THE CALDERON-ZYGMUND INEQUALITY ON A
COMPACT RIEMANNIAN MANIFOLD

CAITLIN WANG

Volume 217 No. 1 November 2004






PACIFIC JOURNAL OF MATHEMATICS
Vol. 217, No. 1, 2004

THE CALDERON-ZYGMUND INEQUALITY ON A
COMPACT RIEMANNIAN MANIFOLD

CAITLIN WANG

For a compact closed n-dimensional manifold, we derive
the Calderon—Zygmund inequality for the Hodge Laplacian,
with constants depending only on bounds on the injectivity
radius, volume and the curvature operator. We obtain the
Poincaré—Sobolev inequality for forms as a consequence.

Introduction

On a compact Riemannian manifold M without boundary, we give L%
estimates for differential forms ¢ in terms of A¢, where A is the Hodge
Laplacian. Calderéon—Zygmund theory and its techniques on R™ treat certain
singular integral operators of which Green’s operator for the Laplacian is a
basic example. Here we generalize these techniques to apply to forms on
a manifold. Our goal is to obtain a Calderén—Zygmund inequality where
the constant depends only on geometric quantities. The main result of this
article is the following;:

Theorem 0.1. Let (M™,g), n > 3, be a compact, connected, oriented Rie-
mannian manifold without boundary. Suppose that

(%) inj(M) >ip, Vol(M)<V, and |Ric] <A,

and that the curvature operator S is bounded from below with S > —K,
for some constant K > 0. For 1 < q < oo, there exists a constant C, =
C(q,n, A, K,ig, V), such that for any m-form ¢ € H.-,

V28|l Laary < Cq 1A Laqar),
where H,, is the space of harmonic m-forms.

Remarks 0.2.

(i) This work extends some of the results in [H] for functions, and gives
new estimates for forms.

(ii) In the case of 1-forms, the condition on the curvature operator is not
necessary, and Theorem 0.1 holds with an assumption on the Ricci
curvature only.

(iii) With lower bounds on the Ricci curvature and the injectivity radius,
one can also replace the condition Vol(M) < V in (%) by Diam(M) < d.
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182 CAITLIN WANG

Theorem 0.1 leads to a Poincaré—Sobolev inequality:

Corollary 0.3. With M™ as in Theorem 0.1, for 1 < q < oo, there exists
a constant Ay, depending only on n,q, A, K,iy,V, such that for all coclosed
m-forms ¢ € H-,

n—p 1
np \ n P 1 1 1
(/ |¢|n—”p> T <a, (/ |dw\p)”, where =1 _ 1
M M p qg n

0.4. We summarize the methods and organization of this article. To prove
Theorem 0.1, we derive estimates of the Green form on H;- under the condi-
tions given in (%) —this is done in Section 2. Our estimates depend on the
lower bound on Ay ,,, the first eigenvalue of the Hodge Laplacian, following
from the work of Chanillo and Treves [CT]. We represent the solution of
A¢ = w in H;- as a singular integral using the Green form constructed in
suitable coordinates. Given 1 < g < oo, we choose p so that p > max{q,n},
and fix a C'1* harmonic coordinate atlas with o = 1 — %. We use regularity
of the metric in these coordinates to obtain estimates of the Green form in
terms of the harmonic radius. In Section 3, we derive Theorem 0.1 for p = 2
from the Weitzenbock formula and lower bound of the curvature operator.
To obtain estimates of V2¢ in LP, we introduce a Calderén-Zygmund decom-
position for forms on a manifold (Section 4) and prove a weak-type inequality
(Section 5). The proof of Theorem 0.1 is given in Section 6. We conclude in
Section 7 with applications of Theorem 0.1 in proving the Poincaré-Sobolev
inequality and in the study of locally conformally flat manifolds.

1. Construction of the Green form for the Hodge Laplacian

The result on the C*-compactness of Riemannian manifolds that we will use
is the following theorem of Anderson. Our method requires the following
C1® harmonic coordinates:

Theorem 1.1 (Anderson, [An, 2.2]). Let M™ be a compact manifold with
Ric| < A, inj(M) >ig, Vol(M) < V.

Given o € (0,1), there exists ro = C(n,a,i9,A) > 0 and a finite atlas of

harmonic coordinate charts {uy, By, (70) }a=1,.. such that:

(i) The coordinate functions u' : By(rg) — R are harmonic.
(ii) The sets Bg,(ro/2) cover M, and the number N of coordinates is
bounded from above by a constant depending on V, A, ig,n.
(iii) The metric components in this coordinate system,

W =o( ] 2




THE CALDERON-ZYGMUND INEQUALITY 183

satisfy
(1.2a) gij(x) = 65, 0gsj(x) =0,
10,5 < gij(y) <465 for y € By(rg), and
(1.2b) H(’? gZJHLP(BI ro)) < To 0%

where p > n is defined by a =1 — ;.

