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For a compact closed n-dimensional manifold, we derive
the Calderón–Zygmund inequality for the Hodge Laplacian,
with constants depending only on bounds on the injectivity
radius, volume and the curvature operator. We obtain the
Poincaré–Sobolev inequality for forms as a consequence.

Introduction

On a compact Riemannian manifold M without boundary, we give L2,q

estimates for differential forms φ in terms of ∆φ, where ∆ is the Hodge
Laplacian. Calderón–Zygmund theory and its techniques on Rn treat certain
singular integral operators of which Green’s operator for the Laplacian is a
basic example. Here we generalize these techniques to apply to forms on
a manifold. Our goal is to obtain a Calderón–Zygmund inequality where
the constant depends only on geometric quantities. The main result of this
article is the following:

Theorem 0.1. Let (Mn, g), n ≥ 3, be a compact, connected, oriented Rie-
mannian manifold without boundary. Suppose that

(∗) inj(M) ≥ i0, Vol(M) ≤ V, and |Ric| ≤ Λ,

and that the curvature operator S is bounded from below with S ≥ −K,
for some constant K ≥ 0. For 1 < q < ∞, there exists a constant Cq =
C(q, n,Λ,K, i0, V ), such that for any m-form φ ∈ H⊥

m,

‖∇2φ‖Lq(M) ≤ Cq ‖∆φ‖Lq(M),

where Hm is the space of harmonic m-forms.

Remarks 0.2.
(i) This work extends some of the results in [H] for functions, and gives

new estimates for forms.
(ii) In the case of 1-forms, the condition on the curvature operator is not

necessary, and Theorem 0.1 holds with an assumption on the Ricci
curvature only.

(iii) With lower bounds on the Ricci curvature and the injectivity radius,
one can also replace the condition Vol(M) ≤ V in (∗) by Diam(M) ≤ d.
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Theorem 0.1 leads to a Poincaré–Sobolev inequality:

Corollary 0.3. With Mn as in Theorem 0.1, for 1 < q < ∞, there exists
a constant Aq, depending only on n, q,Λ,K, i0, V , such that for all coclosed
m-forms ψ ∈ H⊥

m,(∫
M
|ψ|

np
n−p

)n−p
np

≤ Aq

(∫
M
|dψ|p

)1
p

, where
1
p

=
1
q
− 1
n
.

0.4. . We summarize the methods and organization of this article. To prove
Theorem 0.1, we derive estimates of the Green form on H⊥

m under the condi-
tions given in (∗) — this is done in Section 2. Our estimates depend on the
lower bound on λ1,m, the first eigenvalue of the Hodge Laplacian, following
from the work of Chanillo and Treves [CT]. We represent the solution of
∆φ = ω in H⊥

m as a singular integral using the Green form constructed in
suitable coordinates. Given 1 < q <∞, we choose p so that p > max{q, n},
and fix a C1,α harmonic coordinate atlas with α = 1− n

p . We use regularity
of the metric in these coordinates to obtain estimates of the Green form in
terms of the harmonic radius. In Section 3, we derive Theorem 0.1 for p = 2
from the Weitzenbock formula and lower bound of the curvature operator.
To obtain estimates of∇2φ in Lp, we introduce a Calderón–Zygmund decom-
position for forms on a manifold (Section 4) and prove a weak-type inequality
(Section 5). The proof of Theorem 0.1 is given in Section 6. We conclude in
Section 7 with applications of Theorem 0.1 in proving the Poincaré–Sobolev
inequality and in the study of locally conformally flat manifolds.

1. Construction of the Green form for the Hodge Laplacian

The result on the Cα-compactness of Riemannian manifolds that we will use
is the following theorem of Anderson. Our method requires the following
C1,α harmonic coordinates:

Theorem 1.1 (Anderson, [An, 2.2]). Let Mn be a compact manifold with

|Ric| ≤ Λ, inj(M) ≥ i0, Vol(M) ≤ V.

Given α ∈ (0, 1), there exists r0 = C(n, α, i0,Λ) > 0 and a finite atlas of
harmonic coordinate charts {uλ, Bxλ

(r0)}λ=1,...,N such that:

(i) The coordinate functions ui : Bx(r0) → R are harmonic.
(ii) The sets Bxλ

(r0/2) cover M , and the number N of coordinates is
bounded from above by a constant depending on V,Λ, i0, n.

(iii) The metric components in this coordinate system,

gij(y) = g

(
∂

∂ui

∣∣∣
y
,
∂

∂uj

∣∣∣
y

)
,
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satisfy

gij(x) = δij , ∂gij(x) = 0,(1.2a)
1
4δij ≤ gij(y) ≤ 4δij for y ∈ Bx(r0), and

‖∂2gij‖Lp(Bx(r0)) ≤ r−1−α
0 ,(1.2b)

where p > n is defined by α = 1− n
p .

1.3. . The above convergence of Riemannian metrics is actually in L2,p [An].
By the Sobolev embedding L2,p ⊂ C1,α,

sup
B(r0)

|∂g| ≤ C(n, p) rα
0 ‖∂2g‖Lp(B(r0)) ≤ C(n, p) r−1

0 .(1.4)

Notation 1.5. We fix q ∈ (0,∞) and assume throughout that |Ric| ≤ Λ.
We choose p > max{q, n}, and fix a C1,α harmonic coordinate atlas with
α = 1− n

p . Without explicit statements, all constants shall depend on n, the
dimension of M , and m, the degree of the forms. Indices in capital letters
are multi-indices: I = (i1 · · · im), and gIJ = det(giαjβ

) forms an
(

n
m

)
×

(
n
m

)
matrix. Greek letter indices always run from 1 to m, while Latin letter
indices such as j or jα run from 1 to n regardless of subscripts.

1.6. . In C1,α harmonic coordinates, define a distance function on Bλ(r0)
by

ρ2
λ(x, y) =

∑
i,j

gij(y)(xi − yi)(xj − yj),

and a distance function on M by ρ2(x, y) =
∑

λ χλ(y)ρ2
λ(x, y), where {χλ}

is a partition of unity subordinate to the coordinate atlas.
We use this distance function to construct the parametrix of the Green

form. (See [dR].) Let

h(x, y) =
(
(n−2)ωn−1

)−1
ρ(x, y)2−nf(x, y),

where ωn−1 is the volume of the standard sphere Sn and f(x, y) is a smooth
cut-off function equal to 1 if d(x, y) ≤ r0/4 and to 0 if d(x, y) ≥ r0/2.

