see the papers [Au], [S], [ES], [E] and [Ki]. For instance,
Condition (a) below is exactly the noncompact version of the main assump-
tion in [ES]. Note also Q(1,M) = Y (M).

We also point out that the solutions in Theorem 1.1 below have finite
energy in the sense that [y, |Vul*dz < co and [y, u™ ("2 dxr < co. This
will be clear from the construction of the solution.

We hope to find solutions with infinite energy in a future study.

Theorem 1.1. Suppose:

(a) M is a n(> 3) dimensional complete noncompact manifold with non-
negative scalar curvature and |B(xz,r)| < Cr™ for all x € M and
r > 1; the Yamabe invariant Y (M) > 0; W(z) > 0, 0 # W €
L®(M) N CY(M);

(b) there is a compact exhaustion {D;} of M such that

(n—2)/n n(n —
sup [(max W(fﬂ)) QW, Dj)] <Qo= nin —2)

nax (Vol (5™))*/";
J el

here Qq is the constant in the sharp Sobolev inequality in R™;
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(c) there is a compact domain D such that

(n—2)/n
<sup W) QUW, M) < Q(1, D°).
DC

(i) Then (1.1) has a positive solution u € L%(M) such that u(z) <
C/(1+d(z) ).

(ii) If, in addition to (a) only, one assumes M is nonparabolic, Ric > 0
and R(x) > HTC(J))E’ > 0 with b < 2. Let w > 0 be any solution to

(1.1) such that [y, u?/("=2)dy < oo. Then there exist c1,ca > 0 and
a = a(b) > 0 such that, for all z € M,

u(z) < ¢re 2@,
Remark 1.1. Here we show that the assumptions in the theorem are quite

natural and encompass large classes of manifolds.
Since Q(1, B(0,7)¢) > Y (M) > 0, Condition (c) is satisfied if " li)m W (x)

= 0. There are noncompact manifolds satisfying Condition (c) evenif W =1
(see [Ki]).

In case W = W (z) reaches absolute maximum at xo € M, then Q(W, D)
< Q(W,Dy) if xg € D; C D. Hence Condition (b) is satisfied if one can find

just one compact domain Dy containing zg so that

(n—2)/n
<max W($)> Q(W, Dy) < Qo.
€Dy
The latter is the basic existence condition obtained in the compact case ([ES]
(Proposition 1.1), [E]). See also [BN]. Ample examples of the function W
are provided in these two papers. Basically W is required to satisfy some
flatness condition at its maximum.

Another set of examples comes from compact perturbations of $? x R"~2,
n > 6 . Choose a perturbed metric which is not locally conformal flat
in B(zg,1). Here zg is a point. By [Au], one can find a function ¢ €
C§°(B(zo,1)) so that the Yamabe quotient involving ¢ is strictly less than
Qo. Therefore Condition (b) in Theorem 1.1 is satisfies if W is a constant in
B(zo, 1) provided the constant is the absolute maximum and W converges
to zero at infinity. In fact one only need some weaker flatness condition such
as vanishing of certain derivatives at the maximum point (see [ES]). Other
conditions are satisfied too since we can choose the perturbation so small
that the scalar curvature is bounded away from zero.

Remark 1.2. In the papers [ES] and [E], Escobar and Schoen obtained
important existence results concerning (1.1) in compact manifolds with and
without boundaries.
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In the paper [Ki, Ki2], under similar assumptions, Kim obtained interest-
ing existence result for (1.1) with W = 1. However some clarification seems
needed. In the last paragraph on p. 1987 [Ki], the quoted sharp Sobolev in-
equality of Aubin contains constants C'(e) that may depend on the domains.
This is because the domains (€2 in [Ki|) may not be contained in a compact
set even though their volume is finite. This complicates the claim that the
‘approximate solutions u;’ are uniformly bounded in compact domains. In
this paper we overcome the difficulty by proving a priori decay estimates for
solutions, under merely an assumption on the volume of geodesic balls.

One can replace the volume assumption in (a) by assuming that the Ricci
curvature is bounded from below and the injectivity radius is positive. Then
the Sharp Sobolev inequality holds on the whole manifold (see [He] e.g.). In
this case, the existence part of Theorem 1.1 (i) remains valid (see Remark 2.1
below).

Remark 1.3. Theorem 1.1 still holds if R is replaced by an ordinary func-
tion satisfying some similar assumptions. This can be proven by exploiting
the results in [E] in the current setting. In both Theorem 1.1 and the Corol-
lary 1 below, we can allow the function W to change sign. But we are not
seeking the full generality this time.

It is well-known that the scalar curvature of ‘most’ manifolds with non-
negative Ricci curvature decay slower than the inverse of distance square,
as in Theorem 1.1 (ii). In the case, (finite energy) solutions given in The-
orem 1.1 (ii) decay exponentially to zero near infinity. Therefore they do
not produce complete conformal metrics. This result has two interesting
implications. First, it snugly complements the existence result of complete
conformal metric ([Ki2]), where the opposite assumption on the scalar R
was made. Second it seems to reveal the limit of the direct variational
approach, which requires the solution to have finite energy. Moreover it
provides a method of conformal compactification. This can be regarded as
a generalization of the stereographic projection between S™ and R".

An immediate geometric application of the theorem is:

Corollary 0. Suppose M and W satisfy all conditions in Theorem 1.1 (i)
and (ii). If M has only one end and it is topologically simple at infinity
(finite type), then M is conformal to a closed compact manifold minus one
point, with scalar curvature W.

If W decays as ¢/d(z)® with a > 0, we can obtain existence result on (1.1)
via a simpler proof without Condition (c).

Corollary 1. Let M be a complete noncompact manifold with bounded
scalar curvature. Suppose the Yamabe invariant is positive and |B(z,r)| <
cr™ for any x € M and all r > 0. Suppose also:
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(a) There is a compact exhaustion {D;} of M such that

(n—2)

(n=2)/n n
sup [(max W(ac)) QW, Dj)] < Qo= (Vol (§™))%/™.

j IEDJ'
(b) 0 £ W € L®(M), W(x) >0 and W(z) < m with a > 0.
Then (1.1) has a positive solution.
The conclusion remains valid if M = R™, n > 3, and R = R(z) is any
bounded function satisfying (a) that is nonnegative outside a compact set.

Remark 1.4. Under further assumptions, one may be able to show that
the metric u*("=2)g is complete, using the idea [Ki2]. But we are not able
to construct an explicit example. See Remark 2.2 in the next section.

We construct an example of (1.1) covered by Corollary 1. Let W(z) > 0
be a function satisfying (b) and achieving global maximum at = 0 € R,
Let V(z) = 4&7__21)R(x) be a bounded smooth function which is nonnegative
outside a compact set. Suppose that the first eigenvalue of the operator
—A +V in B(0,1) is positive, i.e.,

/ (|Vul? + V(z)u?)dz > c/ uldz, u e Wy?(B(0,1)).
B(0,1) B(0,1)
Suppose also V(0) < 0, then (1.1) in R* has a positive solution.

Let us verify that the conditions of Corollary 1 are met. According to
Theorem 3.2 in [E], for the above function V' and W, one has

(n=2)/n
(Lo W@)  QORBO.D) < Q

Since W achieves absolute maximum at x = 0, the above holds when B(0, 1)
is replaced by any domain containing it. Hence Condition (a) is met. All
other conditions follow easily.

1.2. Results on elliptic equations in the subcritical case. Let us de-
scribe the elliptic results in the subcritical case. Consider the equation

(1.2) Au—V(z)u+W(z)uP =0 in R"™

Here 1 < p < Z—fg, n > 3. In what follows, unless otherwise stated, we will
assume that V = V(z) and W = W(z) are locally Holder continuous, and
bounded function.

