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We show that the Bessel distribution attached to a generic
representation of GL(3, F'), where F is a p-adic field, is given
by a Bessel function.

1. Introduction and main results

This is the second part of our study of Bessel functions and Bessel distri-
butions on GL(3, F'), where F' is a nonarchimedean local field. In the first
part, [1], we attached Bessel functions to every generic representation of
GL(3, F) and showed that their asymptotics are given by certain orbital
integrals. Here we show that these orbital integrals give rise to locally inte-
grable functions. Hence the Bessel functions are locally integrable. We also
prove a kernel formula in the Whittaker model involving the Bessel function.
This kernel formula will allow us to show that the Bessel distributions are
given by Bessel functions, which is our main result.

1.1. Main results. We state here our main results. We will use the nota-
tions introduced in [1], which we recall now.

Let G = GL(3, F) and let B be the Borel subgroup of upper triangular
matrices, A the subgroup of diagonal matrices, and Z the center of G. Let
N be the subgroup of upper unipotent matrices and N the subgroup of lower
unipotent matrices. Let W = N(A)/A be the Weyl group, where N(A) is
the normalizer of A. We identify W with the set of six permutation matrices

in N(A). Let
woy = 1
1

be the longest Weyl element in W. Let ¢z be a nontrivial character of F
and let ¥ be a character of N defined by

(1.1) Y(n) = Yr(niz +na3),
where n; ; is the 7,7 entry of n € N. It is clear that
(1.2) »(wgnwo) = 1p(n)

11
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for all n € N. Let w be a quasicharacter of Z. Let f € C°(G) and g € NB.
We define

(1.3) Itwy(g) = /f(tnlzgng)w_l(z)w_l(nl)w_l(ng) dnq dz dns.

It follows from [7] that this integral is absolutely convergent for every g in
NB. We extend I, to a function on G by setting ¢, 4(9) = 0 when
g& NB.
Theorem 1.1. Iy, is locally integrable as a function on G.

Define

Jrwp(9) = /f(n129n2)w_1(Z)%ﬁ_l(m)@b_l(ng)dn1 dz dns.

This integral converges absolutely for every ¢ € BwgB. We extend it to a
function on G as above.

Corollary 1.2. Jy, . is locally integrable as a function on G.

Proof. Let fu,(9) = f(wog). If f € C(G) then f,,, € CX(G), hence by
Theorem 1.1, Iy, ¢ is a locally integrable function. It follows that the
function

g Ifwo,w,w (wog)
is locally integrable. Assume that g € BwyB. Using (1.2) we have

It wy(Wog) = /f(wotnlwggzng)w_l(z)w_l(nl)w_l(ng) dny dz dne

= /f(nlzgng)w_l(z)w_l(nl)w_l(ng) dny dz dng
= Jrwu(9)- O

Let (m, V) be a generic irreducible admissible representation of G, and w;,
the central character of 7. Let jr 4 be the Bessel function defined in [1, 6.5].

Corollary 1.3. j. ., is a locally integrable function on G.

Proof. By [1, Theorem 1.7], for every g € G there exist an open compact
neighborhood U of g and a function f € CZ°(G) such that jrp = Jfw, o as
functions on U. Since Jy, . is locally integrable for every f € C°(G) the
result follows. (]

Remark 1.4. It is clear from the relation between Jy, 4 and Iy, 4 that it
is enough to study one of these integrals. We will focus on Iy, , in order to
match the notation of [7] and [8], which studies the asymptotics of If, .

Let W(r, %) be the Whittaker model of 7 (see (5.1)) and let WO (7, %))
be the subspace defined in [1, Definition 4.1]. Let N be the subgroup of
upper unipotent matrices in GL(2, F'), Bs the subgroup of upper triangular
matrices in GL(2, F') and w a GL(2) Weyl element (see Section 5).
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Theorem 1.5. Let W € W'(r,9)). Let g € BowBs. Then

1 1 h
1.4 w = / - ( _ > w ( ) dh.
() (9 > Nz\GL(Q,F)j v \gh! 1

Remark 1.6. If 7 is supercuspidal then WO (7, 1) = W(w, ). By changing

W in (1.4) to
. <h 1) w

it is easy to show that (1.4) holds for every W € W(m, ) and every g €
GL(2, F). This gives a kernel formula for the action of the Weyl elements
in the Kirillov model of a supercuspidal representation.