Define a double m-form A ∈
∧m(M × M) by taking m-fold exterior

products in x and in y:

A(x, y) =
m∧
x

m∧
y

(
dxdy(−1

2ρ(x, y)
2)

)
.

In coordinates, the components of A(x, y) are determinants of m ×m ma-
trices,

AIJ(x, y) = det(Aiα,jβ
),
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where

Ai,j(x, y) = gij(y) +
∑

k

∂gik(y)
∂yj

(xk − yk).(1.7)

Finally, define the double m-form H(x, y) = h(x, y) ∧ A(x, y).

1.8. . As immediate consequences of the choice of coordinates, we have

|H(x, y)| ≤ Cp d(x, y)2−n.

Since ∂xkAi,j = ∂jgik(y) and
∣∣Γi

jk(x)
∣∣ ≤ Cp r

−1
0 by (1.4), we have∣∣∇xA(x, y)

∣∣ ≤ Cp r
−1
0 .(1.9)

Hence, ∣∣∇H(x, y)
∣∣ ≤ Cp r

−1
0 d(x, y)1−n.

1.10. . It follows from (1.2b) that ‖∂Γ‖Lp(Bλ(r0)) ≤ Cn r
−1−α
0 , so that we

have estimates for ∇i∇jAIJ in Lp. We in fact have∥∥∇xi∇xjA(x, y)
∥∥

Lp(M)
≤ Cp(Λ, r−1

0 , V ).(1.11)

1.12. . In harmonic coordinates, it is well-known that the Laplace operator
on functions reduces to ∆f = −

∑
i,j g

ij∂i∂j , which does not involve deriva-
tives of the metric. We show that the Laplacian on forms likewise simplifies
in harmonic coordinates. More precisely, we show that second derivatives
of the metric, ∂2gij , do not appear. This is the key that allows us to give a
pointwise estimate of ∆H in terms of r0 (Lemma 1.16). In fact, by direct
computation in coordinates, we have

∆ωi1···im = −gij∂i∂jωi1···im +(2 gijΓkα
jiα
− ∂iαg

kαi)∂iωi1···kα···im(1.13)

− gijΓkα
iiα

Γlβ
jiβ
ωi1···kα···lβ ···im+ gij∂iΓkα

jiα
ωi1···kα···im

− gikα∂iΓ
lβ
iβiα

ωi1···kα···lβ ···im+ ∂iα

(
gkαlΓlβ

iβ l

)
ωi1···lβ ···kα···im.

By exchanging summations
∑m

α=1 and
∑m

β=1, antisymmetry causes cancel-
lation in the ∂Γ terms in (1.13). Hence, we have

∆ωi1···im = −gij∂i∂jωi1···im + (2 gijΓkα
jiα

− ∂iαg
kαi)∂iωi1···kα···im

− gijΓkα
iiα

Γlβ
jiβ
ωi1···kα···lβ ···im + ∂iα

(
gjlΓkα

jl

)
ωi1···kα···im .

However, in harmonic coordinates,
∑n

j,k=1 g
jkΓl

jk = 0 for each l = 1, . . . , n.
Therefore,

∆ωI = −gij(x)∂i∂jωI(x) +
∑
j,J

bi,J(x)∂iωJ(x) +
∑
K

cK(x)ωK(x),(1.14)
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where bi,J = 2gijΓkα
jiα

− ∂iαg
kαi and cK = −gijΓkα

iiα
Γlβ

jiβ
, J = (i1 · · · kα · · · im)

and K = (i1 · · · kα · · · lβ · · · im). Formula (1.14) shows that the coefficients
bi,J and cK in ∆ω are controlled in C1,α harmonic coordinates.

An immediate consequence of (1.14) is∣∣∆xA(x, y)
∣∣ ≤ Cp r

−2
0 ,(1.15)

which follows directly from (1.2), (1.4), and (1.7).

Lemma 1.16. In a C1,α harmonic coordinate atlas with harmonic radius
r0, we have ∣∣∆H(x, y)

∣∣ ≤ Cp r
−α
0 d(x, y)α−n.(1.17)

Proof. Write

∆H(x, y) = ∆h(x, y) ∧A(x, y) + h(x, y) ∧∆A(x, y)− 2β(x, y),

where βIJ(x, y) = ∇ih(x, y)∇iAIJ . In [H], Proposition 3.2, it is shown that
the function h in Cα-harmonic coordinates satisfies∣∣∆xh(x, y)

∣∣ ≤ C(n, p,m) r−α
0 d(x, y)α−n.(1.18)

For completeness, its proof is outlined here. The terms in ωn−1∆xh(x, y) =
−ωn−1g

ij(x)∂xi∂xjh(x, y) of order d(x, y)−n are computed:

− 1
n−2

gij(x)∂xi∂xjρ2−n(x, y)

= gij(x)gij(y)ρ−n(x, y)

− ngij(x)ρ−n−2(x, y)
(∑

k

gjk(y)(xk − yk)
)(∑

l

gil(y)(xl − yl)
)

+ · · · .

Writing gij(x) = gij(y) +
(
gij(x)− gij(y)

)
, this becomes∑

i,j

(
gij(x)− gij(y)

)
gij(y)ρ−n(x, y)

− nρ−n−2
∑ (

gij(x)− gij(y)
)
gjk(y)gil(y)(xk − yk)(xl − yl),

which is bounded by

r−α
0 d(x, y)α|gij |ρ−n(x, y)−nρ−n−2r−α

0 d(x, y)α|gjk||gil|(xk−yk)(xl−yl)

≤ Cnr
−α
0 d(x, y)α−n.

