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McLean, 1998, studied the deformations of compact spe-
cial Lagrangian submanifolds, showing in particular that they
come in smooth moduli spaces whose dimension depends only
on the topology of the submanifold. In this article we study
the analogous problem for noncompact, “asymptotically coni-
cal” SL submanifolds, with respect to various “boundary con-
ditions at infinity”; these issues are related to the problem of
compactifying McLean’s moduli spaces.

1. Introduction

In the context of Riemannian geometry, much research is directed to the
study of minimal submanifolds. One of the questions that arises naturally
in this field is the following:

Question: Can a given minimal submanifold be “deformed” to get new
examples? What parameters might be involved in these deformations?

The naive approach is to parametrize these deformations as the zero-set
of a “mean curvature operator”, then study them using the implicit function
theorem. However, this entails a good understanding of the Jacobi operator
of the initial submanifold 3, which in general is not possible.

The work of Oh and, more recently, of McLean ([Oh] and [ML]) shows
that, in the “right” geometric context, the problem simplifies and sometimes
becomes tractable. We are thus lead to the study of minimal Lagrangian
submanifolds in Kaehler—Einstein (KE) ambient spaces, and of special La-
grangian (SL) submanifolds in Calabi-Yau (CY) manifolds: See Section 2
for definitions and examples.

In [ML], McLean shows that every “infinitesimal SL deformation” of a
(smooth) compact SL submanifold is “integrable”; i.e., it generates actual
SL deformations. A corollary of this is, in the compact case, that the set

M(X) := {SL immersions ¥ — N}

has a natural smooth structure. The dimension of this “moduli space” turns
out to be related only to the topology of X.

For at least two reasons, it is interesting to understand if similar results
hold also for noncompact SL submanifolds.
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The first (perhaps simplistic) reason is that it is well-known that our
basic “model” CY manifold, C™ with its standard structures, does not admit
compact minimal submanifolds. In particular, it cannot contain compact SL
submanifolds.

The second reason is more interesting. Moduli spaces of smooth, compact,
SL submanifolds are not, in general, compact; it is however expected that
they may be compactified by adding “boundaries” consisting of singular,
compact, SLs. Linear algebra, based at any point p of a CY manifold N,
shows that 7, N, with all its structures, is isomorphic to C". The simplest
type of singularity of a SL submanifold is given by isolated points p whose
“tangent space” in T,,N is isomorphic to a SL cone in C". The submanifold
itself should locally be the limit of smooth “asymptotically conical” (AC) SL
submanifolds. Understanding the class of AC SL submanifolds should thus
be a fundamental element both in compactification and in desingularization
procedures (such as gluing).

McLean’s result relies on the standard Hodge theory for compact man-
ifolds. In the AC case, the basic tool is provided by the Fredholm theory
of the Laplace operator, due to Nirenberg, Walker, Cantor, McOwen, Lock-
hart, Melrose, Bartnik et al.; see in particular [NW], [MO], [B], [M1] and
[M2].

The most complete set of results in this direction has been developed by
R. Melrose. In Section 3 we thus introduce asymptotically conical and asymp-
totically cylindrical manifolds using the language of sc- and b-geometry, fol-
lowing [M1] and [M2].

In Section 4, still following [M1], we present various results regarding
intrinsic analysis on these manifolds (referring elsewhere for detailed proofs
whenever the statements or techniques seem sufficiently well-known). In
Section 4.2, we then focus on certain harmonic 1-forms, corresponding to
the “infinitesimal AC SL deformations”: We prove a representation theorem
and calculate the dimensions of these spaces, with respect to the two most
interesting “rates of decay at infinity”.

In Section 5 we discuss the “AC” condition for submanifolds, showing
how to preserve it under normal deformations. This requires a study of the
exponential map and Jacobi field estimates, which may be of independent
interest in b-geometry.

Section 6 presents the main result: As in the compact case, every in-
finitesimal AC SL deformation is integrable; i.e., each such infinitesimal
deformation generates a 1-parameter family of SL submanifolds which, by
the results of Section 5, are also AC. The results from Section 4.2 then
show that the dimension of the space of deformations depends both on the
topology and and on the analytic properties of (X, g).



DEFORMATIONS OF ACSL SUBMANIFOLDS 153

We also discuss the role played by the curvature of the ambient space in
the construction of spaces of deformations having different speeds of decay
(e.g., L? decay) at infinity.

Note: Throughout the article, we will assume n > 2.

2. Minimal Lagrangian and special Lagrangian submanifolds
Recall the following standard definitions:

Definition 1. Animmersion ¢ : 3 — N of a manifold ¥ into a Riemannian
manifold (N, g) is “minimal” if the corresponding mean curvature vector
field vanishes: Hy = 0.

An immersion ¢ : ¥ < N into a symplectic manifold (NV,w) is “isotropic”
if ¢*w = 0; if dim ¥ = n and dim N = 2n, isotropic submanifolds are called
“Lagrangian”.

Usually the normal bundle (T'%)+ of a submanifold ¥ C (N, g) is not an
intrinsic object: It depends on the immersion and on the ambient space.
However, assume that the ambient manifold is a Kaehler manifold: (N?7,
J,g,w), where w(X,Y) := g(JX,Y) is the Kaehler 2-form. We will use the
following notation:
e Ky := A™%(N) is the canonical bundle of (N, J).
e V and Ric are the Levi-Civita connection and the symmetric Ricci

2-tensor associated to (N, g).
e p(X,Y):=Ric(JX,Y) is the “Ricci 2-form”.

Definition 2. A Kaechler manifold (N, J, g,w) is “Kaehler—Einstein” if Ric
= c¢- g, for some ¢ € R; equivalently, if p = ¢ w.

If ¥ is Lagrangian and N is Kaehler, the (restriction of the) symplectic
form gives an isomorphism

(TS)F =~ ANE), Veoev=wlV,)s.

This shows that (T')" is actually independent of the ambient manifold N.

We now want to introduce “Calabi-Yau” manifolds and “special Lagran-
gian” submanifolds.

Given a smooth section € of K, notice that dQ) = (0 +9)Q = 91, since
00 € A"TLO(N) = 0. Thus Q is closed iff Q is holomorphic.

Furthermore, V2 =0= dQ = 0.

Definition 3. A (differentiable) manifold N?" is of “Calabi-Yau (CY) type”
if it admits a Riemannian metric g with holonomy Hol (N, g) < SU(n;C);
equivalently, if it admits a Kaehler structure (J, g, w) and a (nonzero) section
Q of K such that VQ = 0.

A choice of (J, g,w, ) defines a “Calabi-Yau structure”.
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In particular, CY manifolds are KE manifolds with ¢ =0, i.e., Ric= 0.

Since (2 is parallel, it depends only on some [p] and can thus be normal-
ized in such a way that ||| = 1. We will always assume this. Such an 2 is
then unique up to a multiplicative factor § € S'.

Given a CY manifold (N?",.J,¢,9Q), we will let o, 3 denote the real and
imaginary parts of Q: = o + i5. Notice that da =d (3 = 0.

Definition 4. Let (V,2) be a CY manifold. An oriented, immersed sub-
manifold ¢ : ¥ < N2" is special Lagrangian (SL) iff Qz = voly.

It is simple to prove (cfr. [HL]) that
Q|Z‘ = tvoly & gb*w =0, gb*ﬁ =0.

In other words, up to a change of orientation, ¥ is SL iff ¢*w = 0 = ¢*(3.
SL submanifolds are thus Lagrangian.

Furthermore, CY manifolds and SL submanifolds are one of the basic
examples of “calibrated geometry” (see [HL]): In particular, it can easily
be shown that special Lagrangians are minimal.

The following well-known proposition states that, in CY manifolds, min-
imal Lagrangian and SL submanifolds are closely related:

Proposition 1. Let (N, J,g,Q) be a CY manifold and ¥ C N be an ori-
ented Lagrangian submanifold. Then % is minimal iff it is SL with respect
to the CY structure 6 - 2, for some 6 € S'.

Finding examples of SL submanifolds is not easy; one reason for this
is that most examples of CY ambient spaces are provided by an abstract
existence theorem due to Yau [Y]. However, a few CY manifolds are known
explicitly, allowing for explicit constructions of SL submanifolds.