Finally, the main theorem of our paper is the following. Let J; , be the
Bessel distribution defined in [2] (see (6.3)).

Theorem 1.7. Jy u(f) = /G Jr(@)F(9)dg for all | € C(C).

2. Notations and preliminaries

We recall some notations from [1]. Let F' be a nonarchimedean local field.
Let O be the ring of integers in F' and let P be the maximal ideal in O. Let
w be a generator of P. We denote by |z| the normalized absolute value of
x € F. Let ¢ = |O/P| be the order of the residue field of F'. Then || = ¢~ 1.
Let G = GL(3,F) and K = GL(3,0). Let A be the subgroup of diagonal

matrices in G consisting of matrices of the form
ay
d(al,ag,ag) = az , a1,a9,a3 < F*.
as
We let
(2.1) Z=ZG)={d(z,z,x):x € F*}.
Let X = X(A) = Homp(A, F') be the group of rational homomorphisms.
Then each o € X(A) is of the form

Ony o ,ns (d(a1, a2, as)) = af'ay*az®,

with ny,ng,n3 € Z. Let XV = XV(A) = Homp(F, A). Then each a¥ € XV
is of the form

O‘r\ihng,ns () =d(z™, 2", 2"), x€F.

For each o € X we let |a| : A — R and oV € XV be the obvious maps.
For i,j € {1,2,3}, i # j, we let i j : A — F be the functions defined by
@
a;j(d(a1,az,a3)) = —.
aj
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Let ® = {q, ;} be the root system of G and let " = {a" : & € ®}. We have
¢ = dTUP ™, where T = {q, ; : ¢ < j} is the set of positive roots and @~ is
the set of negative roots. Similarly, ®¥ = &V T U®Y:". Let B = {12,223}
be the set of simple roots.

Finally, if g € G we let A;(g) be the principal ¢ x ¢ minor of g. We define

A:G— R by
Ay = |10 (Balg)?
(As(9))?
It is easy to see that A(‘nigns) = A(g) for every nj,ns € N and g € G.
Also, A(g) =0if g ¢ NB and

A(d(ar,az,a3)) = |aias?|.

3. A~1/2%¢€ j5 locally integrable

In this section we shall use the results of Dabrowski and Reeder, [4], to show
that A=1/2+¢€ is locally integrable for every € > 0.
Let f € C°(G) and let g € NB. We define the orbital integral:

Of(g) = /N I Cagns) dny da
X

The convergence of this integral follows from [7]. Dabrowski and Reeder
studied this integral when f = f is the characteristic function of the max-
imal compact subgroup K. For each a € A there exist a unique \, € XV
such that a = agAq(w), where ag € Ax = AN K.

Theorem 3.1 ([4, 0.4]). Let fo be the characteristic function of K. Then

O, (a) =0 if A= Ny & Z>oD""T, i.e., \q is not a nonnegative integral linear

combination of positive coroots. If Ay is such a linear combination we write

(31)  Aa= Y mgB=mi20Ys+maozayy+mizays, mi; >0,
BedV:t

and m = (m12,m23,m13) = (Mmg)geapv.+. Then

(3-2) Opy(a) = A72(a) Y (1~ 1/g)"),

m

where k(m) is the number of strictly positive coordinates of m, and m runs
over all possible decompositions (3.1).

