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The Kuznetsov sum formula relates spectral data concern-
ing automorphic forms to geometric data concerning the inter-
section of a discrete subgroup with the big cell in the Bruhat
decomposition. An explicit formula for the integral kernel in
the Kloosterman term of this formula is given for the groups
isomorphic to SU(n + 1,1), n > 2 and arbitrary one dimen-
sional K-types.

1. Introduction.

Let G be a connected semisimple Lie group of real rank one, and let I" be a
discrete subgroup of finite covolume of GG. There is a Kuznetsov formula in
this context (see [MW]) that relates spectral data concerning automorphic
forms to geometric data concerning the intersection of a discrete subgroup
with the big cell in the Bruhat decomposition. The 7-function is the kernel
for the integral transformation relating test functions on the spectral side
to those on the geometric side. In the classical case, this integral trans-
formation can be described in terms of classical Bessel functions (see [K],
[GW], [MW], Appendix), but in the general case the determination of the
Kloosterman term in the Kuznetsov formula is much more complicated.

This function has been determined when G = SO(n+1,1) and SU(n+1,1)
(see [MW] and [Kb] respectively) in the case of the trivial K-type. In the
present paper we shall extend the methods in [Kb] to obtain a formula for
T (see (2.7)) in the case of the group SU(n + 1,1) and an arbitrary one
dimensional K-type. Similarly as in [Kb] the calculation requires solving
complicated recurrence relations.

Let G = NAK be an Iwasawa decomposition of G and let g=n®ad ¢
be the corresponding decomposition at the Lie algebra level. Let M be the
centralizer of A in K and let x be a nontrivial unitary character on N. As
in [Kb], one necessary ingredient in our computations is the knowledge of
generators for the M,-invariants in the universal Lie algebra U (n) for those
groups (see [MV]). The main difference comes from the fact that in this
case the recurrence formulas needed to compute the 7-function involve new
and complicated terms that become zero only when the K-type is trivial.
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However, the final formula for 7 in the present case ends up being similar
to that obtained in [Kb], but involving a real parameter that depends on

the K-type.
A new feature of this case is the presence of poles in the right half plane
of the form p— 2, u—4, ..., where u € N is the K-type parameter.

2. Preliminaries.
We consider the Lie subalgebra of gl(n + 2, C) given by
g={Xegl(n+2,C)| XJ+JX =0, tr X =0}

where
0 0 1
J=1 0 I, O
1 0 0

and I, is the n x n identity matrix. Then g is the Lie algebra ~ SU(n+1,1).
We denote by G ~ SU(n + 1, 1) the connected Lie subgroup of Gl(n + 2, C)
with Lie algebra g. A Cartan involution of g is given by 6(X) = X"
This involution induces the Cartan decomposition g = ¢ ® p. We take
a the maximal abelian subalgebra of p given by a = RH, where H =
1 0 0
0 0, O ]. Let K and A be the connected Lie subgroups of G cor-
0 0 -1
responding to ¢ and a, respectively. Let M be the centralizer of A in K,
and let m be the corresponding Lie algebra of M. If a € a* is such that
a(H) = 1, then let n, and ng, be the root spaces associated to o and 2«,
respectively. Let p(Ho) = itr ad (Ho) |n, Ho € a. Then p(H) = n+ 1. We
have n, = {X(x) | z € C"} and ng, = RZ(7), where

0 =z 0 0 0 ¢
X(@x)=1(0 0, -7|, Z({@)=10 0 0
0 0 0 0 00
We also have
a ... 0
m={MA=|. A .||AeM,(C),A+A =0, 2a+tr (4) =0
0 ... a

If n = ny B naq, then g has the Iwasawa decomposition g=n® adt. Let
G = NAK be the corresponding Iwasawa decomposition at the group level.
Ifn=60ntheg=n®admon.

Let B(X,Y) = %tr(X.Y), (X,Y) = —-B(X,0Y), X, Y € g. Then B is
g-invariant and B(H, H) = 1.

If e1,...,e, denotes the canonical basis in R", we set X; = X(e;) and
le = X(iej), Y} = —er, Y/j = —QX/]', Z = Z(Z), 7' = —0Z. Then
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is an orthonormal basis of n with respect to

{X}7X7b V§Z|]'§j?kf;n}
:26UZ'

(', ). Note that [X;, X';]

If x is a character of N, then there exists X, € n, such that dy(X) =
i(X, X)) = —iB(X,0X,), for X € n. Set M, = {m € M | Ad(u) Xy, = X, }.
As M acts transitively on the unit sphere of n, (cf. [MV, Introduction)])
there is ug € M such that Ad(ug)X, = c¢X1, ¢ € R*. So M, = ugMyup?,
where My = {u € M | Ad(u)X; = X1}.