The basic example is C" ~ R?" with its standard structures Jud, gstd, Wstd
and Qgq = dz' A --- A dz™. Many examples of SL submanifolds in C" are
now known: See, e.g., [HL], [J2], [H] and [G]. In particular, [H] shows
how minimal Lagrangian submanifolds in CP"~! give rise to families of SL
submanifolds in C"; an appropriate choice of parametrization then shows
that they are “asymptotically conical” in the sense of Section 3.

A second example of an explicit CY is the following.

Given any compact KE manifold (N?", Jy, gn,wn) such that py = c-wy,
¢ > 0, Calabi [C] proved the existence of a complete Kaehler Ricci-flat metric
on the canonical bundle Ky of N. K also has a natural global holomorphic
volume form. With respect to these structures, Ky is an “asymptotically
conical” CY manifold. Again, it is possible to show (see [G] and [P]) that
minimal Lagrangian submanifolds X" C N2" generate “asymptotically con-
ical” SL submanifolds $7+! - K]2\fn+2: Each 3 is a R-line bundle over .
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3. Asymptotically conical and cylindrical manifolds

In this section we want to introduce the basic objects of Melrose’s “b-
geometry”. See [M1] for further details.
Let X™ be an oriented compact n-dimensional manifold with boundary
0X and ¥ := X \ 0X be its interior. We will use the following notation:
e 2X := X |Jyx(—X) (compact oriented manifold without boundary).
e C°(X) := space of functions on X having a smooth extension on a
neighborhood of X C 2X.
o TX :=T2X)x, T"X :=T"(2X)x-
e If F is a bundle on X, A%(E) will denote the space of smooth sections
and A2(E) those with compact support in X.

Definition 5. x € C°°(X) is a boundary-defining function if x > 0, 90X =
{.Z' = 0}7 dﬂ?\ax # 0.

Notice that if 2’ is a second boundary-defining function, then there exists
a € C*°(X), nowhere zero, such that 2/ = ax. Fixing a boundary-defining
function x gives a local trivialization of X near 0X: X ~ [0,1] x 0.X, where
the function x corresponds to the coordinate x on [0, 1]. Now set:

vy :={Z € A°(TX) : Zjpx € T(0X)}
Ve =x -1y ={Z € NTX):Z=2aZ' 7' cu}.
Clearly, v is independent of the choice of boundary-defining function x.

Taylor expansion shows that, locally near 0X, v, = (20y, 0, ) oo o (x) and

Vse = (220, 20y ) oo (x), Where y* denote local coordinates on 9.X.
Thus we have the following chain of spaces of vector fields:
ANTE) C v C oy CAYNTX) C ANTY).

It turns out that one can define vector bundles °TX and 5¢T'X over X, of
constant rank n, such that °TX iz = T3 ~*“T'X5x and possessing differen-

tiable structures such that v, = A°(°TX), vs. = AO(*TX).
Let °T* X, ¢T* X be the corresponding dual bundles. Then, locally near
0X, we may define:

{d:U dy' } := the local basis of *T* X dual to {zd,,d i }
x
dr dy _ serms 9
—5» —— ¢ = the local basis of *“T" X dual to {270y, 70y}
z?2’
With these definitions, locally 1 = A°("T*X) = (4%, dy") .y, and
vio= AT+ X dg dy' . Thus:
( )= < >cv>o( X)

27 x

ANT*E) CANT*X) Cuf = -v), C vl CANT*Y).
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The alternating products of *T* X, $“T*X lead to the spaces of b- and sc-
differential forms, whose spaces of sections satisfy:
ALZ) C AY(X) CPAY(X) = a' - 5AY(X) C A (X) C AY(D).

In this case, we will use the same notation for both the bundles of i-forms
and their sections. Finally, we set:

e Diff}(X) := space of linear operators P : C*(X) — C°(X) such

that, locally,
P =% 1j<mPii(x,y)(x Dy)' D}

where I = (i1, ...,i,—1) is amulti-index, p; e C*(X), Dy = —/—10,,
Dyi = —/=108,:, D] = (D) -+ - (Dyn—1)"=" and |I| = i1+ - -+in_1.

More generally, for any vector bundles F, F' over X, we define:

e Diff "(E; F) := space of linear operators P : A°(E) — A%(F) such
that, locally, all components of P have the above form.
e Diff*(E) := Diff *(E; E).

It may be useful to emphasize here that we are working in the category
of manifolds with boundary. Thus, when checking that P € Diff;*(E; F)
near the boundary, one must choose trivializations which hold up to the
boundary (clearly, the classes Diff}*, Diff [} and Diff™ coincide on X).

Analogously, we may define:

e Diff 7?(X) := space of linear operators P : C*°(X) — C*°(X) such
that, locally and with p; 1 € C*°(X),

P = Ez‘+|[\§mpi,l($ay)($2Da:)i(ny)I-
e As above, we may also define Diff '(E; F'), Diff [.(E).

Notice that, when one commutes operators, lower-order terms appear; eg,
x(x0y) = (x0y — I) x. However, it is easy to prove the following:

Lemma 1. z° - Diff* = Diff " - 29,2 - Diff " = Diff ™ - 2°.
Also: ™ - Diffy* C Diff]" (the opposite inclusion is, in general, false).

Consider, for example, the exterior derivative operator d acting on i-forms.
Clearly, d € DiffL(A*S; A™F1Y) and d € Diff L (AY(X); AL (X)).
It is easy to show that also the following are true:
e d € Diff} PAY(X); PATTL(X)),
e d € Diff I (*°A"(X); A" (X)),
e d €z Diff{ (**AY(X); AT X)).
In particular, this shows that there exist &:E € Diff é(scAiX s SCAHLX) such
that d=z-d=4d- x.
We now move on to define some particularly interesting categories of
metrics on 2.
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Definition 6. An “exact b-metric” on X is any metric g, on % such that,
for some boundary-defining function z, g, = dxi; + h, where h denotes a
symmetric 2-tensor on T'X such that h|px is positive-definite on T'(0.X).

The pair (X,gp) is an “asymptotically cylindrical manifold with link
(8X7 h|8X)” :

A “scattering metric” on X is any metric gs;. on X such that, for some
boundary-defining function x, gs. = C%Q—i—x% where h has the same properties
as above.

The pair (X, gsc) is a “scattering manifold with link (90X, hjax)”.

More explicitly, an exact b-metric has the form
dx? , , S
g=-—5* (loodl’2 + aojd:xd,yj + ajodyj dx + aijdyz dy’
x
where ago, apj = ajo, aij = aj; € C*°(X) and a;; has the following property
(with respect to its Taylor expansion in z = 0):

aij(z,y) = 9i;(y) + = ag(z,y)
where g;; dy'dy’ is a metric on 0X. Notice that, if g = de;(l + za) + h for
some a € CZO(X), the change of variables & := z + J2?%, where v := a(0,y),
gives g = dg% + h'; i.e., such a g is an exact b-metric.
The analogous fact does not hold for sc-metrics. Scattering metrics may
thus be generalized as follows:

Definition 7. An “asymptotically conical metric” on X is any metric g4 on
¥ such that, for some boundary-defining function z and some a € C*(X),
Jac = dT“f(l + za) + m%, where h denotes a symmetric 2-tensor on 7'X such
that hypx is positive-definite on T'(0.X).

The pair (X, gqc) is an “asymptotically conical manifold with link (0X,
hlax)”-

Clearly, the class of ac-metrics contains the class of sc-metrics as a subset;
notice also that, if g is an ac-metric with respect to =, 22g is an exact b-
metric. Fixing one of these three types of metrics implies restricting the
choice of boundary-defining functions to those that allow the metric to be
brought to the standard form seen in the definition.

Notice that v, = {Z € AY(TX) : ||Z]|g, is uniformly bounded on ¥}.

Analogously, vs. = {Z € A°(TX) : || Z| 4. is uniformly bounded on X}.