1.3. The above convergence of Riemannian metrics is actually in L*? [An].
By the Sobolev embedding L*P C C1@,
(1.4) sup |g] < C(n.p) 1§ 10%g]l Lo (B(roy) < Cln,p) 75"

B(ro)
Notation 1.5. We fix ¢ € (0,00) and assume throughout that |Ric| < A.
We choose p > max{q,n}, and fix a C1* harmonic coordinate atlas with
a=1-— %. Without explicit statements, all constants shall depend on n, the
dimension of M, and m, the degree of the forms. Indices in capital letters
are multi-indices: I = (i1 -+ -im), and gy = det(gs, ;) forms an () x ()
matrix. Greek letter indices always run from 1 to m, while Latin letter
indices such as j or j, run from 1 to n regardless of subscripts.

1.6. In CY® harmonic coordinates, define a distance function on B)(rq) by

Al = o =6 )

and a distance function on M by P2(z,y) = Y\ xay)ps(z,y), where {x»}
is a partition of unity subordinate to the coordinate atlas.

We use this distance function to construct the parametrix of the Green
form. (See [dR].) Let

1 “n
h(fL‘,y) = ((n_Q)anl) p(l‘ay)2 f(:E?y)a
where w,,—1 is the volume of the standard sphere S™ and f(z,y) is a smooth
cut-off function equal to 1 if d(x,y) < ro/4 and to 0 if d(z,y) > ro/2.
Define a double m-form A € A"™(M x M) by taking m-fold exterior
products in = and in y:

= A\ (—30(z,9)%)).

In coordinates, the components of A(z,y) are determinants of m x m ma-
trices,

Qﬁ>3

Ary(w,y) = det(4i, j5)

where

9gik(y
(1.7) Aij(z,y) = 9i5(y) + Z BZJ — k).
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Finally, define the double m-form H(z,y) = h(z,y) A A(x,y).

1.8. As immediate consequences of the choice of coordinates, we have
H (z,y)| < Cyd(z,y)* ™"

Since 0,1 A;i ; = 0;9:(y) and ‘F;k(xﬂ < Cpryt by (1.4), we have

(1.9) ’VxA(a:,y)‘ < Cpryt.

Hence,
}VH(x, y)‘ <G, 7“0_1 d(x, y)l_".

1.10. Tt follows from (1.2b) that |[OT||rr(B,(re)) < Cn ro 7%, so that we
have estimates for V;V;Ar; in LP. We in fact have

(1.11) Vi Vs A, 9) | o ary < Co(As57, V).

1.12. In harmonic coordinates, it is well-known that the Laplace operator
on functions reduces to Af = — ZZ j g79;0;, which does not involve deriva-
tives of the metric. We show that the Laplacian on forms likewise simplifies
in harmonic coordinates. More precisely, we show that second derivatives
of the metric, 82gij, do not appear. This is the key that allows us to give a
pointwise estimate of AH in terms of ro (Lemma 1.16). In fact, by direct
computation in coordinates, we have

(1.13) Awil"'im = —gija-ﬁjwil...im + (2 gijF;?fa— Oiagkai)aiwil...ka...,-m

ko 1ls ko
”F F]mwil.‘.kal..lﬁ...im+g”@I‘ w“ ko im

Zk kol
«0; Fzgz wi1---ka---l@-"im+ 8za( « Pzﬁl)wil'“lﬂ'”ka'”im‘

By exchanging summations > " a—1 and Z?:p antisymmetry causes cancel-
lation in the OI" terms in (1.13). Hence, we have

Awi1~-~im == —g“@iajwil...im (2 ijF’?;’ - iagkai)&wil‘..ka...im
ko ko
Z]F Fﬁﬁwll ka-lgim + &a( Jlrﬂ )wi1-~~ka~~~im'
However, in harmonic coordinates, Z?,k:l gjkl“é.k =0foreachl=1,...,n.
Therefore,
(1.14) Awr = ( 8(9ij —l—ZbZJ Oiwy(x —|—ZCK
where b; ; = 2¢"T% — 9, gkel and ¢ ”Fk(’f‘lﬁ J="(i1- ko im)
i,J g Jia (o~ K = jig’ 1 o' m

and K = (i1---kq---lg---ipy). Formula (1.14) shows that the coefficients
b;.; and ¢k in Aw are controlled in O harmonic coordinates.



THE CALDERON-ZYGMUND INEQUALITY 185

An immediate consequence of (1.14) is
(1.15) ‘AxA(a;, y)| <y 7'0_2,
which follows directly from (1.2), (1.4), and (1.7).