This equation has a rich history. When V = W = 1, it is well-known
that (1.2) has a so-called ground state solution, meaning a positive solution
decaying exponentially to zero near infinity. In [Liol-2], P.L. Lions obtained
existence of nontrivial solutions to (1.2) when V' is a suitable perturbation
of a positive constant near infinity and W = 1. His approach is the famous

concentration-compactness principle, which is variational in nature. Related
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results are also obtained in Ding and Ni [DN] (when V' = 1 and W satisfies
various conditions). See also [NS]. When V and W have rapid decay,
important existence results were achieved in Ni [Ni], Kenig and Ni [KIN].
See also [Zh3]. Here and later a function is said to have rapid decay if it
is smaller than C/|z|® near infinity, where b > 2. Otherwise we say it has
slow decay. In Stuart [St] existence result was obtained when V' =1 and W
has slow decay. Subsequently many authors have taken up the study of the
problem and produced numerous interesting results.

Despite these advances, the important middle range , i.e., when both V'
and W has slow decay, seems to be completely open in the nonradial case.
Our next theorem largely fill this gap. Let us mention that this result is
not a direct consequence of the variational approach. Since it is well-known
that the concentrated compactness method requires that V' converges to a
positive constant at infinity in a special manner. Moreover if V' has rapid
decay and W = 1, (1.2) does not have any positive solution if 1 < p < 5
(see [Zh3]). In this paper we will also introduce a dynamic approach to
solve (1.2) (see Section 1.3).

The following table provides a glimpse of the current understanding on the
existence of positive solutions to (1.2). It is not intended to be a complete
account of the literature.

Au—V(x)u+W(x)uP =0 existence results, 1 < p < 22
W —-1landV — 1 at oo [Liol-2], [DN], [NS]

under more assumptions

of the convergence

W and V decay rapidly [Ni], [KN], [Lin], [Ka], [Zh3]

V =1, W decays [St], [DN], [Li]

V decays rapidly, W does not | there are nonexistence results
[Ni], [Li], [Zh3]

W and V have slow decay current paper,

with additional condition on W

The second theorem of the paper is:

Theorem 1.2. Suppose 5 ‘ 7 <V(x) <Ci withb € [0,2), a > 0. Suppose

0<W(z) < Co/(1+ \J:\Q (p=1)(n=2)/2)y and 1 < p < 2. Then Equation
(1.2) has a positive solution such that [g,. |Vul*dz and [g, WuPTdz are
finite.

The conclusion still holds if R™ is replaced by a complete manifold of
nonnegative Ricci curvature and mazimum volume growth, i.e., |B(xz,r)| >

er™ >0 for oll x and r > 0.
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Remark 1.5. When p — 2£2 from below the number 2— ((p—1)(n—2)/2)
converges to 0. Since it is well-known that (1.2) may not have any finite
energy positive solution when V and W are just bounded functions. This
indicates that the decay rate on W is close to optimal.

Note also that both Theorem 1.2 (and 1.3 below) may fail if V' is allowed

to decay faster than ¢/|z|? near infinity (see [Zh2]).

Remark 1.6. Theorems 1.2 and 1.3 continue to hold if the Laplacian in
(1.2) and (1.3) is replaced by an uniformly elliptic divergence operator with
bounded measurable coefficients depending on z.

The strategy of the proof of Theorem 1.2 is the combined use of domain
exhaustion method, Green’s function estimates and certain scaling argu-
ments.

1.3. Results in the parabolic case. Next we present the parabolic
results of the paper. One of the central questions in nonlinear analysis
is whether or not a global solution to evolution equations would converge to
a nontrivial equilibrium solution. This problem is relatively well studied if
the ambient space is compact. However this is not the case in noncompact
setting. In fact the understanding in this case is rather limited. To illustrate
this shortcoming let us consider a model parabolic equation:

Au—V(x)u+ W(z)uP — du =0 in R x (0,00),

(1.3)
u(z,0) = up(z).

Here 1 < p < 22 5 > 3. We assume that V = V(z) and W = W (x) are

—2
locally Holder Zoﬁtinuous, and bounded function.

Problems such as (1.3) also arises from many areas and are some of the
central subjects in nonlinear analysis.

In the classical paper [NST], when R" is replaced by a bounded domain,
interesting result on the convergence of solutions of (1.3) to that of (1.2)
are obtained. However except a few exceptions, the corresponding results
for R™ and other noncompact domains have not been achieved in general.
The papers [CDE] and [BJP] study (1.3) in the case V.= W = 1. The
paper [SZ] studies the case V', W and the solutions are radial. In the paper
[Zh3] convergence results on (1.3) when V' and W have rapid decay were
obtained (see Section 1.2 for the meaning of rapid decay). As illustrated
by many authors, the nature of the decay for V' and W near infinity is a
deciding factor for the existence and nonexistence of solutions to (1.2) and
(1.3). Usually fundamental differences exist between the slower decay cases
and the rapid decay ones.

Based on the study of global positive solutions of the linear part of the
equation in (1.3) and a scaling argument, we will prove that Equation (1.3)
has global positive solutions whose w limit set contains nontrivial positive



170 QI S. ZHANG

solutions to the elliptic equation (1.2). Up till now have not seen any com-
parable convergence results for Equation (1.3), except in the case when V
and W are radial. We should mention that the types of equations we are
studying require W to decay at infinity. An interesting remaining problem
is to obtain a similar convergence results when both V and W do not decay
to zero. We hope to address it in future.

Theorem 1.3. Suppose ﬁlﬂb <V(x) <Ci withb € [0,2), a > 0. Suppose

0 < W(x) < Cy/(1+ |z~ (=D0=2/2)) 4nd 1 < p <1+ 1. Then for any
compactly supported nonnegative f # 0, there exists A > 0 such that the
problem

u(x,0) = up(z) = \f(z),

has a global positive solution. Moreover the w— limit set contains a nontriv-
tal equilibrium solution. The result continues to hold if R™ is replaced by
a complete manifold of nonnegative Ricci curvature and mazimum volume
growth.

{Au —V(@)u+W(z)u? —8u=0 inR"x (0,00),

Remark 1.7. At this moment we do not know if the assumption p < 1+ %

can be improved to p < Z—fg in the parabolic case.

The rest of the paper is organized as follows: In Section 2 we prove
Theorem 1.1. In Section 3 we prove Theorem 1.2. In Section 4 we establish
several preliminary estimates on the global solutions to (1.3). We will prove
Theorem 1.3 in Section 5.

The proofs of different theorems are related but independent of each other.

2. Proof of Theorem 1.1.

The proof is divided into 5 steps. We will use the idea of finite domain
exhaustion. A crucial step is to establish certain a priori decay of solutions
of (1.1) near infinity.

Step 1. We begin by solving, for each j > 0, the variational problem

(2.1) inf / (IVul? + Vu?)dz
ueWy?(B(0,9)) J B(0,5)

subject to the constraint | B(0.) WuPtldz = 1. Here and throughout the

section p = (n+2)/(n —2) and V = i&i%R(m). Following the standard
arguments in ([Au], [S] and [ES]), for each j > 0, Problem (2.1) has a
positive solution under our assumptions. In fact details of the proof are
mirrored in Step 3 below where we will prove that these u; are uniformly

bounded in any compact set.
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Let u; > 0 be a solution to (2.1). Then there exists a ¢; > 0 such that

).
(2.2) Auj(x) = Vuj(x) + ¢;Wuli(z) = 0,
x € B(0,7); wu(z)=0, xz€dB(0,5).
In fact
. fB(OJ)(\Vu]Z + Vu?)dx
4= P L2/t
wEWg*(BOI) ( [p(; Wurtlde)

Since the Yamabe invariant is positive and W is a bounded function. We
know that, for any j > 0,

2/(p+1) 2/(p+1)
( Wup+1dac> < (sup W)/ (p+1) (/ upde)
B(0.5) B(0,5)

< C(sup W) (p+1) [/B(O ')(\Vulz + VuQ)da:] :
7]

This shows that there exists a ¢ > 0 such that ¢; decreases to ¢ when j — oo.
In fact ¢ = Q(W, M), defined in Section 1.