Lemma 2. Let (X, g) be an asymptotically conical manifold, with curvature
tensor R and Levi—Clivita connection V. Then:
1. With respect to the basis {0y, 0, }:
—4 00 .—3 00 . —2
x4 C®x C>®zx
e gc (150 32 hijox 22 4 Coop1 where hij = h(0yi,0y;)
and the notation “f € C®°x*” means: f = ¢ - x%, for some ¢ €

C(X).
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zt + C®z® C>® !
i gil € O 4 1% 24 0043
T lox & + T

inverse matriz of h;.

e The Christoffel symbols have the following property: Ffj €0 Iy €
COOiE;fo € C®x LT € C® ;T € Oz~ 1,12, € C®x~ !,

o Let Fzﬁ denote the Christoffel symbols with respect to the dual basis
{dx,dy'}; i.e., Vo,do =T du+ T dy, etc. Then

> where h denotes the

ff] - (Vayi dyj)(ayk) = Oy [dyj (ay’“)] o dyj(v%iayk) - _ng'

Likewise, ffj = —I‘{x,
2. |R|| € C> 2.
3. Let X € vp. Then Vx € Diff}(**TX) and Vx € Diff | (**T*X).
Let X € vge. Then Vx € x-Diff | (*TX) and Vx € x - Diff } (**T* X).

Tk _ J
sz = —TI",., etc.

Before moving onto the next section, it is probably worthwhile making a
few final remarks.
Recall the following:

Definition 8. Let " be a connected, oriented manifold and M™ ! be a
(possibly not connected) compact oriented manifold. ¥ is a “manifold with
ends (with link M)” iff ¥ admits a decomposition ¥ = X J,; Yoo, where:

e Y is a compact manifold with boundary 9(Xy) = M
e Y is diffeomorphic to M X [a,b)

and we are identifying 9(3¢) with M x {a}.

Remarks.

1) Let ¥ be a manifold with ends. Then X := Xo{J,, M x [a,b] is a
compact manifold with boundary and ¥ = X \ 0X. Conversely, given
any compact manifold X with boundary, the local trivialization of X
near 0X given by a boundary-defining function shows that ¥ := X\0X
is a manifold with ends, with link M := 0X.

2) Notice that any two intervals [a, b), [@’, V) are diffeomorphic. The ends
of 3 can thus be parametrized in countless ways.

However, not all these diffeomorphisms extend smoothly up to the
boundary. Different parametrizations of ¥, may thus lead to different
differentiable structures on the compactification X of ¥. When start-
ing out with a manifold with ends, it is important to specify which
compactification is being used.

3) Let (X, gac) be asymptotically conical and let ¥ be the corresponding
manifold with ends. The diffeomorphism z € (0,1] ~ 7 := 1 € [1,00)
induces a coordinate system on the ends of ¥: ¥, ~ M X [1, 00).
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Notice that dr = —i—?, O, = —x29, so that

d 2? h
i (1+xa)+ﬁ =dr*+rigu +R
where gy = hyrox), R = %de + %. This expression of the

metric justifies the name “asymptotically conical”. In particular,
R(0,,0,) = R(z%0,,2%0,) = O(r™1)
R(Tﬁlayiﬂ‘*la i) = R(:ani,m’ayj) = O(T‘fl)

y
R(Tﬁlayi,&n) = —R(xayi,xzax) =0(r
so ||R|| = O(r~1), where || - || is calculated with respect to the metric

dr? +1r2gy.

The primary example of scattering manifold is (R"™, gsq), compact-
ified via stereographic projection to the half-sphere. See [M2] for
details. It is simple to show that the standard symplectic structure
wata on R2™ is an element of *°A%2X.

4) Let (X, dwi; + h) be asymptotically cylindrical and let ¥ be the corre-
sponding manifold with ends. The diffeomorphism z € (0,1] ~ r :=
—logz € [0,00) induces a coodinate system o, ~ M x [0,00) with
dr = fd—;,ﬁr = —2 0. Thus

2
di2+h:dr2+gM+R
T
where gy = hip@x), B = h — gu. This expression of the metric
justifies the name “asymptotically cylindrical”.

5) It is interesting to compare these definitions of “asymptotically con-
ical” and “asymptotically cylindrical” metrics with other definitions
available in the literature.

All of them require some form of decay of the “perturbation term”
R, defined in Remarks 3 and 4 above, and of its covariant derivatives;
our definitions are however slightly stronger, as they require the tensor
R (up to renormalization) to have a smooth extension up to X. This
allows for a much greater control of the metrics’ consequent properties.

Most of the properties relevant to this article would, however, con-
tinue to hold for weaker definitions (see, e.g., [MO]).

4. The Laplace operator on asymptotically conical manifolds

For any oriented Riemannian manifold (X", g), we will use the following
standard notation:

e x,: A'Y — A"’ denotes the usual Hodge star operator.

® dj: A'Y — A3 denotes the formal adjoint of d.

o A*Y:=PAY.
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As usual, dy = (—1)"HDF 5 d kg, s0 ¥ € Diff ' (A'S; A1),

Let X denote an oriented compact manifold with boundary and ¥ :=
X \ 0X. For any fixed b-metric on X, with volume form vol,, we may
define:

o L3(X) :={f € L} () such that || f[|, := (5, f2vol,)}/? < oo}

loc
o H"(X):={f€Li.(2): PfeLiX), VP eDiff (X))} (m >0).
o [[fllmp:= (EHmSmH(m@x)iﬁéf\|§)1/2 defines a norm on Hy"(X).
More generally, if F is a metric vector bundle over X, we may define:

o L}(E) :={f € L} (Ejs) such that [ |f[*vol, < oo}
e H"(E):={f e L} (Ex): PfeLi(E), VP eDiff "(E)} (m>0).
Finally, for 6 € R, we define “weighted Sobolev spaces” as follows:

o P’HM:={fel} :f=au,uc H"}.
o || fllsmp := ||z7° fllm.p defines a norm on x° H;™, isometric to H™.
Analogously, if we endow X with a fixed ac-metric, we may define L2,
H™ and 2’ H™, spaces of functions and sections, using the induced volume
form vol,. and operators P € Diff ..

Since Ai(X)‘g = bAi(X)m = scAi(X)|Z = AY(X), when E is one of these
bundles one can use the notation H, f(Ai), HE (A?). In this case, however, it
is important to specify which metric is being used on the bundle.

All the above are Hilbert spaces and contain the space A? (Ejs) as a dense
subset. Both ac- and b-metrics have the right properties (bounded curvature
and positive injectivity radius) for the standard Sobolev immersion theorems
to hold (see [A]). For example, if f € 2°HF(X) (k > %), then z7°f is
continuous and bounded, so f = O(z°).

Notice that, for any constant ¢ € R,

1
cer’3(X) ez el @/ Pz <00 e d<0.
0

Notice also that, if g, = 22g,c, then vol, = 2™vol,, so that L2, = x%Lg.

It is a simple consequence of the definitions that any P € Diff}" has
a continuous extension P : Herm — Hé“. The analogous fact holds for
P € Diff™. The fact that Diff "2 = 2°Diff* shows however that, for b-
metrics (and analogously for ac-metrics), a continuous extension exists also
between weighted Sobolev spaces:

Lemma 3. Let P € Diff*(E). Then, V6 € R,Vk > 0, P has a continuous
extension P : 2 HF ™™ (E) — 2 HF(E).

Analogously, let P € Diff 7:(E). Then Vo € R,Vk > 0, P has a continuous
extension P : x® HEF™(E) — x0HE (E).
Proof. Consider, for example, P € Diff;*. Then

1P fllsks = 127 P Fllep = 1P@° ks < Cle™0 flksmp = CllFlls+md




DEFORMATIONS OF ACSL SUBMANIFOLDS 161

for some P € Dift}*, ¢ > 0. O

Analogously to the compact case, there is a well-developed theory of b-
and sc-elliptic operators. We will only need the former.

Definition 9. Let P € Diff *(X), P =S4 1j<m pi.s(2,y)(x Dg)' D}
P is b-elliptic iff

Um(P)<£7 77) = Ei+\f|=mpi,f($a y)fznl 7é 0, V(l’vy) € va(gv 77) 7é 0.

It turns out that the properties of a b-elliptic operator P are strongly
related to Pjyx. We need the following definition:

Definition 10. Let P € Diff;*(X) be b-elliptic.

For A € C, let P()\) : C®(X) — C>°(8X) denote the operator lo-
cally given by P(\) = Ei+‘1|§mpi7[(0,y))\iD£. This is called the “indicial
operator” associated to P.

Let spec (P) := {\ € C : P()\) is not invertible on C*°(9X)}.

