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Let My, and Mg respectively denote the Hardy—Littlewood
and strong maximal operators, and let M, and M, respec-
tively denote the one-dimensional Hardy—Littlewood maximal
operators in the horizontal and vertical directions in R2. It
is well known that if f and f are equidistributed functions
supported on Q = [0,1] X [0, 1], then fQ My f ~ fQ My f.
This article examines the relationships between fQ M, f and

fQ M,f, fQ MyM, f and fQ MyM,f, and fQ Mg f and fQ Msf
in the scenario in which f and f are horizontal rearrange-
ments of one another, meaning that f(,y) and f (-,y) are
equidistributed on [0, 1] for any value of y.

The rearrangement results provided are not only of intrinsic
interest, but also yield tools for more detailed examinations
involving the local integrablility of maximal functions. They
are used in a companion paper to prove that if f is supported
on Q, fQ MyM,f < oo, and jQ MyM,f = oo, then there
exists a set A of finite measure in R? such that Ja Msf = oc.

We begin with the following definitions:

Definition 1 (Hardy—Littlewood maximal function). Let f be a measur-
able function defined on R". Let B(p,r) denote the Euclidean ball in R"
centered at p of radius r, and let |B(p,r)| denote the Lebesgue measure of
B(p,r). The Hardy-Littlewood maximal function of f is defined on R™ by

(1) MHLf(p):sup|B o |/pr z)|dz.

r>0

Definition 2 (Strong maximal function). Let f be a measurable function
defined on R?. The strong maximal function of f is defined on R? by

(2) Msf(z,y) = sup / / (u,v)| dv du.
) <z<zTo (.’1:2 - x]_ y2 — yl y1

Y1 <y<y2

Definition 3 (Horizontal maximal function). Let f be a measurable func-
tion defined on R?. The horizontal maximal function of f is defined on R?

111
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3) Mof(u0)= sup — /mWwwmw

u<u<ug U2 — UL

Definition 4 (Vertical maximal function). Let f be a measurable function
defined on R2. The vertical maximal function of f is defined on R? by

/ 1y w)]| dw.

The first rearrangement result we consider is a simple consequence of the
following result due to E. M. Stein [6]:

(4) M, f(u,v) = sup

v <v<vg V2 — U1

Theorem 5. Let f be a measurable function supported on I™, the unit n-
cube in R™. There exist positive, finite constants ¢, C (depending on n) such
that

9 AMlogzam < [ Minf < Cllfllisin
Inequalities such as (5) will often be denoted by

I £l 2 10g L(1m) N/I My f

for the remainder of this paper. Also, the unit square I? in R? will be
denoted by Q.

Corollary 6. Let f and f be equidistributed functions supported on I™.
Then

(6) Murf ~ [ Muf.
n In
Proof. As || f| 110 L(1m) = ”}:HLlogL(I")? this follows directly from Theorem 5.
[l

Corollary 7. Suppose f and fv are functions supported on QQ and also sup-
pose that f(-,y) and f(-,y) are equidistributed for each y € [0,1]. Then

/Mf /Mf

Proof. This is an application of Corollary 6 and the Fubini theorem. U

Far more interesting is the relationship between [ oMyf and Jo M, oMy f when

f and f are horizontal rearrangements of each other, i.e., f ( y) and f(-,y)
are equidistributed on [0, 1] for any value of y. In general these integrals are
not comparable. For example, define g by

1
r —y|(loglz —y

9(z,y) = | NEX@:
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Let g be the function supported on @ which is a horizontal rearrangement
of g and such that g(z,y) is nonincreasing in z, i.e., g (z1,y) > g (z2,y) for
any 0 < 1 < x92 < 1 and any value of y. One can readily compute that
I 0 M,g < oo but fQ My,g = co. We do have the following result, however:

Theorem 8. Let f be a nonnegative measurable function supported on Q.
Let f be the function supported on @ which is nonincreasing in x and such
that, for each y € [0,1], f(-,y) and f(-,y) are equidistributed.

Then
/Myfg C/ Myfa
Q Q

where ¢ 1s a universal constant.

Proof. Let o > 0. Let A\« ‘{uv € Q: Myf(u,v) > o}l Define \(c)
similarly. It suffices to show that A(ar) < 400 A (r/64).