Lemma 1.16. In a CY% harmonic coordinate atlas with harmonic radius
ro, we have

(1.17) }AH(az,y)‘ <Cpry“d(z,y)*".
Proof. Write

where (;7(z,y) = Vih(x,y)V;Ary. In [H], Proposition 3.2, it is shown that
the function h in C*-harmonic coordinates satisfies

(1.18) |Azh(z,y)| < C(n,p,m)ry“d(z,y)* "

For completeness, its proof is outlined here. The terms in Wn—1Azh(z,y) =
—wn—19"(2)0,:0,5h(x,y) of order d(x,y)™™ are computed:

1

_ ©j ) o 2—n
7’L—2g (iv)a:claacﬂp (l’,y)

= g"(2)gi;(y)p " (2, y)
—ng" (z)p™"*(x,y) <§k: gie(y) (=" —y ) <Z gu(y) (' —y > +oee

Writing ¢ (z) = ¢" (y) + (9" (z) — g (y)), this becomes
2 (67 @) = g7 W) g (w)p ™" (z.y)
| — o 23 (g (2) — 69 (1) gk ()ga ) (2 — ) (e — o),
which is bounded by

ro “d(x, y)*1gijlp~ " (@, y) —np " ey d(w, y) gkl lgul (2 — yF) (' = y)
< Cyurg “d(x,y)* "

The terms of next higher order in A h(z,y) are bounded by C(n)ry'p' ™™,
so that (1.18) holds. Lemma 1.16 follows from (1.9), (1.15), and (1.18). O

1.19. From Lemma 1.16, one obtains Green’s formula: for all m-forms

¢ € C?,
(1.20) / H(y,z) A *Ad(y / AyH(y,z) A *o(y),

so that H(x,y) = h(z,y) A A(z,y) is a parametrix for the Hodge Laplacian.
The proof of (1.20) follows the same argument as that of Green’s formula
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for a parametrix constructed in normal coordinates (see for example [dR]),
and shall be omitted here.

1.21. The Green form can then be constructed from H(x,y) by iterating
Green’s formula. (See [Au].) We fix some notation to be used later. Set

20(a) = [ _ H(@y) Axoly),

Qo(x) = — AH(z,y) ANxo(y).

yeM

Green’s formula (1.20) can be written as I = Q*A + Q*, where (Q¢,v) =
(¢, Q*1)). Taking metric transposes, we obtain the second Green’s formula

(1.22) I=AQ+Q,

Let
N

G(Sﬂ,y) = H(ﬂ?,y) + ZFz(xay) + R(xay)v
i=1
where 'y (z,y) := —A,H(x,y),
Tealrg) = [ Ta(e2) AsTi(en)
Fi(z,y) ::/ MH(:E,z)/\*I‘Z-(z,y).

We define R(z,y) as the unique solution of
(123) AIR(xvy) = FNJrl(xvy):
since we shall consider forms in H;-. Also, let
Qul@) = [ Tiay) Aruly)
M

With these notations, F; = QQ*. We have

AG = AQ+AZF+AR I— Q+ZAQQZ + QN1
=1

—I— Q*Z — Q") QN = 1.

Hence, the G(z,y) defined above gives the Green form on H-.
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2. Estimating the Green form

2.1. As is well-known (see [Au], [dR]), we obtain the following bounds
from the smoothing property of Q = I — AQ. In the following, A is the
(lower) bound on Ricci curvature.

Foreachi=1,..., N,

(2:2) [P, y)] < Cp(A, V) g™ d(z, )™ "
This follows from Lemma 1.16, wherein |Ty(z,y)| < Cpry® d(z,y)* ™.
Subsequent estimates for ‘Fi(w, y)‘ are obtained inductively, and using the

lower bound on the Ricci curvature. Details can be found in [Au].
In particular, if N > n/a, then for all z,y € M,

(2.3) ITns1(m,9)| < Cp(A, V)rg VHH2,

By (2.2), there exists C; (depending on p, A,y ,V) that is an upper
bound for both [, |Ti(x,y)| dvg(x) for a.e. yandf€M|F z,y)| dvg(y) for
a.e. x. Therefore, for 1 < ¢ < oo, we have

(2.4) |Q"w (@) aary < Cilwllzacary-
It follows from 1.8 and (2.2) that
(2.5) |Fi(z,y ’ < Cp(A, V) ry ™™ d(w, y)* o,

2.6. It follows from the C® compactness of manifolds ([AC]; see also
[An]) and from the continuous dependence of Aj,, on the metric, proved
by Cheeger and Dodziuk [Do], that there is a lower bound for \;,, in terms
of the geometric quantities in (x). In fact, in our fixed harmonic coordinate
cover {uy, By, (r9)}, under condition (x), the pullback under the coordinate
map of the canonical measure of (M, g), written dry = (ugl)*vg, satisfies

dT)\
dp
(dp being Lebesgue measure), for some constant B depending on ig, V, A, n.
We let {xa} be a C partition of unity satisfying ||dxa|lr= < Cpry*. The
method of Chanillo and Treves [CT] applied to this cover, with L? estimates,
gives the lower bound Ay ,, > Cp(io, A, V, ro_l).

