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In the factorial ring of Dirichlet polynomials we explore the
connections between how the Dirichlet polynomial Pg(s) as-
sociated with a finite group G factorizes and the structure of
G. If Pg(s) is irreducible, then G/Frat G is simple. We inves-
tigate whether the converse is true, studying the factorization
in the case of some simple groups. For any prime p > 5 we
show that if Pg(s) = Pay(p)(s), then G/Frat G = Alt(p) and
Ppye(py(s) is irreducible. Moreover, if Pg(s) = Ppsr(z,p)(s),
then G/Frat G is simple, but Ppgy(z,p)(s) is reducible when-
ever p=2' —1and t =3 mod 4.

1. Introduction

In [5] Hall introduced the Eulerian function ¢¢ of a finite group G; if t € N,
then ¢¢(t) is the number of ordered t¢-tuples of elements that generate G.
He proved that

(L1) = 3 noH)|H|

H<G
where pg is the Mobius function of the subgroup lattice of G which is
defined inductively as ug(G) =1 and 3y pe(K) =0 if H < G. Clearly

Probg(t) = ¢g(t)/|G|! is the probability that a random t-tuple generates G
and, in view of (1.1), we may write:

(1.2) Probg(t Z ]G H]t
H<G

This means that we may define a complex function Pg(s) with the prop-
erty that Pg(t) = Probg(t) for any ¢t € N, associating a Dirichlet polynomial
with GG which is defined as follows:

(1.3) PG(S):Z“”n(SG) with an(@) = Y uc(H).
n=1 |G:H|=n

The inverse (complex) function 1/Pg(s) is usually called the probabilistic
zeta function of G, see Mann [9] and Boston [1] as references.
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As it is explained in Section 2, the ring R of Dirichlet polynomials is a
factorial domain. We ask whether information about how Pg(s) factorizes in
R gives us insights into the structure of the group G. We gain evidence that
such a connection exists by observing that, for any NV < G, the polynomial
Pg/n(s) divides Pg(s) and the quotient Pg(s)/Pg/n(s) is nontrivial if N £
Frat G. This implies that if Pg(s) is irreducible then G/Frat G is a simple
group.

A question that arises quite naturally is whether there exist examples
of groups G such that Pg(s) has a nontrivial factorization which does not
come from normal subgroups. In particular is Pg(s) irreducible when G is
a simple group? The answer is positive for all abelian simple groups, being
Pyz,(s) = 1—1/p°. In the present paper we deal with some nonabelian simple
groups.

We start with the alternating groups of prime degree. We prove that
Phie(p)(s) is irreducible, for any prime number p > 5. The tools employed in
this case allow us to prove that Pg(s) is irreducible for other simple groups.
However the analysis of the projective special linear groups PSL(2,p) pro-
vides examples of simple groups whose associated Dirichlet polynomial is re-
ducible. More precisely Ppgr,(2,p)(s) is reducible if and only if p is a Mersenne
prime such that p = 2" — 1 and ¢t = 3 mod 4.

Although Ppgy,(2,)(s) is reducible for some choices of p, we prove that
if a finite group G satisfies Pg(s) = Ppgr(2,)(8), then G/ Frat G is a finite
simple group. We conjecture that this is true in general: If S is a finite
simple group and Pg(s) = Ps(s) then G/ Frat G is simple.

2. Preliminary results

Definition 1. A Dirichlet series is a series of the form

f(s):z%, s e C,

n=1

where {ay, }nen is an arbitrary sequence of complex numbers.

Let R be the ring of Dirichlet polynomials with integer coefficients, i.e.,

[e.o]

R={f(s)=ZZZ

n=1

an € Z for all n > 1, ‘{n:an#0}|<oo}.

Let II be the set of all prime numbers; we associate an indeterminate x,
with any p € II. Let Xy be the set of all these indeterminates. Since R
is generated as a ring by {1/p°}pen, we may consider the following ring
isomorphism between R and Z[XT]:

p: R —  Z[X1]
1/p° — x.
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Given a set 7 of prime numbers, let R, be the subring of R defined as
follows:

RW:{iZZGR

n=1

if a, # 0 then n is a w—number} .