Without loss of generality, assume f is smooth on Q. Take the Calderén—
Zygmund decomposition of f with respect to a on each vertical segment
in {s x [0,1],s € [0, 1]} of @, yielding for each x € [0, 1] disjoint sets
Qz,j,a C [0,1] such that o < |Qw-a|_1 fQ i f(x,2z)dz < 2a. (In the case

that fo z,z)dz > 2a, set Qg 1,0 = [0,1].) Note that f(p) < a for almost
every p in the complement of Uxe[o,l],]ez+ ( X Qu,j,a). For f one may

produce the associated sets é:v,j,a in a similar fashion.

Let By = {(:U,y) €EQ:yc¢€ Uxe[071]7‘jez+ Qm,j,a}. Define E, similarly.
It suffices to show that |Es,| < 2|E,|. To see this, recall from the theory
of the Hardy—Littlewood maximal operator My, that if g is a measurable
function supported on the unit interval [0,1], g > 0, fol g < 2a,

AL (o ‘{xe [0,1] : Murg(zx) >04}‘7

and Fur,o = J Qj,a, where the Q) , are the intervals obtained by taking the
Calderén-Zygmund decomposition of g with respect to «, then |Eqp, | <
)\HL(a/Z) < 200 |y, q/8]- This readily yields that, if |E4a] < 2|E,|, then
XMa) < 200 |Ea/8| < 400 |E, /32| < 400 A(a/64). Hence ) < 400 A(a/64),
as desired. _

To show that |Ey,| < 2|E,| we proceed as follows:

First we consider the special case in which fol f(z,y)dy < « for any

€ [0,1]. Having taken the Calderén-Zygmund decomposition of f with
respect to « described above, we obtain the disjoint sets Qg jo C [0,1]
for each x € [0,1] and the associated set E,. Now, f(p) < «a for almost
every p in the complement of E,. So if S is a measurable subset of ) and
|S| > 2|Eq|, then [¢ f < 2a|S|. Now let ¢ : Q@ — Q be a measure-preserving
bijection such that f(o(p)) = f(p) for any p € Q. Using ¢ we see that
|Esa| < 2|E,|. Otherwise, if |Eyo| > 2|E,| we would have |Eyqy| ™! Iz, f=
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|E4a|_1 qu—l(Em)f < 2a by the above. But \E4a|_1 wa f > 4a by the

construction of Esa. So |Esa| < 2|Ea| if fol f(z,y)dy < a for all z € [0, 1].

Now we let f be an arbitrary nonnegative smooth function on @). Without
loss of generality assume there exists ¢ € (0,1) such that fol flz,y)dy > «
if z < ¢, and fol f(z,y)dy < a if x > ¢. Form the Calderé6n—Zygmund
decomposition of f with respect to a as before, obtaining the Q, j o and E,.
Note that Q1. =[0,1] if z < c.

For each y € [0,1] we define the functions fy,(z) on [0,1] by f,(z) =
f(z,y). We construct a function fy(z) on [0,1] equidistributed to f, ()
such that f?; (x2) < fé (1) if 29 > ¢ > x1 and f?;(x) < fylz) if z > ¢ as
follows: _

Let By = {z € [0,¢) : fy(z) < fy(g)}.

Let Ay, C {z € [¢,1] : fy(z) > fy(c)} be such that the measure of its
interior is equal to |B,|. Let Ay and By respectively denote the interiors of
Ay and By. Let ¢y : A) — B; be a measure-preserving bijection such that
ifre Ay, {beBy:b< dy(x)} = |{a € Aja< }|. Define fy(z) by

fy(zx) ifﬂ:¢AZUB;,
fl'/(:v) = fy(q;l(x)) if x € By,
fy(oy(z)) ifxe A

Note that f, (z) < fy(z) if 2 > c. Define the function f’ on @ by f'(z,y) =
f;(x) For the Calderén—Zygmund decomposition of f’ with respect to «
as above, obtaining the associated sets @, ; ,, Ey. Note that E, 2 Ej, so
without loss of generality we may assume f = f’. Hence, without loss of
generality, f (z1,y) > f(z2,y) f 0 <z <c<x9<1,and fol f(z,y)dy > «
if and only if x < c. _