We extend u; to the whole manifold by defining wj(z) = 0 when x is
outside of B(0, 7). The extended function, still denoted by u; is a subsolu-
tion to Equation (2.2) in the whole manifold. Our goal is to show that a
subsequence u; converges to a positive solution to (1.1).

Step 2. In this step we will prove the following: There exists Ry > 0 and
C > 0 such that

C

(2.3) uj(x) < T4 dz) D72

for all j and x when d(z) > Ry. This estimate follows from an argument in
[Zh4]. For simplicity we will drop the subscript j in this step.

For R > 1 and fixing z¢ such that d(x¢) = 2R?. For each R > 1, let us
introduce the scaled metric

g1 =g/R".

Let M be the manifold M with g replaced by ¢g; and dy, A1, V1 be the
corresponding distance, Laplace-Beltrami operator, gradient respectively.
Note that A; = R*A. Let us consider v € C(M;) defined by

v(x) = R" %u(x).
Since Au—Vu+ quu(”+2)/(”_2) =0 and R > 1, direct computation shows

Ay — Viv 4 ¢;Wont2/=2) — Rr¥2(Ay — Vi 4 ¢ Wu D/ (=2 > g,
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/ v2n/(n72)($)d1$ :/ u2n/(nf2)($)dl,7
di(zo,r)<1 d(zo,z)<R?
/ |V1v(x)|2d1x :/ g1(Viv(x), Viv(z))diz
di (z0,2)<1 di (z0,2)<1

=R / |Vu(z)|*dz.
d(zo,r)<R?

Estimate (2.3) will be proven once we can show that v is bounded in By (zg, 1)
={x € My | d1(xg,x) < 1}. To this end we will use an argument inspired by
that in [Eg| p. 44, which can be generalized to our case since the manifold
M; has nonnegative Ricci curvature outside a compact set

Take G(s) = s% if s > 0, and zero otherwise, and put F(u fo G'(s)%ds

= B2u?~1/(28 —1). Tt is easy to verify that sF(s) < 32G’( ) < B*G(s)?* if
6> 1.
Take ¢ € C*°[0, 00) such that
0<¢<1; ¢(T):1a T€[071/2]' ¢(T):0, TG[LOO);
—C<¢'(r)<0; [¢"(r)] <C.

Let n = n(z) = ¢(d1(z0,)). Using n?F(v) as a test function on the inequal-
ity

Ay — Viv + g;Won /(=2 > o
we obtain
/]Vw]QG’(v)znZdlx +/V1UF(v)n2d1x + 2/V1UV1nF(v)nd1x
< ﬁz/quv("+2)/(”_2)v_lG(v)andlx.
Using the inequality

2|V1vVinE(v)n| < e Viv)*n*o ' F(v) 4+ € | Vin*F(v)v
< €| Vv n* G (v)? + e 1 B%[Vin|*G(v)?

we obtain, for another € > 0,

2

IV(G@IE + 55— [Vl
< Cp? / |Vin>G(v)diz + (6% + €)q; / Wv4/(”_2)G(v)2n2d1x.

Here € can be chosen as any small positive number.
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At this point we need to use Condition (c) which implies that Q(1,B(0, r)°)
> 0 when r is large. Indeed

(2.4)
(n—2)/n

[/ G w)n)*/ =2 < CollVi(G(v)n) 3 +Co/V1[G(v)77]2-
Bi(z0,2)
Here in fact, we can choose

Co =1/Q(1,B(0, R*/2)¢) > 0.

Noting that % > 1if 8 > 1 and applying Holder’s inequality, we find
that
(2.5)

IG@)0l3)(n—2)
< 00052 / ‘V177|2G(U)2d11‘ + Co(]j (52 + 6) / W’U4/(n_2)G(U)2772d1£L'

< CCoB? / Vin2G )21z + Cog; (8% + €) G202,

2/n
. / W22/ (=2 g o
Bi(zo,1)

< 00052/vm|2a(u)2d1m

(n—2)/n
+ Cogj ( sup W) (8% +e) ||G(U)77||§n/(n—2)

Bi(zo,1)

2/n
. / W2/ (=2) g, ¢ .
Bi(zo0,1)

Here all the norms are over the ball Bj(xg,1).
Since

/ W2/ (n=2) g < / Wu2n/ (=D gy — 1.
Bi(zo,1) M
we have

G, 0y < CCo? [ VG0 s

(n=2)/n
+ Cogj ( sup W) (8% +¢€) HG(U)”Hgn/(nq)-
Bi(zo,1)
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By Assumption (c) in the theorem, when R is sufficiently large,

(n—2)/n
( sup W) Q(W, M) < Q(1, B(0, R?/2)°).

B(0,R2/2)°

Since ¢j — Q(W, M) when j — oo, we have

(n—2)/n
1
sup W q; < Q(1,B(0, R2/2)c) = —
B(0,R2/2)° Co

when j is sufficiently large. Hence there exists a G > 1 such that

sup W2/ (52 4 €)(Cogj) < A < 1.
Bi(zo0,1)

Using this and take G(v) = v, we see that, for a By > 1 and sufficiently
close to 1,

(26) 0010z < 2C [ Vi d

Choose 1 such that n(z) = 1 if x € By(z9,1/2), |Vin] < 2 and n(x) = 0
when x € By(xzg, 1)¢. Use Holder’s inequality we see that

Bo 2 250
v T n/(n— < ¢ ! dlx
10711 (20,1/2) 120/ (n—2) Bi(zo,1)

S HUHTLn?n/(an)(Bl(xO’l)) S C < 0.

Here m > 0. Note this is the place where we are using Condition (a) on
volume, which implies |By(z¢,1)| = |B(zo, R?)|/R** < C.

Now using standard method we immediately know that v(xg) < C;. For
completeness we give a sketch of the proof.

Given 19,71 such that 0 < ro < r; < 1/2, we choose n to be a radial
function with support in Bj(xg,71) and such that n = 1 if 2 € By(xo,r1)
and |Vin| < 2/(rq — r1). Clearly (2.5) remains valid for such n and any
fixed § > 1. Let x, be the characteristic function of B(xg,r). By Holder’s
inequality, there exists a 6 < 1 and m > 0 such that

1G(0)xr 2 < ClIG(0)Xr |20/ (n—2):
/ W RG)2diz < Clloxe 5ns0 /n-2) | GO)Xr 305/ (n2)
Bi(zo,r1)

< ClG(0)Xr1 305 /(n—2)-

Substituting the last two inequalities to the first inequality of (2.5), we
obtain

cp
G (V) Xrsll2n/(n—2) < - 1G(V)Xr1 1205/ (n—2)-

T —
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From this point, the standard Moser’s iteration of taking § = 6~ and
Tm = 1r1(2 4+ 27™)/4 shows that

v(zg) < e <00
when R is sufficiently large. Therefore, since d(zg) = 2R?,

_ v(z) < c

This completes Step 2.

Step 3. We prove that u; is uniformly bounded in any given finite domain.
This follows from the ideas in [Au], [ES] and [Ki], together with the decay
estimates in Step 2.

Let u; be the subsolution to (2.2), produced in Step 1.

For any fixed 5 > 0, let

(2.7) D={xeM|ujz)>1}

By Step 2, D is contained in a fixed ball of sufficiently large radius. This is
a crucial observation for the subsequent proof.
Writing w; = u; — 1, we see that

(2.8) —Aw; + V(1 +w;) < g;(1+ w;)P.

1+2b

For some b > 0 to be determined later, multiplying (2.8) by w; and

integrating, we obtain

1+2b
(2.9) /D [(1 )2 |Vw]1.+b|2 +V(1+ w]')wjl,+2b da
< g / Wit (w; + 1)Pda.
D

By virtue of the sharp Sobolev inequality of Aubin [Au], for any € > 0,
there exists C'(e) > 0 such that

(n-2)/n
< w§1+b)2n/(n—2)dx>
D
<

1 1+b2 2(1+b)
(1 +6)QO/D |Vw; ™ |"dz + C(€) ij dx.