The compact subgroup K of G is given by the set of matrices of the
form k = k() = (§ %), with U € U(n), det(U) = e . If u € Z define

du(k) = det(U)* = e~ and let
(2.1) € = bulur-

Now consider de Verma module M(—v) = U(g) ®y(py C——p, where p =
m@ad®nand C_,_, denotes the p-module C with m acting by d§,, n acting
by 0 and a acting by —v—p, v € a.*. Let M (—v)[n] denote the n-completion
of M(—v) (see [GW], §2). If J = (j1,J2,..-,Jm) E N" (N={0, 1, 2,...}),
m =2n+1,and Y(J) = Y171 ... Y;,/*" Z"”™  then by Poincaré-Birkhoff-Witt
theorem, the set {Y(J) | J € N™} constitutes a basis of U(n). Hence every
element in M (—v)[n] has an expansion of the type > ;a;Y(J)®1, a; € C.
A x-Whittaker vector is an element v, (—v) in M (—v)[n] that satisfies the
equation

(2.2) Xv=dx(X)v VX en

Such a vector has an expression of the form

(2.3) (1) = ¥ arl -y () @1
IeN™

where the coefficients ar(x, —v) € C are rational functions of v. There is a
unique such Whittaker vector with ag(x, —v) =1 (see [BM] §6, Lemma 11,
for instance). Since m-vy(—v) = vy (—v) for m € M, we have that for each
I Y(I) must be a polynomial in the M,-invariants of U (n).

Let x be such that

(2.4) dx(X1) =X\, dx(Xy) =dx(X;)=0 i>1,j>1,

A € iR. For this choice of y, we shall use the notation u(\, —v) for the unique
x-Whittaker vector in M (—v)[n] such that ao(x, —v) = 1. The coefficients
of this x-Whittaker vector will be denoted a(A, —v). Then u(A, —v) must
be an element in ¢ (7). We note that M; ~ SU(n — 1) is the subgroup of
matrices in M of the form

)

0

0 I

b

b0
uler>: (88
00

oyoo
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B € U(n —1). Hence u(A,—v) = 3, Y1’ f;, where f; is an M;-invariant
polynomial in Y, ..., Y,, Y7/, ..., YV, and Z’. Then, by [MV], Theorem
B, fj € C[YY', Z', qu], where g1 = Y1, V;? + V{2,

Let E; ; be the matrix in gl(n+2, C) having the entry (¢, j) equal to 1, and
all the other entries zero. In order to have simpler formulas, it is convenient
to change the basis of n¢ to

{‘/17‘/27}/2""7Y7’L7Y2/7"'7Y’n,7T}5
where ‘/1 = EZ,la Vé == En+272, T = En+271. Note that }/1 = ‘/1 - VQ,

Yy = —iV] —iVs, and 7' = —i%T. Let ¢ be the element in ¢/(n)M1,

n
g=Yy v2+v"
=1

Now it is clear that we may write

(25) u(h—-v) = > aA-WWTe1 =1
7,k,1>0

(26) uh—v) = D ajpm-)WRIT" 1 n> 1
7,k,l,;m>0

Now we use the T'(v)-transform ([GW] and [MW1]) to compute the 7-
function. We see in [MW] that this 7-function is the main ingredient in the
Bessel transform in the Kloosterman term of the sum formula of Kuznetsov
type and also it appears in the Fourier coefficients of the Poincaré series. To
give the formula of the 7-function we consider two parabolic I'-percuspidal
subgroups P and P’. Then P = NAM and P’ = N'A’M’. Let x and x1 be
nontrivial unitary characters on N and N’ respectively. If W(A) = {1, s} is
the Weyl group of (P, A) then we take s* a representative of s in K. The
7-function is given by the following formula (see [MW] Proposition 1.2):

(2.7) T(X1, X, ua,v) = Z ar(x, v)dx1(Ad(uas®) Y (D7) @ 1
IeN™

u € M, a € A and where the coefficients a; are given by Formula (2.3).
Here, Y — Y7 is the automorphism of the universal enveloping algebra
given by X — —X, for X € g.

3. An explicit formula for the y—Whittaker vector.

The aim of this section is to give a formula for a Whittaker vector u(\, v+ p)
in the n-completion of the Verma module M (v + p) = U(g) Qup C,, where
m acts on C, by d¢,, with £, as in (2.1), n acts by 0 and a acts by v, v € a*.
In what follows we shall write v instead of v(H).
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Lemma 3.1. Let X1, Xi/, Vi, Vo, T and H be as above. Let Ut =
1[H +iM(2iE11)] and U~ = L[—H + iM(2iE1)]. Then, the following
commutation relations hold for j, k, 1 > 1:

(X1, Vi/] = V7N (U =i+ 1)

(X1, VoF) = KWk~ 1<U +k—1)

(X1, l]z (V1+V2)Tl !

(X", VA7) = jVi?™ 1(ZU+—Z(J—1))

[Xl, VoF] = kVoP 1 (iU~ —i(k — 1))
T

[ l ( VQ)TZ 1

Also we have: [UT, Vo] = Vo, [UT,T] = =T and [U~,T| =T.

Proof. The formulas are proved by the usual S1(2,C)-technique. They are
based on the identities: [X1,Vi] = U™, [X1,Va] = U~, [Xi/,W1] = iUT,
[X1', V5] = —iU~ and on the fact that [Vq, V3] = —T. O

Thus, it follows from Lemma 3.1 that:

(3.1) X1 Wkt e1
= (X VWM e 1+ W (X1 T @ 1+ VLA (X1 o 1
=iV U =+ D)W 0 1+ BV YU + k- 1T @ 1
— VIRV + )T @ 1
= VI Wk T k-1 —j+1+UN) @1
+EVIWRMIT I+ -1+ U ) ® 1
— VIV VT @ 1 — VPRt @ 1.