Let fi = fXjo<e<ds f2 = [Xje<a<y- S0 [ = fi+ f2. Let f1 be a
rearrangement of f; such that, for each y € [0,1], fi(-,y) and fi(-,y)
are equidistributed and f1(x,y) is nonincreasing in z. Define fy to be the
rearrangement of fo within {Q N {(x,y) : ¢ < x < 1}} such that, for each
y € [0,1], the functions fa(-,y) and fa(-,y) are equidistributed and such
that fo(z,y) is nonincreasing in z in {x : ¢ <z < 1}. Now f = f1+ fo. Let

Elva = U (:L' X Qx’j7a) ’ E27a = U (x X Qx,j,a) :
CCE[O,C) .Z’E[CJ}
JEZy JEZy
Define ELQ and Egﬂ similarly. Note that |E174a| < 2|Eq 4] trivially (as
Q1,0 =1[0,1] if z < ¢) and |E2 44| < 2|E2 4| by the special case argument,
since fol f(z,y)dy < a for © > c. As |E,| = |E14| + |Ea2al and |Ey| =
|E1 ol + | E2,a], we see that |Eys| < 2|E,|, as desired. O
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Theorem 8 yields the following two easy but useful corollaries:

Corollary 9. Let f be a nonnegative measurable function supported on Q.
Let f(x,y) be the function supported on Q which is nonincreasing in x and
such that, for each y € [0,1], f(-,y) and f(-,y) are equidistributed. Then

/MHLMy}VS C/ My, My f,
Q Q

where ¢ 1s a universal constant.

Proof. Define A(a), A(a) as in the proof of Theorem 8. As the proof of

Theorem 8 indicated that A(c) < 400 A(ar/64), we see that HMnyLlogL <
| My f||£10g .- Hence Theorem 5 yields fQ My, My f < fQ My, My f. O

Corollary 10. Let f be a nonnegative measurable function supported on Q).
Let f be a function on () which is nonincreasing in x and such that, for each
y € [0,1], f(-,y) and f(-,y) are equidistributed. Then

/Mnyfg C/ MyM:rfv
Q Q
where ¢ is a universal constant.

Proof. By Theorem 8, fQ M, (m) < cfQ MyM,f. So it suffices to show

that fQ Mny:fv < cfQ M, (]\/4;;") To do this, it suffices to show that,
given a nonnegative function g supported on [0,1] and p € (0,1), we have
Myrg(p) > ¢ Murg(p), where ¢ is independent of g and p, and g is the
function supported on [0, 1] which is equidistributed to g and such that
g (x1) > g(z2) whenever 0 < x; < x2 < 1. Well, suppose Murg(p) = a.
Then on a set A C [0,1] of measure |A| = |p|, we have |A|7! [, ]g] = a.

Assuming without loss of generality that fol g < /2, we take a Calderén—
Zygmund decomposition of g with respect to a/4, yielding intervals Q; o /4.

Now |UJQj,a/4| > |A]. Otherwise we would have ||JQ;q/4| < |Al, imply-
ing that if E is a set contained in [0, 1] such that |E| > |A|,

1 1 ! a a |UQ]',%‘
‘E|/E|9’ §|E’<’E‘2+‘UQJ',§I 5) :2<1+‘E‘>

< %(1 +1) =q,
contradicting the fact that |A|~! [, |g| = a.
So Myrg > «/8 on a set contained in [0, 1] of measure greater than or
equal to [A]. So MuLg(p) > a/8. Hence Murg(p) > £ Murg(p). O

The statement of Corollary 10 is false if the operator M, M, is replaced
by either M,M, or Ms. To exhibit a counterexample, we first define the
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functions hor as follows:
on_1

() han(z,y) = Y 2° _m_1X[072—2"+m+1](y)X[m-2—”,(m+1)-2_"](x)'
m=0

Let now the function h be defined by

1 1
(8) h=3 o ST Pkt
k=1

One can show that, if ﬁ(x, y) is a horizontal rearrangement of h which is
nonincreasing in z, then fQ MyMyh = fQ Mgh < oo, but fQ M, Myh and
fQ Mgh are infinite. More details in this regard are found in [4].