Let f(s) € R; define my = {p € II | there exists n such that a, # 0 and
p divides n}. Notice that 7y = {p1,...,p} is a finite set and f(s) € Ry,.
Moreover Ry, = Z[zp,, ..., Tp,] is a factorial domain and any divisor g(s) of
f(s) in R belongs to R, ;- In particular R also is a factorial domain.

Note that for any prime number p we may define a ring endomorphism
of R as follows:

ap R — R
flo)=2lm f<p)(5) =2 e z%

where

b ap, if (p,n) =1
" 10 otherwise.

We can now translate well-known facts about polynomial rings as results
on Dirichlet polynomials.

Lemma 2. Let f(s) = Y 7 a,/n® € R. Assume p to be a prime num-
ber such that p? does not divide m whenever a, # 0 and there exists
n divisible by p with a, # 0. Then f(s) is reducible in R if and only if

ged(ap(f(s)), f(s)) # 1.

Proof. Our lemma may be restated as follows: Let D = Z[X1 \ {z,}] and
g(xp) € Dlxp] such that deg(g(zp)) = 1; then g(x,) is reducible in D[z)] if
and only if ged(g(0),g(xp)) # 1. Namely we are taking g(x,) = ¢(f(s)).
Note that the units of D|[x,] are the units of Z, hence if d = ged(g(0), g(z}))
and d # 1, then d is a nontrivial factor of g(z,). On the other hand, if
g(zp) has a nontrivial factorization in Dlxzp], then we may write g(zp) =
b(zp)c(xp) and assume that deg(b(z,)) = 1, deg(c(zp)) = 0. Thus we get
g(0) = b(0)c(xp), hence c(z)) is a non-unit element that divides d. O

Lemma 3. Let n € N with n > 1. Then 1 — n/n® is reducible in R if and
only if n is a power in Z.

Proof. If n is a power in Z, then there exist m, d € Z and d > 1 such that
n = m%. Then we obtain the following nontrivial factorization:

) n ) md ) m o
(-5) - (o) - (- ) [T

Conversely assume that 1 — n/n® is reducible in R. Write n = [[/_, p¥,
being p1,...,p, distinct prime numbers. Set D = Z if r = 1 and D =
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Zlxp,,-..,Tp,_,| otherwise, then g(z,,) = ¢(1—n/n’) is reducible in D]y, ].
Note that g(zp,) =1 — x’;;nf being f € D and ged(f,n) = 1. Since g(z,)
is reducible in D[zy,], then 2 — n—lf is reducible in F'[z,,] where F' is the
field of fractions of D. Let us recall (see [8], Chap. VI, Theorem 9.1) that
given a field K, if 2™ — a is reducible in K[z] then either a € KP, being p
a suitable prime divisor of m, or —4a € K* and 2 divides m. In our case,
since —4nf ¢ F*, there exists z € F and a prime number p dividing &, such
that nf = 2P. As nf € D and D is factorial then z lies in D; moreover,
since ged(n, f) = 1 we get that n = 2P/ f is a p-th power in Z.

3. How to factorize Pg(s)

Let G be a finite group. Define a Dirichlet polynomial Pg(s) as follows:

o0
an(G )
Pg(s) == Z nn(s) with  a,(G) := Z pa(H).
n=1 |G:H|=n
We find it useful to stress some straightforward consequences of this defini-
tion:

Remark 4. a,(G) # 0 implies that n divides |G]|.

Remark 5. If ug(H) # 0 then H is the intersection of some maximal sub-
groups of G (see [5]) and it contains the Frattini subgroup Frat G. This im-
plies an (G) = a,(G/ Frat G) for all n € N, in particular P (s) = Pg/frat ¢ (8)-

In the previous section we noticed that R is a factorial domain. An impor-
tant role in the factorization of Pg(s) is played by the normal subgroups of
G. In fact given a normal subgroup N of G we define a Dirichlet polynomial
Pg n(s) as follows:

= ap G,N )
Pon(s) = E (TLS) with  an(G,N) = E pua(H).
|HN‘=G

Then Pg n(s) divides Pg(s) in the ring R. More precisely (see for example
[2] Section 2.2)

(3.1) Pa(s) = Pgn(s)Pa.n(s).

Notice that Pg(s) = Pgg(s). Moreover, N admits a proper supplement
in G if and only if IV is not contained in the Frattini subgroup of G; this
implies:

Lemma 6. Pg n(s) =1 if and only if N < FratG.