The above definitions generalize to P € DiffJ*(E; F).
In [M1], Melrose constructs a class of pseudo-differential operators which
lead to the following result:

Theorem 1. Let P € Diff]"(E; F) be b-elliptic. Then:

1. P: x‘SHéHm(E) — 2 HF(F) is Fredholm iff 6 ¢ —Imspec (P), where
Im denotes the imaginary part of a complex number.
2. ue x‘ster(E), Pu e :E‘SHfH(F) =u€ :n‘sterH(E).

The set —Zmspec (P) C R turns out to be discrete. We call these the
“exceptional weights (of P)”. Given a non-exceptional weight § € R, [d]p
will denote the connected component of R\ —Zm spec (P) containing .

Having laid out the relevant foundations, we may now focus on the specific
operators that will be important further on in this paper.

Let us thus fix an asymptotically conical manifold (X", g). Let (X, g) be
its “scattering compactification”.

Since *“A*X is generated by forms of length 1, the definition of %, shows
that %4 (*°A’X) C *°A"~*X. Thus d} restricts to an operator in Diff },(**A’X;
se A1 X)), Actually, if we set 0 := (—1)n(i+1D+1 *g J*g and §:= (—1)"(+HD+1y
3*9, we find that

di=1-6="0-z€x- Diff|(*A’X;**A""1X) C Diff .
We now define:
o Dy:=daddj € Diff L (*¢A* X;5¢A* X).
o Ay:=DyoDy=dd;+d;d e Diff 2, (*A’X; *A’X).

Clearly, Dy, A4 are the restrictions to **A* X of the usual operators defined

on A*Y.
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Lemma 4 ([M2]). Let (X,g) be asymptotically conical. Then:
1. Aj=z-(d®d)o(d®3)-x € a® Diff 2(*ATX; %A X).

2. On functions, one finds the following expressions:
o Ay =2?Ay +vV—1z(n —1)2?D, + (2°D,)(2?Dy) + 23Diff 2.
o (d®d)o(d®d) = Ay + (xDy)(xDy) +v—1n(zD,) +1—n+aDiff 7.

In particular, the operator (d @ &) o (d ®3) is b-elliptic: For example, on
C*°(X), the previous lemma shows that

oa((d@d) o (d@d))(E,n) =+ gim'’ = + >

We now introduce one last piece of notation: Given an asymptotically
conical manifold (X, g), we let HF(A?, sc) denote the Sobolev spaces defined
above, with respect to the following choices:

e On A'Y we use the metric induced by the ac-metric g;
e the volume form on ¥ is the one given by the b-metric 22g.

The following result shows that these are the correct spaces in which to
study Ay, Dy:

Corollary 1. Let (X, g) be an asymptotically conical manifold. Then:

1. Ay :U(SHerZ(Ai,sc) — 29P2HF (A, sc) (k > 0) is Fredholm, except
for a discrete set of “exceptional weights”.

2. Dy : :U‘SHfH(A*,sc) — 29T HF(A* sc) (k > 1) is Fredholm, except
for a discrete set of “exceptional weights”.

3. All elements in Ker (Ay), Ker (Dy) are smooth.

Proof. Consider Ay = - (d®0) o (d®?)-x:

xaHerQ(A*, sc) — x‘s"'leJrZ(A*,sc) —

L HF(A* se) — 2 P2HF(AF, sc).

Since multiplication by x is an isometry, by the previous theorem we see
that A, is Fredholm, except for a discrete set of weights.

Since Dy = 2(d®8) = (d® d)x, this shows that D, : 335H5+2 —
2O HFT satisfies dim Ker (D,) < 0o and that Dy : a®t HFT — 20+2 )
has closed image and finite-dimensional cokernel. Thus D, is Fredholm if
9,6 — 1 are non-exceptional for A,.

Finally, to prove (3) notice that, by the above theorem, Ker (A,) C
N2 :L"ng”. Applying the standard Sobolev immersion theorems to H}",

we get smoothness for the elements of Ker(Ay); (3) then follows from
Ker (Dy) C Ker (Ay). O
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We may thus define:
H5(E) := Ker (A,), where Ay : $6H£€+2(Ai, s¢) — 20P2HF(AY, sc),
K5(2) := Ker (Dy), where Dy :a® HF Y (AY sc) — 2® T HE(AY, sc).

From the corollary, we see that these spaces are independent of k. When
Ay and D, are Fredholm, they have Fredholm indices i Ags and ¢ Dy.s- The
following lemma investigates the dependence of these spaces and indices on

0:

Lemma 5. Let (X,g) be an asymptotically conical manifold. Then:
1. in,; and H5(X) depend only on [6]a.
2. ip, ; and K5(X) depend only on [é]p.

The proof is based on the invariance of the Fredholm index of curves of
Fredholm operators.

4.1. A4 on functions. When studying A, on functions, one gets extra
information thanks to the elliptic maximum principle.

Proposition 2. Let (X, g) be an asymptotically conical manifold. Consider
Ay 2 HEPA(Y) — 22 HF(X), for § non-exceptional. Then:

1. 6§>0=H)=0. Thus:
o A, is injective.
o d: 2 HIT2(Z) — 2Ot HFTH(AY, s¢) is injective.
2. § <n—2= Coker (Ay) =0. Thus:
o A, is surjective.
o dy : a:‘SHIfH(Al,sc) — 2TLHE(Y) is surjective for § < n — 1
non-exceptional.
3. Dim Hg(E) is independent of the particular choice of asymptotically
conical metric on ¥ (with respect to a fized link (M, gar)).

The proof is based on the elliptic maximum principle and the self-adjoint-
ness of Ay on C°(X). Cf. [CZ] for similar statements and techniques. Notice
that, in particular, A, is an isomorphism for 0 < < n — 2.

The above proposition has an interesting consequence:

Lemma 6 (Gluing principle for harmonic functions). Let (X, g) be asymp-
totically conical. For § <n—2, let f be a smooth function in m‘SHf(Z) such
that Agf|zloo =0.

Then there exists a unique F' € x° HF (X)) such that |F(z) — f(z)| — 0 (as
x—0) and AgF = 0.

Proof. Since A f is smooth and has compact support, it is clear that, ¥V €
R,Vs >0, Agf € a"?Hi ().
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Fix any 7 : max{0,6} < n < n —2. Since A, : 2"H;t? — z"2H} is
surjective, there exists fE :U”Hlf+2 : Agf: Ay f. In particular, fe :U‘SH;JFZ.
Choosing s large enough, we get |f| = O(z"), so f—> 0.

It is now enough to set F' := f — ]7 Uniqueness is a consequence of the
elliptic maximum principle. O

In other words, any collection of harmonic functions (e.g., constants) on
i may, up to a slight perturbation, be “glued together” to get a harmonic
function on ¥ with the same asymptotic behaviour.

Going a step further, [M1] provides a complete asymptotic expansion
of the harmonic functions on any asymptotically conical (X, g) in terms of
the metric on the link. In particular, Christiansen and Zworski [CZ] show
how this can be used to relate the harmonic functions on (X, g) to the
eigenfunctions on the link. We may summarize their results as follows:

e Recall that, on (M™ ! x (1,00),9 :=dr*+ 12 gun),
Agys .

72 r
Let f € C°(M™ 1) be any eigenfunction of Ay,,, relative to any

eigenvalue A;. Then it is easy to check that the function fr% is har-
2—n+4+/(2—n)2+4);

n—1

A op — 02

g:

monic on M x (1,00), where a; := 5

Notice that, when (M, gas) = (S™ 1, gstq), these harmonic functions
on R™\ {z : |z| < 1} are exactly the homogeneous harmonic polyno-
mials.

e If (X, ¢g) has link (M, gas), these functions are “asymptotic models”
for the harmonic functions (with polynomial growth) on ¥, in the
following sense: Given any f € HI(X), on each end f converges to a
linear combination of the above.

e Conversely, assigning an “asymptotic model” to each end determines
a unique f € Hg with that asymptotic behaviour.

This allows us to express dim Hg in terms of the number of ends and the
dimension of the space of eigenfunctions on the components (M;, gas,) of the
link (M, gar).

In particular, we will be interested in the following conclusion:

Definition 11. We say that a harmonic function f has “strictly sub-linear
growth” if it is asymptotic to a linear combination of models f;r® with 0 <
a; < 1 and at least one a; > 0. In other words, if there exist § > —1,¢ > 0
such that f € HY(X), f ¢ H (D).