B 1< <B

Lemma 2.7. Let
Rafa) = [ Rlay) Arwly)
yeM

where R(z,y) is as given in (1.23). Then there exists a constant Cy(A,ry V)
such that

(2.8) IV*Rwl Laqary < Collwllzaa
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Proof. Given 1 < ¢ < oo, we work with harmonic coordinates as in (1.2),

with p > max {q,n}. It suffices to show that

(2.9) IVER@ )| o gary < Co(Ayrg L V),

independently of y € M, where a = 1 — %.
Assuming (2.9), and using the inequality

HV2RWH%Q S VQ(pl)/p/ va«R(J;)y)Hq
M

1o [0 @) dVs(y),

we obtain (2.8). There remains to prove (2.9).

Since Az R(z,y) = Iny1(x,y), with N > %, by (2.3) we have for a.e. y,

1

HI‘N+1(xay)HL2(x;M)
< Cy(io, A, V, 7"0_1) r()_(N—i_l)a’

the last inequality coming from 2.6 and (2.3). A pointwise estimate for
|R(z,y)| can be derived by iterating N times Green’s formula (1.20):

Rz,y) = / M(H(z,x)+§:a(z,x)> A *ALR(2y)
=€ i=1

+ [ Tailo) ne B,
zeM

Therefore,

R 0)| < ARG ey [ (G2 + S0 avy(2)

+ HFN+1(Z>37)HL2(z;M) HR(Z’y)HLZ('z;M)'

For the right-hand side of this equation, we have
/M(yﬂ(z,x)\ + | Ez )]} dVy(2) < Cp(8, V) g N

which along with (2.3) and (2.10) gives,
(2.11) |R(z,y)| < Cp(A, V) rg "M% for ae. y € M,

Fix y € M and consider R as an m-form in . In B(rg), AR = I'n41
in harmonic coordinates is an (:1) elliptic system of the form (1.14). A
Schauder estimate in B(rg) gives

(2.12)

OR;| + 82R;| < C, R+ (T . :
e P RS o i+ |
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with Cpy depending on the C“(B(rp))-norms of the coefficients bf'] and cg.
By (1.2) and (1.4),

(2.13) 66,7l co (B(roy) < Cnym)rg ',

lexcllea(Broy < Cn,p,m)rg .

By (2.3), we in fact have (T'y41); € C. Therefore, (2.11) and (2.3) applied
to (2.12) give

sup |8§RU| < Cp(A, ral,V).
B(ro/2)

Finally, the LP bound of V2R stated in (2.9) is obtained from the regularity
of the metric given in (1.2b). O

3. The Weitzenbo6ck formula and the L? inequality

The L? case of Theorem 0.1 is a Garding type inequality, which follows
from the Weitzenbock formula when the curvature operator is bounded from
below. We show this in the following lemma:

Lemma 3.1. Suppose S > —K, with K > 0. Then

(3.2) V28l 2y < Cp(K, A0 ) (1A z20ar) + 6l r2an) -

Proof. From the Weitzenbock formula we have A = V*V + &, where £ is
the curvature term, and S > —K implies (£(¢), ¢) > —K m (n—m)|¢|? for
m-forms ¢. (For details, see [L].)

Hence, with § > — K,

(@ +8) || Fopy = ((@+0)w, (d+6)w) = (Aw,w)
= (V'Vw+ Ew,w) = (Vw, Vw) + (Ew,w)

> IVwlZaary — K m (0 —m) []|F2 ),
so that for any form w,
2
(3.3) HV("JH%?(M) < H(d + 5)WHL2(M) + K m(n—m) HWH%?(M)'

To obtain the second-order inequality, we observe that (d+¢6)V and V(d+9)
differ by a term involving only first-order derivatives. That is, (d + §)V¢ =
V(d+3d)p+a;V;p, where the a; are given in terms of Ffj, which are bounded
by n, o, and ry 1in ¢1 harmonic coordinates.