Each A, € XV that can be written as in (3.1) can be written in the form
Mo = mi (@)oY, + ma(a)ays,

where mj(a), ma(a) are nonnegative integers uniquely determined by a. It
is easy to see that for such a we have

(3.3) Aa) = g~2mi(@)+ma(a)
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Corollary 3.2. Assume that a is such that A\, can be written as in (3.1).
Then

Oyy(a) < qml(a)+m2(a) max(1,mi(a) + mo(a))
= A7Y2(a) max(1, Log,(A™Y2(a)).

Proof. Let R(a) = R(\,) be the number of possibilities of writing A, as in
(3.1). Then it follows from (3.2) that

(3.4 Opy(a) < A/2(a) R(a).
It is easy to see that R(a) = min(mq(a),ma(a)) + 1. In particular, if

(mi(a),ma(a)) # (0,0) then R(a) < my(a)+ ma(a). It is clear that if
(m1(a),ma(a)) = (0,0) then R(a) =1 and our inequality holds. O

The following corollary is essential to the question of local integrability
of the Bessel function. This result is analogous to Harish-Chandra’s result
in [6] that D~'/2 is locally integrable. (See [6] for the definition of D.)

Corollary 3.3. A~Y/2%¢ s locally integrable for every e > 0.

Proof. 1t is enough to show that

(3.5) /G A1/2+(g) f(g) dg < oo

for every characteristic function f of Kgg, where g9 € G. Write gg = kobgy
for some by € B and kg € K. Hence it is enough to show that (3.5) holds
for

£ = pr(b5") fo,

where p, is right translation. Writing by = agng for ag € A and ng € N we
have

/A_1/2+€(9)(Pr(bo)f0)(9)dg:/A_1/2+6(9)f0(9b51)dg
G G
_ /G ATV (gbg) fo(g) dg

= ATV (g) / A244(g) folg) dy.
G

Hence it is enough to prove (3.5) for f = fy. Using the invariance properties
of A and writing dg = A(a)dn; dadny on the set of elements of the form
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‘n1ang, where ni,no € N and a € A, we get

/ A_1/2+5(g)f0(g) dg — / A_1/2+5(tnlanQ)fo(tnlang)A(a) dm da dn2
G NxAXN

_ / AV2(0)0, (a) da
A

-y / AV (0)0 1 (a) da
AEXVY (ANK)A(w)

= (/(A NK) da) (A;(IVA—W*E(A(W))O,%(A(W))> :

We can assume that da assigns measure 1 to AN K. By Theorem 3.1 the
sum over A € XV takes place for \ of the form

A= mlozlvz + mgag,g,
where m; and mg are nonnegative integers. By Corollary 3.2 we have, for
A written as above,
AV (@) O, (M) < ¢~ ™A™ max(1,my + ma).

Hence our integral is majorized by
L DS e
m12>0m2>0

which is finite when € > 0. O

4. 1-orbital integrals are locally integrable

In this section we shall use the results of Jacquet and Ye, [7] and [8], to
show that the 1 orbital integrals are locally integrable. Consequently, by
Corollary 1.3 Bessel functions attached to irreducible representations are
locally integrable. Let I7, be the ¢ orbital integral defined in [7] by

Ity(9) = /f(tnlgnz)w_l(nl)i/)_l(nz)dnl dns.

Here g € NB. Notice that I 4 does not have the integration over the center
that appears in the definition of ¢, in (1.3).
Let

z 1
a(z) =1 —-1/z , az(z) = z ,

ai(z,y) = T ;o ag(z,y) = Yy ,
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and

—1/xy
For z # 0 we define
Ki(2,9) = ¥(2/2)7(2/2,$)[22] 72,

where 7(2/z,1) is the Weil constant as in [7, Proposition 2.3]. Let m be
large enough so that the map z — 22 is an analytic bijection of 1 4+ P™ to
1+2P™. If p € 1+2P™ we denote by /i the inverse image of y under this
map. Let a,b € F* be such that |a| < ¢”™ and [b| < 1. Let u = a + ba?.
Define

where the range of integration is 4 = 1 mod 2P™.
We define Ky on the set {(a,b): 0 # |a| < ¢™™, |ab| < g™, [b| > 1} by

K(]((Z, ba r‘zz)) = KO(a’b? 1/b7 ¢_1)-
Now K is defined for all a,b € F* such that |a| < ¢7™ and |ab| < ¢~™.

