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For each finite solvable group G, there is a minimal posi-
tive integer ram(G) (resp. ramt(G)) such that G appears as
the Galois group of an extension of Q (resp. a tamely ramified
extension of Q) ramified at only ram(G) (resp. ramt(G)) finite
primes. We obtain bounds for ram(G) and ramt(G), where
G is either a nilpotent group of odd order or a generalized
dihedral group.

1. Introduction

Given a finite group G, let ram(G) (resp. ramt(G)) denote the minimal po-
sitive integer such that G can be realized as the Galois group of an extension
of Q (resp. a tamely ramified extension of Q) ramified only at ram(G) (resp.
ramt(G)) finite primes. The present paper is devoted to study ram(G) and
ramt(G), for some solvable groups G. More precisely, we consider the case
where G is either a finite nilpotent group of odd order or a generalized
dihedral group.

Let l be an odd prime number. The Scholz-Reichardt’s Theorem estab-
lishes that every l-group G can be realized as the Galois group of some
extension of Q [Re]. By Burnside’s Basis Theorem and Kronecker–Weber’s
Theorem, ram(G) must be greater than or equal to the minimal number
of generators of G. At present, it is not known whether this lower bound
coincides with the exact value of ram(G) and ramt(G), although this is
claimed in [Cu-He] (see Remark 2.10). A Galois extension of Q with Ga-
lois group G arises by proper resolution of a chain of central embedding
problems, starting with the trivial epimorphism GQ → {1}. Moreover, if
one restricts himself to embedding problems with kernel of order l, then
this process can be made adding only one new ramified prime at each step.
Hence, ramt(G) ≤ n, where ln is the order of G [Se, Chap. 2] (see also
the generalization in [Ge-Ja], where the ground field Q is replaced by a
general global field). We prove a better upper bound for ramt(G), less than
or equal to the sum of the minimal number of generators of the factors in
the lower central series of G. In order to obtain this improvement, we allow
arbitrary cyclic kernels and we show that it still suffices to admit just one
new ramified prime (for Frattini or split embedding problems). In addition,
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we obtain the best possible generalization of this bound to the case of finite
nilpotent groups of odd order.

Now let G be a generalized dihedral group. From the theory of ring class
fields of quadratic fields, we prove that ramt(G) can be upper bounded by the
minimal number of generators of G. We also consider the question of which
of these groups can have ramt(G) = 1 (resp. ram(G) = 1). Assuming the
validity of Hypothesis (H) of Schinzel, we give the exact value of ramt(D2n)
and ram(D2n), where D2n denotes the dihedral group of order 2n.

2. Finite nilpotent groups of odd order

For a finite group G, let d(G) denote the minimal number of generators of
G. Given a prime number p, we always assume that a prime p of Q over p
has been fixed. We denote by Dp (resp. Ip) its corresponding decomposition
(resp. inertia) subgroup in GQ.

Let us first recall the so-called Scholz’s condition for an l-extension of Q.

Definition 2.1. Let l be an odd prime number and let G be an l-group.
Given a positive integer N , an epimorphism ϕ : GQ → G is said to be
of type (SN ) if, for every prime number p ramified by ϕ, the following
conditions hold:
• p ≡ 1 (mod lN ),
• ϕ(Ip) = ϕ(Dp).

One also says that the extension of Q given by (the fixed field of the kernel
of) ϕ is of type (SN ).

This condition is introduced in order to ensure (N large) the local solv-
ability, at all ramified primes, of central embedding problems for ϕ with, say,
kernel Z/lZ. Hence, one also obtains globally solvable embedding problems
of the same type.

Theorem 2.2 (cf. [Se, Chap. 2]). Let 1 → C → G
π→ H → 1 be a central

extension of l-groups (l 6= 2) and let ϕ : GQ → H be an epimorphism of type
(SN ). If the exponent of G is at most lN , then the embedding problem given
by (π, ϕ) is solvable.

We want to twist an arbitrary solution to the above embedding problem
in order to obtain a (proper) solution of type (SN ). Moreover, we want to in-
crease as few as possible the ramification set when carrying over this process.
This amounts to finding suitable elements in H1(GQ, C) = Hom(GQ, C),
whose existence must first be proved.

Let Ram(K/Q) (resp. Ram(ϕ)) denote the set of ramified prime numbers
in an extension K/Q (resp. an epimorphism ϕ : GQ → G).