190 CAITLIN WANG

Applying (3.3) twice, we have
(3.4) V26122 0
< (d+8) Vol Zaar + K m(n—m) [Vl Lzy
= IIV(d+5)¢+aN'¢IIL2 (ary + K m(n—m) HV¢||%2
< [V (d+8)6|22 ap) + C (K mym,p, A, ry >\|V¢||L2<M>
< II(d+8)26]12ar +Km<n m) [(d+8)8l22a0) + Coll Vol 2 ar
< HA¢||L2(M)+Cp(K,n,m,A,r0 )||V¢HL2(M

For the last inequality, (d + §)?¢ = A¢, whereas for (d + 6)¢ we used the
following fact (see [GM]), which holds for all m-forms ¢:

b
n—m-+1
The estimate of || V|| 12 in (3.4) follows again by the Weitzenbdck formula:
IVElI72 0y < (¢, ) + K m (n—m)||8]|72s
< 1Adl2qan 9]l 2ar) + K m n- )9l 0an
< 1Al + C<K,n,m>\|¢||Lz<M>
The last inequality applied to (3.4) proves (3.2). O

1
0¢]* + p—— [do|* < |Vl

Lemma 3.5. There exists a constant C1 = Ci(n,p,m, K,A,?“O_I,V) such
that

(3.6) IV?Qwll 2y < Chllwllp2an-
Proof. Let p(z) = Qw(z). Since Ap(x) = w(z) — Qw(x),
IV2Qwllz2ary = V@l 22 (ar)
< Cp(K, A g ) (lwll 2eary + 1Qwllz2ary + N1l z2(ary) »

where the last inequality is given by (3.2). The estimate of ||Qw|| 2 is given
by (2.4). The estimate of |||z follows from 1.8, since

el L2ary < 1H (2, )l Lt (aaxanyllwll L2 (an
< C(na m,p, V) ||w||L2(M) g

4. Calder6n—Zygmund decomposition for forms

4.1. The following decomposition of a differential form is in reference to a
fixed harmonic coordinate atlas {uy,Uy}. However, the constants in the es-
timates derived from this decomposition will depend only on the harmonic
radius rg, and do not otherwise depend on the particular coordinate at-
las. The decomposition of the form w uses properties of the double m-form
A(z,y) defined on page 183.
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4.2. Fix an m-form w, let @ > 0 be a constant, and let ¢; = %2*1'7'0, where
ro is the harmonic radius. Let
Ey={rx e M :|w(x)| <a},
1
[Be(t)] /B, 1)

Let E; = Ez — Ei_l, so that the F; are disjoint sets and M = Ey U Ul E; up
to a set of measure 0. These sets E; are not geodesic balls, which makes it
difficult to estimate their volume. Starting with Fj, choose a set of points
r; € Ej such that the geodesic balls {B,;(2t1)} cover Ep, while the balls

B = {a: €M~ Ey: w(z)|dV,(z) > a}.

{Bg,(t1)} are disjoint. In this way, choose points {Zi,, Tiy, .., Tiy(;)} from
the sets E; so that the balls By, (t;) are disjoint from each other and from
all balls previously chosen from FEi,..., FE;_1.

By reassigning indices, we have disjoint geodesic balls {B,,(r;)} whose
union covers | J; E;, where r; is one of the ¢;. And because z; € E; but
xj & E;_1 for some ¢, we have

1

43) ——
(43) ‘ij(%j)‘ B (2r5)

|w(@)| dVy(z) <

< -

B |ij(rj)} By (r5)
Let

k—1
Qr=218 T 2rk <UB$] T‘] UUQ1>
=1

Jj=k

The sets @y are disjoint and

(4.4) M =EyU| JQk, Bu,(rx) C Qi C Bay (2r4).

4.5. To prove the weak-type inequality, we split w into a “good” and a
“bad” part with respect to the decomposition {Qy}. Define a form g by

w(x) it v € Ey,

gle) = \Qlk| /yerA(x,y) Axw(y) if z € Q.

Let w = g+ b and by, = x,b. We have directly the estimate

(4.6) ’g(x)| dvy < C) ‘w(:pﬂ dvg .
M M

With a lower bound on the Ricci curvature, the decomposition has the
following properties:
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4.7. A lower bound on the Ricci curvature yields a volume doubling con-
dition. By (4.3) and (4.4),

1 1
4.8 — d < d
(4.8) Or Qk‘w(x)\ vg(r) < Bay (r0)] B%(zrk)‘w(as)\ vg()
1
<CoATs—— w(z)| dvg(x
A‘Bg:k(?rk” sz(Q'l‘k)’ ( )‘ g( )
gCn,Aa-

4.9. Again using volume comparison, (4.3), and (4.4), we get

1 CnA
= | Ba,, (71)| sz(rk)‘w<$)‘ vg() < By, (4] Qk‘w(@‘ vg(z)
Hence,
1
10 > |Bey(4r)] < Cun ol

k

4.11. If z € Ey, then |g(z)| < a. If z € Qf, we have
1
l9(x)] < / | Az, )| |w(y)| dvg(y) < Cp(n,m, A)a,
Qx| Jar

on account of the inequality [A(z,y)| < C(n,p,m) and (4.8).
The following lemma gives the cancellation property for by.