Lemma 4.1. There exist positive constants By, Bs, By such that:

(1) [K1(z9)| < Bilz[71/2.

(2) [Ko(a,b)| < Bala|=3/2b|7V/2,  if[a] < ¢™™, |abl < ¢~™, |b] = 1.

(3) |Ko(a,b)| < Bsla|=3/*|ab| /2, if |a] < ¢™™, |ab] < ¢~™, |b < 1.

(4) |Ko(a,b)| < Bsla|=V/2[ab| =34, if |a] < ¢™™, |ab] < =™, [b] > 1.
Proof.

(1) Notice that |y(z,¢)| =1 for all z € F* and ¢ and that |(a,b)| = 1 for
all a,b € F*. Thus we can choose By = |2|~1/2.

(2) The integrand in the definition of Ky has absolute value one and the
measure of the set {z |b+ az? = 2P™} is bounded by Bs|a|~'/? for some
positive constant Bs.

(3) can be proved with the use of stationary phase for the integral appearing
in Ky (see the remark after the statement of Proposition 3.1 in [8]). The
stationary phase method gives the bound Bg|a]_1/ 4 for this integral, where
Bs is some constant.

(4) comes from (3) using the definition of Kj. O

Jacquet and Ye obtained the following expansions for the 1 orbital inte-
grals. (See [7, (30)].)

Theorem 4.2 ([7, p. 933] and [8, Proposition 3.1]). Fiz f € C*(G) and
positive constants C1,Co,C3. Let a € A.
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a) There exist an € > 0 and a function wg € C°(F?) such that
f c

Ipa)= > wlz,y)Ki(2,7)

a=a1(z,y)a1(z)

for all a such that |Ai(a)| < €, |Ag(a)| = Cy and |As(a)| = Cs.
Moreover, we can choose € small enough that Iy, f(a) = 0 if a cannot
be written in the form a = a1(x,y)a1(z).
(b) There ezist an € >0 and a function w) € C°(F?) such that

Ipla) = Y wilwy)Ki(zv)

a=az(z,y)as3(z)

for all a such that |Ai(a)| = Cy, |Az(a)| <€, and |Asz(a)| = Cs.
Moreover, we can choose € to be small enough so that I.(a) =0 if
a cannot be written in the form a = az(x,y)as(z).
(c) There exist an e > 0 and a function wy € C°(F) such that if |A1(a)| <
€ |Az(a)| <€, and |As(a)| = Cs then

Irgla) = > wp(z)Ko(z,y, )

a=za(z,y)

Moreover, we can choose € to be small enough so that Iy y(a) =0 if a
cannot be written in the form a = za(z,y) with z € Z.

Combining Theorem 4.2 and Lemma 4.1 we get:

Corollary 4.3. Fiz f € C2°(G). Then |I;.,(9)A%3(g)| is bounded on com-
pact sets in G.

Proof. Tt is enough to show that for every g € G there exist an open compact
neighborhood of g for which the corollary holds. Fix go € G. If A;(go) # 0,
1 = 1,2, we can choose an open compact neighborhood of gy contained in
NB. Since the function |17 4(g)A%3(g)| is defined and continuous on NB
the conclusion follows.