The terms of next higher order in ∆xh(x, y) are bounded by C(n) r−1
0 ρ1−n,

so that (1.18) holds. Lemma 1.16 follows from (1.9), (1.15), and (1.18). �



186 CAITLIN WANG

1.19. . From Lemma 1.16, one obtains Green’s formula: for all m-forms
φ ∈ C2,

φ(x) =
∫

M
H(y, x) ∧ ?∆φ(y)−

∫
M

∆yH(y, x) ∧ ? φ(y),(1.20)

so that H(x, y) = h(x, y)∧A(x, y) is a parametrix for the Hodge Laplacian.
The proof of (1.20) follows the same argument as that of Green’s formula
for a parametrix constructed in normal coordinates (see for example [dR]),
and shall be omitted here.

1.21. . The Green form can then be constructed from H(x, y) by iterating
Green’s formula. (See [Au].) We fix some notation to be used later. Set

Ωφ(x) =
∫

y∈M
H(x, y) ∧ ? φ(y),

Qφ(x) = −
∫

y∈M
∆xH(x, y) ∧ ? φ(y).

Green’s formula (1.20) can be written as I = Ω?∆ + Q?, where (Ωφ, ψ) =
(φ,Ω?ψ). Taking metric transposes, we obtain the second Green’s formula

I = ∆Ω +Q,(1.22)

Let

G(x, y) = H(x, y) +
N∑

i=1

Fi(x, y) +R(x, y),

where Γ1(x, y) := −∆xH(x, y),

Γi+1(x, y) :=
∫

z∈M
Γ1(x, z) ∧ ?Γi(z, y),

Fi(x, y) :=
∫

z∈M
H(x, z) ∧ ?Γi(z, y).

We define R(x, y) as the unique solution of

∆xR(x, y) = ΓN+1(x, y),(1.23)

since we shall consider forms in H⊥
m. Also, let

Qiω(x) =
∫

M
Γi(x, y) ∧ ?ω(y).

With these notations, Fi = ΩQi. We have

∆G = ∆Ω + ∆
N∑

i=1

Fi + ∆R = I −Q+
N∑
i

∆ΩQi +QN+1

= I −Q+
N∑

i=1

(
Qi −Qi+1

)
+QN+1 = I.
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Hence, the G(x, y) defined above gives the Green form on H⊥
m.

2. Estimating the Green form

2.1. . As is well-known (see [Au], [dR]), we obtain the following bounds
from the smoothing property of Q = I − ∆Ω. In the following, Λ is the
(lower) bound on Ricci curvature.

For each i = 1, . . . , N ,∣∣Γi(x, y)
∣∣ ≤ Cp(Λ, V ) r−iα

0 d(x, y)iα−n.(2.2)

This follows from Lemma 1.16, wherein
∣∣Γ1(x, y)

∣∣ ≤ Cp r
−α
0 d(x, y)α−n.

Subsequent estimates for
∣∣Γi(x, y)

∣∣ are obtained inductively, and using the
lower bound on the Ricci curvature. Details can be found in [Au].

In particular, if N ≥ n/α, then for all x, y ∈M ,∣∣ΓN+1(x, y)
∣∣ ≤ Cp(Λ, V )r−(N+1)α

0 .(2.3)

By (2.2), there exists Ci (depending on p,Λ, r−1
0 , V ) that is an upper

bound for both
∫
x∈M

∣∣Γi(x, y)
∣∣ dvg(x) for a.e. y and

∫
y∈M

∣∣Γi(x, y)
∣∣ dvg(y) for

a.e. x. Therefore, for 1 < q <∞, we have∥∥Qiω(x)
∥∥

Lq(M)
≤ Ci ‖ω‖Lq(M).(2.4)

It follows from 1.8 and (2.2) that∣∣Fi(x, y)
∣∣ ≤ Cp(Λ, V ) r−iα

0 d(x, y)2+iα−n.(2.5)

2.6. . It follows from the Cα compactness of manifolds ([AC]; see also
[An]) and from the continuous dependence of λj,m on the metric, proved
by Cheeger and Dodziuk [Do], that there is a lower bound for λj,m in terms
of the geometric quantities in (∗). In fact, in our fixed harmonic coordinate
cover {uλ, Bxλ

(r0)}, under condition (∗), the pullback under the coordinate
map of the canonical measure of (M, g), written dτλ = (u−1

λ )?vg, satisfies

B−1 ≤
∣∣∣∣dτλdµ

∣∣∣∣ ≤ B

(dµ being Lebesgue measure), for some constant B depending on i0, V,Λ, n.
We let {χλ} be a C∞ partition of unity satisfying ‖dχλ‖L∞ ≤ Cnr

−1
0 . The

method of Chanillo and Treves [CT] applied to this cover, with L2 estimates,
gives the lower bound λ1,m ≥ Cp(i0,Λ, V, r−1

0 ).

Lemma 2.7. Let

Rω(x) =
∫

y∈M
R(x, y) ∧ ?ω(y),
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where R(x, y) is as given in (1.23). Then there exists a constant Cq(Λ, r−1
0 , V )

such that

‖∇2Rω‖Lq(M) ≤ Cq‖ω‖Lq(M).(2.8)

Proof. Given 1 < q < ∞, we work with harmonic coordinates as in (1.2),
with p > max {q, n}. It suffices to show that∥∥∇2

xR(x, y)
∥∥

Lp(x;M)
≤ Cp(Λ, r−1

0 , V ),(2.9)

independently of y ∈M , where α = 1− n
p .

Assuming (2.9), and using the inequality

‖∇2Rω‖q
Lq ≤ V q(p−1)/p

∫
M

∥∥∇2
xR(x, y)

∥∥q

Lp(x;M)

∣∣ω(y)
∣∣qdVg(y),

we obtain (2.8). There remains to prove (2.9).

Since ∆xR(x, y) = ΓN+1(x, y), with N ≥ n
α , by (2.3) we have for a.e. y,∥∥R(x, y)

∥∥
L2(x;M)

≤ 1
λ1,m

∥∥ΓN+1(x, y)
∥∥

L2(x;M)

≤ Cp(i0,Λ, V, r−1
0 ) r−(N+1)α

0 ,

(2.10)

the last inequality coming from 2.6 and (2.3). A pointwise estimate for
|R(x, y)| can be derived by iterating N times Green’s formula (1.20):

R(x, y) =
∫

z∈M

(
H(z, x) +

N∑
i=1

Fi(z, x)
)
∧ ?∆zR(z, y)

+
∫

z∈M
ΓN+1(z, x) ∧ ?R(z, y).