Proposition 2.3. Let l be an odd prime number, K/Q an l-extension of
type (SN ) and C = 〈c〉 a cyclic group of order lr such that r ≤ N . Let
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us define S = Ram(K/Q)\{p0}, where p0 is a fixed prime number which
ramifies in K/Q. Let {νp}p∈S be arbitrary integers. Then:

(i) For every positive integer k < r, there exist infinitely many prime
numbers q such that:

• q splits completely in K

(
ζlN ,

{
lr
√

p
p0

νp

}
p∈S

, lk
√
p0

)
,

• q does not split completely in Q
(
ζlN , lk+1√p0

)
.

(ii) For every integer ν0 such that vl(ν0) < r and every prime q which
satisfies Statement (i) for k = vl(ν0), there exists an epimorphism
χ : (Z/qZ)∗ → C such that:
• χ(p0) = cν0,
• χ(p) = cν0.νp, for every p ∈ S.

Proof. By Txebotarev’s density theorem, Statement (i) is reduced to show-
ing that

lk+1√
p0 /∈ K

(
ζlN ,

{
lr

√
p

p0
νp

}
p∈S

, lk
√
p0

)
.

From Kummer’s theory, it suffices to prove that

l
√
p0 /∈ K

(
ζlN ,

{
lr−k

√
p

p0
νp

}
p∈S

)
or, equivalently,

K

(
ζlN ,

{
l

√
p

p0
νp

}
p∈S

, l
√
p0

)
6⊆ K

(
ζlN ,

{
lr−k

√
p

p0
νp

}
p∈S

)
.

In order to see that this is always true, we first note that the following
isomorphism holds (see [Se, Lemma 2.1.9]):

Gal

(
K

(
ζlN ,

{
l

√
p

p0
νp

}
p∈S

, l
√
p0

)/
K (ζlN )

)
∼= Z/lZ× s+1. . . ×Z/lZ,

where s denotes the cardinality of S. This is all we need, since the Galois
group

Gal

(
K

(
ζlN ,

{
lr−k

√
p

p0
νp

}
p∈S

)/
K (ζlN )

)
can be generated with s elements.

Finally, Statement (ii) is clear once we observe that, if q satisfies the
conditions in Statement (i), then:

p0 is an lk-th power residue modulo q,
p

p0
νp is an lr-th power residue modulo q, for each p ∈ S,

p0 is not an lk+1-th power residue modulo q.
�
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We can now prove the following generalization of [Se, Thm. 2.1.3]:

Proposition 2.4. Let l be an odd prime number. Suppose given a cyclic
central extension of l-groups 1 → C → G

π→ H → 1 and an epimorphism
ϕ : GQ → H of type (SN ), for some positive integer N such that the exponent
of G is at most lN . If the embedding problem (π, ϕ) is Frattini or split, then
(π, ϕ) admits a proper solution ϕ̃ of type (SN ) such that:

]Ram(ϕ̃) ≤ 1 + ]Ram(ϕ).

Proof. For each prime number p, let us choose a preimage σp ∈ Dp of the
Frobenius automorphism Frobp ∈ Dp/Ip ∼= GFp

∼= Ẑ. Hypothesis (SN ) over
ϕ allows us to assume that ϕ(σp) = 1, for every p ∈ Ram(ϕ).

In order to deal with the Frattini case, let us first consider a (necessarily
proper) solution ψ to the embedding problem (π, ϕ), such that Ram(ψ) =
Ram(ϕ). Such a ψ always exists [Se, Cor. 2.1.8]. Let p0 ∈ Ram(ϕ) be
such that all the elements {ψ(σp)}p∈Ram(ϕ) belong to 〈ψ(σp0)〉 ⊆ C. From
Proposition 2.3, it follows that there exists a prime number q ≡ 1 (mod lN )
such that ϕ(Dq) = {1}, and an epimorphism

χ : GQ → Gal(Q(ζq)/Q) ∼= (Z/qZ)∗ → C

such that χ(σp) = ψ(σp), for every p ∈ Ram(ϕ). Clearly, ϕ̃ := ψ.χ−1 is
a proper solution to the embedding problem (π, ϕ) such that Ram(ϕ̃) =
Ram(ϕ) ∪ {q}. Furthermore, it is of type (SN ), since ϕ̃(Dq) ⊆ C = ϕ̃(Iq)
and ϕ̃(Dp) = 〈ϕ̃(σp), ϕ̃(Ip)〉 = ϕ̃(Ip), for every p ∈ Ram(ϕ).