We now consider rearrangement results involving sums of maximal oper-
ators. A good example of such a result is the following:

Theorem 11. Let f and f be equidistributed functions supported on Q.
Then

Q | Oons s~ [ 0nF+ ).
Q Q
Proof. In [3] it is shown that if f is supported on @, then

(10) / Muv f N/ Myf + Myf.
Q Q
The result then follows from Theorem 5. O

We now strengthen this result. Define the maximal operators M, M as
follows:

Definition 12. Let f be a measurable function supported on ). The as-
sociated maximal function M f is defined on @) by

xo 1
Mf(p1,p2) = sup ! / /0|f(1:,y)\dydx.

r1<p1<zre L2 — 1

The associated maximal function M f is defined on @ by

1 2
Mf (p1,p2) = sup ! /O/y |f(z,y)| dy dz.
Y1

n<p2<y2 Y2 — Y1

Theorem 13. Let f and f* be equidistributed functions supported on Q.
Then

(1) /Q (M + Myf) ~ /Q (M + My f7).
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Moreover,
(12) J s~ [ s g,

Proof. By Theorem 5, we need only to show (12). Now, by a theorem of
Jessen, Marcinkiewicz, and Zygmund [5] we already know that

/Q (Mf + M, f) < /Q (Mo f + Myf) S 117 2106 200) ~ /Q M f.

So it suffices to show that fQ Myr,f < fQ Mf+M,f.

We may assume without loss of generality that f is smooth and nonneg-
ative. Let f(x,y) be the function supported on @ which is nonincreasing in
x and such that, for each y € [0,1], f(-,y) and f(-,y) are equidistributed.
It is enough to show that fQ Mf< fQ (Mf+ M,f). For then

||f||L10gL(Q) = ||.}:||LlogL(Q)
~ / Murf (by Theorem 5)
Q

~ /Q (MoF+ M) (by (10))

z/QMer/QMyf
S/Cg(Mf+Myf)+/QMyf
S /Q (Mf+ M,f) (by Theorem 8).

We now show fQ Mf < fQ (M f+ M,yf). To do this, it suffices to show
that

{peQ: Mf(p)>2a}| <2|{peQ: Mf(p)+ Myf(p) > a}]

for each o > 0.

Now, let A={pe @ : Mf(p) > a}.

Let B={peQ:p¢ A M,f(p) > a}. If A=Q, we're done. Otherwise,
|7}| J4lfl < 2a. Also, if p ¢ AUB, then f(p) < o. Note also that ﬁfo <
2a.

Now, let f’ be a function supported on @ which is equidistributed to f
and such that ' (z1,y1) > f (z2,y2) whenever 0 <z <25 < 1,0 < gy <1,
and 0 <y < 1. Note if p € Q, M f'(p) > M f(p). So it suffices to show

HpeQ:Mf'(p)>2a}| <2|{peQ:Mf(p)+ M,f(p)>a}.
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Let D = [0,|AU B|] x [0,1] be a subset of Q. Note that |[D|~! [, f" < 2¢.
If p¢ D, then f'(p) < a. Soifp¢ D, M f'(p) <2a. So

{pe@:Mf'(p)>2a}| < |A| +|B]

<|{peQ:Mf(p)>a}|+[{peQ:M,f(p) >}
<2|{peQ:Mf(p)+ M,f(p)>a}| O

We now turn to a substantially more sophisticated rearrangement result
involving sums of iterated maximal operators. The following result, besides
being of intrinsic interest, is used in [4] to show that for any measurable
function f supported on @,

1 f1og £)2(Q) ~ /Q (MM f + MM f + MyM,f).

This is in turn used to show that if f is a function supported on @ such that
fQ My M, f < oo but fQ M, M, f = oo (such functions do exist: the function
f(z,y) = h(y,z), where h is defined as in (7), (8) provides an example),
then there exists a set A of finite measure in R? such that i) A Msf = oo.
This result is particularly striking considering that there exists a function g
constructed by M. E. Gomez [2] such that g is supported in @), fQ M, M,g =
oo, and fQ MyM,g = oo, but Msg is integrable over every set of finite

measure in R2.

Theorem 14. Let f be a measurable function supported on Q. Let f' be
a function supported on Q such that f'(-,y) and f(-,y) are equidistributed
for each y € [0,1]. Then

/Q(MMf’+Mnyf’)N/Q(MMf+MyMIf).