Therefore,∣∣R(x, y)
∣∣ ≤ ∥∥(∆zR(z, y))

∥∥
L∞(z;M)

∫
M

(∣∣H(z, x)
∣∣ +

∑
i

∣∣Fi(z, x)
∣∣) dVg(z)

+
∥∥ΓN+1(z, x)

∥∥
L2(z;M)

∥∥R(z, y)
∥∥

L2(z;M)
.

For the right-hand side of this equation, we have∫
M

(∣∣H(z, x)
∣∣ +

∑
i

∣∣Fi(z, x)
∣∣) dVg(z) ≤ Cp(Λ, V ) r−Nα

0 ,

which along with (2.3) and (2.10) gives,∣∣R(x, y)
∣∣ ≤ Cp(Λ, V ) r−2(N+1)α

0 for a.e. y ∈M .(2.11)
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Fix y ∈ M and consider R as an m-form in x. In B(r0), ∆R = ΓN+1

in harmonic coordinates is an
(

n
m

)
elliptic system of the form (1.14). A

Schauder estimate in B(r0) gives

r0 sup
B(r0/2)

|∂RI |+ r20 sup
B(r0/2)

|∂2RI | ≤ C0

(
sup
B(r0)

|RI |+
∥∥(ΓN+1)I

∥∥
Cα(B(r0))

)
,

(2.12)

with C0 depending on the Cα(B(r0))-norms of the coefficients bjJ and cK .
By (1.2) and (1.4),

‖bi,J‖Cα(B(r0)) ≤ C(n,m) r−1−α
0 ,(2.13)

‖cK‖Cα(B(r0)) ≤ C(n, p,m) r−2−α
0 .

By (2.3), we in fact have (ΓN+1)I ∈ C1. Therefore, (2.11) and (2.3) applied
to (2.12) give

sup
B(r0/2)

|∂2
xRIJ | ≤ Cp(Λ, r−1

0 , V ).

Finally, the Lp bound of ∇2R stated in (2.9) is obtained from the regularity
of the metric given in (1.2b). �

3. The Weitzenböck formula and the L2 inequality

The L2 case of Theorem 0.1 is a G̊arding type inequality, which follows
from the Weitzenböck formula when the curvature operator is bounded from
below. We show this in the following lemma:

Lemma 3.1. Suppose S ≥ −K, with K ≥ 0. Then

‖∇2φ‖L2(M) ≤ Cp(K,Λ, r−1
0 )

(
‖∆φ‖L2(M) + ‖φ‖L2(M)

)
.(3.2)

Proof. From the Weitzenböck formula we have ∆ = ∇?∇ + E , where E is
the curvature term, and S ≥ −K implies

〈
E(φ), φ

〉
≥ −Km (n−m) |φ|2 for

m-forms φ. (For details, see [L].)
Hence, with S ≥ −K,∥∥(d+ δ)ω

∥∥2

L2(M)
=

(
(d+ δ)ω, (d+ δ)ω

)
= (∆ω, ω)

= (∇?∇ω + Eω, ω) = (∇ω,∇ω) + (Eω, ω)

≥ ‖∇ω‖2
L2(M) −Km (n−m) ‖ω‖2

L2(M),

so that for any form ω,

‖∇ω‖2
L2(M) ≤

∥∥(d+ δ)ω
∥∥2

L2(M)
+Km (n−m) ‖ω‖2

L2(M).(3.3)

To obtain the second-order inequality, we observe that (d+δ)∇ and ∇(d+δ)
differ by a term involving only first-order derivatives. That is, (d+ δ)∇φ =
∇(d+δ)φ+ai∇iφ, where the ai are given in terms of Γk

ij , which are bounded
by n, α, and r−1

0 in C1,α harmonic coordinates.
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Applying (3.3) twice, we have

‖∇2φ‖2
L2(M)(3.4)

≤ ‖(d+ δ)∇φ‖2
L2(M) +Km(n−m)‖∇φ‖2

L2(M)

= ‖∇(d+ δ)φ+ ai∇iφ‖2
L2(M) +Km(n−m)‖∇φ‖2

L2(M)

≤ ‖∇(d+ δ)φ‖2
L2(M) +C(K,n,m,p,Λ, r−1

0 )‖∇φ‖2
L2(M)

≤ ‖(d+ δ)2φ‖2
L2(M) +Km(n−m)‖(d+ δ)φ‖2

L2(M) +Cp‖∇φ‖2
L2(M)

≤ ‖∆φ‖2
L2(M) +Cp(K,n,m,Λ, r−1

0 )‖∇φ‖2
L2(M).

For the last inequality, (d + δ)2φ = ∆φ, whereas for (d + δ)φ we used the
following fact (see [GM]), which holds for all m-forms φ:

1
n−m+ 1

|δφ|2 +
1

m+ 1
|dφ|2 ≤ |∇φ|2.

The estimate of ‖∇φ‖L2 in (3.4) follows again by the Weitzenböck formula:

‖∇φ‖2
L2(M) ≤ (∆φ, φ) +Km (n−m)‖φ‖2

L2(M)

≤ ‖∆φ‖L2(M)‖φ‖L2(M) +Km (n−m)‖φ‖2
L2(M)

≤ ‖∆φ‖2
L2(M) + C(K,n,m)‖φ‖2

L2(M).