In the split case, it suffices to argue as in [Se, p. 11]. More precisely,
let K/Q denote the H-extension obtained from ϕ and let q be a prime
number which splits completely in K

(
ζlN ,

{
lr
√
p
}

p∈Ram(ϕ)

)
/Q. Then, for

every epimorphism χ : GQ → Gal(Q(ζq)/Q) ∼= (Z/qZ)∗ → C, we can take

ϕ̃ : GQ
(ϕ,χ)−→ H × C ∼= G.

�

Let Ci(G) be the i-th higher commutator subgroup of a finite group G.
This is defined inductively by C1(G) = G and Ci+1(G) = [Ci(G), G]. Recall
that G is nilpotent if there exists a positive integer n such that Cn+1(G) =
{1}. The smallest such n is the nilpotency class of G. Let us denote di(G) =
d(Ci(G)/Ci+1(G)).

Proposition 2.5. Let l be an odd prime number and let n be the nilpotency
class of an l-group G. Then:

d(G) ≤ ram(G) ≤ ramt(G) ≤ d(G) +
∑

2≤i≤n−1

di(G),

where the above sum is assumed to be 0 in case n ≤ 2.
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Proof. The first inequality is a direct consequence of Burnside’s basis theo-
rem and Kronecker–Weber’s theorem.

In order to obtain a G-extension of Q it suffices to properly solve a chain
of n central embedding problems given by the natural central extensions

1 → Ci(G)/Ci+1(G) → G/Ci+1(G) → G/Ci(G) → 1,

and starting from the trivial epimorphism GQ → G/C1(G) = {1}. Since
C1(G) = G and C2(G) is nothing but the derived subgroup of G, our first
(i = 1) embedding problem can be decomposed into d(G) = d1(G) cyclic
split ones. For every i > 1, the abelianizations of G/Ci+1(G) and G/Ci(G)
are the same (namely, G/C2(G)). In this case, we thus have to consider a
Frattini embedding problem which gives rise to di(G) cyclic (Frattini) ones.
The stated result then follows from Proposition 2.4. It should be noted that,
since the final G-extension of Q is not required to be of type (SN ), the (last)
Frattini central embedding problem with kernel Cn(G) can be (properly)
solved without adding new ramification. �

In the above process, we certainly have to add a new ramified prime in
order to properly solve each of the d(G) first cyclic split embedding problems.
For the remaining Frattini embedding problems, it may happen that we are
not forced to increase the number of ramified primes. However, this would
be restricted (if possible) by the following fact:

Proposition 2.6. Let l be an odd prime number and let G be an l-group of
exponent at most lN . Let 1 → Z/lZ → G

π→ H → 1 be a central Frattini
extension and let ϕ : GQ → H be an epimorphism of type (SN ) ramified
at d(H) finite primes. Then, the solutions to the embedding problem (π, ϕ)
ramified at d(H) finite primes are, either all of them or none, of type (SN ).

Proof. We will show that all solutions to (π, ϕ) ramified at d(H) finite primes
define the same extension of Q.

Let ϕ̃1, ϕ̃2 be different solutions to (π, ϕ) ramified at d(H) finite primes.
Hence, ϕ̃1 = ϕ̃2.χ, for some epimorphism χ ∈ Hom(GQ,Z/lZ) ramified
only at finite primes in Ram(ϕ). We are assuming that ϕ defines an H-
extension of Q ramified at d(H) = d(Hab) finite primes, where Hab denotes
the abelianization of H. Hence, every abelian extension of Q of exponent
l ramified only at finite primes in Ram(ϕ) must be a subextension of (the
maximal abelian subextension of) QKer ϕ

/Q.
Thus, QKer χ ⊆ QKer ϕ and we have that

QKer eϕ1 = QKer eϕ2 .

�

The following one is the main result of this section. It is the best possible
generalization of Proposition 2.5 for nilpotent groups of odd order.
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Theorem 2.7. Let G be a finite nilpotent group of odd order and let {G1,
. . . , Gs} be their Sylow subgroups, each of nilpotency class nj. Then:

d(G) ≤ ram(G) ≤ ramt(G) ≤ max
1≤j≤s

d(Gj) +
∑

2≤i≤nj−1

di(Gj)

 .