Corollary 2. Let (X, g) be asymptotically conical. Then there exist har-
monic functions with strictly sub-linear growth iff at least one end has an
eigenvalue in the interval (0,n — 1).
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Proof. Noticethat 0 < a; <1< 0 < A; < n—1. We may use any asymptotic
model of the type fir® + X;.;c; where ¢; € R. O

4.2. Dy on 1-forms. We are now going to calculate dim K} = dim Ker (D),
where D, is acting on weighted 1-forms, in two cases of particular interest.
In this section, i will denote the canonical map i : H}(X) — H(X).
We start with the following:

Lemma 7. Let (X, g) be asymptotically conical. For any e > 0, there exists
an injective map

q: Hl(z) - IC%—€

which is independent of €. With respect to any § € [1,n — 1), it has the
following property:

q([a]) € K§ = [a] € i(H,).

Proof. Begin by considering any [a] € H!(X). We first show that it has a
representative in ICLe.
Recall the isomorphism

HY (M) =~ H'(M x [1,00))

where [ is defined by foo[w, r] := Bar[w]. We call such a form “translation-
invariant”.

Applying this to [ax_ ] € H'(M x [1,00)) gives a 1-form aps on M and
a translation-invariant 1-form a., on M x [1,00) such that [as] = [os ]
In other words,

AL = %o + d(foo)

for some foo € C°(Xs) and some translation-invariant a.

We may now extend fy to a function f € C°°(X); this gives an extension
of ase to a global 1-form & on X, defined as o := a — d f.

The form & has the following properties:

e da = 0: This is clear.
e [a] = [a]: This is clear.
o &€ a"HL (A, sc), ¥ < 1: Locally near dX, @ = b;(y)dy' = xb;(y) L.
Since xb;(y) € C*°(X), this shows that & € **A}(X).
By definition, & € 2"H} < ||[z7"al1,, < co. Recall:

v

20,(a ™" i)

|z

Ly = [lz™allp + X

b
dyi

+ X5 ||Oys (!E_nﬂbi(y))?




166 TOMMASO PACINI

It is now enough to examine these terms one by one, to get the result.

For example:
1 i 112
~ - dy*
||x—"a||§:/ Hx—na||gcv01bgc1+02/ AR et
b 0

x Yz
ac

1
<c +63/ 2y
0

so [[z7"allp < oo for n < 1.
e For § > 1, a € 2° H}(AY, sc) < @ € AL(X): This should be clear from
the above.

Consider now, for n < n — 1, the sequence:

SHAE) s ) Y 2y,

By surjectivity, setting n = 1 — ¢, there exists a function & € x_€H§ Ak =
dya. Since A is not injective, the choice of k is not canonical; however, k is
unique up to Ker(A) and this is independent of €, so k also is. Notice now
that @ — dk € K}__ and that [&@ — dk] = [a]. When a € AL(Z), we can act
in a similar way, choosing however k with respect to n € [1,n — 1).

The above process thus shows how to build the required linear map gq,
defined by ¢([a]) := a@ — d k. To show that ¢ is injective, let [ov],. .., [ay] be
a basis of H'(X). Assume 3)\; € R : Y \;i(&; — dk;) = 0. Then

Z)\Z[az} = ZA,[&Z - dkz] =0
so A\; = 0. O
For all ) € R, let E, := {exact 1-forms in K} }.

Lemma 8.
L. Forn <1, E;=d(H,_,). In particular, diim E, = dimH} ; — 1.
2. For e > 0 (sufficiently small) and 1 —e <5 <n—1, Es=d(H",). In
particular, dim Es = s — 1, where s is the number of ends of X.

Proof. 1t is clear that, if f € Hg_l, then d f € E,. Conversely, assume
df € E,. Then Ayf = 0, so the asymptotic expansion of f shows that
feH) ..

The proof of (2) is similar: By the “gluing principle”, if f € H"_, then
f=c+ f, where ¢ is a function constant on each end and ]? € a:”*Z*EHlf .
Thus d f € E,_1_z C Es. Conversely, if d f € Es, then f € d(H",).

Notice that, in calculating dim E, (Vn € R), one must take into account
the fact that any ¢ € R is a harmonic function but d(c) = 0, so it does not

contribute to E,. O

We now have a good picture of the structure of K}(X):
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Proposition 3.

1. Forn <1, K} = E, ®q(H'(%)).

2. Ford € [1,n—1), K} = Es ® q(i(H}(X))).

Proof. 1t is clear from the definitions of ¢ and E,, that E, (" ¢(H*(X)) = {0}.

Let H, be any subspace of K} containing ¢(H'(X)), such that K} =
E, ® H,.

The map H, — H'(X), a — [a] is clearly injective. Thus dim H, <
dim H'(¥). Since dim HY(X) = dimq(H' (X)), we get H, < q(H'(X)),
hence the equality.

To prove (2), notice that

Es ® q(i(H,)) < Kj < E1—c ® q(H").
Any a € K} may be written as o = d f + o where d f € Ei_, o/ = q([a]) €
Ki_.. Recall that, for small € > 0, Ey_. = Es. Thus d f € Es, which implies
that o/ € K} and thus [a] € i(H]}). This proves that K} < Es@q(i(H})). O
We will be particularly interested in the following conclusion:

Corollary 3. Let (X, g) be asymptotically conical. Then:
1. dim K} = dim H'(Z) + dimH®, — 1. This is the dimension of the
space of all 1-forms o € Ker (D) such that ||a|y decays.
2.V € (1,n—1), dimK} = dim H}(X). In particular, this shows that
the space Ker (Dg|L§C(A1)) = IC% of closed and co-closed 1-forms in L?

has dimension H}(X).

Proof. (1) follows directly from the above.
To prove (2), notice that the previous proposition shows that

dim K} = dim i(H}) +5—1

where s is the number of ends of X.
Let M be the link of ¥ = ¥ (J,; ¥os. The long exact sequence

HO(Yy) —— HO(Xy) —— HO(M) —— HYS,) —— HY(X)

0 R R® H(Z) HY(x)
now shows that H! ~i(H}!) @ R~ O

5. Deformations of asymptotically conical submanifolds

Having developed the theory of asymptotically conical manifolds, we now
turn to studying submanifolds. The goal of this section is to present a notion
of immersion in the category of manifolds with boundary and to study the
stability of this condition under deformations. For the purposes of Section 6,
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the main result is Corollary 4, which shows that asymptotically conical
submanifolds remain asymptotically conical under “deformations which keep
infinity fixed”.

X, X’ will denote compact manifolds with boundary.

Y :=X\0X,N := X"\ X’ will be their interior.

Definition 12. An immersion ¢ : X — X’ is a “b-immersion” if:
1. p(0X) C 0X".
2. Vp € 0X, consider d¢[p] : T,X — Ty, X' and, using Condition (1),
consider the quotient map

dqb[p] . TpX/Tan — T¢(p)X,/T¢(p)8X,
The condition is that this quotient map be injective.

Let ¢ : X — X' be a b-immersion. Let z be a boundary-defining function
for X', pe 0X and V € T,X : V ¢ T,0X. Then, by hypothesis,

d(x 0 @)[pl(V) = dx[p(p)ldolpl(V) # O

S0 x o ¢ is a boundary-defining function for X. From now on, we will often
identify X with its image in X', omitting ¢ from the notation.

Clearly, °TX < bTX|’X and ST X < SCTX"X. We may define:

(X, X') ={Zx : Z e n(X")},

Vse(X, X') = {Zx : Z € vse(X')}.
Notice that

(X)) ={Z c (X, X"): Z €T X},

Vse(X) ={Z € vse(X, X") : Z € 5°TX}.

Remark. Analogously to the standard Riemannian case, any b-metric on
X' can be seen as a smooth section of a symmetric product of the bundle
bT* X', Tt thus restricts to a b-metric on X. Regarding sc- and ac-metrics,
pointwise there is no difference between them: Both come from global sec-
tions of the same symmetric product of *¢T*X’. The difference arises from
the section itself, i.e., from its Taylor expansion at the boundary. Thus,
depending on the immersion, a sc-metric on X’ may restrict to either a sc-
or a ac-metric on X.

