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Coérdoba—Fefferman collections are defined and used to char-
acterize functions whose corresponding maximal functions are
locally integrable. Cérdoba—Fefferman collections are also
used to show that, if M, and M, respectively denote the
one-dimensional Hardy—Littlewood maximal operators in the
horizontal and vertical directions in R?, My, denotes the
standard Hardy-Littlewood maximal operator in R?, and f
is a measurable function supported in the unit square Q =

[0, 1] X [O, 1], then fQ MHLf ~ fQ Mmf + fQ Myf.
We begin by introducing the following definition:

Definition 1. Let § be a countable collection of Lebesgue measurable sub-
sets of the unit n-cube I™ in R™ of positive measure. A (possibly finite)
subset {R;} of [ is said to be a Cérdoba—Fefferman collection with respect
to 8 (denoted by {R;} € CFC()) if and only if there exists an enumeration
}~21, §27 Eg, ... of the elements of { R;} such that ‘Elﬂ U }Nij‘ < %|}~EZ| for
each i =2,3,4,....

j<i

A. Cérdoba and R. Fefferman used what we are now calling Cérdoba—
Fefferman collections in [1] to characterize geometric maximal operators
that are of weak type (p,p) for p > 1. The purpose of this paper is to
show that Cérdoba—Fefferman collections may also be used to estimate the
integrals of maximal functions. The primary result in this regard is the
following:

Theorem 2. Let 3 be a countable collection of Lebesgue measurable subsets
of the unit n-cube I™ in R™ of positive measure. Let 3 be such that for any
point x in I", x € R for some R € 3. Define the maximal operator Mg on
LY(I") by

1
(1) Mpf(w) = swp /R F)dy.

reERES

Suppose Mg satisfies the (Tauberian) condition
) e I Myxp(e) 2 3| < 1B
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for all measurable sets E C I"™. Then if f € L' (I"™),

g My~ s [0 Y

m {Ri}cCFC(B)

In particular,

I WD SIS

2 (r,}ecFC(s)
<4cC sup / f XR;-
B{R 1eCFC(B 7 Z

Proof. We assume without loss of generality that f € L> (I"), f # 0. We
begin by showing

/In Msf <4C5  sup /n\f\ ZXR

R;}eCFC(B

Let € > 0. It suffices to show there exists {R;} € CFC(B) such that

4%/] /] ZXR,->/I Mgf — e

Let m be a positive integer such that
0< / Mgf < E
{wem:Myf(x)>2m} 3

Let Ry, Ro, R3,... be an enumeration of the elements of 3. Let Ry be the
first element on the list of the R; such that

1
[Ri1l Jry,

|f] > 2™.

Assuming Ry 1, Rip2,..., 1 have been chosen, let R; ;41 be the first ele-
ment on the list of the R; such that

k
‘RUH—I N Uizy By

< 3 |Rik1]

and
1

_ |f| >2™.
|R1 k1] SRy

(If such an element of 3 does not exist, we stop the selection procedure at
this point.) In this manner, a (possibly finite) sequence R; i, Ri2,... is
attained.

Let j1 be an integer such that

‘Uzlz1 Rl,i

1 o0
> i‘Uz’:I Ry il.
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We renumerate ( (allowing for multiple counting of individual elements) as
(*2) Rig, Rz, ..., Ry, Ba, Ro, R, ..

Now let Ry1 = Ry 1. Let Rp2 be the first element on the list (x2) such

that [Roo N Ron| < & |Ra | and
1

—_ If| >2m L.

|R22| /R,

Assuming Ra 1, R232,..., Ry have been selected, let Ry ;41 be the first
element on the list (*2) such that

k 1
‘R2,k:+1 N Uiz R2i| < 5| Ro g1l
and
1
S £l > 2m L,
[Ro k1| J Ry sy
In this manner the sequence Ry 1, Ra 2, ... is generated.

Let jo > j1 be an integer such that

1
> E‘U?il Ry,
Note that Ry 1 = Ro1, 12 = Rap2,..., R1j, = Raj,.