What must be proved is that the bounds for each Gi obtained from Propo-
sition 2.5 can be reached in a compatible way. This is reduced to show the
following generalization of Proposition 2.4:

Proposition 2.8. Let L = {l1, . . . , ls} be a finite set of odd prime numbers.
For each lj ∈ L, let us consider a cyclic central extension of lj-groups

1 → Cj → Gj
πj→ Hj → 1

and an epimorphism ϕj : GQ → Hj. Let N be a positive integer. Let us
assume that, for every 1 ≤ j ≤ s, the exponent of Gj is at most ljN , the
epimorphism ϕj is of type (SN ), the set Ram(ϕj) does not contain any prime
of L and the embedding problem (πj , ϕj) is Frattini or split. Then, there exist
proper solutions {ϕ̃j}j to the embedding problems {(πj , ϕj)}j, each of them
of type (SN ), such that

]

⋃
j

Ram(ϕ̃j)

 ≤ 1 + ]

⋃
j

Ram(ϕj)

 .

Proof. It suffices to show the appropriate generalization of Proposition 2.3
(i).

Let j ∈ {1, . . . , s} be momentarily fixed. Let K/Q be the Hj-extension
obtained from ϕj and let us denote l = lj , C = Cj and S = Ram(ϕj).
Given p0, k for which the hypothesis of Prop. 2.3 hold, let us define Mj =
Q
(
ζlN , lk+1√p0

)
and

Lj = K

(
ζlN ,

{
lr

√
p

p0
νp

}
p∈S

, lk
√
p0

)
.

We want to prove that there exists a prime number q such that, for every
j ∈ {1, . . . , s}, q splits completely in Lj/Q and does not in Mj/Q.

From Prop. 2.3 (i) we know that [Lj .Mj : Lj ] = lj , for every j. Let us
denote a = (l1 · · · · · ls)N and a(j) = a

lj
N . Since the extensions Lj .Mj/Q and

Q(ζa(j))/Q have no common ramified finite primes, it must be [Lj .Mj(ζa) :
Lj(ζa)] = lj . As a consequence, we have that [L1 . . . Ls.Mj : L1 . . . Ls] = lj .
Hence, there exists some σ ∈ Gal(L1 . . . Ls.M1 . . .Ms/L1 . . . Ls) such that:

σ|Mj
6= id, for every j ∈ {1, . . . , s}.

It only remains to invoke Txebotarev’s density theorem. �
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Remark 2.9. From Theorem 2.7, we obtain that ram(G) = ramt(G) =
d(G), for every finite nilpotent group G of odd order such that

d(G) = max
1≤j≤s

d(Gj) +
∑

2≤i≤nj−1

d(Ci(Gj)/Ci+1(Gj))

 .

This equality holds for more groups than just the easy ones of nilpotency
class n = maxj{nj} ≤ 2.

Remark 2.10. In [Cu-He, Thm. 5] it is claimed that the equality ram(G)
= ramt(G) = d(G) holds for every finite nilpotent group G of odd order.
However, there is an error in the proof of this result (p. 308, “Therefore,
q1, . . . , qh+1 are fleissig in K ′′

1 /Q ...”). Moreover, Proposition 2.6 contradicts
the argument followed there.

3. Generalized dihedral groups

Given a finite abelian group A, consider the Z/2Z-action on A which sends
1 ∈ Z/2Z to {σ 7→ σ−1} ∈ Aut(A). One says that the corresponding
semidirect product Ao Z/2Z is a generalized dihedral group and it will be
denoted by D2.A. Note that, if B is a quotient of A, then D2.B is a quotient
of D2.A. The abelianization of D2.A will be denoted by Dab

2.A. One easily
checks that Dab

2.A
∼= D2.A/A

2 ∼= D2.A/A2 .
Let K be a quadratic field. Given a positive integer f ≥ 2, K(f̃) will

denote the ring class field of K of conductor f̃ := (f)OK .∞K (see, for
example, [Co]). Let us just recall that K(f̃)/K is a finite abelian extension,
unramified away from f̃ , which contains the narrow Hilbert class field of K.
Every intermediate field between K and some K(f̃) will be called a ring
class field of K.