Proof. Without loss of generality, assume f is nonnegative. Let zbe a
function supported on @ which is nonincreasing in z and such that f(-,y)
and f(-,y) are equidistributed for each y € [0, 1]. It suffices to show that

/(MM}Jr MyMJ)~/ (MM f + M,M,f).
Q Q
Well,

/Q (Mf+ MM S [

(M:BM;Uf + MyMa:f) N/ MHLMw.f (by (10))
Q Q

~ / M, M, f
Q



LOCAL INTEGRABILITY OF MAXIMAL FUNCTIONS 119
(the last step by Theorem 5, since || Mz f|l 1,10 1, ~ [Maf |l 10g 1) Further,

/ Mi M, J ~ / (M, Mo J + MM, ) (by (10))
Q Q

:/Q(MMer M,M,f).

So
/ (MM + MM, f) < / (MM + MM, ).
Q Q

It suffices then to prove the reverse of this last inequality. This step is
somewhat involved and will be the focus of the remainder of this paper.

It will be technically convenient to work with the dyadic analogues of the
maximal operators Myr,, M, M, M,, and M,. Recall that a dyadic interval
in [0,1] is an interval of the form [k - 27, (k 4 1) - 27], where j is a nonpositive
integer and k is a nonnegative integer such that (k+ 1) -2 < 1. We denote
the set of dyadic subintervals of [0, 1] by I2. A dyadic square in Q is a set
of the form I x J, where I and J are dyadic intervals in [0, 1] of the same
length. We denote the set of dyadic squares in Q by S®. We formally define
the dyadic maximal operators My, 2, M2, M?, Mﬁ, and MyA as follows:

Definition 15. Let f be a measurable function supported on . The dyadic
Hardy-Littlewood maximal function M}?L f is defined on @ by

1
MIw) = sw o [
pesesa S| Js
The maximal function M2 f is defined by
1 1
MAf (p1,p2) = sup I// |f(z,y)| dy dz.
p1€I€IA‘ ’ 1J0
Similarly, we define M2 f, M2 f and MyA f by
_ 1 !
M2 f (p1,p2) = sup \I!/o /I\f(w,y)!dydx,

paElETA

1
MEf (prpa) = swp o [ If (e da
pleIeIA‘ ’ I

1
MAf(prps) = swp - / 1F (o1, )] dy.
peel€TA ‘I’ I

The dyadic Hardy—Littlewood maximal function MﬁL f of a measurable
function f supported on [0, 1] is defined on [0, 1] by

ML) = s 151

peleI?
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We will also require the following definition and theorem introduced in [3]:

Definition 16. Let 8 be a countable collection of Lebesgue measurable
subsets of the unit n-cube I"™ in R™ of positive measure. A (possibly finite)
subset {R;} of 3 is said to be a Cérdoba—Fefferman collection with respect to

0 if there exists an enumeration Rl, Rg, R3, ... of the elements of {R;} such

that !Rlﬂ Uj< RJ‘ <3 L|R;| for each i. In this case we write {R;} € CFC(8).

Theorem 17. Let B be a countable collection of Lebesgue measurable sub-
sets of the unit n-cube I™ in R™ of positive measure. Let 3 be such that for

any point x in I", x € R for some R € 3. Define the maximal operator Mg
on L*(I™) by

(13) Mpf(@) = s oo [ 1wl dy
reRES |R|

Suppose Mg satisfies the (Tauberian) condition

(14) [{z € I": Mpxp(x) > 3}| < CglE|

for all measurable sets E C I"™. Then if f € L*(I"),

(15) Mgf ~  sup / 1) xR
I {Rri}eCFC(B) J I i

In particular,

5 sup (5)/1 ’f|ZXRi§/I Mgf <4Cg  sup /If!ZXR

{R;}€CFC {R;}€CFC(B)

The maximal operators M, M, Myr,, Ms, and their corresponding dyadic
analogues satisfy the desired Tauberian condition, since My, is of weak type
(1,1). Also, as a matter of notation, if a given maximal operator Mgy is
naturally associated to a collection 3, as, say, Mg is associated to the set
of rectangles with sides parallel to the axes, we will frequently denote the
Cérdoba-Fefferman collection CFC(3) by CFC (Mp).

We will need the the following lemma:

Lemma 18. Suppose f is a measurable function supported on Q). Then

(16) /QMAMﬁfg/QMAMAH/QMyAMﬁf.