Let us fix an asymptotically conical manifold (X’,g). From now on,
V, R,exp will denote, respectively, the Levi-Civita connection, curvature
tensor and exponential map of (N, g). If ¢ is a b-immersion and p € X, we
will let L, T denote the normal and tangential components of any V' € T, X’
with respect to T),X.

We now want to deform > C N, using the exponential map of N. In
particular, we now want to prove that, for any V € ve.(X’), expV 0 ¢ :
X — X' is also a b-immersion. The main difficulty lies in the fact that,
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since g “blows up” on 0X’, expV is, a priori, defined only on N. We thus
need the following:

Proposition 4. Let (X', g) be an asymptotically conical manifold.

1. Let V. € vp(X'). Then expV : N — N has a smooth extension
exp V : X' — X’ such that exp V(0X') C 0X'.

2. Let V € vge(X'). Then the extension of exp V satisfies exp Vigx» = id
and is an immersion on 0X'.

3. Let || - l1p denote the norm on H}(TX' sc). Then 36 > 0 : VV €
Vee(X'), [Vl1p <8, exp V : X! — X' is an immersion.

4. Let V € vge(X'). Then exp Vi(vse) C vse-

Proof. Let z,y',...,y" be coordinates on X’ and let V = V20, + V! 0y €
vp(X'). Consider the system of ODE’s

. PPN i i ()
&t (7]) ('y)c’cj —l— T2 (y )cwcj + Ff (fy)czc”” + @)@ e —

cT

c(0) = (1,%0)
C(O) = (Vx[:UOa y0]7 Vl[ajOa yO]v SRR VN[':U()a y(]])
where:
e ¢*(s),c!(s),...,cN(s) are the unknown functions;

o 'Y, are the Christoffel symbols of g with respect to {0z, 0y };

o () := (zoc®(s),c(s),...,cN(s));

e the system depends on the parameters (xg,y0) € [0, 1] x 9X’.
By Lemma 2, all coefficients in the system are smooth (except when ¢* = 0);
so, with our initial conditions, there exists a unique solution ¢(s) and it is
smooth with respect to s,zg,yo. Thus 7(s) is well-defined for all (xg,yo)
and is smooth. -

:L"cx'

Notice that, for example, (in) (v) = Thus, multiplying the first

equation by xg (xg # 0), the system can be re-written in terms of -, showing
that y(s) is the geodesic of (N, g) with initial conditions

¥(0) = (20, 90), ¥(0) = (xoV*[zo, 0], V' o, %0, - - -, VN [0, yo]) = V[wo, yo.

This shows that the geodesics generated by any b-vector field, a priori defined
only on N, extend smoothly, as curves, to 9X’. Since N is complete, it also
shows, for zg # 0, that ¢(s) is defined Vs € R and that ¢(s) C NN, since this
is true for ~(s).

On the other hand, notice that, for initial conditions (0,yo) € X', the
corresponding curve 7(s) is completely contained in dX’. This proves (1).

Now assume V € vs.(X’). Then, for g = 0, ¢(0) = 0. Thus ¢(s) =
(1,y0) is the solution, so v(s) = (0,yo). This proves that, when V € v,
exp Vigx: = id.
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Let p € 0X'. Since d(exp V)[plir,0x/ = id, to finish proving (2) it remains
only to prove that d(exp V)[p](0;) has a component in the 0,-direction.

In general, let p € N and Z € T,X'. Let ¢(t) be a curve in N : ¢(0) =
p,¢(0) = Z. Let t — 'y(t s) denote the l-parameter family of geodesics
defined by ~(t,0) = ¢(t), 2 5:7(t,0) = Vc(t)].

Let J(s) be the Jacobi vector field solution of

VsVsJ(s) + R(J(s), 7)Y =0, J(0)=Z(p), VsJ(0) =VzV(p)
where 7 := %7(0, s). Notice that:
e 57(0,0) = Z(p)
-Vﬁhmmszw&m=VNw@m=m%( 0) =
¢ VVLi(0,5) = Vi (0,5) = Vi + RO, )
= —R(57(0,5),9)%.

This proves that J(s) = %fy(t, $)jt=o- Thus, in general, exp Vi can be ex-
pressed in terms of Jacobi vector fields:

VZV( )

0 0
exp Vi.Z =exp Vi <&7(0,0)> = 57(0, 1)=J(1).

Now, for example, let Z = 220,.. Using the following lemma, we find that

J(s) = Z(p) +sVzV(p) + Q(s), Q(s)ll = O(x?)

where Z(p),VzV (p) are extended along « by parallel transport. Again, we
have to prove that this formula has meaning up to 0X’.

Since exp V : X’ — X' is smooth, J(1) has a smooth extension up to
0X'. Notice also that Z,VzV have smooth extensions up to dX’ (using
Lemma 2).

Recall that the parallel transport of, for example, Z along ~ is defined by

st(S) =0, Z(O) = Z[manO]'
Writing Z = 270, + Ziayi, we find
ViZ(s) = Z°0s + 28y + 275" (Vo,0:) () + Z°3"(V5,,,0:) (7)
+ 25 (Va,8,) (1) + Z'4* (Vo , 0, (7).

A proof similar to the one above shows that parallel transport extends
smoothly up to the boundary, so Q(1) is also smooth up to 9X".

Writing Q(1) = a 0, +b Oyi = ;%(1:281)—1—%(1‘61!1‘), the estimate on ||Q(1)]]
shows that % = O(2?), % — O(2?). A Taylor expansion of a,b; based at
p € 0X' thus shows that Q(l) € 22 - vy, SO

exXp V;(Z):Z'i‘x'l/sc“‘xQ'Vsc
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Finally:
exp Vi(220 220, + 22 v+ a2y
exp V;(ax): p ;g a:) _ x + :L‘2b+ sc :8x+Vb+Vsc
which concludes the proof of (2).
Notice that, in a similar way, one can study the case Z = 2y, showing

that exp Vi(vse) C vse. This proves (4).
To prove (3), we start from the formula

Va2,V | Q(1)
From the above, we see that we may write
Vﬂazv Q(l) 2
T == a(x@x) + biayi, x2 = C($ ax) + dl(ﬂjayz)
szBxV

Since Vg, € Diff }, we find a < || ==

Analogously, one can deduce from Lemma 9 that [|Q(1)sc < 22||V]10,
50 ¢ < |22 lae < [V]1-

In other words, a ||-||1 5-bound yields bounds on a, ¢ which are independent
of the particular V. This proves that there exists a neighborhood U of X',
independent of V', such that exp Vi (9,) has a nonzero component in the
O -direction.

In a similar way, one can study exp Vi(9,:). The end result is that any
|| - |l1,p-bound gives a neighborhood U of 0X’, independent of V', such that
exp V is an immersion on U.

Since the complement K of U in X’ is compact, there exists § > 0 such
that ||V||qe < 6 implies that exp V' is an immersion on K. This proves that,

for any V such that |[V|1, <6, expV is an immersion on X' O

p Hb = ||Vﬂc3xv||ac < Hv”l,b‘

Corollary 4. Let (X', g) be an asymptotically conical manifold and let ¢ :
X — X' be a b-immersion, so that (X, $*g) is asymptotically conical.

Let || - |lip denote the norm on HY(TX',sc). Then 3§ > 0 : VV €
Vse(X'), [V |l1p < 0, exp V o ¢ is a b-immersion and thus also induces an
asymptotically conical metric on X.

Remark. More generally, if we let vy 5.(X’) denote the Cl-analogue of
vse(X'), the same methods show that

V€ v se(X), V|1 < 6= exp V is a Cl-immersion up to 9X".
Thus, if ¢ : X — X’ is a b-immersion, expV o ¢ is a C! b-immersion.
The following lemma, used in the proof of the preceding proposition,

provides an estimate on certain Jacobi vector fields, with explicit dependence
on ||R]:
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Lemma 9. Assume given the following data:

o (X', g) asymptotically conical, a boundary-defining function  and V €
vse(X').
e An estimate on the curvature tensor

|R(z,&)|| < p*(x) < ca?

where p(x) is strictly positive for x > 0 and is independent of £ € 0X'.
Notice that, by Lemma 2, such an estimate always exists.

e ¢: X — X' ab-immersion, y € 0X and Z € vs.(X) such that Z is
nonzero along the curve (x,y) C X.