Generalized dihedral groups and ring class fields are intimately related by
the following known result:

Theorem 3.1 (cf. [Bru, Satz 8]). The following conditions on a number
field L are equivalent:

(i) L/Q is a generalized dihedral extension, that is, it is a Galois extension
with group isomorphic to a generalized dihedral group (D2.A).

(ii) L is a ring class field of some quadratic field (K = LA).

Our main result in this section is the following one:

Theorem 3.2. Let A be a finite abelian group. Then:

d(Dab
2.A) ≤ ramt(D2.A) ≤ d(D2.A).

Proof. The first inequality follows from Kronecker–Weber’s theorem.
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Let us denote r = d(A) and let (m1, . . . ,mr) be the invariant factors of
A. Certainly, d(D2.A) = r + 1.

In order to obtain the second inequality, we will prove the existence of a
ring class field L (of some quadratic field K) such that:

(a) At most r + 1 finite primes ramify in the extension L/Q, all of them
being tamely ramified,

(b) A is isomorphic to a quotient of Gal(L/K).

The stated result then follows from Theorem 3.1 (and the remarks previous
to it).

Let q be an arbitrary fixed odd prime number. Take K := Q(
√
q∗), the

unique quadratic field unramified away from {q,∞}. Let H+ denote the
narrow Hilbert class field of K. The degree of the extension K(f̃)/K is
known to be [Co, Cor. 15.40]

[K(f̃) : K] = [H+ : K].f.
∏
p|f

1−

(
d
p

)
p

 .
1
Ef

,

where d denotes the discriminant of K and Ef is a suitable positive integer
which, in case d < 0, depends only on K (not on f).

One can always find prime numbers p1, . . . , pr such that:

pi ≡ 1 (mod mi.Epi .q),

for every i ∈ {1, . . . , r}. This is clear for imaginary K. For real K, it
suffices to take pi being completely split in K(ζmi.q,

mi.q
√
ε+), where ε+ is

the generator of the totally positive units in the ring of integers of K (see
the proof of [Je-Yui, Thm. I.2.1]).

Let us fix a set of r prime numbers {p1, . . . , pr} as above and let us define
L = K(p̃1) . . .K(p̃r). Since L is a subfield of K( ˜p1 · · · · · pr), it is a ring class
field of K. We are going to check Conditions (a) and (b) for such a choice
of L (and K).

By assumption, each prime pi splits completely in K, piOK = pi.p
′
i. The

inertia subgroups in Gal(K(p̃i)/K) at the primes pi and p′i are conjugate
one from another in (the generalized dihedral group) Gal(K(p̃i)/Q), hence
they are equal. Moreover, they must be equal to the inertia subgroup Ii ⊂
Gal(K(p̃i)/Q) at pi. Since pi and p′i are the only ramified prime ideals in
the extension K(p̃i)/K, it must be Ii = Gal(K(p̃i)/H+). Let ni denote the
order of Ii. From the above formula (with f = pi), we obtain that ni = pi−1

Epi
.

Hence, it must be
Gal(K(p̃i)/H+) ∼= Z/niZ,

the extension K(p̃i)/H+ being totally and tamely ramified at all primes of
H+ over pi. In addition, for i 6= j, the extensions K(p̃i)/H+ and K(p̃j)/H+
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have no common ramified finite primes. Thus, we obtain an isomorphism

Gal(L/H+) ∼= Z/n1Z× · · · × Z/nrZ.
Our choice of pi ensures ni being divisible by mi. So, A is isomorphic to a
quotient of Gal(L/K) (Condition (b)).

Finally, the only finite ramified primes in L/Q are q, p1, . . . , pr and their
ramification indices are, respectively, 2, n1, . . . , nr. Hence, Condition (a)
also holds. �

Remark 3.3. We proved more than just the inequality ramt (D2.A) ≤
d(D2.A). The given proof shows that, for every odd prime number q, there
exist infinitely many ring class fields L of Q(

√
q∗) such that the extension

L/Q ramifies at most at d(D2.A) finite primes and has Galois group isomor-
phic to D2.A.

Corollary 3.4. Let A be a finite abelian group such that d(A) = d(A2),
where A2 denotes the 2-primary component of A. Then, ramt(D2.A) =
d(D2.A).

In the general case, it certainly happens that ramt(D2.A) < d(D2.A).