J2
‘ i=1 RZ,Z’

We continue inductively. Assume that R, 1,R,2,..., R, , have been
selected. We renumerate 3 as
(*n+1) Rn,17Rn,2a"'aRn,jn)RlaR27R37""

Let Ry41,1 = Rp 1. Let Ry 412 be the first element on the list (%,41) such
that |Rn+172 N Rn+171| < %‘Rn-i—l,Z’ and

1 /
|f| >2m"".
|Rn+172| Rn+1’2

Assuming R, 41,1, .., Ryq1,% have been selected, let R, 1 41 be the first
element on the list (#,41) such that

Rpsiper N Uiy Ror1a| < 3 [ Rpsi ]

and

el
o ] > 2m,
|Rn+1,k+1| Ryi1,k41

In this manner, a sequence Ry41,1, Rpt1,2,... is selected. Let j,1 > jn
be an integer such that

Jn+1
U B

1 e}
> Q‘Uizl Rn—i—l,z‘
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Note that Rn,l = Rn+171, Rn,g = Rn_:,_LQ, ey Rn,jn = Rn—i—l,jn- This is
clear, as Ry, 1, Ry 2,..., Ry, are the first j, elements of 3 chosen in the
procedure for selecting the R,41 ;.

We now relate ‘sz{l Rut1,i| to [{z € I" : Mgf(x) > 2™ "}|. Suppose
for some p € I that Mgf(p) > 2™ ". Then ﬁme > 27" for some
R € 3. Then |[RNU, Rnt1,| > 3|R|. Hence

Mﬁ(XUfil Rn+1,i)(p) 2 %
Since
o 1" Myxs(@) > )| < ColE
for all measurable sets ' C I, we see that
(4)
‘{.T elI™: Mﬁf(l‘) > 2m—n}| < Cg ‘Uzoil Rn+1,i

<20 ‘Ui?ﬁ Rt

We now let | be a positive integer such that 2™~ < ¢/3. Then

J s~ | o
{zerm2m-t<Mpgf(z)<2m} In

We now compare f{xEI":2m*l<Mgf(z)<2m} Mgf to [rn|f] o1 XRysr,- Set

<26
3

Ma) = [{z € I": Mgf(z) > a}],

o) = [{z € s 160) ZXR<w> >alf

Ji+1 1
wla)=kzel: / > (z >a}’.
( ) ‘{ Z(’Rl—l-l,i Rl+l,i‘f| XRl+1,z( )

=1

Suppose om—l < o < 2™ Let r be the largest integer such that 2" < a.
Clearly m — [ < r < m. Now

Rip11=Rn—ri11, Rig12=Rm—ry12, -5 Rig1jris = Bm—rt1, jon_ria-
Also, by (4) we have

A27) <205 (U{;”;*“ R—r1,i] -

Since
1

I |f|>2r fori:1727'-->jmf7"+la
‘Rm—r+1,i| Roy—rt1,i
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we get A\(2") <2C3w(2"). Hence A(a) <2Csw (%) for 27 < a < 2™. So

2771

/ Mgfg/ Aa) da + <
{zerm2m—t<Mgf(x)<2m} om-—1 3

ggoﬁ/;’:w(g) da+ S

<4Cg/ w(a)doﬁ-%
0

:405/ ,u(oz)doz—l—E
0 3
Jl+1

_4Cg/ | f]- ZXRH“

Hence

Ji+1

/Mﬁf<405/ \f\ZXRW

As € is an arbitrary positive real number and {R,11;} € CFC(8), we see
that

Mpgf <4Cp  sup / /] ZXR“

n {R;}eCFC(B

as desired.
We now show that

1
Mgf =z 5 sup / !f\ZXR

In {R;}CFC(B

Let {R;} € CFC((). Without loss of generality, we assume
)R N (Ul | R; )‘ <i|R;| for i=2.3,....