Now assume Aq(go) = 0, |A2(go)| = C2 # 0 and |As(go)| = C3 # 0.
We can choose € = €(f,Co,C3) > 0 as in Theorem 4.2 (a), and a compact
neighborhood @ of gy such that |[A1(g)| <€, |A2(g)] = C2 and |As(g)| = Cs
for all g € Q. Let g € Q be of the form g = ‘njans. Then a satisfies the
assumptions in Theorem 4.2 (a) and we have

Trw(@) = Ip(@) <C" > [Ki(z,9)].

a=a1(z,y)ai(z)



BESSEL DISTRIBUTIONS FOR GL(3) 19

It is easy to see that this sum has at most two summands, and also that |z| =
Cy2|A1 ()] = C'AY2(g), where O = Cy */*Cs5. Hence, by Lemma 4.1 (1),

109 < Bilz| 712 < BoA™V4(g) = BoA™3(g) A (g)
< Boel /Gy oy AT g),

where By, By are some positive constants independent of g € Q.

If |A1(g0)| = C1 # 0 and As2(go) = 0 similar arguments apply.

Now assume Aq(go) = 0, Aa(go) = 0 and |A3(go)| = C3.We can choose
e = €(f,C3) > 0 as in Theorem 4.2 (c¢) and a neighborhood @ of gy such
that |Ai(g)] <€, i=1,2, and |As(g)] = Cs for all g € Q. Let g € @ be of
the form g = ‘njany. Then a satisfies the assumptions in Theorem 4.2 (c)
and we have

T = [Trp(@) <C° " | Koz, y, ).

a=za(z,y)

Dividing into cases where |y| = 1, |y| < 1 and |y| > 1 and using parts (2),
(3) and (4) of Lemma 4.1, the conclusion follows. O

Corollary 4.4. Fiz f € CX(G). Then |I;,.4(9)A%3(g)| is bounded on
compact sets in G.

Proof. Let @1 be the support of f. Since ()1 is compact it follows that
|det(g)| is bounded for g € Q). Hence, the support of ¢ is also on a set on
which the determinant is bounded.

Let Q2 be a compact set in G. We will show that |7, ,(g)A%8(g)| is
bounded on Q2. If g € (2, z € Z and gz is in the support of I, ; we have
det(gz) = det g det z is in some fixed compact set in F™* hence z is in a fixed
compact set P in Z independent of g € Q2. Let C; = max.ecp(|w(z)|) and
g € Q2. By Corollary 4.3 there exist a constant Co such that |17, (g2)| <

CyA=3/8(gz) for all g € Qo and z € P. Hence, if g € Qo then

I tww(g)] = ‘/Zlfﬂ/,(gz)w_l(z) dz /Plﬁw(gz)w_l(z) dz

<010 / A3/8(g2)| dz < C5|A-3/3(g)].
P

Here we have used that [A=3/8(gz)| = [A=3/3(g)|. O

It follows from Corollary 4.4 and from Corollary 3.3 that Iy, 4 is locally
integrable, which is the content of Theorem 1.1 stated in the introduction.
Consequently, we have proved Corollary 1.2 from the introduction, which
states that the Bessel function j ,, where 7 is an irreducible admissible rep-
resentation of G with a Whittaker model, is locally integrable. This corollary
will be used in the next section to prove the kernel formula promised in the
introduction.
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5. A kernel formula

Let Na, Aa, K3 be subgroups of GL(2, F'), where Aj is the subgroup of diag-
onal matrices, K» = GL(2,0) and

zw_{mm_<1f)‘xeF}

KMZC’J and wzQ v.
h >‘h€GL( )}.

h € GL(2 )UEF%

Let
Let

Let <
-t )

and Py = {n(x)t(r) |z € F,r € F*}.

Let (m,V') be an irreducible admissible representation of GL(3, F'). Let
L be a nonzero 1 Whittaker functional on V' (see [1, 1.1]), and let W =
W(m, 1) be the Whittaker model of 7 consisting of functions of the form
Wy, v € V, where

(5.1) Wy(g) = L(m(g)v).
Let jr 4 be the Bessel function of 7. j, , is defined by equation (1.4) of [1]:

(5.2) / W (gn) (n) dn = . (9)W (c),

where g € BwgB, W € W(r, 1) and

/ W(gn)y~"(n)dn = lim W(gn)y = (n) dn.

m—0o0 N,
m

Here N1 C Ny C --- is any filtration of N by an ascending chain of open
compact subgroups of N. It follows from [1, Corollary 1.3] that the limit
above stabilizes for large m.