Proof. Let Hp, = {H < G| HN = G and |G : H| = n}. If N < Frat G, then,
for any n > 1, H, = 0 and a,(G, N) = 0. So if N < Frat G, then Pg n(s) =
1. Conversely assume that N £ Frat G. There exists a minimal integer n > 1
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for which H,, # (); the minimality of n implies that any H € H,, is a maximal
subgroup of G and pg(H) = —1. Therefore a,(G,N) = —|H,| # 0. O

Corollary 7. If Pg(s) is irreducible, than G/ Frat G is simple.

Proof. Suppose that N is a proper normal subgroup of G. We have that
Pgn(s) # 1; moreover, by (3.1) Pg(s) = Pg/n(s)Pa,n(s). Since Pg(s) is
irreducible, we deduce Pg n(s) = 1, hence, by Lemma 6, N < Frat G. This
proves that G/ Frat G is a simple group. O

If ¢ is a positive integer then, as it was noticed in [5] by Hall, Pg(¢) is
the probability that ¢t randomly chosen elements of G generate GG. More in
general, if N < G and the factor G/N can be generated by ¢ elements,
then Pg n(t) is the probability that ¢ elements generate G given that they
generate G modulo N. This statement has the following consequence, that
will be used in the sequel:

Lemma 8. Lett be a positive integer such that G can be generated by t ele-
ments. Then for any normal subgroup N of G such that Frat G < N < G, we
obtain 0 < Pg/n(t), Pan(t) <1 and 0 < Pg(t) < min{Pg/n(t), Pa,n(t)}-

4. The alternating groups Alt(p)

We shall show that for any prime number p > 5 the Dirichlet polynomial
associated with Alt(p) is irreducible in R. In order to obtain this result we
need some technical lemmas.

Lemma 9. Let p > 5 be a prime number, then a,y,_1)(Alt(p)) = p(p — 1).

Proof. Set G = Alt(p), we shall show that any subgroup H < G with index
p(p — 1) such that ug(H) # 0 is the intersection of two point-stabilizers.
First note that H cannot be contained in a transitive maximal subgroup
of G. Indeed, if M is a transitive maximal subgroup of G containing H, then
we get that p - |[H| divides |M| and |G : M| < (p — 1) which is impossible.
Moreover, as ug(H) # 0, then H is the intersection of some intransitive
maximal subgroups of G. Let M be a maximal subgroup of G containing
H, we shall prove that there exist «, 3 € Q (possibly equal) such that
M = Gy, g, being Q = {1,...,p}. Indeed, if p > 7, then |G : M| < (g) and
by Theorem 5.2A in [4] we get that there exists A C Q with 0 < |A] < 3
such that M = Ga. On the other hand, if p = 5, then clearly one of the two
orbits of M has size less than 3; if p = 7, then M cannot have an orbit of size
3 as in this case we get M < Sym(3) x Sym(4), thus 5 divides |G : M| which
is impossible. As a consequence we get that |G : M| < p(p—1)/2 < p(p—1)
and H # M. Hence H is not a maximal subgroup of G and the maximal
subgroups of G containing H are setwise stabilizers Go where A C ) and
1 < |A] < 2. Assume by contradiction that H is not the intersection of
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two point-stabilizers. Then there exist A, Ay C Q with Ay € As and

|A1] < |Az| =2, such that H < Ga, N Ga,. Set N = Ga, hence H < Ny, .

In both cases |A;| =1 and |A;| = 2 we get that [N : Na,| > (p — 2), hence
|G : H| > |G : N||N: Na, | >plp—1)(p—2)/2>pp-1)

against our hypothesis.

Thus there exist a, ag € Q with a1 # ag such that H = G, NG,,. Note
that the lattice of all subgroups K such that H < K < G, is the following:

Gocl G{a17a2} Gaz

N

Thus pg(H) = 2. Moreover note that we have (129) choices for H; as a
consequence we get that a,,_1)(G) = 2(5) = p(p — 1). O

Lemma 10. Let p > 5 be a prime number, then a,_oy(Alt(p)) # 0.