The last inequality applied to (3.4) proves (3.2). �

Lemma 3.5. There exists a constant C1 = C1(n, p,m,K,Λ, r−1
0 , V ) such

that

‖∇2Ωω‖L2(M) ≤ C1‖ω‖L2(M).(3.6)

Proof. Let ϕ(x) = Ωω(x). Since ∆ϕ(x) = ω(x)−Qω(x),

‖∇2Ωω‖L2(M) = ‖∇2ϕ‖L2(M)

≤ Cp(K,Λ, r−1
0 )

(
‖ω‖L2(M) + ‖Qω‖L2(M) + ‖ϕ‖L2(M)

)
,

where the last inequality is given by (3.2). The estimate of ‖Qω‖L2 is given
by (2.4). The estimate of ‖ϕ‖L2 follows from 1.8, since

‖ϕ‖L2(M) ≤ ‖H(x, y)‖L1(M×M)‖ω‖L2(M)

≤ C(n,m, p, V ) ‖ω‖L2(M). �

4. Calderón–Zygmund decomposition for forms

4.1. . The following decomposition of a differential form is in reference to a
fixed harmonic coordinate atlas {uλ, Uλ}. However, the constants in the es-
timates derived from this decomposition will depend only on the harmonic
radius r0, and do not otherwise depend on the particular coordinate at-
las. The decomposition of the form ω uses properties of the double m-form
A(x, y) defined on page 183.
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4.2. . Fix an m-form ω, let a > 0 be a constant, and let ti = 1
162−ir0, where

r0 is the harmonic radius. Let

E0 = {x ∈M : |ω(x)| ≤ a},

Ẽi =
{
x ∈M − E0 :

1
|Bx(ti)|

∫
Bx(ti)

|ω(x)|dVg(x) > a

}
.

Let Ei = Ẽi − Ẽi−1, so that the Ei are disjoint sets and M = E0 ∪
⋃

iEi up
to a set of measure 0. These sets Ei are not geodesic balls, which makes it
difficult to estimate their volume. Starting with E1, choose a set of points
xj ∈ E1 such that the geodesic balls {Bxj (2t1)} cover E1, while the balls
{Bxj (t1)} are disjoint. In this way, choose points {xi1 , xi2 , . . . , xiN (i)} from
the sets Ei so that the balls Bxi(ti) are disjoint from each other and from
all balls previously chosen from E1, . . . , Ei−1.

By reassigning indices, we have disjoint geodesic balls {Bxj (rj)} whose
union covers

⋃
iEi, where rj is one of the ti. And because xj ∈ Ei but

xj 6∈ Ei−1 for some i, we have

1∣∣Bxj (2rj)
∣∣ ∫

Bxj (2rj)

∣∣ω(x)
∣∣ dVg(x) ≤ a

≤ 1∣∣Bxj (rj)
∣∣ ∫

Bxj (rj)

∣∣ω(x)
∣∣ dVg(x).

(4.3)

Let

Qk = Bxk
(2rk)−

( ⋃
j≥k

Bxj (rj) ∪
k−1⋃
i=1

Qi

)
.

The sets Qk are disjoint and

M = E0 ∪
⋃
k

Qk, Bxk
(rk) ⊂ Qk ⊂ Bxk

(2rk).(4.4)

4.5. . To prove the weak-type inequality, we split ω into a “good” and a
“bad” part with respect to the decomposition {Qk}. Define a form g by

g(x) =


ω(x) if x ∈ E0,

1
|Qk|

∫
y∈Qk

A(x, y) ∧ ?ω(y) if x ∈ Qk.

Let ω = g + b and bk = χQk
b. We have directly the estimate∫

M

∣∣g(x)∣∣ dvg ≤ Cp

∫
M

∣∣ω(x)
∣∣ dvg .(4.6)

With a lower bound on the Ricci curvature, the decomposition has the
following properties:
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4.7. . A lower bound on the Ricci curvature yields a volume doubling con-
dition. By (4.3) and (4.4),

1
|Qk|

∫
Qk

∣∣ω(x)
∣∣ dvg(x) ≤

1∣∣Bxk
(rk)

∣∣ ∫
Bxk

(2rk)

∣∣ω(x)
∣∣ dvg(x)(4.8)

≤ Cn,Λ
1∣∣Bxk
(2rk)

∣∣ ∫
Bxk

(2rk)

∣∣ω(x)
∣∣ dvg(x)

≤ Cn,Λ a.

4.9. . Again using volume comparison, (4.3), and (4.4), we get

a ≤ 1∣∣Bxk
(rk)

∣∣ ∫
Bxk

(rk)

∣∣ω(x)
∣∣ dvg(x) ≤

Cn,Λ

|Bxk
(4rk)|

∫
Qk

∣∣ω(x)
∣∣ dvg(x).

Hence, ∑
k

∣∣Bxk
(4rk)

∣∣ ≤ Cn,Λ
1
a
‖ω‖L1(M).(4.10)

4.11. . If x ∈ E0, then |g(x)| ≤ a. If x ∈ Qk, we have∣∣g(x)∣∣ ≤ 1
|Qk|

∫
M

∣∣A(x, y)
∣∣ ∣∣ω(y)

∣∣ dvg(y) ≤ Cp(n,m,Λ) a,

on account of the inequality
∣∣A(x, y)

∣∣ ≤ C(n, p,m) and (4.8).

The following lemma gives the cancellation property for bk.

Lemma 4.12. Let Qk and ω = g+b be as defined in (4.6), where rk ≤ 1
32r0.

Then∣∣∣∣∫
Qk

A(x, y) ∧ ? bk(y)
∣∣∣∣ ≤ Cp(r−1

0 )
(
2 rk + d(x, xk)

) ∫
y∈Qk

∣∣ω(y)
∣∣ dvg(y).

Proof. Since bk = χQk
b = χQk

(ω − g), we have∫
Qk

A(x, y) ∧ ? bk(y)

=
∫

Qk

A(x, y) ∧ ?(ω(y)− g(y))

=
∫

Qk

A(x, y) ∧ ?ω(y)−
∫

y∈Qk

A(x, y) ∧ ?
(

1
|Qk|

∫
z∈Qk

A(y, z) ∧ ?ω(z)
)

=
∫

Qk

A(x, y) ∧ ?ω(y)−
∫

z∈Qk

(
1
|Qk|

∫
y∈Qk

A(x, y) ∧ ?A(y, z)
)
∧ ?ω(z).