Lemma 4.12. Let Q) and w = g+b be as defined in (4.6), where ry, < 3%7"0.
Then

A(z,y) A *bk(y)‘ < Cp(ral)@ T+ d(m,azk)) / ’w(y)‘ dvg(y).

Qk yEQkK

Proof. Since by, = xq, b = xq, (w — g), we have

Az, y) A *bi(y)
Qk

:/ Az, y) Ax(w(y) — g(y))

k

- [ A rvet) - [ Awane(g [ v nee)

1
= 0. A(z,y) N*w(y) — /zer (m yerA(x,y) A *A(y, z)> ANxw(z).

We show that
1

m /yer A(z,y) NxA(y,z) = Az, 2) + Ul(x, 2),
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where
(4.13) U(z,2)| < Cprgt(2ry + d(z, 21.))

for all x, z € Qp, which will prove the lemma.
From (1.7), we can write Arr(x,y) = gr.(y) + Brr(x,y), where

|Bre(z,y)| < Cprg td(x,y)

and gr;, = det (gialﬁ). We have

1
m eQs A($>y) A *A(yv Z)
1 I; K
= Z(‘Qk‘ o Arp(z, ) 9" (y) A sk (y, )qu(y>) da’dz
I.K yey
= (J;, Z) + Z U[K(.r, Z),
LK
where
Urk(x,2) = |Qlk| /EQ (Ark (y, 2) — Ark (2, 2)) dvg(y)
2 a \Qk‘ , B0 sy 2)dug ).
YELk
By (1.7),

|Aie(y, 2) — Air(w, 2) Z |09 (2)| 27 — 3]

Because of y € @k and (1.4), we obtain
|Aik(y, 2) — Aig(,2)| < Cprg ' (2r + d(, 21)).

Moreover ‘B}](ﬂf,y)’ < Cpral(%k + d(:v,xk)) for y € Qg, so |Urk(z,2)| <
Cpry ' (2ry + d(z,21)). Consequently,

Az, y) N*bi(y U(z,z) AN *xw(z)

A
< Cp(rgt (2rk + d(x, ) / |w(z)|dvg,

2€Q

‘Qk

and the lemma follows. O
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5. A weak-type inequality

Lemma 5.1. IfRic > —A and S > 0, there exists a constant Co depending
onn,m,p, A, V, 7"0_1, such that for all a > 0,

1
(5.2) o{weM: ‘Vivjﬂw(z” >a} <Oy ; lwll 1 (an
where o is the canonical measure of (M, g).

Proof. Denote T' = V;V;Q. For the ‘good’ part g, using properties (4.6),
(4.10), and (3.6),

U{$€M:|Tg(x)‘ /‘Tg }dvg<C (A,rg L V) /‘w )| dv,.
For the ‘bad’ part b, property (4. 8) gives
{xGM |Tb(z)| > = }< C'nA—Hpr )+ = Z/ |Tbk )| dvg.
mngk 4rg)

To prove (5.2), it suffices to show that

S Tha)]de < Gl
& méBwk(élrk)

For © ¢ By, (4r;) and y € Qp C By, (2rg), we have d(x,y) > 2rg, so
H(x,y) € C?. Hence, for such z,

Tbop(z) = / ViV H(x,y) A*bg(y).
YEQk

By construction, Q C By, (2r;) C Ba(ro) because 1, < 3—127“0. Therefore,
each @y is contained in some coordinate By (7¢), in which we have

0

h(l’, y)A(.T, y) + h(I, y)vmzvmﬂA($a y) + K(l’, y),

where

v.y) = ST ()bl ) A, )
k

We estimate each term separately. Let Tby = Spbr + Sabg + Sobi, where

Subi(x) = / (05051 ) A 9) A xily),
Sabi(z) = / )T A ) A x i),

Sobr(x) = K(z,y) A *bi(y).
YEQy
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Since ‘K(w, y)‘ < Cprytd(z,y)' ™", we immediately have
(5.3) Z/ | Sob ()| dug(z) < Cp(A, V) TalHWHLl(M)-
k ng‘”k 4Tk)

An estimate for S, follows easily from the L? bound of V2A. For a.e. v,

/ A2, 9)* " |VeV s Al )| dvg ()
xE By (47r1)

< Ay ) 2 duy (a ) VA )|,
(/I%W H lovas

1
7

1 iro p—n+1 P
< Cp(Ayrg 7, V) / s =1 ds| .