Let W = WO(,%) be the subspace of W defined in [1, Definition 4.1].
It follows from [1, Theorem 4.6] that if W € W and g € BwoB the function

n — Wign)
is compactly supported in /N, and hence we can write

(5.3) / W(gn)=(n) dn = j ()W (e),

where in this case we use the standard integration.
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Lemma 5.1. Let W € W°. Then the function
h i W (h)
from GL(2, F) to C is compactly supported mod Ny.

Proof. Each h € H is in a Bruhat cell BwB with S°(w) = {a1.2,003} (see
[1, 4.2]). We write the Iwasawa decomposition of h

(5.4) h=nak,

where h = nak, h € GL(2,F), n € Ny, a € Ay, k € Ko.

Let a = diag(ai,as) € Ay and a = diag(ai,az,1). By the definition
of WY in [1, Definition 4.1] we have that if W € W° and W (h) # 0 then
a12(a) = a1 /az is in a compact set in F* and ap 3(a) = as is in a compact set
in F*, where both compact sets are independent of n and k in the Iwasawa
decomposition of h. Hence a; and ag are in a compact set in F* and it
follows that the support of W on H is compact mod N. O

The next proposition follows from [1, Theorem 4.6].

Proposition 5.2. Let W € W° and h € GL(2, F) then the function

e )0

from F? to C is compactly supported in F?.

Lemma 5.3. Let W € W be such that
h+— W(h)
is compactly supported mod No Then

1 h
. ~ 1% < ) dh
/Ng\GL(Q,F) v <9h ! ) 1

converges absolutely for all g € GL(2, F).

Proof. Since changing variables h — gh~! amounts to changing W to a
different W satisfying the same hypothesis we can assume that g = e.
We let Y7 be the open dense set of G given by elements of the form

I w T I uy
60
where u1,us € F?, h € GL(2, F) and r € F*.
Let dv = duy |det h| dh |r|~2 d*r dus be a Haar measure on GL(3, F) re-
stricted to Y7. Since jr 4 is locally integrable on Y it follows that the function
g jrp(g™h) is locally integrable on G. Hence, if f € C2°(Y}) then

1 1
e - f( ) det h| dh
/GL(Q,F) v (h ! ) h | |
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is absolutely convergent. Since f € C2°(Y1), it means that the function
|det h| appearing in the above integral is bounded on the support of f.
Hence we can drop |det h| in the integral and still have absolute convergence.
Integrating by steps we have

1 1
o dh
/GL(Q,F)j v (h ! > / (h )
B . 1 1\
B /NQ\GL(Q,F) It (hl ) </N2 / <”h ) vn) dn) ah

Here, the measure dh on the right-hand side is a Haar measure on GL(2, F)
and the measure dh on the left side is a GL(2, F') invariant measure on
NoN\GL(2, F'). We view the inner integral as a function on GL(2, F'). It is
well-known (see [1, Lemma 7.1]) that any smooth function on GL(2, F') that
is compactly supported mod Ny and is ¢ equivariant under left translations
by Ny can be obtained this way, in particular the function h — W (h) is
such a function. O

Our main theorem of this section is the following:

Theorem 5.4. Let W € W° and y € GL(2, F). Assume further that y €
BQ’U}BQ. Then

1 1 h
()L s ()
<y > NoN\GL(2,F) Y \yh! 1

Proof. By Lemma 5.1 and Lemma 5.3 this integral converges. For each
W e WY and y € GL(2, F) we define a function My, : GL(2, F) — C by

v = [ w(, (1) ewa

where v = '(u,us) is a column vector and 1 (u) = ¥ r(uz). By Proposi-
tion 5.2, this integral converges. For h € GL(2, F') we define 1" (u) = v (hu).
We have

fow () (1)
:/FQW(y 1) <I h_llu) (et B| " 4 (—u) du
:/F2W<yh_1 1) (I 1{) (h 1) et h|~ 4 (—u) du