We show that
1
|Qk|

∫
y∈Qk

A(x, y) ∧ ?A(y, z) = A(x, z) + U(x, z),
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where

|U(x, z)| ≤ Cp r
−1
0 (2rk + d(x, xk))(4.13)

for all x, z ∈ Qk, which will prove the lemma.
From (1.7), we can write AIL(x, y) = gIL(y) +BIL(x, y), where

|BIL(x, y)| ≤ Cp r
−1
0 d(x, y)

and gIL = det
(
giαlβ

)
. We have

1
|Qk|

∫
y∈Qk

A(x, y) ∧ ?A(y, z)

=
∑
I,K

(
1
|Qk|

∫
y∈Qk

AIL(x, y)gJL(y)AJK(y, z)dvq(y)
)
dxIdzK

= A(x, z) +
∑
I,K

UIK(x, z),

where

UIK(x, z) =
1
|Qk|

∫
y∈Qk

(AIK(y, z)−AIK(x, z)) dvg(y)

+
∑
J

1
|Qk|

∫
y∈Qk

BJ
I (x, y)AJK(y, z)dvg(y).

By (1.7), ∣∣Aik(y, z)−Aik(x, z)
∣∣ ≤ ∑

j

∣∣∂kgij(z)
∣∣ |xj − yj |.

Because of y ∈ Qk and (1.4), we obtain∣∣Aik(y, z)−Aik(x, z)
∣∣ ≤ Cp r

−1
0

(
2rk + d(x, xk)

)
.

Moreover
∣∣BJ

I (x, y)
∣∣ ≤ Cp r

−1
0

(
2rk + d(x, xk)

)
for y ∈ Qk, so |UIK(x, z)| ≤

Cp r
−1
0

(
2rk + d(x, xk)

)
. Consequently,∣∣∣∣∫

Qk

A(x, y) ∧ ? bk(y)
∣∣∣∣ =

∣∣∣∣∫
Qk

U(x, z) ∧ ?ω(z)
∣∣∣∣

≤ Cp(r−1
0

(
2rk + d(x, xk)

) ∫
z∈Qk

|ω(z)|dvg,

and the lemma follows. �
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5. A weak-type inequality

Lemma 5.1. If Ric ≥ −Λ and S ≥ 0, there exists a constant C2 depending
on n,m, p,Λ, V, r−1

0 , such that for all a > 0,

σ
{
x ∈M :

∣∣∇i∇jΩω(x)
∣∣ > a

}
≤ C2

1
a
‖ω‖L1(M),(5.2)

where σ is the canonical measure of (M, g).

Proof. Denote T = ∇i∇jΩ. For the ‘good’ part g, using properties (4.6),
(4.10), and (3.6),

σ
{
x∈M :

∣∣Tg(x)∣∣> a

2

}
≤ 4
a2

∫
M

∣∣Tg(x)∣∣2dvg ≤Cp(Λ, r−1
0 , V )

1
a

∫
M

∣∣ω(x)
∣∣ dvg.

For the ‘bad’ part b, property (4.8) gives

σ
{
x ∈M : |Tb(x)| > a

2

}
≤ Cn,Λ

1
a
‖ω‖L1(M) +

2
a

∑
k

∫
x 6∈Bxk

(4rk)

∣∣Tbk(x)∣∣ dvg.

To prove (5.2), it suffices to show that∑
k

∫
x 6∈Bxk

(4rk)

∣∣Tbk(x)∣∣ dvg ≤ Cp(Λ, r−1
0 )‖ω‖L1(M).

For x 6∈ Bxk
(4rk) and y ∈ Qk ⊂ Bxk

(2rk), we have d(x, y) ≥ 2rk, so
H(x, y) ∈ C2. Hence, for such x,

Tbk(x) =
∫

y∈Qk

∇xi∇xjH(x, y) ∧ ? bk(y).

By construction, Qk ⊂ Bxk
(2rk) ⊂ Bλ(r0) because rk ≤ 1

32r0. Therefore,
each Qk is contained in some coordinate Bλ(r0), in which we have

∇xi∇xjH(x, y) =
∂

∂xi

∂

∂xj
h(x, y)A(x, y) + h(x, y)∇xi∇xjA(x, y) +K(x, y),

where

K(x, y) =
∑

k

Γk
ij(x)

∂

∂xk
h(x, y)A(x, y)

+∇xih(x, y)∇xjA(x, y) +∇xjh(x, y)∇xiA(x, y).

We estimate each term separately. Let Tbk = Shbk + SAbk + S0bk, where

Shbk(x) =
∫

y∈Qk

(
∂xi∂xjh(x, y)

)
A(x, y) ∧ ? bk(y),

SAbk(x) =
∫

y∈Qk

h(x, y)∇xi∇xjA(x, y) ∧ ? bk(y),

S0bk(x) =
∫

y∈Qk

K(x, y) ∧ ? bk(y).
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Since
∣∣K(x, y)

∣∣ ≤ Cp r
−1
0 d(x, y)1−n, we immediately have∑

k

∫
x 6∈Bxk

(4rk)

∣∣S0bk(x)
∣∣ dvg(x) ≤ Cp(Λ, V ) r−1

0 ‖ω‖L1(M).(5.3)

An estimate for SA follows easily from the Lp bound of ∇2A. For a.e. y,∫
x 6∈Bxk

(4rk)
d(x, y)2−n

∣∣∇xi∇xjA(x, y)
∣∣ dvg(x)

≤
(∫

x 6∈Bxk
(4rk)

d(x, y)(2−n)p′dvg(x)
) 1

p′ ∥∥∇2
xA(x, y)

∥∥
Lp(M)

≤ Cp(Λ, r−1
0 , V )

( ∫ 3
4
r0

s=4rk

s
p−n+1

p−1 ds

) 1
p′

.

Since p > n, we have

∑
k

∫
x 6∈Bxk

(4rk)

∣∣SAbk(x)
∣∣ dvg(x) ≤ Cp(Λ, r−1

0 , V )
∑

k

∫
Qk

∣∣bk(y)∣∣ dvg(y).

(5.4)

Turning to the term Sh, it is of order d(x, y)−n. Here we rely on the
cancellation behavior of bk.

From the definition, h(x, y) is 0 for d(x, y) ≥ 1
2r0. Hence, Shbk(x) = 0 if

d(x, xk) ≥ 3
4r0. With rk ≤ 1

162−kr0, let D1 =
{
x : 4rk ≤ d(x, xk) ≤ 1

8r0
}

and D2 =
{
x : r0

8 ≤ d(x, xk) ≤ 3
4r0

}
. Consider the integral of

∣∣Shbk(x)
∣∣ over{

x 6∈ Bxk
(4rk)

}
as an integral over D1 and D2.