Proof. By Equations (10) and (12) we realize

/Mf</Mf+/Mf

Since fQ M, f ~ fQ M2 f, and in view of the inequality
(17 H{peQ: M.f(p) > o} <100|{p € Q: M} f(p) > 50}
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valid for all o > 0, we see by symmetry and the Fubini theorem that

(18) /QMﬁfg/QMAH/QMyAf.
Hence
(19) /QM:cAMfoSJ/QMAMfer/QMyAMfo.

If fo MPMR S [ M Mg f were done, since [, MAMZf< [, MM f.
So we may assume without loss of generality that

[u2aczs s [ vracdy
Q Q
Hence it is enough to prove the following;:

Lemma 19. Suppose f is a measurable function supported on Q) such that
Jo MANES o MAMES. Then [ MEMA] 5 Jo MAMAS.

Proof. We first prove the following claim:

Claim 20. Suppose f € L*([0,1]). Let € > 0. Then there exists {R;} €
CFC(M4{,) such that:

(1) MEf ~ >, ﬁ(fRi |f1) xR, in [0,1] except on a set of measure less

than €; and

.. 1 1 2

(i) Jfo Mgy My f ~ Jo If] (XZixr:)™
Proof. We may assume without loss of generality that f is a smooth non-
negative function and || f||zogr)2(joa)) = 1. Hence ||f[li < 1. Let ¢ be

the largest integer such that 2¢ < | f|l;. Take the Calderén-Zygmund
decomposition of f with respect to 2¢, yielding intervals {Q1,}iez, - Let

{Q1,i}i=1,... C {Q’M}iez+ such that
|Ufi1 Q’u\ ?:1 Ql,i‘ <e/2.

(Note here that Q11 = [0,1], and j; = 1.)

We continue by induction. Suppose {Qk7i}i:1,_.,7jk has been selected. Take
the Calderén-Zygmund decomposition of f with respect to 2672, yielding
intervals {Q;€+17i}i62+- Let {Qk+17i}i:1,...,jk+1 C {Q;chl,i}iGZJr be such that
Uj Qr+1,5 C Uj Qk,; and {U] Q;wrl,j\ Uj Qkﬂ-l,j‘ < E/2k+1-

In this manner, we obtain intervals

(%) Qs Q11> Q21 Q2as - Qmits -+ Qujm s

where m is the largest integer such that 2(420"=1 < || f||o. Let A be the
union of all the Q; ; that are not on the list (x). Note || < e.
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Let p € [0,1]\W. Let @, be the smallest interval on the list (x) that
contains p. Note that

A 1

¥

Also, for almost every p € [0, 1]\, if f(p) > 47 > 1 then p € U;Q;,;. Hence
p lies in at least j intervals listed in ().
Let R1 = Qma, Re=Qmy2, -, Rj, =CQmjn, Bj+1=0Cm-11, -,
Rjitjm1 = Qm—1jm_1s -+ » Bjitotjn = Q1 ji-
If j < k, we have |Rj, N Uf;% R;| < $|Rk| by the Calderén-Zygmund
construction of the @Q; ;. To see this consider, say, Q1,1 = [0,1]. Now
1

Q1] Jo.,
Suppose ‘Ql 1N Y, ng‘ > 5|Q1,1]- Then
1 1
f= > f

|Q171| Q1,1 i Q2.
1Q2,;MQ1,117#0

1 042
E 2
/27,

1Qa, WQ1 11#0

244—2’@1 1N U; Q2| >

< 2f+1 )

2€+2 1 2(-{-1

\Ql 1]

contradicting Ol f <21 Likewise, if Qj is on the list (x),

‘Qj,k N union of the @, s following @, on the list (*)} < % Qx| -

Hence {R;} € CFC (Mg;).
So there exists {R;} € CFC(M{}) ) such that

M)~ Y g () 7)en

except on a set of measure less than e. Condition (i) is thus satisfied by {R;}.
We now show that condition (ii) is satisfied by the same Cérdoba—Fefferman
collection {R;} as well.