=4ry,

=

Since p > n, we have
(5.4) %:/x |Sabk(z)] dvg(z) < Cp(A, 15", V) Ek: /Qljbk(y)‘ dvg(y)

Turning to the term Sp, it is of order d(z,y)™ ™. Here we rely on the
cancellation behavior of by,.

From the definition, h(az,y) is 0 for d(x,y) > 3ro. Hence, Shbk( ) =0if
d(z,z) > 37“0 With r, < 2 kro, let Dy = {x dr < d(z,xp) < 7“0}
and Dy = {x 0 < d(x, wk) ro} Consider the integral of !Shbk )‘ over
{x & By, (4ry) } as an integral over D; and Ds.

If z € Dy, y € Qp, then d(z,z) > %ro and d(y,zi) < %67’0, so that
d(z,y) > {sro. Hence, for z € Dy, |8¢8jh(x,y)‘ < Crpp™Max,y) < Cpry™. It
follows easily, after summing over k, that

(5.5) > /D ISbk(@)] () < Gyl 75 ) lnn

Qsz (4Tk)

In Dy, write

56) Siale) = [ (Brdah(e3) — Ddhohle, m0) Al ) A xx(0)
S 9>

+ 0,0, h(z, 78) / Az, y) A by(y).

YEQK

We show that 9%h(z,y) — 0*h(z, zy) gains r{, compensated by 7, *. That
is, for & € By, (4r) and y € Q C By, (2r1), we have

(5.7) 1040, h(z,y) — 0,i0h(x, )| < Cp roflfarkd(:c,xk)_”
+ Cprg 'O [d(w, By, (2rk)] " 4 Gy [d(w, By, (2r)] 7"
to see this, recall that in D; the cutoff function is f(z,y) =1 = f(x,xy).
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The terms of order p™" in (n — 2)w,—10,:0,:h(x,y) are
(5.8) g (e "(@,y) —np " 2w, y) Y ginW)gay) (" — yF) (@t — o).

For the first term g;;p ",
|9:(y)p™" (2, y) — gij(ka)p‘"(m )|
< |9ij (W) — gi(zw)|p~ " (@, k) + |95 (W) || o (2, 9) — p~ " (2, )|
< Cpr()_ d(y7xk)p (:vak)
+ 4| () = p* ()| |02 (@, y)p ™" (w,an) + p~ ", y)p~ 2 (2, @) .
Using the bound for g;; in C%, we have
|0? (k) = p (2, 9)| < Cprg ™ (2r) d(, y) + drg (d(z, z1) + d(2,y)),
where d(y, ) < 2rj because y € Q. Also,
4% (@, x) — (s y)| o2 (@, 9)p " (m,m) + o~ ", y)p 2 (2, ) |
<G, ralfo‘rgd@, xp) "+ Cprid(z, xk)_"_l.

Calculation for the second term of (5.8) proceeds similarly.
We now apply (5.7) and Lemma 4.12 to the first and second terms of
(5.6), respectively. We have

|Subk ()| < Cprg ) 7 d(fvank(Qrk))_n_l/ |01 ()| dvy (y)
YEQK
+Cp(ry M) (re d(z, ) " +rid(a, Bwk(2rk))_n)/ 0 |0k ()] dvg(y)
yel

+Cp(r61)(2rk—|—d($,l’k))d(zn,xk)_" /GQ |w(y)’ dvg(y)

Integrate each of these terms over z € D; and use the lower bound of the
Ricci curvature. The leading singular terms are

- r0/8 1
rk/ d(x, Bxk(Qrk)) 1dvg(x) < Cn,Ark/ s 2ds < Chna < - 87%)
xeDy s

:4Tk 4 TO
and
ro/8
7“,‘3‘/ d(z,zr) "dvg(x) < C’nvArg‘/ sTlds = O, ATy log 32
€D s=4ry,
< Cn A 372 eil/a

The lower-order terms are similarly bounded. We have proved that

/ ]slbk(x)mug(x)<cp(A,r0—1)/ w(y)| o,
x€Dq Qk
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where the constant does not depend on r;. Summed over k,
(5.9) Z/ |Sub (@) | dvg(z) < Cp(A, g D|wll L1 (an)-
xeD
This and (5.5) complete the estimate of Sj, and the proof of Lemma 5.1. O

6. Proof of Theorem 0.1

6.1. The operator T = V?Q is bounded on L? by means of the constant
Cy of Lemma 3.5, and is of weak type (1,1) with constant Cs given in
Lemma 5.1. Hence, Marcinkiewicz interpolation gives

|TwllLa(ary < Cyllwllzaary for 1<g<2,

where C, depends on C1,Ca, not on T or w.
To prove that T is bounded also for 2 < g < 0o, we show that

1T | Laary < Co(Asrg V) [l Laqary  for 1< g <2
Write T* = Q*V*V* as T* = T} + T3, where
T3o(z) = / (@), VAl 2) A 00).
ye

It suffices to show that 77 is bounded on L? for 1 < ¢ < 2, and that T3 is
of weak type, since the L? inequality for 7* holds by duality.