If x ∈ D2, y ∈ Qk, then d(x, xk) ≥ 1
8r0 and d(y, xk) ≤ 1

16r0, so that
d(x, y) ≥ 1

16r0. Hence, for x ∈ D2,
∣∣∂i∂jh(x, y)

∣∣ ≤ Cnρ
−n(x, y) ≤ Cnr

−n
0 . It

follows easily, after summing over k, that∑
k

∫
D2

∣∣Shbk(x)
∣∣ dvg(x) ≤ Cp(Λ, r−1

0 )‖φ‖L1(M).(5.5)

In D1, write

Shbk(x) =
∫

y∈Qk

(
∂xi∂xjh(x, y)− ∂xi∂xjh(x, xk)

)
A(x, y) ∧ ? bk(y)(5.6)

+ ∂xi∂xjh(x, xk)
∫

y∈Qk

A(x, y) ∧ ? bk(y).

We show that ∂2h(x, y)−∂2h(x, xk) gains rα
k , compensated by r−α

0 . That
is, for x 6∈ Bxk

(4rk) and y ∈ Qk ⊂ Bxk
(2rk), we have

|∂xi∂xjh(x, y)− ∂xi∂xjh(x, xk)| ≤ Cp r
−1−α
0 rkd(x, xk)−n(5.7)

+ Cp r
−1−α
0 rα

k [d(x,Bxk
(2rk)]

−n + Cnrk [d(x,Bxk
(2rk)]

−n−1 ;
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to see this, recall that in D1 the cutoff function is f(x, y) = 1 = f(x, xk).
The terms of order ρ−n in (n− 2)ωn−1∂xi∂xjh(x, y) are

gij(y)ρ−n(x, y)− nρ−n−2(x, y)
∑
k,l

gjk(y)gil(y)(xk − yk)(xl − yl).(5.8)

For the first term gijρ
−n,∣∣gij(y)ρ−n(x, y)− gij(xk)ρ−n(x, xk)

∣∣
≤

∣∣gij(y)− gij(xk)
∣∣ρ−n(x, xk) +

∣∣gij(y)
∣∣∣∣ρ−n(x, y)− ρ−n(x, xk)

∣∣
≤ Cpr

−1−α
0 d(y, xk)ρ−n(x, xk)

+ 4
∣∣ρ2(x, xk)− ρ2(x, y)

∣∣ ∣∣ρ−2(x, y)ρ−n(x, xk) + ρ−n(x, y)ρ−2(x, xk)
∣∣.

Using the bound for gij in Cα, we have∣∣ρ2(x, xk)− ρ2(x, y)
∣∣ ≤ Cp r

−1−α
0 (2rk)αd(x, y)2 + 4rk

(
d(x, xk) + d(x, y)

)
,

where d(y, xk) ≤ 2rk because y ∈ Qk. Also,

4
∣∣ρ2(x, xk)− ρ2(x, y)

∣∣ ∣∣ρ−2(x, y)ρ−n(x, xk) + ρ−n(x, y)ρ−2(x, xk)
∣∣

≤ Cp r
−1−α
0 rα

k d(x, xk)−n + Cnrkd(x, xk)−n−1.

Calculation for the second term of (5.8) proceeds similarly.
We now apply (5.7) and Lemma 4.12 to the first and second terms of

(5.6), respectively. We have∣∣Shbk(x)
∣∣ ≤ Cp(r−1

0 ) rk d
(
x,Bxk

(2rk)
)−n−1

∫
y∈Qk

∣∣bk(y)∣∣ dvg(y)

+Cp(r−1
0 )

(
rk d(x, xk)−n+rα

k d(x,Bxk
(2rk))−n

)∫
y∈Qk

∣∣bk(y)∣∣ dvg(y)

+Cp(r−1
0 )

(
2rk+d(x, xk)

)
d(x, xk)−n

∫
y∈Qk

∣∣ω(y)
∣∣ dvg(y).

Integrate each of these terms over x ∈ D1 and use the lower bound of the
Ricci curvature. The leading singular terms are

rk

∫
x∈D1

d
(
x,Bxk

(2rk)
)−n−1

dvg(x) ≤ Cn,Λrk

∫ r0/8

s=4rk

s−2ds ≤ Cn,Λ

(
1
4
− 8rk

r0

)
and

rα
k

∫
x∈D1

d(x, xk)−ndvg(x) ≤ Cn,Λr
α
k

∫ r0/8

s=4rk

s−1ds = Cn,Λr
α
k log

r0
32rk

≤ Cn,Λ
r0
32
e−1/α.

The lower-order terms are similarly bounded. We have proved that∫
x∈D1

∣∣S1bk(x)
∣∣ dvg(x) ≤ Cp(Λ, r−1

0 )
∫

Qk

∣∣ω(y)
∣∣ dvg,
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where the constant does not depend on rk. Summed over k,∑
k

∫
x∈D1

∣∣Shbk(x)
∣∣ dvg(x) ≤ Cp(Λ, r−1

0 )‖ω‖L1(M).(5.9)

This and (5.5) complete the estimate of Sh and the proof of Lemma 5.1. �

6. Proof of Theorem 0.1

6.1. . The operator T = ∇2Ω is bounded on L2 by means of the constant
C1 of Lemma 3.5, and is of weak type (1, 1) with constant C2 given in
Lemma 5.1. Hence, Marcinkiewicz interpolation gives

‖Tω‖Lq(M) ≤ Cq‖ω‖Lq(M) for 1 < q ≤ 2,

where Cq depends on C1, C2, not on T or ω.
To prove that T is bounded also for 2 < q <∞, we show that

‖T ?ψ‖Lq(M) ≤ Cq(Λ, r−1
0 , V ) ‖ψ‖Lq(M) for 1 < q ≤ 2.

Write T ? = Ω?∇?∇? as T ? = T ?
1 + T ?