Proof. Let us recall that using the classification of finite simple groups it is
possible to obtain a complete list of transitive groups of prime degree, (see
[4] as a reference). If H is a proper subgroup of G = Alt(p) with order
divisible by p, then it is transitive, furthermore either H < Ng(o) for a
suitable cycle o of length p or soc H is a nonabelian simple group and in
the latter case |G : H| < (p — 2)!. Therefore if |G : H| = (p — 2)! then H
is the normalizer of a Sylow p-subgroup P = (o) of G. In particular all the
subgroups of index (p — 2)! are conjugated to X = N¢(P) and

ap—2)(G) = |G : Ng(X)|pc(X) = (p — 2)!ua(X).
Therefore in order to show that a(,_2)(G) # 0 it suffices to prove that
ua(X) # 0. If p # 7,11, 17, 23, then X is a maximal subgroup of G
([10], Corollary 3) and pg(X) = —1. If p = 7,11, 17, 23, then X is
the intersection of precisely two maximal subgroups of G (isomorphic to
PSL(3,2), M11,PT'L(2,16) and Ma3 respectively) and pg(X) = 1. O

Lemma 11. Let p > 5 be a prime number, then ap(Paip)(s)) # 1 and it
is irreducible in R.

Proof. Set G = Alt(p) and ), % = ap(Pg(s)). By Lemma 10, by,_oy =
ap—2)1(G) # 0, hence a;,(Pg(s)) # 1. By a Theorem of Bertrand-Chebychev
(see [6], Theorem 418) there exists a prime number £ such that § < £ < p—2.
Suppose r > 1 and b, # 0. There exists a proper subgroup H in G with
index r coprime with p. It follows that H is transitive, hence one of the

following occurs:
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1) H is soluble and |H| divides p(p —1)/2;

2) p=(¢"—1)/(¢g—1) and H is isomorphic to a subgroup of PI'L(n, q)
containing PSL(n, q);

3) p =11, and either H = My or H = PSL(2,11);

4) p =23 and H = Mos.

In all these cases trivial computations show that £ does not divide | H|, hence
r = |G : H| is divisible by &. This implies that a¢(a,(Pg(s))) = 1; moreover,
as & > p/2 we get that €2 does not divide p! thus it does not divide r whenever
b, # 0. By Lemma 2 we conclude that o,(Pg(s)) is irreducible. O

Now we are ready to prove the main result of this section.

Theorem 12. Letp > 5 be a prime, then the Dirichlet polynomial Payy(,)(s)
is irreducible in R.

Proof. Set G = Alt(p). Assume, by contradiction, that Pg(s) is reducible in
R. By Lemma 2 we get that ged (o, (Pa(s)), Pa(s)) # 1. Since, by Lemma 11,
ap(Pa(s)) = >, bn/n® is irreducible, we deduce that there exists Q(s) =
> nCn/n® € Rsuch that Po(s) = ap(Pg(s))Q(s). By Lemma 9 ay,,—1)(G) #
0. Since

ap(p—1)(G) = Z brey
ri=p(p—1)
and noting that b, # 0 implies (r,p) = 1 and either r = 1 or r > p — 1, it
follows that a,,—1)(G) = cpp—1) # 0. Therefore

m =max{n € N| ¢, #0} > p(p—1).

Since by Lemma 10 we get k = max{n € N | b, # 0} > (p — 2)!, it follows
that

amk(G) = cmbr # 0.
This implies p! < mk < |G| = p!/2, a contradiction. O

Corollary 13. Let p > 5 be a prime number and let f(s) = Payp)(s)-
Assume that G is a finite group with Pg(s) = f(s). Then G/ Frat G = Alt(p).

Proof. By Theorem 12, Pg(s) = f(s) is irreducible, hence by Corollary 7,
G/ Frat G is a simple group. Moreover the subgroups of index p in Alt(p)
are precisely the point-stabilizers and they are maximal in Alt(p); hence 0 #
ap(Alt(p)) = ap(G) and this implies that G' contains a maximal subgroup
H of index p. Since G/FratG is simple, we get that Coreq(H) = Frat G
and G/ Frat G is isomorphic to a transitive subgroup I' of Alt(p). Moreover,
by Lemma 10, 0 # ag,—2y(Alt(p)) = a@p-21(G) = agp_oy(l'), thus [T is
divisible both by (p — 2)! and p. So |Alt(p) : T'| < (p — 1)/2 which implies
Alt(p) =T =2 G/ Frat G. O
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Actually, we are able to prove the irreducibility of the Dirichlet polyno-
mials associated with other simple groups. In the following table we resume
the list of these simple groups together with the primes that allow us to
use Lemma 2 in order to prove the irreducibility of the associated Dirichlet
polynomial.