Here, as before, Qg is the best Sobolev constant in R™.
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Substituting (2.9) to the left-hand side of the above, we see that

(n=2)/n
D

1 (1+0)?
=(+aa T

./D (quwjl.Jer(l +wy) (=) s 4 1)w]1+2b) da

+C’(6)/ w?(Hb)da:.
D

As in [Ki], we write D1 = {x € D | wj(z) > 2} and Dy = D — Dy. When
x € D1, it is clear that

(1+ w; ($))(n+2)/(n—2) < w§"+2)/(n*2)($) + Clw?/(”*m (2).

When 2 € Dy, w;(x) < 2. Hence

/ ijl+2b(1 +wj)(n+2)/(n—2)dx
D

— ; Ww]l+2b(1+wj)(n+2)/(n—2)dl,
1

+ ijl-”b(l + w;) D/ (=) g
Do

< Ww?n/(nﬂ)ﬁbdm +e Ww§n+2)/(n72)+2bdx
D1 Dl

+ i Ww]HQb(l + ;) 2/ (=) g
2

< Ww?n/(n—2)+2bdx T Ww(n+2)/(n—2)+2bdx
Dy / D !

(+b)2n/(n—2) , \ "2 2/m
< < Wuw ; da:) ( W2/ ("Z)daz>
D1 Dl

+02/ Ww§n+2)/(n72)+2bdx
D

(n=2)/n

< 020/ (n=2) 5 +02/ W2 (=242 5
D, ! D /
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Here we have used the Hélder’s inequality. Substituting the above into
(2.10), we have

(n—2)/n
(2.11) </ w§1+b)2n/(n—2)dx>
D

1 . (n—2)/n
<(+o0l Eligb (/W (1-+0)2n/( 2>d>

(n2)/(n=2)+2b g 4 o )/ w2 g0 1

+C
p d

w
Dy ]
By our assumption in Theorem 1.1 (sup; supge p(o,5) W (z)"=2/ng; < Qo),

we can choose € and b sufficiently small so that

(1+¢€) sup W($)(n—2)/nﬂ (14b)2

——— <A< 1.
2€B(0,5) Qo (1 +20)

So (2.11) implies

(n—2)/n
(2.12) </ w§1+b)2n/(n—2)dx)
D

< . / WD/ (=D)+2 g, C(e)/ 208 4z ¢ ) .
1-—A D J D ‘7

Choosing b sufficiently small, we know, for some I;,1} > 0, i =1, 2,

l;
/ [w (L48) 4 4y {(+D/ 2))+2b} i < 52, (/ w?n/(n—?)dx> DIl
D J D J

It follows that

(2.13) / w{ TP gy <

D
where C' is independent of j. From here standard regularity theory shows
that wu; is uniformly bounded in any compact domain of M. Step 3 is
complete.

Step 4. We will show that a subsequence of u; converges pointwise to a
positive solution to (1.1), up to a constant multiple.

Since u; is uniformly bounded in any compact domain, the standard ellip-
tic theory shows that u; is uniformly bounded in C?® norm in any compact
domain too. Hence a subsequence of u;, still denoted by u;, converges point-
wise to a solution u to:

Au(z) — Vu(z) + ¢gWuP(z) =0, x € M"™

Here ¢ is a positive constant. Now using a dilation of u, we can obtain a
solution to (1.2).
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We need to prove that u is positive. We will use the Concentrated Com-
pactness Principle of P. L. Lions, as suggested in [Ki]. To this end we write

J(u) = / (|Vul? + Vu?)dz, V) = Uuj — u.
M
Next
J(uj) = J(u+vj) =J(u)+ J(vj) + 2/ (—Au + Vu)v;de.
M

Clearly v; converges weakly to zero. Hence
(2.14) J(uj) — J(vj) — J(u).
Moreover, for any fixed R > 0,

(2.15)  J(vj) = /B( (V> + Vv?)dx +/ (V> + Vv?)dx

0,R) B(0,R)°

(n—2)/n
> Q(1, B(0, R)?) (/ |vj12”/<”-2>dx> +o(1)
B(0,R)e
(n—2)/n
> Q(1, B(0, R)) ( / W|vj|2”/<”—2>d:n>
B(0,R)°

—(n=2)/n
] +o(1)

-| sup W
B(0,R)°

as R — oo. Here we have used the fact that v; converges to 0 pointwise in
any compact domain.
By the Fatou Lemma due to Brezis and Lieb,

(2.16) / Wul" 2 g — / w2 " gy / Wu =2 dy.
M J M J M
We claim that u is not identically zero. Otherwise (2.16) shows that

(2.17) lim [ Wio? " Ddz =1,

J—00

since [y Wu?n/(n_mdm = 1. From (2.14), (2.15), (2.17) and the assumption
that u = 0, we see that

liminf J(u;) = liminf J(v;) > Q(1, B(0, R))

J—00 J—00

sup W
B(0,R)*

—(n—2)/n
] +o(1)

as R — o0o. Recall that
liminf J(u;) = Q(W, M).

J—00
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Hence

QW,M) = Q(1, B(0, )°) + o(1).

(n—2)/n
B(0,R)° ]

[sup w

This is a contradiction to Assumption (c¢) when R is sufficiently large.

Hence u is not identically zero. By the unique continuation property, we
see that u(x) > 0 everywhere. A suitable dilation yields a positive solution
to (1.1). This proves (i).

Step 5. We prove part (ii) of the theorem.
We need to prove an a priori estimate under weaker assumptions than (i).
First we note that Step 2 of the proof still applies in this case, with only a
slight change. Indeed, (2.5) remains true. Now using the a priori assumption
that fM 2/ ("=2) 4y < oo and the scaling invariance of this integral, we see
that

/ W2 (=2 q 2 — 0
Bi(zo,1)

when zp — oo. From this, (2.6) is an immediate consequence of (2.5).
Following the rest of the proof of Step 2, we know that u(z) < C/(1 +
d(.fv)(n_2)/2).

Under the extra assumption that R(z) > ¢/(1 + d(z)®) with b < 2, we
show that u actually has exponential decay near infinity.

Here is the proof. Since u is a solution to (1.1), we have

Au— (V = WuP~u > 0.
By the assumption that V(x) > ¢/(1 + d(x)?) with b < 2 and the estimate
u(z) < C/(1 +d(z)"2/?), we know that
C c
T T T B — > .
( W)@ 2 T T TR d@E 2 20 T d@))

Here we just used the equality p — 1 =4/(n — 2).
Let I'1 be the Green’s function of the operator

A—(V —WuP™h).

By the estimate of Green’s functions [Zh1], we have, when d(z) > 1 and for
some a > 0,

Iy (z,0) < Ce @)

For completeness, we sketch a proof here.
From the heat kernel estimates (Theorem 1.1 in [Zh1]), we have

I'i(z,0) < /OO O V(@) 202 ed ()t gy
~Jo |B(z,V1)|
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By direct computation, the above shows

Ii(z,0) < / T O w2 gy )2
o |B(z,vV1)|

where a > 0. Hence

d(a?)Z 1 9
Ii(2,0) < C / L ed@P/eng
0 | B(

z, V)]

0 ]. —cd 2 —cd a/9
+/ L @)/ gy | ped)e )2,
d(@)? |B(z,v/1)]

By the doubling property of the balls, for ¢ < d(z)? and d(z) > 1,
|B(a, V1) = e(t/d(x)*)F|B(z, d())]
> ¢/ (t/d(2)?) B0, d(2))] > ¢ (t/d(x)?)".

When t > d(x)? and d(x) > 1,

= L —ca@p/e > !