Lemma 6.2. There exists Cy(A,ry ", V) such that

175U Laary < Coll¥ollpaary for 1< g<2.

1 1 1 1 1
Proof. Given q € (1,2], for — + - + -~ =1, and — + — = 1, we have
p q T p D

I T30(@)| < V5@ 0)lloian 10y, )15 17

x (/yeM\h(y, :r)!p,!zb(y)lqdvg(y));

By (1.11),
/x |T52p(2)|* dug()
SCq(A,ro_l,V)/yEM</IEM\ ) dvg(a )\w )| dug(y).

|h(y,x)||» is easily bounded by the same constants and the lemma follows.
([
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To show that T} is of weak type (1,1), we consider the decomposition
Y =g+ b, with:

1/1($) if x € Ey

g(x) = |Qlk|fyer Aly,z) Axip(y) if z € Qp.

The rest of the proof of the weak-type inequality is similar and we shall omit
it here. We only remark that the cancellation of the leading order term here
is given by

} i yJ 8 8 h xk, ‘<C dwlw )d(xaBl’k(zrk))inil'

6.3. We have proved that there exists Cy = Cy(A, 1"0_1, V'), such that

(6.4) IV?Qwl Loy < Collwlloary for 1< g < oo,

Lemma 6.5. Given 1 < q < oo, there exists a constant Cq(A, ro_l, V) such
that for all m-forms w, andi=1,..., N,

(6.6) IV2QQ"wl|za(ary < Cigllwllpacan)
Proof. The proof is a direct application of (6.4) and (2.4). O

6.7. The proof of Theorem 0.1 is now complete: Given 1 < ¢ < 00, choose
p > max {¢,n}, and for H;: construct the Green form G(z,y) = H(x,y) +
> Fi(z,y)+R(z,y) in CH* harmonic coordinates, with o = 1-2. Represent
the solution of A¢ = w in H;- by the operator G = Q + >, 00+ R.

Theorem 0.1 follows from (6.4), (6.6), and (2.8). O
7. Concluding remarks
7.1. If ¢ € H: by Hodge theory we have
Y =ddGY + 6dGY = ddGY + 0Gdy.

In this case, we have the following Poincaré—Sobolev inequality as a conse-
quence of Theorem 0.1.

Corollary 7.2. Under the same conditions as Theorem 0.1, for 1 < ¢ < oo,
there exists a constant Aq(n,m, A, K,ig, V'), such that, for all m-forms 1,

[ = d6GY || Lraqary < Aglldell Lo
Proof. Let dip = w. We prove
(7.3) IVoGw||re < Agllw||La-
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Let Gw = ¢. In an orthonormal base,

vk = Y (- u T m)
<

(41 tm—+1) J

< > Y (VaViineing)

(i1 tm1) J
We apply Theorem 0.1 to ¢ € H . Since w € H* 1, We obtain (7.3). O

(n —m)|V?¢|*.

7.4. By Sobolev embedding it follows from 7.1 and 7.2 that if d¢b = 0,
Y € H- then

n—-p 1
(/ \w\n’“’p) K gcq</ |dwp>”, i1 1
M M P q n

7.5. When M is locally conformally flat, the Weyl curvature tensor van-
ishes identically. On the other hand, when M is even-dimensional, it was
shown by J.-P. Bourguignon ([B], Corollary 8.8) that the Laplace operator
on 5-forms can be expressed in terms of the Weyl curvature and the scalar
curvature:

1
A=VV-WH —
VIV W g

where the manifold is of dimension n = 2m, R is the scalar curvature, and

Z1 “Im § : z :Wk:’bgjla i1+ Zﬁk Za] T

a,0=1j,k=1
Hence, when M is locally conformally flat, we can state:

Theorem 7.6. Let M be an even-dimensional compact Riemannian man-
ifold without boundary with inj (M) > i, Vol (M) < V, |Ric| < A, and
scalar curvature R > —K. Suppose M s locally conformally flat. Then for
1 < g < o0, there exists a constant Cqy = C(q,n, A, K, iy, V) such that

IV2@ll Lacary < Call Adllaqary,
for any 5-form ¢ € Hn/2

The proof of Theorem 7.6 proceeds as for Theorem 0.1, with the exception
that (3.2) holds with only the assumption on lower bound of the scalar
curvature.
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