Using that [V1, Vo*] = —kVo* 1T and the fact that UT and U~ act on C,,
by ”J%“ and _V;" respectively, the last expression is equal to

(3.2) Vb <k —l—j+1+ ”;“) ®1

T VIR (k 1 ”;“) ®1

_ lv*lj+1‘/'2/€Tl—1 ®1— lvlj‘/Qk-i-lTl—l ® 1.
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Now, Formula (2.2) implies that:

(3.3) > airh v+ o)X WWRIT @ 1
J,k1>0
=2 Y g v+ VR T e 1,
7,k,0>0
(3.4) Q5 L l()\, v+ p)Xll.Vlj‘/ngl ®1=0.
.7’ b
7,k,0>0

From Formulas (3.2) and (3.3) we obtain the following recurrence relation
for the coefficients a; (A, v + p):

(3.5) Aaj,hl(/\,l/—i-p)

) R
=(j+1) <k—l—]—|—2u> ajr1k1(N v+ p)

+(k+1) <k‘ - V;”) @jkt1,1(A, v + p)

=+ Daj-1 ki1 (N v +p) = U+ 1)ajp-141(A v + p).
Also, we have

(3.6)

X/ vkt 91

= (X VIO @ 1+ VI (X V)T @ 1+ VIR (X . TH @ 1

=i ViU =+ D)W @ 1+ WER (U —i(k - 1)T' @1
+ VIR iV — V) T e 1

=i Vi WU - j+ 1+ k- ) ®1
+VIRVRAITH U™ —i(k—1+1) ®1
+ilVIVPMTI Y o 1 — Vi vk i1 91

=i jViI kT (—j+1+k—z+”;“> ®1
iV RVREIT <—k 14 ”;“) ®1

+ilVH WM @ 1 — v VRR T @ 1
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This computation together with Formula (3.4) gives a second recurrence
relation for the coefficients a; (X, v + p):

. . v+
387 U+1) <—J +k—1+ 2”) a1kt (A v+ p)

+ (k + 1) (—k -+ Vg”) aj7k+17l()\7 v+ p)

+ (0 +Daj 1 k1A v +p) = (U +1)a; k11410 v+p) = 0

Finally, from the identities (3.5) and (3.7) we get the following relations:

(3.8)  AajriNv+p) =G +1)(W+p—25+ 2k —20)ajr1 k(N v+ p)
=2(l+Dajr-1141(\ v + p),

(3.9)  Aajri(Av+p) =(k+1)(=v+ p+2k)a;p10(A v+ p)
—2(l+ Daj—1pi+1(A v+ p).

Proposition 3.2. Let x be as in (2.4). If u(\, v+ p) denotes the canonical

x- Whittaker vector in M (v+p) for SU(2,1), then the coefficients a; (N, v+
p) of u(\,v + p) are given by the formula:

(3.10)
GAk+1—1
)\j+k+21(_1>k+l H (V +1— Z)
B i=k+l
(A v+ p) = JH—1 k—1 jH-1
2k I w+p—20) [Jv—p—20) J[ w+1-19)
=0 =0 =0

ap,00(A, v+ p) = 1.

The proof of this proposition follows by induction on n = j + k + 2] and
is very similar to the proof of Proposition 3.2 in [Kb].

Now we shall compute the coefficients of the x-Whittaker vector for
SU(n 4+ 1,1) in the case n > 1. We set

(3.11) My, = M(Ej, — Eyy),  M7* = M(iEj + iEyy).

Then dé(M;;) = 0 and d§(MY) = §;; (—ip).



302 N.P. KISBYE

Lemma 3.3. Let X;, X!, Y;, Y/, Vi, Vo, T and q be as in Section 1. Then
the following identities hold: For i > 2,

A A 1
(X, Vi) = jVA9~ M, where M; = i(M(Eil — Ey) +iM(GE;n +iEy))

X, Val] = kVaR L (M;)!
(X;, T = =il T =1 (Y7)
(X[, V{] =ijV{ ' M,

[X, 2k‘] _ —’Lk‘/gk_l(Mz)t
[Xl Tl] — Z'lTl—l(}/i/)

[M;, Va¥] = (k/2)(=Y; + Yy ) VoF !
Fori>1,
(312)  [Xiq™]

m—1 m—1 .
s s s m—1—s J .
2§ 2UIT gm0 (S>(n—|—H—2(m—1—]))

s= j=s

m—1
92 45 T$ m—l—s(I)(s) X;
rr () (X0,

(3.13)  [Xiq"]

m—1 m—1

— 22 Z 48Ui(8—1)qum—1—S Z <i> (n + H — 2(m - 1 - ]))

s=0 j=s

m—1
m
_9 45 T$ m—l—s(I)(s) X!
(1) (x)
where Ués) =Yy if s is even and —iY} if s is odd. ®)(X;) and ®) (X))
belong to U(g)m and are given by the formulas

Z(Y]Mw + YJ-’M"]'), if s is even,
o) (x;) =77
zz Y/ M;; — Y;M"), if s is odd,

and
( N

Z(Y,M” + Y/ Myj), if s is even,
o) (x) ={77

7

-

(Y MY —Y;My;), if s is odd.