It suffices to show that
1
Maf > = . -
/In ﬁf—z/,n’f‘ El XR;

Let By = Ry and Ey = R\ R; for k =2,3,.... Let

1) =3 (g [, V@) oo
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Clearly T'f(x) < Mgf(zx). Also,

/n Tf:/ng <|le, Rk\f(y)\dy> xE, () dzx
= ;/n <‘le, " \f(y)\dy> xE, () dx

1 1
32 (G f o) oo
(since |Ex| > %|Rk‘)
1
:2§/Rk £l dy

:;/ln|f’;XRk-
So
/]n‘f|;XRi§2/[nMﬁf’

as desired. O

To illustrate the role of the Tauberian condition in the above theorem,
we consider the following example:
For 0 < < %, define G5 by

Bs={AC0,1]: A=1[0,6]U[z,z + 6°] for some z € [0,1— 5%} .
Note that Cg; 2 671, since Mg, (x[o,5) () > $forall z € [0,1]. If {R;} €

~

CFC (Bs), then {R;} has only one element, say Ry = [0,0] U [z, z+§?] for
some x € [0,1-§2]. So

1
/o X[0,1] " XR, < 20.

However,

1
/0 M,B(SX[O,H = ].

Note that although the ratio of
1
Mpg; X1 to sup /XO,l' XR;
/0 goio (Rayecrc( Jo Y Z

may be arbitrarily large (depending on the value of §), the ratio is still
bounded by 4Cg;.

Before indicating applications of the preceding theorem, we list some basic
definitions.
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Definition 3 (Hardy-Littlewood maximal function). Let f be a measur-
able function defined on R™. Let B(p,r) denote the Euclidean ball of radius
r in R™ centered at p, and let |B(p,r)| denote the Lebesgue measure of
B(p,r). The Hardy-Littlewood maximal function of f is defined on R™ by

(5) Mur. f(p) = sup f(2)|dz.

=l
TR |
r>0 ‘B(pa T)| B(p,r)
Definition 4 (Strong maximal function). Let f be a measurable function

defined on R?. The strong maximal function of f is defined on R? by

1 x2 Y2

6 Mgf(z,y) = su / / u,v)|dv du.

© Msfte = swp s [ )
Y1 <y<ya

Definition 5 (Horizontal maximal function). Let f be a measurable func-
tion defined on R2. The horizontal maximal function of f is defined on R?

by

(7) Mo f(uv)= sup — /W\f(ww)\dw-

ur<u<ug U2 — U7 ul

Definition 6 (Vertical maximal function). Let f be a measurable function
defined on R2. The vertical maximal function of f is defined on R? by

(3) My fw) = sip [ ()] do.

vi<v<ve V2 = V1 Jqy,

We now turn to one of the most useful applications of Cérdoba—Fefferman
collection theory. In this discussion we will denote the unit square I? in
R? by Q. Also, if a given maximal operator Mg is naturally associated
to a collection (3, as, say, Mg is associated to the set of rectangles with
sides parallel to the axes, we will frequently denote the Cérdoba—Fefferman
collection CFC(3) by CFC(Mp).

Suppose we are given the maximal operators M,, Mg, and M,, all of
which satisfy the desired Tauberian condition. Suppose also we want to
show that fQ M,f < fQ Mgaf + fQ M., f for some measurable function f
supported on . One strategy for doing this would be to show that, given
an arbitrary collection {A;} € CFC(M,), one can produce {B;} € CFC(Mp)
and {C;} € CFC(M,,) such that

Z x4, (p) S Z x5,(p) + Z xc: (p)

for almost every p in ). Theorem 2 would then yield the desired re-
sult. The primary difficulty in applying this strategy is that the produc-
tion of the {B;} € CFC(Mgs) and {C;} € CFC(M,) can be a compli-
cated matter and in some situations may not be possible. However, in
many cases one can modify this strategy by using the geometry of f to
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choose a particular {A;} € CFC(M,) in such a manner that not only
fQ Myf ~ fQ |fI>°; xa,, but also the production of the {B;} € CFC(Mjg)
and {C;} € CFC(M,) can follow in a geometrically intuitive fashion. Ac-
tually proving that fQ Myf ~ fQ |f1 >, xa, often requires a duplication of
large parts of the proof of Theorem 2 in the special case determined by
the geometry of f and the desired properties of the collection {A4;}. We
illustrate these ideas in the proof of the following lemma:

Lemma 7. Let f be a nonnegative measurable function supported on @ such
that f(x1,y1) > f (22,y2) whenever 0 < x1 < x9, 0 < yy < yo. Then

/QMHLfSC</Qsz+/QMyf)-

for some universal constant C.