———e dt <C ———dt < C,
/dw |B(z, V)| d()> |B(0, V)]

by the extra assumption that M is nonparabolic. Hence

F(ﬂf70) < C[l + d(gj)2]@_0d($)a/2 < C/e—cd(x)“/zl'

Note, for a large k > 0, u(z) < kI'1(z,0) when d(z) is large, but fixed. By
the maximum principle, we see that

u(z) < cre”ed@)"

for all z. O

Remark 2.1. If one assumes that the Ricci curvature is bounded from be-
low and the injectivity radius is positive, then Aubin’s sharp Sobolev in-
equality (with an extra zero order term) holds on the whole manifold. Then
the existence result can be obtained by carrying out Steps 2 to 4.

Proof of Corollary 1. The existence part is similar to the Proof of Theo-
rem 1.1. We give the proof in several steps.

Step 1. This is identical to Step 1 in the Proof of Theorem 1.1
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Step 2. This is again similar to Step 2 before. Using the same notations as
in Step 2 before, one has:

(2.19)

IG5, n—2
< CC, 52 / \V177|2G(v)2d1x + Clqj(52 +€) / Wv4/(”*2)G(v)2772d1m

<COi [ IVinPGPdis + Cray(B + ) |Gl

2/n
. / Wn/Z’UQn/(n_Q)dll‘
Bi(wo,1)

< CClﬂZ/VmFG(v)lex

(n—2)/n
+ C1g; ( sup W) (B* +¢€) ||G(U)n”%n/(n—2)
Bi(zo,1)

2/n
. / Wi/ n=2g .| .
Bi(zo,1)

Here all the norms are over the ball Bj(z,1). Since fBl(xO N Wo2n/(n=2) 4, 1
<1 and W(z) — 0 as d(z) — oo, the above shows that

|G 2y < Ca / Vin2G(0)?dia.

From here we just follow the previous arguments step by step to conclude
that v(z) < C and hence u;(z) < C/d(x)"=2)/2.

Step 3. This is identical to the previous Step 3 since we are working in a
bounded domain.

Step 4. Since u;j(z) < C/(1+d(z)™=2/2), by the decay condition on W and
the volume growth assumption on M, we see that

/ Wultdz < 5352, / Wl dy
B(O,T’o)c B(O,Qi’r'o)fB(O,Zi_lTo)
< 08X (27 )7

Hence, for a sufficiently large g, one has
(2.20) / Wubtde =1 - / Wultdz > 1/2.
B(O,To) B(O:TO)C

By the standard elliptic theory, u; is uniformly bounded in C?® norm for
some o > 0. So a subsequence, still denoted by u;, converges pointwise to a
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function u. By (2.20) and the unique continuation property, we know that
u(z) > 0 for all z. This w is a positive solution to

Au(z) — Vu(z) + ¢gWuP(z) =0, x € M".

Here ¢ is a positive constant. Now using an dilation of u, we can obtain a
positive solution to (1.1). This proves the existence. (]

Remark 2.2. Let u be a solution in Corollary 1. We show that u%/("=2)g
is a complete metric under the extra assumption: rAr < (n/2) —§ for some
§ > 0 and, for a sufficiently small € > 0, R(z) < ¢/(1 + d(x)?) when d(z) is
large. However, it seems hard to find an example of such manifolds.

We will follow an idea in [Ki2]. It suffices to prove that
u(@) = co/ (1 + d(z)"=27?)

for some ¢y > 0.
Suppose this is not true. For any small ¢ > 0, consider the set

D= { zeM | h(z)=cr~"D2 _y(z) > O}.

Here r = d(x). The set D is clearly nonempty by the above assumption.
Moreover D is outside any given compact set if ¢ is sufficiently small. This
is due to the fact that u is positive everywhere.

Let D C B(0,r9)¢. Here we choose 79 so large that rAr < (n/2) — ¢ when
x € D. By direct computation, the following holds in the distribution sense:

A(c7"(2_")/2 —u)

> p=1=(n/2) <(n;2) (g - rAr) c— MR(QT)U(Q?)T1+(”/2)> .

Using u(z) < ¢/d(z)®2)/2 and our extra assumption in the remark, we see
that

1 -2) (n—2)

Ahz et (1225 R(z)r*) > 0.

> cr 5 in=1) (x)r* | >

This shows that A is subharmonic in D. However h(z) > 0in D and h(z) =0
in dD. The contradiction implies that D is empty when c is sufficiently small.

3. Proof of Theorem 1.2.

We will only show the proof in the Euclidean case since the manifold case
is similar.

We will use the method of domain exhaustion. We divide the proof into
three steps.
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Step 1. We prove an a priori decay estimate for certain sub solutions u
solving

Au+WuP >0

in the weak sense. During this step, we assume that u satisfy fRn WuPtlde
< oo and [, [Vul?dz < cc.

Pick z € R™ and let R = |z|/2. Throughout the section we make a change
of the variables

y=uxz/R.
Write
ui(y) = R*u(Ry)
with k = (n — 2)/2, we know that u; satisfies
(3.1) Auy + R¥P=Dky 2 > 0.

Here and later Wi (y) = W(Ry) and the A in front w; is the Laplacian in y
variable.
From (3.1), direct computation shows, for any [ > 1

(3.2) Aub + [R>P= DRy P >

Given any yp such that |yo| = 1 and sp > 0, we wish to show that ui(yp) is
uniformly bounded when R is sufficiently large. Much of the remainder of
the step is to prove this claim.

Let W be a suitable cut-off function, by standard arguments we know that

(3.3) / |Vul [2dy < Cr~ 22 R* (k= 1p / Wi Py,
B(yo,o1) B(yo,02)
where 7T =09 — 01 and 0 < 01 < 09 < 1.
Using Sobolev embedding, it is easy to see that

0
R2-(p—Dkj2, -2 Wlupr_ldy] 7

(3.4) / w2dy < ©
Ba, Bo,

where 6 = n/(n —2) here and throughout this section. We will modify (3.4)
so that a Moser iteration can be carried out.
From scaling relation between w and uq, it is easy to see that

(3.5) / ufn/(n_m(z’)dz’ :/ u? (=2 (2)dz < 0.

Using the scaling x = Ry, Wi(y) = W(Ry) and u1(y) = RFu(Ry), it is
clear that

/ W1(y)u1f+1(y)dy = Rk(p+1)_"/ W(m)up+1dx.
B(y070'2) B(Z‘Q,O’QR)
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By the assumption at the beginning of the step

(3.6) /B W )y < ORI
Y0,02

Since k = (n —2)/2, one has k(p+1) —n=—(2—k(p—1)).
Now let us go back to (3.4). Take

2n R 2n
m-2)p-1 T a1 m-m-2p-1)
and use Holder’s inequality, we know that
6
R2-(-Dkj2_—2 Wluflﬂ)_ldy]

/ wdy < C
B(yo,01) B,
1/Q1 4
ugpfl)ql dy)

/ / L
< C R2_(p_1)kl27'_2 (/ qulu?lqldy> (/
B, B

Since (p — 1)1 = 2n/(n — 2), by (3.5),

q =

o2

0

1/qy
(3.7) / W2dy < C | R VR (g — 1) < Wfluf’qldy>
Bo, Bay

Recall that W (z) < C/(1 + |z|™). Hence Wi(y) < CR™™ when |y — yo| <
o2 < 1/2. So (3.7) implies
/ 1a
Uflqldy>

/ u%zedy <C R27(p71)k7ml2(0_2 o 0_1)72 (/
Bsy Bs

By choosingm =2—(p—1)k=2— ((p—1)(n — 2)/2), we see that
0

0

2

1/q4
(3.8) / wdy < C |(og —01)72 / u?lqldy
Boy B,
Ifp< Z—J_rg, then
2
T " =

- @ —1 - 2n—(n—2)(p—1) Sh—2"

Therefore we can use Moser’s iteration on (3.8) to conclude that
u1(yo) < C.

This is so because

HMHLZ‘?'l(Bl) <C.
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This shows
(3.9) u(z) < C/ (1 n \m\<n*2>/2) .