Jj=1
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Proof. For the first formulas see [Kb], Lemma 3.1. To prove Formula (3.12)
we proceed by induction on m. The proof of (3.13) is similar. We need the
formulas:

(X, Y5], Yi] = =04 Ye + 01Ys — 0y
(X3, Y, Y3 = 65 Y% + 01Y; + 6 Y
(X3, Y;] = 0;;H+ M(E;; — Ej;)
[Xi YJ]:M( (Eij + Eji))
(X5, Y] = —M(i(Ei; + Eji))
X, Yj] = 0iH + M(Eij — Ejq)
([X5, Y], V3] = 6i;Yy + 0 Y] + oY,

)~<

H Ix j] j/ 6Z]Yk+5JkY 5““}/3/

For m = 1 we have
(3.14)

[Xiql = (X, Y + [ X3, Y57%))

M+ 11

(HXU Y]]’YJ] + [[X%YJ'/LYJ/] + QYJ[Xiv Y]] + 2Y]'/[Xi’yjl])

<.
I
—

(—264;Y; + Yi 4 26;;Y; + Vi) + 2Y; H + 2Y; My; + 2Y; MY

I
NE

<.
I
-

n
= 2Yi(n+ H) +2) (Y;Mi; + Y/ M)
j=1
= 2Y;(n+ H) + 200 (X;).

If m > 1 we need the following identities:

(3.15)
m—1 ,. m—1 ,.
<‘;>(n+H—2( —-1-4)g=q (2) (n+H —2(m - j)),
j=s j=s
(3.16) Z4SU T5¢™=s,
(3.17) (@) ¢] = 4T<I><S+1>.
Formula (3.15) follows from the fact that [H,q] = —2¢, and (3.16) was

proved in [Kb], Lemma 3.3. To prove (3.17) we observe that if s is even
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then

[@(X0), ) = Y (1Y), a] My + Y], ] MY)
j=1
= 4T > (Y My; — ;M) = 4TS (X;),
j=1

If s is odd then
(@) (), q) = i ([}, a] My — [¥;, g M)
j=1

n
= 4TZ(Y].’MU +Y; M) = 4700 (X)),
j=1
Thus (3.17) follows.
Using that [X;, ¢™ Y] = [X;, ¢™]q + ¢™[Xi, q] we have

- mz ) s - s"il<i>(n+ﬂ_z<m—j>)

m—1
+2¢"Yi(n+ H) +2 > 48( )qum8q><s) (X;)

s=

+9 Z g5+l <8 m >Ts+1qm(s+1)®(s+1)(Xi) + 2qm(I)(0) (X’L)7

s=0 +1
thus
(3.18)
[Xz‘,qmﬂ]
_ s S) S _Mm—s — _ _ 1
_224 T%q JZS<8>(n+H 2(m — j))

+ 2Ui(0)qm(n + H) +2 Z 45 <T:’> Ui(s)qum—S(n + H)
s=1

+2 <T) o0 (X;) + 2?: 4% ((8 T 1) + <”;)> om0 (X;)

+24™ <m> T3 (X;) + 200 (X;).
m
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Now,
m—1
(3.19) 20 g™ (‘é) n+H—2(m—35) +20¢"(n+ H)
7=0
= ZUZ(O)qu <(J)> (n+H —2(m - j))
7=0
and
m ®) m—1 ]
2 2N 45U TS gmS H—-2(m—j
a2y Uy (7) -+ 11— 20m - 5)

+2Z4S<> VT8 qm5 (n + H)
—2245 S)TsmSZ(;)(n+H2(mj))

j=s
+24mU.( )T™ (n + H)

sy s gm—s N~ (7 o
_224 T3 ]Z;<S>(n+H 2(m — j)).

Using the identity ( s +1) + ( ) = (Zfll) we have that the sum of the last
four terms in Formula (3.18) equals

S m+1 S _MmM—S S
224 <S+1>Tq dG)(X;).
s=0

Thus we obtain

(3.21)  [Xiq"T] =2 i 45y s gms i (Z) (n+ H —2(m — j))

s=0 j=s

- s m+1 s, m—sa(s)
+2) 4 <S+1>Tq o) (X;),
5=0

so the proof of Formula (3.12) is complete. Using similar computations and

the identity
4s< > ‘8 1) Ts m— s
§ : i

whose proof can also be found in [Kb], Lemma 3.3, one can obtain Formula
(3.13). O



306 N.P. KISBYE

Now, it follows that for i > 2
(3.22) X; - VIVETI g™ 91
= Vi MVET! g @ 1
+ kaVQkflequm ®1— ilVleQle_lY;’qm ®1
+VIVET X ¢ @ 1.

As m acts by d¢,, and from the definition of My, and M* in (3.11), we have
thatMi®1:Mf®1:0f0ri22and

(X)) ®1 = YV/M" ®1 = —iuY/, if s is even
—iY;,M"®1= —,uYz, if s is odd.