Proof. Since Mpyp, and the operators M,, M, are bounded on L*(Q), we
may assume without loss of generality that f is smooth. Hence without loss
of generality we may assume f € L>(Q). Let m be the largest integer such
that 2™ < ”f”Loo(Q) Let

EQ™ Y ={zx e Q: MaLf(z) >2m 71}

For each positive integer j and to each p € E(2™7+1) associate a square
Qp,m—j+1 containing p such that

1

— f o> o2m-itl

|Qp.m—j+1l Qp,m—j+1
and such that one of the edges of @), ,—j+1 is contained in one of the co-
ordinate axes. Note that such a square exists, since f is nonincreasing in
each variable separately. Now associate to Qpm—j+1 a dyadic subsquare
Q' p.m—j+1 contained in Qp m—;+1 which has an edge contained in one of the
coordinate axes, such that |Q'pm—j+1] > 5|@Qpm—j+1], and such that no
dyadic subsquare of @ m—j+1 of the same size contains a point closer to the
origin than any point of Q'p pm—jt1.

If Q' pm—j+1 intersects the origin, let Q" p m—j+1 be Q' pm—j+1. Otherwise,
let Q”pm—j+1 be the dyadic square with the same area as Q'pm—j+1 such
that Q”pm—j+1 and Q'pm—j+1 share an edge, Q”p m—j4+1 has an edge con-
tained in one of the coordinate axes, and such that Q”,,,—;+1 contains a
point ¢ which is closer to the origin than any point of @’ m—j+1. Note that

(9) !

‘Q//p7m—j+1’ Q" pym—j+1
Let 16Q"pm—j+1 be the square concentric to Q") m—j4+1 whose sides are
parallel to the axes and whose volume is 162 times that of Q" pm—j+1. Note
that Qp,m—j—H - 16Q//p,m—j+1-

f > 2m—j+1_
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For each positive integer j, let Q1 m—jt+1, @2,m—j+1, -.. enumerate the
squares in {Q"pm—j+1 : p € E(2™I+1)} that are not properly contained
in any of the other squares in {Q"pm—j+1 : p € E(2™7T1)}. Since the
Qim—j+1 are dyadic, the interiors of the squares Q1 m—jt+1, @2m—jt+1, ---
are disjoint. Also

(10) ‘Ufi1 Qi,m—j-}-l’ > 2_8‘E(2m—j+1)|,

since E(2m~It1) ¢ U2 16Q4,m—j+1. Also, by (9), each Qi m—;+1 satisfies

1

- f > 2m*j+1.
‘Qi:m*j+1| Qim—j+1

(11)
For each positive integer j, let p,,—;1+1 be a positive integer such that

(12) pm A sz ]+1‘ = Q‘Uz 1sz —J7+1-

We now form the following sequence of dyadic squares: let Q1 = Q1,m,

Q2=Q2m, - s Qp, = Qprms Q1 = Qrm—1, Qpr+2=Q2m—1, --- ,
me+pm71 :~me71,m 1, me-i-ﬂm 1+1 = le 2y vee -

Let now Q1 = Q1. Let Q2 be the first @ on the list Q1,Q2, 3, ... such
that |Q N Q1| < 2|Q| Assuming Q1, . .., Q) have been chosen, let @k+1 be
the first ) on the list Q1, @2, @3, ... such that !Q N Ule QVZ‘ < %]Q| In
this manner the sequence {Q;} is generated.

Now, let j1 < jo < j3 < ... be such that Q € {@1,@2,...,©jk} implies
1/1Q1) Jo £l >2m~*+ and

> %‘U;’il Qi,m—kﬂ’-

This is possible via (12) and the selection rule for the Q;.
Note that (10) implies

> 1278 B(2mmk ).