Step 2. We show that u has uniform exponential decay:

_ ((2-b)/2)2
u(z) < cre=ll

for all x.
From last step we know that u(z) < W By the assumption on

W, we see that

C C C
p—1
W™ (@, 1) < - D62/ 1 1 e D272 = 14 o

Since V(z) > 1+‘|17|b with b < 2, we see that
0= Au(z) — V(z)u(x) + W(x)uP(z)
= Au(z) — (V(z) = W(z)u~ (z))u(x)

C
< Au(w) - - +Tx|b“<f”>

when |z| > r for a large r > 0. Here c¢p is a positive number.
Let I'y be the Green’s function of the elliptic operator A — ﬁ Note

that u(z,0) = 0 when |z| is large. It is also clear that I'y(z,0) > ¢(|x|) >
0. Applying the maximum principle on the exterior of a sufficiently large
cylinder centered at the origin, we know that

u(z) < CT'y(z,0)

when |z| and C' are sufficiently large. By the upper bound of I'; in [Mu]
(when the leading operator is the Laplacian), [Zh1] (general case), we have

—e(lo— b/2)(2-b)/2 -
Iy (z,y) < Ceclle—yl/A+l5) |z —y|" 2.
It follows that
u(x) < cle_c2|x\<<2’b)/2)2

for all z.

Step 3. We use the method of domain exhaustion.
We begin by solving, for each j > 0, the standard variational problem

(3.10) inf / (IVul® + Vu?)da
uEW&'Q(B(Ovj)) B(Ovj)
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subject to the constraint fB(O i WuPTldz = 1. Let u; > 0 be a solution to
(3.10). Then there exists a A; > 0 such that
(3.11)

Auj(z) — Vuj(z) + AWl (z) =0, z € B(0,5); u(z) =0, x € 9B(0, ).
We claim that there exists a A > 0 such that \; decreases to A when j — oo.

Clearly \; < A if j/ > j. When W satisfies the assumption in Theorem 1.2,
we have, for any suitable u,

1
p+1

e N B (1 [y

_ 1 2—((p~1)(n-2)/2) yp—1+((p=1)(n-2)/2)

=C T ‘$|2_((p_1)(n_2)/2)u U (z)dz.

P (z)dx

Using the inequality ab < C'(a™ +b™') with the exponents m = 2/(2 — ((p —
1)(n—2)/2)) and m' =m/(m —1) =4/((p — 1)(n — 2)), we have

WuPtldz < C u?dx + C uP= (=1 =2)/2))m" (1
R" = Jre 1+ 2]? Rr

- C 24 C 2n/(n—2) d
T |x‘2u x + Rnu (x)dx

<C [ (|[Vu*+ Vu?)dz.
Rn

This shows that A; is bounded away from zero. The claim is proven.

Let u; be a solution to (3.10). We extend the domain of u; to the whole
space by setting u;(x) = 0 when z is outside of the ball B(0,j). It is easy
to verify that the extended function, still denoted by u;, is a subsolution to
(1.2) in the weak sense, i.e.,

(3.12) Auj(z) — Vuj(z) + \jWul(z) > 0, z € R",

in the weak sense. Since

(n=2)/n
< / s <“—2>> <C | |[Vuyl? =0 / Wulth = OX; < O\
n R R”

for all j, we can use Step 2 to conclude that
(3.13) uj(z) < 016_02|$‘((2_b)/2)2

for all |x| > Rp and j. Here Ry is a sufficiently large number. If |z| < Ry, by
[GS1] or [GS2], uj(z) is uniformly bounded. Hence (3.13) actually holds
for all z.

This shows that there exists g > 0 such that

(3.14) / Wub e =1 - / Wb dz > 1/2.
B(O,T‘o) B(O,T‘o)c
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By the standard elliptic theory, u; is uniformly bounded in C?“ norm for
some o > 0. So a subsequence, still denoted by w;, converges pointwise to a
function u. By (3.14) and the unique continuation property, we know that
u(x) > 0 for all x € R™. This u is a positive solution to

Au(z) — Vu(z) + \WWuP(z) =0, x € R".

Now using an dilation of u, we can obtain a positive solution to (1.2). O

4. Existence of global solutions and energy estimates.

Asindicated in [F] and [Zh2], the existence or nonexistence of global positive
solutions to (1.3) is both strongly influenced by the exponent p and the
potentials V' and W. In this section we will show that (1.3) with bounded W
possesses global positive solutions under the condition that V(x) > ¢/(1 +
|z|?) with b < 2 and ¢ > 0. In fact, concerning the existence of global
positive solutions, the condition on V is sharp in general. This means that
if 0 < V(z) < C/(1+ |z|°) with b > 2, W = 1, then (1.3) has no global
positive solutions if 1 < p <1+ 2 (see [Zh2]).

We will also prove some energy estimate for global solutions which will
be useful for the proof of Theorem 1.3. Those results in this section which
overlap those in [SZ] or [Zh2] are presented here for completeness.

Let us also mention that all results in this section remain valid if A is
replaced by an uniformly elliptic divergence operator with bounded measur-
able coefficients depending on x. In this more general case one needs the
Green’s function estimates in [Zh1] to begin with. While in the special case
some comparison methods are sufficient ([SZ]).

We denote by e/2~V) the semigroup (on L) associated with the linear
part of the equation

(4.1) u—Au+Vu=0 inR"” x (0,00).

Namely, for all ¢ € L, u(z,t) = (e"*~Y)$)(x) denotes the unique solution
of (4.1) with initial data ¢. Also, we denote by I' the Green’s function of
the operator A — V' and for all suitable f, we put

Fef@) = [ Taf@y= [~V

0

Given k > 0, we introduce a weighted space L7° defined as
% — {u | u(.) € L®(R"), (1 + |z|)*u(x) < co}.

The norm of this space is given by ||ulls x = sup, (1 + |z|)¥|u(z)].
We will use T'(ug) to denote the maximum time of existence of the solution
to (1.3), which may also denoted by u(.,ug)(.).
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Proposition 4.1. Suppose V(z) > ﬁwﬂb with b € [0,2), a > 0 and let
k>0.
There exists C > 1 such that for all ¢ € LS°,

(4.2) 1" 6lloc e < Cllllocr, ¢ 0.
Proof. By Theorem 1.1 in [Zh1], we have

e—ealtV/2 /(1)) et /2/ (14 Iy )

tn/2

G(z,t;9,0) < ¢ e—cslz—yl?/t

with a = (2 —b)/2.
Given f = f(x), we write

G f(a,1) = / Gl 1,0 (y)dy

ly|>|z|/2
+/ Gz, t;9,0) f(y)dy = J1 + Jo.
lyl<|z|/2

Clearly

; C e~ csle—yl*/t ; C
< < — .
1_1—Hx|k/ PR A P

When |y| < |z|/2, one has |z —y| > |z|/2 > |y|. Therefore

Ty < tnCﬂ / eealt2 /(a2 p—elal? ft g —cle—y2 /1 gy,
lyl<al/2

Here ¢ > 0 is chosen sufficiently small. If |z| < 1, then obviously Jy < C.
So we can assume that |z| > 1. Direct computation shows that
[#/2)(1 + [P/ + a2/t = |af
for some 6 > 0 and all ¢ > 0. Hence
Jo < Ce_me.
Combining this with the estimate on J; completes the proof. ([

Proposition 4.2. Suppose V(x) > 1+L|17:c\" with b € [0,2), a > 0. Suppose

0 < f(x) <1/(1+ |z|*) for some k >0, then
b
ref)= [ Teprwa < SEEED

1+ faf

Proof. According to [Mu] or Corollary 1 in [Zh1], under the assumptions
in the proposition, there exist positive constants ¢y, co such that, for all x,y
and a = (2 —10)/2,

1

) < cre—c2lle=yl/ (22> g—callz—yl /Ay /2)) =
(4.3) [(z,y) < cre e P
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When |z| < 1 and |y| > 2, we have

|yl (1= (/2)? C
e—clyl

r < —_—.