Using that [m,7] = [m,q] = 0 and setting o(m — 1,s,v) = Z;”:_sl (]) (n +
v—2(m—1-7j)) it follows that

(3.23)
X; - VIVETY g™ @1

_ ik SV YY) @1 - VT Y @
m—1 '
+ 2Y; Z 4%0(m — 1, s, I/)VfVQkTH'Sqm_I_S
s=0,s even
m—1 )
—2iY] > Ao(m—1,s)VVFTHogm 10
s=0,s odd

m—1
_ 27;MY;‘/ Z 45 < 7—7: 1) Vlj V2k:Tl+sqm—1—s
S

s=0,s even

— 2,LLY Z 48( 1> V]_ V2le+S m—1—s
s=0,s odd

k m—1

s=0,s even

—2u Z 45( )VjvaH-s m—1—s

s=0,s odd

7

—iY»’( jkvf WM o1 + IV VT g @1
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m—1
+2 > Ao(m— 1,5 v)VVFETI g
s=0,s odd

m—1

45 J Tl-‘,—s m—1—s
> < N 1>V VT g

s=0,s even

Using that X; - u(A,v) = 0 for i > 2 and the linear independence of the
monomials V;V{ VTl g™ and Y/ V] VFT!q™ we obtain from the last identity
two recurrence formulas for the coefficients a; . j -

(324) G+ D(k+Daji1rs1m

l
=2 Z 450_(m + 5,8, V)aj,k,l—s,m—‘rl—‘rs
5=0

+ (4 Dajpiim +20 Y (-

S(m—|—1—|—5
s=0

s+ 1 >aj,k,l—s,m+1+s-

(3.25) I+ 1)ajkir1,m =2 Z(—1)5450(m + 5,8, V)0 k1—s,m+1+s

m+ s+
- 2/‘ Z < s+ 1 >aj,k‘,l—s,m+1+s-

To compute the action of X7 we need the identities
VEY; = VAT 4 ViV - v
VY = —ikVy ' T + —in Vg — vyt
and the commutation relations in Lemma 3.1. Thus
(3.26) X, -ViVET ™ @1
— <”;“ +k—l—j—m+1> ViTWET g @1

+k (2 +k+m— 1) VivVEiT g 91
_ lvlj-l-lVQle—lqm ®1— “/'ljv2k+1Tl—1qm ®1
+2 3 wolm—1,sp) (R VFTIT g

s=0,s even

+ ‘/'1j+lvv2le+sqm—1—s B ‘Gj‘/'gk—ﬁ-lTl—&—sqm—l—s)
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-2 Z 4%0(m —1,s,v) (lejVQkflTHSqu_l_s
s=0,s odd
+ ‘/1]'-"-1‘/2le+5qu175 + Vljv2k+1Tl+squlfs)
—2u Z 4s< m ) (kvlj"ék—lTl+s+1qulfs

s=0,s even s+1

+ Vlj-&-lvale+squlfs + Vljv2k+1Tl+squlfs)

_ 2,[1, Z 43 ( m 1) (kvleZk’—lTl+S+1qulfs
s=0,s odd s+

+ V*lj+1 %le—&-sqm—l—s o ‘/lj Vv2k+lTl+sqm—1—s) )

To compute the action of X we shall use that

@(S)(X') _ YiMY @1 = —ipnYy, if s is even,
e iY/ MY ® 1 = pY], if s is odd.
Therefore we get
(3.27) X - ViVET!gm @1
=1 (V—;M‘Fk—l—j—m_Fl) V‘lj_lv'?leqm®1
— ik <“;V +k+m— 1) VIVEIT g @1

+ ,L-ZVIjJervaTl—lqm ®1— ilVIj‘/'ZkJrlTl—lqm ®1
— 92 Z 480(77’1, _ 1’ s, 1/) (kvljvzk—lTl-i-s-&—lqm—l—s

s=0,s even

+ V1j+1V2le+sqm—1—s + VlevZk—l—lTl—i—sqm—l—s)

+ 2 Z 450-(m - 17 S, V) (kvrleQk_lTlJrerlqm*l*S
s=0,s odd

+ V1j+1V2le+sqm—1—s _ VleZk+1T1+sqm—1—s>

+ 2ip Z 48 <S T 1) (kvlg"ék—1Tl+s+1qm—1—s

+ V1j+1V2le+sqm—1—s _ Vlj‘/Zk—l—lTl—i—sqm—l—s)

m .
4 2% 48 (kv] Vk—lTH-S-‘rl m—1—s
8 s:(],zs:odd (8 T 1> b !
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+ V1j+1‘/2le+sqm—1—s + VlevZkJrlTl—i—sqm—l—s)'