(13) (Ve

Pick € > 0. Let £ > 1 be an integer such that 2™ ¢t < ¢. Then

< €.

MHLf_/QMHLf

'/{xEQ:T””1<MHLf(I)<2’"“}
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We compare f{meQ:Qm—Z+1<MHLf(x)<2m+l} Muvf to fQ f Zgi1 X0, Let

=|{z € Q: MuLf(z) > a}|,

o) = [{z € Q: fla ZXQZ >alf

sor=|free: S (G f)aw el

Now, suppose 2™l < a < 2+ Let 7 be the largest integer such that
2" < a. Hence m—{+1 < r < m. By (13) and the remarks preceding (13) we
see that A(2") < 4-28w(2"). Hence A(a) < 2% (%) for 21 < o < 2mFL,
So

/ My f
{zeQ:2m— 1< Myy f(z)<2m+1}

2m+1 2m+1

S/ )\(a)da—i—eSQlO/ w(a)da—i—engl/ w(a)da + €
2m—£+1 2m—£+1 2 0

0 Je
— 2" [ “p(a)dat e 2“/Qf <Zx@> +e
0 i=1

Hence

Je
(14) /QMHLf§2”/Qf(Zx@> + 2€.
i=1

For i = 1,2 we generate a finite sequence {@,]} as follows: Let @i,l be
the first square Q on the list @1, @2, ceey éje which contains an element
whose i-th component is 0 (i.e. there is an element p = (p1,p2) € Q with
p; = 0.) For each positive integer j, let QV” be the j-th square on the list
with this property (if such a square exists). Since each of the Q; intersect
one of the coordinate axes, each cube @Z will be an element in at least one of
the two sequences. Suppose now that for each ¢ = 1,2 the sequence {@ZJ}
has ¢; squares. Then by (14),

q1 q2
(15) /QMHLf < 211/;f (Z;Xé“ +;X©2,i> + 2.

For ¢ = 1,2 and each positive integer j, define R;; as the collection of
R C @ such that R is a rectangle with sides parallel to the axes, one of the
edges of R with smallest length is parallel to the line z; = 0, and one of the
edges of R with smallest length has length 277. For example, an element of
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R1,3 would be the rectangle with corners at the points (0, %), (0, l)
and (2, 4) Define the maximal operators M; ; by

(16) Mif@)= s /R F)ldy.

xGRERi’j

Since f € C*°(Q), it is clear that

ler&/Mljf /Mf and hm/MQJf /Mf

For convenience, we will frequently denote M, by M; and M, by M>. Hence
the equalities above become

llim M@jf_/‘ sz
Q

J—00

It follows that there exists an integer, designated by jg, such that

(17) ’/QMz‘,jof—/Q

We assume without loss of generality that

2790 <iinf {|Q1["%,1Qal"%, ., Q7).
We now show that for each i =1, 2,

qq
f x~,,§2/Mi,j /.
/Q ]Z_; Qo =g

e be the 270 |QZ j |1/2 disjoint rectangles in R; o

<2% fori=1,2.

Let Rijlv'--aR7]72jo \Q
of equal area whose union is QZ] Let ~;; = 27Jo |Ql ]1/2. For i = 1,2, let
];Zl,l = R,l 1 RZQ = R%LQ e E%’Yzl = RZ,lgm leﬂ —~R172,1, e
Rimﬁ-%z = R112:7i27 RZ,%1+%2+1 = Ri,3,17 cee Ri7’7i1+"'+’Yiqi = Ri,qz'mqi'

Since for ¢ = 1,2 the squares @” for j = 1,...,q; are all dyadic and
intersect the line {x; = 0}, the selection rule for the Qj, yields

(18) ‘ﬁm N UZL Rix
fOI‘jZ 2a3a7711++’77,q1

Let vi = v1 + -+ Yig; - Now, (18) implies that {RZ‘J, Ri’g, - ,Ri,%} €
CFC (Rij,). Hence Theorem 2 tells us that

i
(19) /Qlfl ;xm,j = 2/QMi7jof~

< 3| Rl
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Now by the construction of the Ew it is clear that

Vi qi
(20) Z Xﬁi,j = Z X@i,j'
j=1 j=1

(19) and (20) then yield

qi
(21) v Yo, <2 | Mt

(15), (17), and (21) yield

(22) /QMHLf < 2™ </Q M1f+/QM2f> + 3e.