G [ATt(6) | Alt(3) | Alt(9) [ ALt(10) | Sz(8)
p| 5 7 7 7 13

G M11 M12 M22 M23 M24 Jl JQ Jg He | McL COg Hs
p| 11 11 11 23 23 |19 7 (19|17 | 11 23 | 11

Hence we have a large list of simple groups such that the associated Dirich-
let polynomial is irreducible and one may be inclined to think that this
property is shared by all finite simple groups. Actually this fails to be true
and in the next section we shall show that the Dirichlet polynomial of a
projective linear group PSL(2, p) is not always irreducible.

5. The projective linear groups PSL(2, p)

Let p > 5 be a prime number, in this section we shall describe when the
Dirichlet polynomial Ppgr,2p)(s) is reducible in R. Let us recall that the
subgroups of PSL(2,p) are known for any prime p (see [7] as a reference).
Moreover, in [5] P. Hall describes the Mobius function of the lattice of sub-
groups of PSL(2,p), furthermore he shows that ppgy,2,) depends only on
the congruence properties of the prime number p modulo 5 and 8 with three
exceptions, i.e., p € {5, 7, 11}. We will use also [3] as a more recent reference
on this subject.

Let us recall that a prime number p is a Mersenne prime if there exists a
prime number ¢ such that p = 2¢ — 1.

Proposition 14. Let p > 5 be a prime number which is not a Mersenne
prime, then Ppgr2,p)(8) is irreducible in R.

Proof. Let p be a prime number and G = PSL(2, p). If p = 5, then PSL(2,5)

= Alt(5) and the conclusion follows from Theorem 12. So we may assume

p > 5. We find it useful to stress that app+n (G) # 0. Indeed G has a
2

single conjugacy class of subgroups of order (p — 1); moreover if H < G
and |H| = (p — 1), then either H is a maximal subgroup of G or p = 7,11
and pg(H) = 1. In addition, let us recall that G has a single conjugacy
class of maximal subgroups M such that (|G : M]|,p) = 1, furthermore
M is the normalizer of a Sylow p-subgroup of G and |G : M| = (p + 1).
Hence if H is a subgroup of G such that (|G : H|,p) = 1 and pug(H) # 0,
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then H is a maximal subgroup of G. Thus ag,41)(G) = —(p + 1) and
ap(Pa(s)) = 1— (p+ 1)/(p+ 1)°

Note that by Lemma 3 a,(Pg(s)) =1—(p+1)/(p+1)° is reducible in R
if and only if there exist a, d € N such that p+1 = o and this is equivalent
to say that p is a Mersenne prime.

Now assume that p is not a Mersenne prime, it follows that a,(Pg(s)) =
1—(p+1)/(p+1)? is irreducible. Since p? does not divide |G| and a pp+1) (G) #

2

0 then by Lemma 2 we get that Pg(s) is reducible in R if and only if
ap(Pg(s)) divides Pg(s). Hence if Pg(s) is reducible, then there exists
B(s) = Y, by/n® € R such that Pg(s) = (1 — (p+1)/(p + 1)*)B(s) and
bpps1) = Gpp+1) (G) # 0. Then if we take m = max{n € N | b, # 0}, we
obtzin a contzradiction as amp+1)(G) = —(p + Dby, # 0 but m(p + 1) >
p(p 4+ 1)?/2 > |G| = p(p* — 1)/2 thus a,,,41)(G) = 0. Hence Pg(s) is
irreducible. O

Now we shall discuss the reducibility of Ppgr,(2p)(s) when p is a Mersenne
prime, p = 2' — 1 being t a prime number. It is easy to show that either
t=1 mod4dandp=1 mod5ort=3 mod4and p=2 mod 5.

Proposition 15. Let p = 2! — 1 be a Mersenne prime, then Ppgr(2,p)(5) is
reducible in R if and only if t =3 mod 4.