Thus
(3.28)
(X1 —iX}) - VIVET!gm @1
= j(v+p+2k—2 -2 —2m+2) V] VETIgm @ 1

m—1
— 2”/1]V2k+1Tl_1qm ®1—4 Z 480'(?71 —1,s, V)‘/lj%k—&-lTl—&—sqm—l—s
s=0

m—1
—Ap Y (—1)04° <s T 1) VIVl s gm=1=s g 1,
s=0

and

(3.29) (X1 +iX})-VIVETlgm @1 =
k(p—v+2k+2m = 2)VJ Vi ' Tlqm @ 1 - 2V VT g @ 1

m—1
+4k Y (=1 4%a(m — 1,5, )V VF T gmdes
s=0

m—1
+4 Z (_1)5450(m —1,s, V)vlj-‘rlvszl-i-sqm—l—s
5=0

m—1
_ 4[uk Z 48 (s j—l 1) Vljv2k—1Tl+s+lqm—1—s ®1
s=0

m—1
m :
—4 48 VJ+1Vle+5 m—l-s o1
H SEO <S+1> i Va2 q X

Proposition 3.4. The coefficients a; 1 m(v+p, A) for the x- Whittaker u(A,
v+ p)in M(v+ p) satisfy the following recurrence relations:

(3.30)
A g im = (J+ 1) (v + p+ 2k =20 = 2m)aj 1 xim — 20+ 1)ajk-1,141,m

l
m+1+4+s
_ 4;48 <a(m + 5,8, I/) + ,u(—l)s< sl >) G k—1,1—sm+1dss
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(3.31) Aajrpm = (k+1)(p—v+ 2k +2m)ajpi10m — 200+ 1)aj 1 x141,m

-1

m+1+s
+4(k+1) Z 4° <(—1)so(m +8,8,V)— u( s+ 1 )) Qjkt1,]—s—1,m+1ds
s=0

!

m+1+s
+4) 4 ((—1)50(77% +5,5,v) — u( s+ 1 )) Aj—1,k,l—sm+1+s
s=0

(3.32) (j + 1)(k7 + 1)aj+1,k+1,l’m = (l + 1)aj,k,l+1’m
l

m+1-+s
+ 2 245 (o(m + s, s, V) + ,u(—1)3< si1 >> Gk l—s,m+1+s
s=0

l
@%)U+U%MHM:22}%@Q%W+&&W

s=0
m+s+1
— K s+ 1 Qjkl—sm+1+s-

Proof. The equations follow from the definition of the Whittaker vector,
Formulas (3.24), (3.25), (3.28) and (3.29). We note that if we set = 0 we
get the formulas given in [Kb], Proposition 3.5. (]

Equation (3.33) implies that a; i i.m = bj k,1.m®; k,0,+m, Where b i, sat-
isfies the formulas:

(3.34) bikom =1

l
339 (1 Daan =23 410l s.00)
s=0

m+s+1
.y s—+1 bj,k,l—s,m—i—l-l—s-

From (3.34) and (3.35) we conclude that b; 1, ; ., doesn’t depend on j and k.
Therefore we shall use the notation b; ,, instead of b; y 1 m-
Formulas (3.30) and (3.32) imply that

(3.36) )\aj,kyl,m = (j + 1)(1/ +u— 20 — 2m)aj+17k7lym,
hence
V)
(3.37) Ak lm =~ ao k,l,m-
J! H (v + p— 2i)

i=l+m
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From Formulas (3.31) and (3.33) we get
(3.38) )\aj,]%l’m = (k‘ + 1)(,u —v+2k+2m+ 2l)aj7k7l,m,

which implies

B (—l)k)\k

(3‘39) Qjklm = i @5.0,0,m-
k! H (v — pu— 2i)
i=l+m
Finally, (3.37) together with (3.39) implies
- (—1)kAIHH
(3.40) ajklm = pE— i ap,0,l,m-
iR I -2 I v—p—2i)
i=l+m i=l+m

If we set [ = 0 in the Formulas (3.32) and (3.33) we get:

(] + 1)(]{3 + 1)aj+17k+1707m = 4U(m7 0, V)aj,k:,o,m—i-l-

m

But o(m,0,v) = Z(n +v—2(m—3j))=(m+1)(n+v—m) and this to-
=0

gether with (3.36) and (3.38) imply

(3.41)
—\2
3k 0m+1 = dm+1)(n+v—m)(v+p—2m)(v — p — 2k — 2m) 3k,0,m
and then

(3.42)
(_1)m)\2m
@jk,0,m = m—1 j+m—1 k+m—1 @j%,0,0-
4mm!H(n+V—i) H (v + p— 2i) H (v —p—29)
i=0 i=j =k

Finally, we obtain the following explicit formula for the coefficient a; ;m:
(3.43)

@5 1im (Vs A)

= bi,m (V)@ k,0,04m (V5 A)
bl m(V) (_1)k+l+m)\j+k+2l+2m

= JHl+m—1 k+l4+m—1 I+m—1 0,0,0,0-
JIEN + m)l4itm H (v 4 p—2i) H (v —p—2i) H(n+l/7i)
i=0 i=0 i=0

Now let M(—v) be the Verma module U(g) ®y(p) C—v—p, where C_,_, is
the p-module with m acting by d§,, n acting by 0 and a acting by —v — p.
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Let w(X, —v) = > ;ar(A\, 7)Y (I)®1 be the x-Whittaker vector on the Verma
module M (—v), with x as in Formula (2.4).