As € is arbitrarily small, we see that

(23) /QMHLfSC</QM1f+/QM2f)

for some universal constant C', completing the proof. U

The preceding lemma and the following rearrangement result will en-
able us to prove that if f is a measurable function supported on @, then

fQ MHLf ~ fQ Mocf + fQ Myf-

Lemma 8. Let f be a nonnegative measurable function supported on Q.
Let f be the function supported on Q which is nonincreasing in x (i.e.,
f(z1,y) > f(x2,y) whenever 0 < xl <x9 <1,0<y<1) and such that,
for each y € [0,1], f(-,y) and f(- are equzdzstmbuted Then

/Myf<c/Mf,

where ¢ 1s a universal constant.

Proof. Let a > 0. Let A\« }{uv € Q: Myf(u,v) > o}l Define A(a)
similarly. It suffices to show that A(c) < 400 A (a/64).

Without loss of generality, assume f is smooth on (). Take the Calderén—
Zygmund decomposition of f with respect to a on each vertical segment in
{s x[0,1],s € [0,1]} of @, yielding for each = € [0,1] disjoint sets Qg j.o
[0, 1] such that

! / fx,2)dz < 2a.

< —
‘Qw)j)a z,j,

(In the case that fol f(z,z)dz > 2a, set Q1,0 = [0,1].) Note that f(p) < «
for almost every p in the complement of

U ({L‘ X Qm,j,a) .

z€[0,1]
JEZy
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For ]7 one may produce the associated sets Qvgm’a in a similar fashion.

Let By = {(z,y) € Q 1y € Ume[o,l],jez+ Qu.j.a }- Define E, similarly.
It suffices to show that |Es| < 2|E.|. Now, it is easily seen that if g
is a measurable function supported on [0,1], g >0, folg < 2a, Apr(a) =
|{:U €10,1] : Murg(z) > a}!, and Fur,o = JQj,.a, where the Q;, are the
intervals obtained by taking the Calderén—Zygmund decomposition of g with
respect to a, then |Eyr o| < Anrn(a/2) < 200|Eyr, q/s|- From this we readily
conclude that |Es| < 2|E,| implies A(a) < QOO\EQ/S\ < 400|Eq 30| <
400 A(a/64). Hence A(ar) < 400 A(c/64), as desired.

To show that |Ey,| < 2|E.| we proceed as follows. First consider the
special case in which fol f(z,y)dy < « for any = € [0,1]. Having taken the
Calderén—Zygmund decomposition of f with respect to « described above,
we have the disjoint sets @z jo C [0,1] for each x € [0, 1] and the associated
set E,. Now, f(p) < « for almost every p in the complement of E,. So if
S is a measurable subset of Q and |S| > 2|E,|, then [ f < 2a|S|. Now let
¢ : Q — Q be a measure-preserving bijection such that f(¢(p)) = f(p) for
any p € Q. Using ¢ we see that |E4a] < 2|E,|. Otherwise, if ]Em\ > 2|E,|,
we would have
~1 f= ~1 / f <2«
| Bsal J Eia |Eta| /o1 (Eaa)

by the above; but the left-hand side is greater than 4« by the construction
of Ese. S0 |Eya| < 2|Eq| if fol f(z,y)dy <« for all z € [0,1].

Now we let f be an arbitrary nonnegative smooth function on Q. Without
loss of generality assume there exists ¢ € (0,1) such that fol f(z,y)dy > «

if z < ¢, and fol f(z,y)dy < a if z > ¢. Form the Calderén—Zygmund
decomposition of f with respect to a as before, obtaining the Q) j - and E,.
Note that Qg1 =[0,1] if z < c.