We have already demonstrated that, if p € [0,1]\N and 471 > f(p) >
47 > 1, then p lies in at least j of the R;. Because in this case

F(p)(og(3+ f(p)))* ~ f(p) (log(3 + 47))* ~ f(p) j*,
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we obtain

2
o) 1ox(3 + 1) 5 1) (S )

If f(p) <4, then

2
) 1os(3 + 1) 5 £0) S 1) E )

since [0, 1] is one of the R;.
Let € be small enough that

1
/ f (log(3 + 1)) ~ / £ (log(3 + 1))2.
0 (0,1\N

Since

2
rioe+ 02 [ 1 (Ew) S W lees
/[071]\/\/ ( [0,1\N 21: R ‘ ‘L(l g L)?([0,1])

(the latter inequality holding by duality), |||z a0 £)2(j0,1) = 1, and

1
/0 Mgy My f ~ 11£112.a0g £)2((0,1))

we see that fol MﬁLMﬁLf ~ fol f (ZZ XRi)Q, as desired. O

Corollary 21. Let ¢ > 0 and f € L>(Q). There exists {R;} € CFC(M?)
such that: 1

(i) MAf ~ Ezm(f& |f1)XRr, on Q except on a set of measure less
than €; and ¢

. 2

(ii) fQ MAMAf ~ fQ | f] (Zz XR,») .
Proof. Apply Claim 20 and the Fubini theorem. O
Lemma 22. Let {R;}, {Si} be in CFC(M?). Then

1
S (s e 5 (S 1) (S 1),
j J i i i
Proof. Let j € Z. It is enough to show that if p € R;, then
1
[ S s (Tas).
|Rj| Jr; 5 -

Let {S;int} denote the set of the S; contained in R;. Let {S;ex¢} denote
the set of the §; strictly containing R;. Note that, for some positive finite

constant C,
; /
: :Xsiin SC
|Rj| S, =770
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since fol |logz|dx = 1. Now, ﬁf}%- > XS; o €quals the number of S; ext
J J ’
strictly containing R;, which equals ) xs; ... (p). So

|R1¢ / D XSiow S D XSiea () S D Xsi(p)-
IR i i

Hence, as desired,

1 1
R;| / ZXSi = IR;| <szi,int +ZXSi,ext> = szi(p) +1. O
IR ISR\ i i

Lemma 23. Suppose f, g, and h are nonnegative measurable functions on
[0,1]. Also suppose fol fg? < fol fgh. Then fol fg? < fol fh2.

Proof. fol fg? < fol fgh implies

1
52l < [ sah <172l )£,

Hence
17129l < [1£1/2A],.

So [ fg* < [} fh2. O

We now finish the proof of Lemma 19, and hence the proof of Lemma 18
as well. Without loss of generality, we assume f is a nonnegative smooth
function supported on Q).

Let 0<e=2"% <1, ke Z,. Let Rz, denote the set of dyadic rectangles
in @ of height €. Let the maximal operator Mﬁe be given by

A ey — 1
MES@) = s [

PERER z,¢

For sufficiently small €, Mxi f ~ M2f. Assume € is indeed sufficiently small.
Now, since fQ MAMRf < fQ MAMZf by hypothesis, we realize by
Theorem 17 and Claim 20 that for some {R;} € CFC(MQE) and some
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{Az} S CFC(MA),

[ u2aezs~ [ f<2x)
/(Z“)(Z@(/ 1))
N/Qf<zj:|Rj‘/RjZi:XAi>XRj
,S/Qf<;><3j><;x,4j>7

the latter inequality being justified by Lemma 22 and the fact that, letting
Bji=10,1] x [j - 27", (j + 1)27], we have

{AinB k}zEZ+ 0<j<ok—1 € CFC ( oce) .

(Recall here that e = 27%.)
By Lemma 23, we see that the above result

/q)f(Zi:XRifS/Qf(Zj:XRj) (;XAj)
/ f(;m)zs / f(Zi:XAjS [ arary

Hence [, MAMAf < Jo MAMAf, as desired. O

implies

Corollary 24. Suppose f is a measurable function supported on Q. Then
/MmMmf,S/ MMf+/ MM, f.
Q Q Q
Proof. By (19) we have
/ MAMA < / MAMAf +/ MPMZY.
Q Q Q
Applying Lemma 19, we see that

/MﬁMﬁg/ MAMAer/ MpMZf.
Q Q Q

Hence, by (17) we have
/MIfoSJ/MMf—i—/MyMJCf. O
Q Q Q
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We are now in position to complete the proof of Theorem 14 by showing
that

/(MM?+MyMJ)S/ (MM f + M,M,f).
Q Q

We have [, MM, f < [, MyM,f by Corollary 10, and

Q Q Q Q
by Corollary 24. So

/ (MM + MM, J) < / (MMF + M,M,f),
Q Q

as desired. O
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