Hence I' x f(z) < C when |z| < 1.
In order to estimate I x f(x) when |x| > 1, let us write

(4.4)

F*f(x):/ I‘(x,y)f(y)dy+/ ...dy+/ cdy
lyl<lel/2 Iyl >z1/2 ol /2yl <2}

=1+ Iy + I3.
When |y| < |z|/2, one has |z — y| > |z| — |y| > |z|/2 > |y|. Hence

e—calla—yl/ (L)) o o—calal (= (E/) (=02

)

e—calla—yl/ (L2 < g=ealy| (= 0/C0/2

It follows that
(45) I, < CecQ|x|(1(b/2>>(2b)/2/ 6762‘y|(17(b/2))(27b)/2/|x 2y

< 06762|x|(17(b/2>>(27b)/2

Similarly
(4 6) Ir < Ce—cz\x|<1*<b/2>>(2—b>/2

Next let us estimate I3. Since |z|/2 < |y| < 2|z| in this case, we have
fly) < C/(1 4+ |z|*¥). Hence

c
I3 < / I'(z,y)dy
L+ 2 Jjz)j2<pyi<2lel

c o—calle—yl/(L+|a]o/2))e
< k/ n—2 dy.
L [2f* J izl j2<pyi<2)e] [z =y

Take the substitution ¢y’ = y/|z|, we obtain, as |z| > 1,

C (1= (b/2))2 L (2=b)/2 dy’
I<——(1+ |$|)2/ e—clzl [CAEDEE —
1+ |2k 1/2<|y’|<2 |(z/|z]) — y'|"—2
Note that |z/|z|| = 1, so if we let r = |(x/|z]) — ¥/, then

C 5 [?
I <— 1+ |z /e
3 1+\w|k( 1) 0

Letting r; = |z|*=®/2)r, we have

|z (1= (0/2)? (=) /2

rdr.

C o (2-b)/2 1
< —— (1 2 —cry dr{ ———
3= 1 _|_ ’x|k( + |$’) /() € riary ’w‘g_b7
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ie.,
C(+zl’)
4. i< —— -~
(47) S5 T
The lemma is proven by combining (3.3)-(3.5). O

The result in the next proposition is known. But we give a sketch of the
proof for the sake of completeness.

Proposition 4.3. Suppose ﬁ < V(z) < C; with b € [0,2), a > 0.

Suppose W € L¥(R") and 1 < p < Z—J_rg Then the following conclusions
hold:

(i) For any compactly supported nonnegative f # 0, there exists A9 > 0
such that the problem

{Au —V(z)u+W(x)uP —u=0 inR" x (0,00),
u(z,0) = up(z) = \f(z),

has a global positive solution when X € (0, A\g);

(ii) moreover the w— limit set contains a equilibrium solution;

(iii) all global positive solutions are bounded in D x (¢,00). Here ¢ > 0 and
D is any compact domain.

Proof. (i) The existence of global solutions for small initial data is a simple
consequence of Propositions 4.1 and 4.2 together with a fixed point argu-
ment. If one is restricted to (1.3) only, then a comparison method also yields
the result (see [SZ]). However the current method has the advantage that it
covers the case when A in (1.3) is replaced by a uniformly elliptic operator
with bounded measurable coefficients. We refer to [Zh2] for details of the
proof.

(ii) Next us recall some well-known facts related to the existence of an energy
functional for Equation (1.3).

For ug € L™ N H' it is well-known that u € C([0,T(ug)); H') and that
the energy F(t), defined as

1 1 1
E(t) = / |Vu|? de + / Vulde — —— | WuPt dx
2 Rn 2 Rn p+ 1 Rn

satisfies the identity

B(0) - B(t) = /Ot/ g (z, )2 da ds.

We will use the following two classical lemmas.
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Lemma 4.1. Let ug € L°NH. If T(ug) = oo, then E(t) > 0 for allt >0,
hence in particular

/ /|ut(x,s)|2 dxds < E(0) < C||u0H%11.
0

Proof. This is a consequence of the classical concavity argument of Levine
(see [Lel]). O

Lemma 4.2. Let ug € LN H'. If T'(ug) = 0o, then the w—limit set w(ug)
consists of equilibria (i.e., of solutions of the corresponding elliptic equation).

Proof. Assume u(t;) — v in Lg° and fix ¢ > 0. By continuous dependence
of solutions of (1.3) over initial data in L>°, it follows that u(t+t;) — S(t)v
in L*°. For each R > 0, we have

4+t
/ e, £+ 1) — ule, £)? dx < C(R)/ ’ / g (2, )| da dis
|z|<R t; |z|<R
< C(R)/ / lug(x, 5)|? da ds.
t n
Since the RHS goes to 0 as j — oo in view of Lemma 4.1, we deduce that
[ 1s@0)@ - vl de =0,
lz|<R

hence S(t)v = v for all ¢ > 0, which means that v is an equilibrium. This
proves the lemma and Part (ii) of the proposition.

(iii) This follows from the scaling argument in [Gi]. O

The following result, essentially given in [S], is important for the proof of
Theorem 1.3:

Proposition 4.4. Let ug € L N H' and assume that T(ug) = co. Then
the following holds:

1 T+h
T/ Wt (2, )dzdt < Cllluglly), T >1, h>0.
h R

Proof. Without loss of generality we take h = 0. We use an energy argument
from [S, Theorem 2] (given there for V = 0). Let f(t) = [, u?(z,t) dz, then
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by Lemma 4.1,

s -s0 =2 [
§2</0t/nu§dmds>1/2 </Ot/nu2dxds>

< 2E(0)'/? </Ot f(s) ds> 1/2.

1/2

This easily implies
f(t) < C(E(0)(f(0) +t) < C([lugllg1)(t +1), t>0.
Multiplying both sides of (1.3) by u and integrating, we obtain, for 7' > 0,

T
/ WuPT(z, t)dxdt
0

r 1
= / / (|Vu(z, t)|? + V(z)u?(z, t))dzdt + 2/ (u*(z,T) — u*(z,0))dx
O n

2

T L 1
p+111Iwmmm-@Jmmﬁ+2uau—fm»

T
=2 /0 E(t)dt +

Hence

1 T
= / WuP (z,t)dxdt

Pl (f(T)Q—Tf(O) n ;/OTE(t)dt>

p—1

= gi_i <f2(§:) + 2E(0)> < C(lluollgr), T >1.

5. Proof of Theorem 1.3.

Again we will only give a proof of the Euclidean case, which is divided into
several steps.
Step 1. Let u solves

Au+ WuP —uy > 0.

Pick x € R™ and let R = |z|/2. Throughout the section we make a change
of the variables

y=xz/R, s=t/R%
Write
ul(yv s) = Rku(RvaQS)
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with k = (n — 2)/2, we know that u; satisfies
(5.1) Auy + ROk 02 — §uy > 0.

Here and later Wi (y) = w(Ry) and the A in front u; is the Laplacian in y
variable.
From (5.1), direct computation shows, for any [ > 1

(5.2) Aub + 1R2—(p—1)kW1ull+p71 — 9.l > 0.

Given any yo such that |yp| = 1 and sy > 0, we wish to show that wu;(yo, so)
is uniformly bounded when R is sufficiently large. Much of the remainder
of the step is to prove this claim.

For a o € (0,1), write

Qo =1{y|ly—wol <o} x[s0— 02 s0).

Since the support of ug is compact, the support of u;(.,0) is contained in a
ball centered at 0 with radius of the order ¢/R. When s < 0 and y is outside
the support of u(.,0), we define u;(y,s) = 0. In this way u;y satisfies (5.2)
in @, when R is sufficiently large.