2 , where

T ?
2ψ(x) :=

∫
y∈M

h(y, x)∇y∇yA(y, x) ∧ ?ψ(y).

It suffices to show that T ?
1 is bounded on Lq for 1 < q ≤ 2, and that T ?

2 is
of weak type, since the L2 inequality for T ? holds by duality.

Lemma 6.2. There exists Cq(Λ, r−1
0 , V ) such that

‖T ?
2ψ‖Lq(M) ≤ Cq‖ψ‖Lq(M) for 1 < q ≤ 2.

Proof. Given q ∈ (1, 2], for
1
p

+
1
q

+
1
r

= 1, and
1
p

+
1
p′

= 1, we have

∣∣T ?
2ψ(x)

∣∣ ≤ ‖∇2
yA(y, x)‖Lp(y;M)‖h(y, x)‖

p′/r

Lp′ (M)

×
(∫

y∈M

∣∣h(y, x)∣∣p′∣∣ψ(y)
∣∣q dvg(y)

)1
q

.

By (1.11),∫
x∈M

∣∣T ?
2ψ(x)

∣∣q dvg(x)

≤ Cq(Λ, r−1
0 , V )

∫
y∈M

( ∫
x∈M

∣∣h(y, x)∣∣p′dvg(x)
) ∣∣ψ(y)

∣∣q dvg(y).

‖h(y, x)‖Lp′ is easily bounded by the same constants and the lemma follows.
�
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To show that T ?
1 is of weak type (1, 1), we consider the decomposition

ψ = g + b, with:

g(x) =


ψ(x) if x ∈ E0

1
|Qk|

∫
y∈Qk

A(y, x) ∧ ?ψ(y) if x ∈ Qk.

The rest of the proof of the weak-type inequality is similar and we shall omit
it here. We only remark that the cancellation of the leading order term here
is given by∣∣∂yi∂yjh(y, x)− ∂yi∂yjh(xk, x)

∣∣≤ Cnd(xk, x) d
(
x,Bxk

(2rk)
)−n−1

.

6.3. . We have proved that there exists Cq = Cq(Λ, r−1
0 , V ), such that

‖∇2 Ωω‖Lq(M) ≤ Cq‖ω‖Lq(M) for 1 < q <∞.(6.4)

Lemma 6.5. Given 1 < q <∞, there exists a constant Cq(Λ, r−1
0 , V ) such

that for all m-forms ω, and i = 1, . . . , N ,

‖∇2ΩQiω‖Lq(M) ≤ Ci,q‖ω‖Lq(M).(6.6)

Proof. The proof is a direct application of (6.4) and (2.4). �

6.7. . The proof of Theorem 0.1 is now complete: Given 1 < q <∞, choose
p > max {q, n}, and for H⊥

m construct the Green form G(x, y) = H(x, y) +∑
iFi(x, y)+R(x, y) in C1,α harmonic coordinates, with α = 1−n

p . Represent
the solution of ∆φ = ω in H⊥

m by the operator G = Ω +
∑

i ΩQ
i + R.

Theorem 0.1 follows from (6.4), (6.6), and (2.8). �

7. Concluding remarks

7.1. . If ψ ∈ H⊥
m, by Hodge theory we have

ψ = dδGψ + δdGψ = dδGψ + δGdψ.

In this case, we have the following Poincaré–Sobolev inequality as a conse-
quence of Theorem 0.1.

Corollary 7.2. Under the same conditions as Theorem 0.1, for 1 < q <∞,
there exists a constant Aq(n,m,Λ,K, i0, V ), such that, for all m-forms ψ,

‖ψ − dδGψ‖L1,q(M) ≤ Aq‖dψ‖Lq(M).

Proof. Let dψ = ω. We prove

‖∇δGω‖Lq ≤ Aq‖ω‖Lq .(7.3)
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Let Gω = φ. In an orthonormal base,

|∇δφ|2 =
∑

(i1···im+1)

(
−

∑
j

∇i1∇jφji2···im+1

)2

≤
∑

(i1···im+1)

∑
j

(
∇i1∇jφji2···im+1

)2 ≤ (n−m)|∇2φ|2.

We apply Theorem 0.1 to φ ∈ H⊥
m+1. Since ω ∈ H⊥

m+1, we obtain (7.3). �

7.4. . By Sobolev embedding it follows from 7.1 and 7.2 that if δψ = 0,
ψ ∈ H⊥

m, then( ∫
M
|ψ|

np
n−p

)n−p
np

≤ Cq

( ∫
M
|dψ|p

) 1
p

, for
1
p

=
1
q
− 1
n
.

7.5. . When M is locally conformally flat, the Weyl curvature tensor van-
ishes identically. On the other hand, when M is even-dimensional, it was
shown by J.-P. Bourguignon ([B], Corollary 8.8) that the Laplace operator
on n

2 -forms can be expressed in terms of the Weyl curvature and the scalar
curvature:

∆ = ∇?∇−W +
1

(n− 1)(n− 2)
R,

where the manifold is of dimension n = 2m, R is the scalar curvature, and

W (φ)i1···im =
m∑

α,β=1

n∑
j,k=1

Wkiβjiαφi1··· biβk··· biαj···im .

Hence, when M is locally conformally flat, we can state:

Theorem 7.6. Let M be an even-dimensional compact Riemannian man-
ifold without boundary with inj (M) ≥ i0, Vol (M) ≤ V , |Ric| ≤ Λ, and
scalar curvature R ≥ −K. Suppose M is locally conformally flat. Then for
1 < q <∞, there exists a constant Cq = C(q, n,Λ,K, i0, V ) such that

‖∇2φ‖Lq(M) ≤ Cq‖∆φ‖Lq(M),

for any n
2 -form φ ∈ H⊥

n/2.

The proof of Theorem 7.6 proceeds as for Theorem 0.1, with the exception
that (3.2) holds with only the assumption on lower bound of the scalar
curvature.
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[dR] G. de Rham, Variétés Différentiables: Formes, Courants, Formes Harmoniques,
Actualités Sci. Ind., 1222, Publ. Inst. Math. Univ. Nancago III, Hermann, Paris,
1955, MR 0068889 (16,957b), Zbl 0065.32401.
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