Let J(s) denote the Jacobi vector field (depending on the parameter x)
solution to
ViVisJ(s) + R(J(s),7)7 =0, J(0) = Z[z,y], VsJ(0) = VzVIz,y|

where T — 7(33 s) denotes the curve of geodesics defined (Vs € R) by
o

v(x,0) = (x,y), 2 77 (%,0) = V{z,y| and with the notation 7 := g.7.
Then
J(s) = Z[z,y] + sV.V][z,y] + Q(s) (s<1)

where Z,V,V are extended along v(s) by parallel transport and ||Q(s)| =
O(p(x)x).

Proof. Since [|[R(J(s), 9)3] < | BII- [[7(s)I| - [VI[* < ex®[|T(s)]| - [[V']|?, intu-
itively we expect J(s) — A(s), where A(s) is the solution of the equation

VsVsA(s) =0, A(0) =Z[x,y], VsA(0) = VzV]z,y].

The proof can be divided in several steps and partially follows [J] (Theorem
4.5.2) and [BK] (Lemma 6.3.7).
For simplicity, we will assume [|V|| <1, ¢ < 1.

Step 1. Assume g(s) is a C? function which, for some fixed 1 € R, satisfies
g+ng <0, g(0)=4g(0)=0.

Then:
o Ifn<0: g(s) <0, Vs >0.
o If n>0: g(s) <0, Ogsgﬁ.
Proof. Set
ﬁ sin(/7 s) n>0
fols) =4 s n=0

\/%7 sinh(v/—7s) n <0,
i.e., f, is the solution of the ODE

f+nf=0, f0)=0, f(0)=1.
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Since g(s) has a second-order zero in s = 0 while f,(s) has a first-order zero,

we find fi =0.
n|s=0

/
R % 9\ - 4
Now set d := g'f) — g f, so that (fn) =7z
Notice that d(0) = 0 and that

d(s)=g"fr—9f) =" +n9) fr <0 f >0.
Assume 7 < 0. Then f, > 04 s >0, so d <0 for these s. This shows that
(%)l <0,s0¢g<0.
The case i > 0 is similar.

Step 2. Consider the solution b(s) of the ODE
b(s) = |IR(s)|l - 17 (s)ll. b(0) = b(0) =

We want to prove that ||J — A|(s) < b(s). Clearly, it is enough to prove
that, for all P unit parallel vector fields along 7,

(J-—AP)—-b<0.
Notice that, setting 3 := (J — A, P), 3 is C? and satisfies

BRI -[1T(s)ll, £(0) = B(0) =0

so that g(s) := (8 — b satisfies the hypothesis of Step 1 with = 0. Thus
B(s) < b(s), for s > 0.
Step 3. From Step 2, we also get

b < [[R(s)I| - [IJ = All + |1 R(s)[ - | A(s)[| < [[R(s)]| b(s) + [[R(s)] - [[A(s)]]-
Using the fact that ||V|| is bounded and the uniformity of our estimate on
| R||, we find

IR(s)| < ep?(@) (s < 1).

For simplicity, we will assume ¢ < 1.

Notice that, since b(s) > 0, b is nonnegative for s > 0. Thus

b < p?(x)b(s) + p*(@)|A(s)]| (0<s<1).
Let a(s) be the solution to the ODE

i(s) = p*()a(s) + p*(2)| A(s)|| a(0) = a(0) = 0.
Then g(s) := b — a satisfies the hypothesis of Step 1 with n = —p?, so
b(s) < a(s) and ||J — A|(s) < a(s), for 0 < s < 1.

Step 4. Notice that A(s) = Z[z,y|+sV zV |z, y] where Z[z,y] and VzV [z, y]
are defined along ~ by parallel transport.

To finish the proof, we now need to estimate a(s).

Notice that a is C? and is defined on some maximal interval (a, 3).

Since @(0) = p?(x) - || Z|| > 0, a(s) is positive on some maximal connected
interval (0,0).
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Assume 0 < (3; in particular, this implies a(d) = 0. When s € (0,0), a
is monotone so a(s) > 0 and d(s) > 0. Thus a(s) is non-decreasing, which
contradicts a(d) = 0.

This shows that § = 3, i.e., a(s) and a(s) are positive for all 0 < s < 3.

By hypothesis (and using |[VZV || = O(x)), @ < ¢(p?a + p? + sp*x). Thus

204 < 2cp’aq + 2cp?a + 2cp*asa.
Integrating in ds, we find
a? < cp2a2 + 20p2a + 20p23:sa — 26p2$ / ads.
By definition, —cp?a < —i + cp? + cp?xs, so
—2cp?x / ads < —2xa + 2cp®xs + cp*a?s>.

Applying this above and using ¢ < ¢?, p < z, we find

a’ < 62p2a2 + 2cp2a + 202p2xsa —2za + 2cp2acs + 62p2$282

(a4 z)? < (cpa+ cpxs)? + 2cpra + 2cpr’s + 2*
a+x < cpa+ cpxrs + .
When s < 1, this shows that a < cpa + cpx so, using Gronwall’s inequality,
a(s) < cpxe® < cip(x)r (s <1).

In particular, a(s) is defined up to s = 1. O

6. Deformations of asymptotically conical SL submanifolds

Let (X', g) be a fixed, 2n-dimensional, asymptotically conical manifold with
a CY structure (g, J,w, Q2 = a + if3) on its interior N := X'\ 0X’. We will
assume that w € *“A2X’ 3 € *¢A"X’; all these conditions are, for example,
verified by N = C™ with its standard structures.

Let 3 be a manifold with ends.

Definition 13. An “asymptotically conical special Lagrangian immersion”
(AC SL) of ¥ into NV is a (smooth) b-immersion ¢ : X — X' such that ¢
is SL, where X is some compactification of X.

We refer to Section 2 for examples of AC SL immersions.

The goal of this section is to study the integrability of “infinitesimal SL
deformations” of a given AC SL (X, ¢); as we will see further on, these are
the normal vector fields on ¥ corresponding, via the isomorphism (T'%)+ ~
AY(X), to 1-forms v on ¥ such that (d & d)v = 0.

Of course, it is important to specify “boundary conditions” for the allowed
deformations. Using weighted Sobolev spaces, we will impose that our vec-
tor fields decay at infinity; i.e., we study deformations that “keep infinity
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fixed”. Notice that the results of Section 5 show that such deformations
automatically preserve the “AC” condition.

Theorem 2. Let ¢ : X — N be an AC SL immersion. Then, for large k,
small € > 0 and using the isometry AY(X) ~ TXL, the set

DefsL(E, ¢) := {V € 2HF (A, sc) : exp V o ¢ is SL}

is smooth near the origin and has dimension dim K1(%, ¢*g) = dim H(X) +
dim'HgHE(E) — 1: It thus depends both on the topology of ¥ and on the
analytic properties of the link of (X, ¢*g).

Proof. To simplify the notation, we will identify ¥ with its image in M,
omitting the dependence on the fixed immersion ¢. Consider the map

F.:AL(D) ANTSL) — A2(D) @ OX(D)
v \% = (exp V) wis @ *g[(exp V)*Bis]
where exp is the exponential map of (IV, g) and *, is the Hodge star operator

of (X, ¢"g).
Notice that, if V € 2*HJ (TS, sc) and using Lemma 9,

R

(exp V*w)[p(ei, ) = wlexp V](exp Vies, exp Viey)
= wlexp V](e; + Ve,V + Qi(1),e; + Ve,V + Q;(1))

where {e;} is a local orthonormal basis for (X, ¢*g).

Using Vw = 0, w € **A2X’ and the fact that ¥ is Lagrangian, the above
terms may be examined one by one. For example:
wlexp V](ei, ;) = wlp](ei, e) = 0
wlexp V](ei, VEV) = wlp](ei, VEV) = 0
wlexp V](ei, V&, V)| = |wlpl(es, Ve, V)| < [V5 V]
|wlexp V](ei, Q;(1))] = O(2?).
This proves that exp V*w)y, € 2T LE(A%E, sc).

More generally, one can prove that F,. has an extension

F:aHF(AY, s¢) — ;UEHHf*l(AQ, sc) @ $€+1H§71(E)-

We want to prove that F~1(0) is smooth using the implicit function theorem.
To be able to apply the Banach-space version of this theorem, it is sufficient
to prove that dF'[0] is surjective and has finite-dimensional kernel.