To obtain an explicit formula for the Whittaker vector u(\, —v) we change
the parameter v in Formulas (3.10) and (3.43) into —v — p, since H acts by
—v(H)—p(H). Recall that for G ~ SU(n+1,1) we have p(H) = n+1. With
this parametrization and setting ag 0,0 = 1 in the case n = 1 and ag 0,00 = 1
in the case n > 1 we get

(3.44)
J+k+
(_1)j+l()\/2)j+k+2l H (v +1i)
_ i=k+i+1
aj,k‘,l()\?_y_p)_ G+1 v p k V+M G+l
j!k!l!}_[l (2+i> H1 < 5 +i> H(V—I—i)
(3.45)

a’j,k’,l,m()\, -V — p)
Dim(—v — p)(—1)I W Hh+20+2m

JH+m v—p+n k+l+m V4 ptn I+m )
NI+ m)tab T <2+i> 11 <2+i>H(V+i)
=1

=1 i=1

Furthermore, it will be convenient to multiply u(\, —v — p) by the nor-
malizing factor I(v) = [['(¥=4*)] 1 [(“H4+2)] 7D (v + 1)] 7! in order to
obtain a holomorphic Whittaker vector u(A, —v — p). We may now state the
main result in this section:

Theorem 3.5. Let G be locally isomorphic with SU(n+1,1). Then a holo-
morphic x-Whittaker vector in M(—v) is given by:
(1) If n =1 then

(3.46)
a()‘7 -V - p)
J+k+l 4
(=12 T v+ ) VT
i=k+l+1

i

k120 jIENIT ('/;/L+j+l+1>r(V;“+k+1>r(u+j+l+1)
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(2) if n > 1 then

(347) @\, —v—p)= Y

4,k,l,m>0
(=1) by (—v — p) M HRF2A2m Iy ETLgm [P () 4 ] 4 1))

j!k!(l+m)!4l+m1“<V_g+n+j+l+m+1>l“<y+';+n+k+l+m+l>

Remark 1. We observe from the definition of o(m, s,v) that

m+1+s
3.48 —v—0p)=E
(3.48) o(m+s,s,—v —p) u( st 1 >
1 —v—1-2m= 2
(M 1y (2 MEL) A
S s+1 s+ 2

This together with (3.35) imply that b;,,(—v — p) is a polinomial in v of
degree I.

4. An explicit formula for the 7-function.

Let G be a Lie group locally isomorphic to SU(n + 1,1). We recall from §2
the definition of the 7-function:

(4.1) T(X1, X, ua, V) Zal v)dyi1 (Ad(uas) 'Y (I)7)
IeN

where u € M, a € A and u(\,—v) = > ;ar(A\,—v)Y(I) ® 1 is the x-
Whittaker vector on the Verma module M(—v). ThlS function appears in the
x1-Fourier coefficient DY, of the Poincaré series studied in [MW] and in the
integral kernel of the Kuznetsov type formula in [MW1]. The case x = x1
has special interest because the poles of the meromorphic continuation of
DX(P, P,v) to C lie exactly at spectral parameters, that is, the nonzero
eigenvalues of the Casimir operator C on L3(I'\G/K) have the form v;(H)?—
p(H)?, where v; is a pole of {DX(P,P,v) | x € (Cx\N) — 1} in the closed
right half plane. Our main goal in this section will be to give an explicit
formula for 7(x, x, ua, v).

For this purpose we need to compute Ad(uas*)~'Y (I). If we take s* =

<8 Izn é) , where I, denotes the nxn identity matrix, we have that Ad(s*) 1Y
7

= X/, Ad(s*)"1Y; = —X;, and therefore Ad(s*)~'V; = 1/2(X,’ —iX1) and
Ad(s*)"1V = 1/2(— X1’ —iX1). Also, since

Ad(u ™V =aVi+diVa+ ) (Y + d;Y7;)
j=2
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for some coefficients ¢; and d; and using the fact that (Vi, Vi) = (Va,Va) =
1/2, we may write

Ad(uHVy = 2(Vi, Ad(u) Vi) Vi + 2(Vi, Ad(u) Vo) Vs + i(chj + de/j).
j=2
In the same way we obtain ]
Ad(u™)Vs = 2(V, Ad()Vi) Vi + 2(Va, Ad(u)Va)Va + S @Y, + DY),
j=2
As dy(Ad(s*)71V1) = dx(Ad(s*) 1) = _TM we get the formula
(4.2)

dx(Ad(uas*)_lVlegk)

4 —ix\ItF :
=l (S ) R, AV + ) (0, Ad() (1 + V)

— (—iXa®) R (V, Ad(u) (Vi + V)Y (Va, Ad(u) (Vi + Va))*.

In the case of SU(2,1) the last formula can be simplified. If we take

et . .
U=1uy = < 0 67022‘9 89 ), then Ad(u)V; = €31y, Ad(u)Va = e73#1; and so
0 0 ¢

(4.3) dx (Ad(uas*)flvleQk)

Sy o\ Jtk
= (—iNa®)TTReIT=RIO (v ViV (Vy, Vo) = (‘Z;‘a ) e3i(I—k)0

Now, T is M-invariant and it belongs to g_o,. Then dx(Ad(s*)~'T") =0
if { > 0. Also, from the computations above we get:
dx(Ad(uas*)"1¢™) = a®™¥dx(X,2)™ = ()\ao‘)2m.