For each y € [0,1] we define the functions f,(x) on [0,1] by f,(z) =
f(z,y). We construct a function fy(z) on [0,1] equidistributed to f, ()
such that fy (v2) < fy (v1) if 22 > ¢ > 21 and f(2) < fy(z) if > c as
follows: _

Let By = {z €[0,¢): fy(x) < fy(0)}.

Let A, C {z € [¢,1] : fy(z) > fy(c)} be such that the measure of its
interior is equal to |By[. Let Ay and By denote the interiors of A, and By,
respectively. Let ¢, : Ay — Bj be a measure-preserving bijection such that

[{be By :b < ¢y(x)}| = [{a € Ay : a < z}| if 2 € Aj. Define f](x) by

fy(x) if v ¢ AZ U By,
fy@) =4 fy (6, (x)) ifx € By,
fy (Py(x)) if v € Aj.
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Note that f, () < fy(z) if >c. Define a function f’ on Q by f'(z,y)= f,(z).
Form the Calderén—Zygmund decomposition of f’ with respect to a as above,
obtaining the associated sets Q“a, E!,. Note that E, 2 E!, so without
loss of generality we may assume f = f’. Hence, without loss of generality,
fla,y) > f(r2,y) if 0 < a1 < e <oy <1, and [ flz,y)dy > a if and
only if x < c. _

Let f1 = fXjo<z<y f2 = [Xle<a<1- So [ = f1+ fa. Let f1 be a
rearrangement of f; such that, for each y € [0,1], fi(-,y) and fi(-,y)
are equidistributed and f1(x,y) is nonincreasing in z. Define fy to be the
rearrangement of fo within {Q N {(z,y) : ¢ < < 1}} such that, for each

€ [0,1], the functions fo(-,y) and fa(-,y) are equidistributed and such
that fo(z,y) is nonincreasing in z in {x : ¢ <z < 1}. Now f = f1+ fo. Let

Eia= |J @xQuja):  Era= |J (#%Quja).
z€[0,c) z€[c,1]
JEZ4 JEZ4

Define ELQ and EZQ similarly. Note that |E1,4a| < 2|E) o trivially (since
Quia = [0,1] if < ¢) and |Fa4a| < 2|Fa4| by the special case argument,
since fol flz,y)dy < o for z > c. Since |Ey| = |E1a| + |E2al and |Eq| =
\ELO‘] + ’EQ’Q‘, we see that \E4a| < 2|E,|, as desired. O

Theorem 9. Suppose [ is a measurable function supported on Q). Then

(24) ¢ /Q M f < /Q M,f + /Q M,f<C /Q M f

for universal constants 0 < ¢,C < 0.

Proof. From [4] we see that fQ M,f < fQ My, f and fQ Myf < fQ My f.
Hence it suffices to show that fQ Murf < fQ M.f + fQ Myf. ~VVe may
assume without loss of generality that f is nonnegative. Let f(x,y) be
the function supported on @ which is nonincreasing in x and such that
f(-,y) and f(-,y) are equidistributed for each y € [0,1]. Let f*(z,y) be the
function supported on @ which is nonincreasing in y and such that f*(z,-)
and f(x,-) are equidistributed for each z € [0,1]. Note that f*(z1,y1) >
f* (xg,yg) whenever 0 < 1 <29 < 1,0 < y; < yp < 1. As f My f* ~

fQMHLf fQ My f* ~ fQ yf and fQMf ~ fQMf by Stelns Llog L
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result [5], we see that

/ My f ~ / My f*

/Mf +/Myf (Lemma 7)
5/ Myf+ | Myf (Lemma 8)
Q Q

< / M.f+ | M,f (Lemma 8),

as desired. O

Building upon these ideas, more sophisticated applications of Cérdoba—
Fefferman collections are used collectively in [2] and [3] to prove that if f is
a function supported on @Q such that f MyM, f < oo but f MyM,f = oo,

there exists a set A of finite measure in R2 such that [, Mg f 0.
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