= |det h| ™ Mgy (yh ™).
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Let F? be the space of column vectors and let f € C°(F?). Let ¢ be a
character on F? as above. Define f : GL(2, F) — C by

/fwh

It is easy to see that f(ph) = f(h) for every p € Py,h € GL(2, F). Using
the identification of Py\ GL(2, F) with F2 — {0} it is easy to see that f is
exactly the Fourier transform of f. Since the |det| equivariant measure dh
on P\ GL(2, F) is identified with the measure dv on F? — {0} we can use
the standard Fourier inversion formula to conclude that

flu) = / F(R)Y"(w) dh.
P\ GL(2,F)

In particular taking v = 0 we get

£(0) = / f(h) dh.
PQ\GL(Q,F)

We now pick f to be the function

Y 1
and ge(

(5.5) W< 1> :/ My (yh™")|det | dh.
Y P\ GL(2,F)

It follows from [1, Theorem 4.6] that the function

@ — My (yn(z))

from F' to C is compactly supported for every fixed y € BowBo, where w is
the long Weyl element of GL(2, F') that was defined in the beginning of this
section. It is easy to see that

/MW yn(z)) " z) de = /NW ((y 1) n> Y~ L(n)dn.

Hence by (5.3) we have
/ My (yn(2)y () dz = jrp <y 1) W(I).
An argument similar to the one above shows that

[ttt an) o = e (, ) (1)) wietaal

Applying Fourier inversion to the function

f(x) = Mw (yn(z))
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we get

6o = [ (, ) (1Y) Wi e
Combining (5.5) with (5.6) we get

—1
W< 3/):/ /j,r< 1, 1>W<t(“ )h )d*a\dethyldh.
1 P\ GL(2,F) J F* yh™t(a) 1

If f is an absolutely integrable function on NoN\ GL(2, F') then

/ f(m)dm = (/ f(t(a)h) d*a> |det k|~ dh,
N2\ GL(2,F) P>\ GL(2,F) *

where dm is a GL(2, F) invariant measure on No\ GL(2, F') and dh is a |det]
equivariant measure on P,\GL(2, F') with an appropriate normalization.
Hence the integral above matches the integral in the statement. U

Corollary 5.5. Let g € BwgB and W € W°. Then

W(g) = / o (gh™ YW (1) dh.
No\ GL(2,F)

Proof. By Theorem 5.4, this statement is true for all g € BwgB of the form

g: (90 1)

with go € BowBs. Using the equivariance of W and jr 4 under N and Z we
get the statement for all g € BwoNy, ,, where

1 =z
1

= ("),

with uw € F2. Then w(n)W € W'. Let g € BwoNq, ,. Then

((n)W)(g) = / ix(gh=V) (r(n))W () dh.
No\GL(2,F)

N,

a1 —

reF

Hence

W(gn) Jr(gh™" )W (hn) dh

/Ng\GL(Q,F)
Jx(gh™ V)b (hnh 1YW (h) dh

/NZ\GL(Q,F)

/ Julgnh™ YW (B) dh. 0
No\GL(2,F)
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Qorollary 5.6. Let  be a the contragredient representation to w and let
W e WO (7,4~ 1). Let g € BuwoB. Then

Wi(g™) = Jra(hg)W (R) dh.

/NQ\GL(Q,F)
Proof. By [1, Corollary 6.12], jz 4-1(g9) = Jrw(g™h). We get our result by
applying this to Corollary 5.5. U

6. Bessel Distributions are given by Bessel functions

In this section we prove the main result of this work. We shall show that for
G = GL(3, F) the Bessel distributions are given by Bessel functions. In [2]
we showed using a different method that Bessel distributions for quasisplit
reductive groups over local fields are given by Bessel functions on the open
cell. The following result provides more evidence toward the conjecture that
Bessel distributions are given by Bessel functions on the whole group.