We shall use the following notation: Let be A € iR, a € A and u € M.
We shall write

(4.4) z=z(\a) = —i(\/2)%a,
(4.5) wi = wi(u) = (Vi, Ad(u)(V1 4+ V2)), i =1, 2.
We note that z € iR>?, thus Z = —z. We also recall the definition of

the generalized hypergeometric functions. We shall follow the notation of
[SIl. Let (a) = (a1,a2,...,ap) and (b) = (b1,...,by). The generalized
hypergeometric function ,Fy((a); (b);y) is defined as follows:

[e.9]

pFa((a); (0);) = n(fzé)ﬁ a (((lg);z J
¢ 1 01)n - - (Og)n
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I'(c+n)
I'(c)
recall that if p < ¢ then ,F,((a); (b);y) converges for every finite value of y.
For p = 0 and ¢ = 1 then oF} corresponds to the classical Bessel function

1, that is

where (¢), =c(c+1)...(c+n—-1)= if n >1and (c)p =1. We

oF1( b 2) = T(b)(2) " Ty (zz%) .
We now state the main result of this work.

Theorem 4.1. Let G be isomorphic to SU(n + 1,1), and let T(x, x, ua,v)
be as in (4.1), u € M, a € A and x a character on N as in (2.4). Let z, w;
and wo be as in (4.4) and (4.5). If n =1 let u = ug as in (4.3). Then

(4.6)

(X, X uo, V)
j+k . R
(1) | I (v + 5) 29 TRe3I—R)0

_ ‘ s=1
jgoj!k!ﬁ(u+ s) (IJ;N + S> sljl(VJrs) <V—2HL + 5)

s=1

(Zef‘m)j .
-y 7/ R <u+j+1;u+1,2“ +1,ze3i">

720 1 (V;“ + 1)
j

m 2e—310)J (5310 ym—j
. o e B
m20 i=0 j!(m_j)!(V"’l)j( 5 +1) (1/+1)mj( 5 +1)
J m—j
If n > 1 then
T(X’ X7 ua7 I/)
(4.7)
— i+k+2m 4
¥ (~1)* (/2Y ™ g
j+m k+m m
s=1 s=1 s=1

(4.8

)
n20 ml(v + 1), 5 5

v—u+1 Zw v+u+1 2w
ol (M+m+1>21>0F1 (M+m+1,2>

Z <y+u+(;/f)l2; (u—u+n+1)

2 2 2
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v—ptntl

_r v—p+n+1 r v+u+n+1 Zwi 2 (@)%ﬂ
B 2 2 2 2

- Zwq m Zwo\ M
> (5) 5)
(z/2) (2 2/, e /2 1 N
m!(V+1)m e (( Zwl) ) vhudnol 4y, (( sz) )

m>0

The first expressions for the 7-functions are easily obtained from the def-
inition of the 7-function and the formulas in (4.2) and (4.3). Reordering
these series and using the definition of the hypergeometric functions one
gets the other alternative formulas.

Remark 2. The formula for the 7-function in (4.6) suggests that if 4 € N
is fixed, then there are a finite number of possible poles of the 7 function
in Re v > 0. In particular, for SU(2,1) there should be simple poles at
v=u—2t t €N, provided that p — 2t > 0. We shall prove that these poles
really exist by computing the residue at the point and showing that it is not
Zero.

Let 4 € N, and let v € a*, v > p such that v = u — 2t for some ¢t € N.
Note that as A € iR we have that —i()\/2)%a® = iz, for some 2 € R>?. Thus

Resu:utT(Xa X, ua, V)
= lim (V - Vt)T(Xv X, ua, V)
v—uy

k
(D ][+ +s) (i) treH=RP

= i v =) 2
14
OZiStg'k'H < +s> H v+s) <,u, —I—s)

k
(][ (v +4+s) (ia)i TheHGR0
s=1

+ Jim (v - )3 : ~
,z;ajwn (+5) [0+ (S5 )

v}
—
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The first term in the last expression of the residue is zero because the infinite
sum involved is holomorphic at ¥ = 1. Then

Resy—y, 7(x, X, ua, v)
k
2= (v +j + s) (i) TFe¥U—HP

T s=1
z}LHz}t; t—1 v— j v — k vt :
s=1

s=t+1 s=1

Putting # = 7/6 and using that (—1)/ =i~% we get
(1) () HE BRI — itk gk im/2G—K) — it ( _gyi—hji—k _ gtk

which is a positive real number. Furthemore, the factor Hi;ll(% +s) does
not depend on j and k. Then

(4.10) Resy—u, 7(X, X, u(w/6)a,v)
k .
H(Vt + 4+ s)a

2 i
Tl Z : k N
[t +s) 20 5! H —t+s)[J(n+ ) <Z“2“+s>

s=1 s=t+1 s=1
k

[ —2t+j+s) a7t
= (D)= =L

120 3G — N J (e — 2t + $)(u +t + 5)
s=1

Now, the series involved in the last expression is convergent and the terms
are strictly greater than zero. This shows that the residue of the 7 function
at v = 14 is not zero.

This proves the existence of simple poles of the 7 function for SU(2,1) in
{Rev > 0} at the real points p — 2, u — 4, .... The same should be true for
SU(n + 1,1), for n > 1 but we have not carried out the verification.
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