Notice that

d
%| eXp(tV)*w‘E = va‘z = (iyd+ div)w‘z =dv.
t=0
Linear algebra shows that *giy ()5, = (—1)""v; thus,
d

i xg [exp(tV) Bs] = #[LyvBs] = (—1)" 1} (+giv ) = div
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so that dF'[0] = Dy. It is thus Fredholm, as seen above. Surjectivity onto
the whole space mE“Hf*l(AQ, sc) ® :c€+1Hlf*1(E) is actually false, but the
following steps show that we may restrict our map to a smaller range and
obtain surjectivity:

Step 1. Im (F,) C Im (d.) @ Im (d), i.e.,
Jo € AL(D) : (exp V) 'wy =deo, 3T€ AL(D) : #y[(exp V) Bs] = dor
where d., d denote the restrictions of d, d* to A}.

Proof. Extend V to a compactly-supported vector field on N. Then t —
¢¢ := exp(tV) is a 1-parameter group of diffeomorphisms and

td
i =t + [ (0w ds
t
= Pow + /0 ¢s(Ly w)ds

t
o /0 d(¢%iv w) ds

:¢8w+d</0t¢:ivwd$).

If we set o := fol Pyivwds, it is thus clear that o)y € AL(Y) and that
¢*wis = d(o}x), as claimed.
The second claim may be restated as

Ir e ALTH(D) : (exp V) By = det
and can thus be proved as above.
Step 2. Im (d) ® Im (d*) =Im (D,), i.e.,
Vo, B € e°HF (AL, s¢) 3y € a°HE (AL, s¢) :da @ d*f = dy @ d*y.

Proof. Let v := a+d f, for some f € xE_IHf'H(Z). It is enough to show
that f can be determined so that d*f = d*« + d*df, i.e., d*(f —a) = Ay f.
So, it is enough to show that

Im (d* : 2°HF(AY, s¢) — erHf_l(Z))
= Im(A, : atelef'H — a?GHHf_l).

Notice that Im (d*) O Im(A,). Since € < n — 1, A, is surjective (on
functions) so the above is necessarily true.

Step 3. Im (F) C Im (Dy).
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Proof.

Im (F) CIm (F:) € Im (d;) @ Im (d}) C Im (d) @ Im (d*) = Im(D,)
= Im (D).

The above proves that the restriction
F:2°Hf (A, s¢) — Im (D,)

is a well-defined map between Banach spaces, such that dF[0] has finite-
dimensional kernel and is surjective. We may thus apply the implicit func-
tion theorem, proving that F~1(0) is smooth near the origin and has dimen-
sion dim K1(X, ¢*g), which we calculated in Section 4.2. O

Recall that each SL immersion exp V o ¢ is, in particular, minimal; thus,
standard regularity results prove that exp V o¢ is smooth on ¥; i.e., exp Vo
¢ € C®(X,N). Since exp is a diffeomorphism on normal vector fields, this
also shows that V' is smooth on .

Remarks:

1) Given p € X, recall from Section 2 the isometries

sy 4 J
(@ €TyY) = (W eT,E) = (V eT,5H).

The bundles T*X, T3 over Y have natural extensions to bundles
e X, ¢TX over X. It is using this fact that we can define oper-
ators Difff and spaces 2° HF (A, sc), 20 HF (TS, sc).

Since ¢ is not defined on 9X, however, it is not clear, a priori,
if 7Y+ has an extension up to dX. On the other hand, the La-
grangian condition shows that TS+ ~ T3: thus, up to this identi-
fication, *°T'X provides an extension of TX", allowing us to define the
spaces 20 HF(TX4, sc), used in the above proof.

2) Let a € 2°Hf (AL, sc) for k large and € > 0. By the Sobolev embedding
theorem, notice that a is C! on ¥ and that ||a|| = O(z¢). Examining
the formula for the induced metric on 1-forms shows, however, that
this is not enough to ensure that a has a continuous extension up to
0X; this corresponds to the fact that, in general, a € v}.(X) does not
extend up to 0X.

On the other hand, let W € :L"fo(TE,sc) be the corresponding
tangent vector field. Then:

e As above, W is C! on .
o If we write W = a8, + b;0,; = %(20,) + %(Zﬂayi), the fact

|W||lae = O(z€) implies that % — 0, % — 0.

2
x
Thus W admits a continuous extension to zero on 0X.
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e Notice that

VI W = 2(0,a)0, + 2aT%,0, + 2aT%,0,; + 2(02b;)0,
+ xbi Fiﬁx + .%’bi Fiiayg‘ .

The fact that HV?BQCWHQC = O(«°) thus implies that 0,a, 0,b; have

extensions to zero on 0X.

In a similar way we can prove that W has a C! extension to zero

on 0X.

The same holds for the normal field V' := JW. If we let vy, V1 ¢

denote the C' analogues of vy, vy, we thus find that W € V1,5e(X),
Ve VI,SC(X7 X/)
Although from a geometric point of view one is interested only in the
smoothness over ¥ of the SL deformations exp V o ¢, it is important to
point out that, under compactification, these deformed submanifolds
will not, in general, be smooth up to 3X. This is a standard situation
in b-geometry: b-ellipticity is not sufficient to ensure regularity up to
0X.

One can however prove the existence of a certain asymptotic ex-

pansion of V at 0X, i.e., “polyhomogeneity” in the sense of [M1]. In
our situation, this implies that exp Vo¢ € CH(X; X)) C®(Z; N). In
any case, the results of Section 5 apply to show that exp V o ¢ is (C!)
asymptotically conical.
In this article we have given a purely metric characterization of the
condition “asymptotically conical”; this has the advantage of allow-
ing for fairly general ambient spaces. When (N,g) = (C", gstq) and
the submanifold ¥ is minimal (as in our case), our definition implies
alternative, “set-approximating” definitions, as follows:

Recall that the components of a minimal immersion are harmonic
functions of (X, g). The results of Section 4.1 thus apply to show that
there exists a minimal cone, lying in C™, to which ¥ “converges”, with
speed o(r). When ¥ is Lagrangian, the cone is SL.

As mentioned in the Acknowledgements below, the results of this paper
are very close to those conjectured in [J1] and [J2], and proved in [M].
The main difference between this work and that of Joyce and Marshall
is in the set-up of the problem: While we measure our deformations
with respect to the given initial AC SL submanifold (this “intrinsic ap-
proach” works in any AC CY), Joyce prefers to postulate the existence
of a SL cone, then measures the deformations of AC SL submanifolds
with respect to that cone. This “extrinsic approach” works only in C"
(where cones can be defined); in this ambient space, their results could
be reconstructed from ours, starting with the observation in remark
4 (above) which (adopting the terminology of [J1] and [J2]) basically
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states that, in C", any AC SL submanifold is “weakly asymptotic” to
some cone.

As a final step, it is interesting to understand the dependence of the above
construction on the weight e: In theory, changing the weight changes the
class of allowed deformations and, thus, the dimension of the space of AC
SL deformations.

In particular, it is interesting to consider what happens with respect to
the spaces z2H lf”’, corresponding to L2-decay of the deformations. As shown
in the course of the proof of Theorem 2, to get a smooth structure dependent
on this weight one would need an extension of F, to a map

F- q;%Hf(A17sc) — x%+1H£€_1(A2,SC) D ZU%Jrle_l(E).

However, the existence of such an extension depends on the properties of exp.
According to Lemma 9, the curvature R of N introduces a perturbation @
which depends on the rate of decay of | R||; if || R|| does not decay sufficiently
fast (with respect to the weights in consideration), the above extension does
not exist, because the perturbation is too big with respect to the weights.

Consider, for example, the case (N,g) = (C", gsq). In this case, in
Lemma 9, Q = 0 and the extension exists. The whole proof of the theorem
carries through as before, yielding a second, smaller, set of deformations.

We can thus prove the following theorem, which actually holds for any
(N, g) with sufficiently fast curvature decay:

Theorem 3. If (N, g) = (C", gstq), the set
DefSLE(Z,QS) = {V e z2 HF(A', sc) : exp V o ¢ is SL}

is a smooth submanifold of Defsr, (X, ¢).
It has dimension dim K} (2, ¢*g) = dim HL(X) and thus depends only on
2

the topology of 3.
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