Let ¥ be a suitable cut-off function, by standard arguments we know that

(5.3) sup / u(y, s)dy + c/ |V, [2dyds
ly—yo|<a1

so—0?<s<sg Qoy

< CT72l2R27(k71)p g Wlu%l"!‘p—ldde’
a2

where 7T =09 — 01 and 0 < 01 < 09 < 1.
Using Sobolev embedding and Hoélder’s inequality, it is easy to see that

2/n
/ f2(1+(2/n))dy <C </ f2dy> [/ (|Vf’2 + r2f2)dy] .
B(yo,r) B(yo,r) B(yo,r)

Using (5.3) and the above, we see that

/ udyds < C
Qoy

R~ (p—1)kj2,=2 W1u2l+p_1dyd5]
Qoy

2/n
. sup / ui'(y, s)dy | .
s0—01<s<so \Y|y—yol<o1

Here and later § =1+ (2/n). It follows that

(5.4) / udyds < C
Q

71

Qoy

We will modify (5.4) so that a Moser iteration can be carried out.

0
R2~ (= 1kj2=2 Wluf”pldyds] .
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From the energy estimate in Section 4, Proposition 4.4, we know that

1 t
— WuPtt < C.
R2 /_RQ R Y -

Since E(t) = & [ [Vul> + 3 [gn VU2 p-1+1 Jgn WuPt! and E(t) is nonin-
creasmg, we see that

(5.5) 24v WuPtl + 2E(t
RQ/R2/n’vu‘+ U) +1R2/R2 Rn Y + <)

< C(E(0)).
By Sobolev embedding, the above implies

(5.6) = jRQ ( | u2n/<"—2>>(n_2)/n < C(B(0).

From scaling relation between w and u1, it is easy to see that

/ u2"/("_2)(z,t)dz:/ u?n/(n_z)(z’,t/RQ)dz’

Hence

(5.7) / sl ( / Cup (”‘2)>(n2)/n < C(E(0)).

Next
(5.8) / W2052/m)
Q

1

so (n—2)/n 2/n
s0—02 B(yo,01) B(yo,01)
2/n s (n—2)/n
< sup </ u%) / (/ ufn/(”2)> ‘
s€(sp—02,s0) B(yo,01) SO—U% B(yo,01)

Combining (5.7) and (5.8) one obtains

2/n
(5.9) / u?(H(z/n)) < C(E(0)) sup (/ u%) :
Qoy s€(sp—02,s0) B(yo,01)

We would like to find an upper bound for the right-hand side of (5.9). To
this end we take [ =1 in (5.3) to get

(5.10) sup / ul(y, s)dy < CT_QRQ_(k_l)p/ Wluzfﬂdyds
ly—yo|<o1 Qoy

So— 01<s<so
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where 7 = 09 — 01. Using the scaling t = sR?, z = Ry, Wi(y) = W(Ry)
and u1(y, s) = RFu(Ry, R?s), it is clear that

Wi(y)ul ™ (y, s)dyds = RFPHD =2 / 2)uP T dzdt.
QUQ to— 0’ B(xo O‘2R
By the energy estimate Proposition 4.4 again
(5.11) W (y)ul (y, s)dyds < RFPTFO=C(E(0)).
Qo

Since k = (n—2)/2, one has k(p+1) —n=—(2—k(p—1)). Taking o9 =2
and o1 <1, by (5.10) and (5.11), we deduce

(512)  sw / 9y < CEO)C o) < C(BO)

so—0o7 <s<$0

Substituting (5.12) to (5.9), we obtain

(5.13) / w2 gy ds < C(E(0))
Qo

for any o1 € (0,1).
Now let us go back to (5.4). Take

~ 2(n+2) ;@ 2(n+2)
M= -1 T g1 3n—mpra

and use Holder’s inequality, we know that

/ w2 dyds < C
Qoy

, , 1/43 1/Q1
< C RQ—(P—I)k’l27_—2 </ Wlﬂhufl‘hdde) (/ ng_l)qldyd$>
Qog QU2

Since (p — 1)g1 = 2(1 + 2), by (5.13),
(5.14)

o ¥

Recall that W(z) < C/(1 + |z|™). Hence Wi(y) < CR™™ when |y — yo| <
og <1/2. So (5.14) implies
/ 1/¢}
u?lqldyd3>

/ uMdyds < C | R¥P=VF=m12(5y — 5))72 ( /
Qoy Qo

6
Rz(pl)kl2T2/ Wlu%lﬁ-p—ldyd(s]

/
1 q

91

0

2
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By choosingm =2 — (p—1)k =2 — ((p — 1)(n — 2)/2), we see that

1/q;
(5.15) / utdyds < C | (o9 — 01) 72 </ u?l(h)
Qo Q

pr<1+%,then

0

J < 2(n +2) _n+2

" 3n-(n+4)+4 n 0.

Therefore we can use Moser’s iteration on (5.15) to conclude that u1(yo, s) <
C'. Using (5.7), this shows

(5.16) w(x,t) < C/(1+ |z|("=2/2),

Step 2. We show that u has uniform exponential decay.
From last step we know that u(z) < ¢ 5. By the assumption on

1+]|z|(n=2)
W, we see that

C c C
p—1
W@ (@,8) S S 002/ 1 1 [o[e-DeD2 = 11 22

Since V' (x) > ﬁ with b < 2, we see that

0= Au(z,t) — V(z)u(x,t) + Wz, t)uP(x,t) — u(z,t)
= Au(z,t) — (V(z) = W(x)uP ™ (z, t))u(z, t) — ue(z,t)

IN
P>

u(x,t) u(x,t) — u(x,t)

_
1+ |z|°

when |z| > r for a large r > 0. Here ¢g is a positive number.
Let T'; be the Green’s function of the elliptic operator A — ﬁ Note

that u(x,0) = 0 when |z| is large. It is also clear that I'y(z,0) > ¢(|z|) >
0. Applying the maximum principle on the exterior of a sufficiently large
cylinder centered at the origin, we know that

u(z,t) < CT'y(x,0)

when |z| and C are sufficiently large. By the upper bound of T';, as in
Section 3, it follows that

_ ((2-b)/2)?
u(z,t) < cre~ 2l

for all z,t.
Step 3. Define

Dy = {uo € Ly?; T(up) = o0 and u(t;ug) — 0in L° as t — oo}.
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By the exponential decaying property of the fundamental solution of A —V
(Proposition 4.3), it follows that Dy contains an open neighborhood Wy of
0 in LZ® and that

Dy = {'LLO S L;io; T(’U,o) =ocand 0 € wk(uo)}.

We claim that Dy is open in Lg°. Indeed, if ug € Dy, there exists ¢ > 0
such that u(t;up) € Wy. But by continuous dependence of solutions of (1.1)
in L, if ||@g — w000 i is sufficiently small, then u(t;%g) € Wy C Dy, so that
g € Dg. The claim follows.

Let now

AN =sup{A > 0; \¢ € Do}.
We have just seen that A\¢ € Dy when A > 0 is small, and it is well-known
that T'(Ap) < oo if A is large (see [Le2] for example). Therefore, 0 < \* < 0.

Let A\;j T A* with A\j¢ € Dg. By standard scaling method, we have, for

any bounded domain D,

Sup [u(t; Aj@)|Dlloe < CAj(lldllmr + [10llc), D) < C(D), j=1,2,....

Since by continuous dependence in L{°, we have, for each t € [0, T'(A\*¢)),
lu(t; A"6) plloo = lim [Ju(t; A;6)|plloe < C(D),

it follows that T'(A*¢) = cc.

On the other hand, by the openness of Dy, A*¢ € Dy. We claim that
w(A*¢) contains a nontrivial nonnegative equilibrium v. Suppose the claim
is false. Then by Step 2, there exists a sequence {¢;} with ¢t; — oo, such
that {u(tj, \*¢)} is compact in L7° norm. Moreover a subsequence would
converge to 0 in L° norm. Hence ||u(t;, \* )| o0 1 would be sufficiently small
when j is large. But this would imply that A\*¢ € Dy. This contradiction
validates the claim. The strong maximum principle finally implies that v > 0
in R™. The proof is complete. ([l
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