Let (7, V') be an irreducible admissible representation of G with a ) Whit-
taker functional L and let (7, V) be the representation contragredient to .
We think of V as the space of smooth linear functionals on V. Let L be a
¢~ Whittaker functional on V. It follows from [3] that we can (and will)
normalize L so that if v € V and © € V are such that either g — W, (h) or
g— W, (h) have compact support in GL(2, F') mod Na, then

(6.1) o(v) = (b,v) = W, (h)Ws(h) dh.

/NQ\GL(Q,F)
Here W, € W(r,¢) and Wy € W(#,4~!) are defined as in (5.1). The
assumption on the support is made to ensure th:}t the integral converges.

It is well-known thatfr = 7. We identify V and V. For a linear functional
(smooth or not) T': V +— C and f € C°(G) we define the linear functional
p(f)T :V — C by

(6.2) )(9) /f y)dg, veV.

It is clear that p(f)T is a smooth linear functional hence we can identify
p(f)T with a vector vy € V. We now define the Bessel distribution (first
defined by Gelfand and Kazhdan in [5]), J; : C°(G) — C to be

(6.3) Tx(f) = (L, p(f)L) = L(v; ;).

Lemma 6.1. Let © € V be such that h — W; (h) has compact support mod
Ny in GL(2,F). Then

(6.4) / To(pu(1) £V () dh = / F(@)Walg™) dg.
N2\GL(2 F) G
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Proof. By definition, J.(p;(h)f) = vaﬁ(h). Hence, by (6.1), the left-hand
side of (6.4) is the same as (0, vy, 1), which equals (9, p(f)L). By (6.2) this
is exactly the right-hand side of (6.4). O

Let jr. be the Bessel function of w. (See (5.2)). The main theorem of
this paper is the following:

Theorem 6.2.
Awwiéﬂmhmm@,feCT@»

Proof. We define the distribution J;; on C2°(G) to be

(6.5) @ﬂﬁzﬁywﬁwm@,feQNm.

By Corollary 1.3, jr is locally integrable, hence Jr i is well-defined. We
shall prove that J;1 = Jr.

Let f € C°(G). There exist an integer m such that p;(h)f = f for all
h € K§*. Here p; is left translation and K5 = I + My(P™). Let

EQ,n: {(xl 0) ’ T1,T3 € 1+P”,x2€P3”}.

T2 x3

It follows from [1, Theorem 5.7, Lemma 5.1, Lemma 5.4] that there exist
W € WO(#,4) and n > m such that the function

h— W(h)

is supported on NyBs,, and such that

N 1 _
W(nb) = m¢ 1(”)

for every n € Ny and b € Eg,n. We have

/ Tr 1 (pi(h) YW (R) dh = / Jr1(p1(D) FYW (B) db = Jr 1 (f),
No\GL(2,F) Bon

where d,.b is a right invariant Haar measure on By. Thus we have

hﬂﬂz/ Tra(pu(1) )V (B) dh
N>\ GL(2,F)

- /N2\GL(2,F) W) (/G f(B™ 9)iw(9) dg> dh
B /Nz\GL(2,F) W) </G J(9)jmu(b) dg) dh
N /G 19) (/NQ\GL(2,F) s (Bg)W (B) dh) dg = /Gf(g)W(gl) dg.
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We notice that [ f(h™9)jry(g) dg is absolutely convergent and that the
absolute integral gives a locally constant function in the variable h. Since
W(ﬁ) is compactly supported mod No we get absolute convergence for the
iterated integral hence we can use Fubini’s theorem to change the order.
The G integration is in fact taking place on the open and dense set BwyB,
hence we can use Corollary 5.6 to obtain the last equality. By (6.4) this last
integral equals

/ Te(pu(B)W (1)

N\ GL(2,F)

and using the assumptions on W as above we get that this integral equals

Jx(f)- 0
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