Proof. By using [3] we are able to write down the Dirichlet polynomial

associated with PSL(2, p) for any Mersenne prime p. Set G = PSL(2,p), ¢ =

s(p=1) =211, r = J(p+1) = 271, g = 2pgr = |G| = (2'-1) (2"~ -1)2".
Let t =3 mod 4.

If p=7, then

8 1421 28 56 84
Pols)=1- -t on Tog T a6~ aas

_(; 2 1+2+4 14 28 28+21+42'
- 2s 25 4 7S 145 285 215 428 )’

hence it is reducible in R.

If p # 7, then we get

2 2
Po(s)=1- P _ pr__ 2 pr

pa® ) @) @)
g/12 g/4 q/3 g/2

029 " (g/8r T 0/6F  (9/2
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Set f = ¢q/3, then

o2 2 (p 2pf 3pf
Po) =155 (1= %) ~ oy (5~ o+ )
o2 <pf _ 3pf >_ 3pf
23 \(f)*  @Bpf)) (@pf)*

(2 ()
* ((2%—%5 * <22t—3>8> <1 ot <;§}f>>

(o2 ) (- )

Hence if t =3 mod 4, then Pg(s) is reducible.

Let t =1 mod 4, we shall show that Pg(s) is irreducible in R.

., _pg  pr  2r 2pr  g/30
Pels) == s ~ e~ e T @y (g/60)
_g/12 9/6 g/5 g9/4 | 29/3
(/29 " (g/12 " (/10 " (g/8) T (g/6)
29/3  59/2 29

(9/3)°  (9/2)°
By using Lemma 2 we get that Pg(s) is reducible in R if and only if
ged (o (Pa(s)), Pa(s)) # 1. Observe that here we obtain a,(Pg(s)) =

1 — % = (1 - 2%) (Z;:%) %) Note that ZJ i 2j)s is irreducible in

R as ¢ (Z] -0 (22;) ) = Z] 6(2x2)7 is irreducible in Z[xs] being t a prime
number. Thus Pg(s) is redumble in R if and only if it is divisible either

by (1 — ?) or by Z] 0 (21)5- By using the decomposition we found in the
previous case we get:

o= (- 2) (E50-2)
*((2%22)8*(2%:15) (1 <2pf 3p]{>

5
(7)o )

g/30 _ E_E B 10 20 60
(4/60)° <1 >

5% 6% 10° * 20% 303 60
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Since (1 — 5% — % — 11(93 + 22(?5 + 36003 — 66003) is not divisible by (1 — 22—5) we

get that (1 — 2) does not divide Pg(s).

It remains to prove that Q(s) = Z;;% % does not divide Pg(s). Let
{p1,...,m} be the set of prime divisors of ¢ and consider f =« - - - - Q.-
If Q(s) divides Pg(s), then Q(s) = B(Q(s)) divides

- 2t 2072y (4 2 2q/15
AFas) =1 = oy + gy (4 Ty 0 <<q/15>s)>
and this is false. O

Proposition 16. Let p > 5 be a prime number and let f(s) = Ppgr,2,p)(5)-
Assume that G is a finite group with Pg(s) = f(s). Then G/ Frat G is simple.

Proof. Notice that, by Propositions 14, 15, f(s) is irreducible, except for
p=2"'—1and t =3 mod 4. Furthermore, by Corollary 7, f(s) irreducible
implies G/ Frat G simple. So we reduce to consider p to be a Mersenne
prime, where p = 2! — 1 with t = 3 mod 4. From the proof of the previous
theorem, we get

(5.1 1) = Prsuan(s) = (1 52 ) (o)

being h(s) irreducible in R. Let N be a normal subgroup of G' and assume
by contradiction that Frat G < N < G. By Lemma 6, f(s) has a nontrivial
factorization

(5.2) f(s) = Pa(s) = Pgn(s)Po,n(s).

By comparing (5.1) and (5.2), either Pg/n(s) or Pgn(s) coincides with
1 —2/2°. By Lemma 8, we get 0 < f(t) < 1 —2/2" when ¢ € N is large
enough.

In particular

- 5 [ 2 au(PSLE2,p)
tlir?o<1_2t_ <t>>=1:%z D il R

On the other hand, since a2(PSL(2,p)) =0,
Y R D R TP S T

a contradiction. O
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