Proposition 3.5. Let A be a finite abelian group. Then, the following con-
ditions are equivalent:

(i) ramt(D2.A) = 1.
(ii) A is isomorphic to a subgroup of the narrow class group Cl+(Q(

√
p∗))

of Q(
√
p∗), for some odd prime number p.

Proof. On the one hand, the Galois group over Q of the narrow Hilbert class
field H+ of a quadratic field K is isomorphic to a generalized dihedral group.
On the other hand, if K = Q(

√
p∗) for an odd p, then H+/K is the maximal

tamely ramified subextension of K(p̃m)/K, for every m ≥ 1. �

Given a finite abelian group A of even order, it must be ramt(D2.A) > 1.
However, it may be ram(D2.A) = 1.

Proposition 3.6. Let A be a finite abelian group of even order and let p
be a prime number. Let L/Q be a Galois extension unramified away from
{p,∞}, with Galois group Gal(L/Q) ∼= D2.A. Then, p = 2 and A is a cyclic
2-group.

Proof. From Theorem 3.1, L must be a ring class field of the quadratic
field K = LA. Since Dab

2.A is isomorphic to a quotient of (Z/pnZ)∗ and
d(Dab

2.A) = 1 + d(A2) ≥ 2, it must be p = 2 and d(A2) = 1. Hence, K is one
of the fields Q(

√
2), Q(

√
−2) or Q(i). All of them have trivial narrow class

group, so A must be a cyclic 2-group. �

Corollary 3.7. Let A be a finite abelian group of even order. Then, the
following conditions are equivalent:
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(i) ram(D2.A) = 1,
(ii) A is a cyclic 2-group.

Proof. (ii)⇒ (i) follows from the fact that a 2-group G appears as the Galois
group of an extension of Q unramified away from {2,∞} if and only if G
can be generated by two elements, one of them of order 2 (cf. [Ma] or [Ha,
p. 59]). �

For the usual dihedral group D2n of order 2n, we have the following:

Corollary 3.8. Let n be an even positive integer. Then:
ram(D2n) = 1 and ramt(D2n) = 2, if n is a power of 2,
ram(D2n) = ramt(D2n) = 2, otherwise.

We next prove a conditional result about ram(D2n) and ramt(D2n), for
odd n. Let us first recall the:

Hypothesis (H) of Schinzel [Sc-Si]: Let p1(T ), . . . , pr(T ) be irreducible
polynomials in Z[T ], all of them having positive leading coefficient. Assume
also that, for every prime number p, there exists an integer np such that p
does not divide p1(np) · · · · ·pr(np). Then, there exist infinitely many positive
integers n such that p1(n), . . . , pr(n) are all prime numbers.

Proposition 3.9. Under the Hypothesis (H) of Schinzel, every dihedral
group D2n satisfies ramt(D2n) = d(Dab

2n).

Proof. We must prove the equality ramt(D2n) = 1, for every odd n.
Let l ≡ 1 (mod n) be an odd prime number and let x be an odd integer

which generates (Z/lZ)∗. A result of Yamamoto [Ya, Prop. 1] establishes
that, if t ∈ Z is coprime with x and x2 − 4tnln < 0, then the class group of
Q(
√
x2 − 4tnln) has an element of order n.

On the other hand, p(T ) = 4lnTn−x2 ∈ Z[T ] is an irreducible polynomial
in Q[T ] such that (p(0), p(1)) = 1. Then, Hypothesis (H) of Schinzel claims
the existence of infinitely many integers t ∈ N such that p(t) is a prime
number q, necessarily q ≡ 3 (mod 4). Hence, q is the only ramified prime
number in the extension Q(

√
−q)/Q. �

Remark 3.10. Similar results can also be otained for other finite groups.
For instance, assuming Hypothesis (H), one can always find monic trinomials
in Z[X] of degree n (every n) whose Galois group over Q is isomorphic to
the symmetric group Sn and whose discriminant is a prime number greater
than n. Hence, under the Hypothesis (H) of Schinzel, the symmetric group
satisfies ram(Sn) = ramt(Sn) = 1, for every n. It should be mentioned that
the analogous argument for other groups may not work. For example, if
n ≡ 2, 6 (mod 8), then every realization of the alternating group An as the
Galois group over Q of a degree n trinomial must be ramified at all prime
numbers p ≡ 3 (mod 4) which divide n [Pl-Vi].
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