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A theorem of Escobar asserts that if a three-dimensional smooth compact
Riemannian manifold M with boundary is of positive type and is not con-
formally equivalent to the standard three-dimensional ball, a necessary and
sufficient condition for a C? function H on M to be the mean curvature
of some conformal scalar flat metric is that H be positive somewhere. We
show that, when the boundary is umbilic and the function H is positive
everywhere, all such metrics stay in a compact set with respect to the C>
norm and the total degree of all solutions is —1.

1. Introduction

José F. Escobar [1992a] raised the following question: When is a compact Rie-
mannian manifold with boundary conformally equivalent to one that has zero scalar
curvature and whose boundary has constant mean curvature? This problem can be
seen as a generalization to higher dimensions of the Riemann Mapping Theorem,
which says that an open, simply connected proper subset of the plane is conformally
diffeomorphic to the disk. In higher dimensions few regions are conformally dif-
feomorphic to the ball. However one can still ask whether a domain is conformal to
a manifold that resembles the ball in two ways: namely, it has zero scalar curvature
and its boundary has constant mean curvature. Escobar’s problem is equivalent to
seeking a smooth positive solution u to the following nonlinear boundary value
problem on an n-dimensional Riemannian manifold with boundary (M", g), where
n>3:

(n—2) e
—Agu—l—ngu:O, u>0 inM
®) ou n—2
8_+ 5 hgu=cu”/("*2) on oM,
v

where R, is the scalar curvature of M, h, is the mean curvature of M, v is the
outer normal vector with respect to g, and ¢ is a constant whose sign is uniquely
determined by the conformal structure.
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For almost all manifolds, Escobar [1992a; 1996] established that (P) has a so-
Iution. More recently in [Ould Ahmedou 2003] this problem was studied using
the tool of critical points at infinity developed by A. Bahri [1989] (see also [Bahri
and Coron 1988; Bahri and Brezis 1996]). Going beyond the existence results of
[Ould Ahmedou 2003], we proved in [Felli and Ould Ahmedou 2003] that, when
(M, g) is locally conformally flat with umbilic boundary but not conformal to the
standard ball, all solutions of (P) stay in a compact set with respect to the C2 norm
and the total degree of all solutions is —1.

The heart of the proof of the result above is some fine analysis of the possi-
ble blow-up behaviour of solutions to (P). More specifically, we obtained energy-
independent estimates of solutions to

Lu=0, u>0 inl\ol,
Byu=(n—2)u? ondM,

where
l<ltep<gs—) Ly=Aj—-—""2 R, By=—+""2p,
n—2 4n—1) Vg 2
Instead of looking for conformal metrics with zero scalar curvature and constant
mean curvature as in (P), one may also look for scalar-flat conformal metrics with
boundary mean curvature being a given function H; this problem is equivalent to
finding a smooth positive solution u to

Leu=0, u>0 inA;I,

P
(Pn) Bou = Hu"®>  ondM.

Such a problem was studied by Escobar [1996], who proved that if a positive
three-dimensional smooth compact Riemannian manifold M is not conformally
equivalent to the standard three-ball, a necessary and sufficient condition for a C?
function H on M to be the mean curvature of some conformal flat metric is that H
be positive somewhere. Recall that a manifold is called of positive type, or simply
positive, if the quadratic part of the Euler functional associated to (P) is positive
definite.

In our work we assume that the boundary is umbilic, that is, the traceless part
of the second fundamental form vanishes on the boundary. Moreover we assume
that the function H is positive.

Consider for 1 < g <3 the problem

Lou=0, u>0 inA;I,

P
(Pit.q) Bgu = Hud on M.

We use .l g 4 to denote the set of solutions of (Py ) in C%(M). Our first theorem
gives a priori estimates of solutions of (Py ,) in H 1(M) norm.
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Theorem 1.1. Let (M, g) be a three-dimensional smooth compact Riemannian
manifold with umbilic boundary. Then, for all &y > 0,

lullgran <C forallue | ) Mug,
1+80§q§3

where C depends only on M, g, €o, | H || c2(9)> and the positive lower bound of H.

Our next theorem states that for any positive C? function H, all such metrics
stay bounded with respect to the C? norm and the total Leray—Schauder degree of
all the solutions of (Py ) is —1.

Theorem 1.2. Let (M, g) be a positive three-dimensional smooth compact Rie-
mannian manifold with umbilic boundary which is not conformally equivalent to
the standard three-dimensional ball. Then, for any 1 < g <3 and positive function
H e C2(8M), there exists some constant C (depending only on M, g, | H || c2, the
positive lower bound of H, and q) such that

1
= <u<C and |ullc2pp <C

for all solutions u of (Py 4). The total degree of all solutions of (Py ) is —1.
Consequently, equation (Py ) with q = 3 has at least one solution.

The hypothesis that (M, g) is not conformally equivalent to the standard three-
dimensional ball is necessary since (Py) may have no solution in this case due to
the Kazdan—Warner-type condition for manifolds with boundary and for the mean
curvature proved in [Escobar 1996]. On the ball sufficient conditions on H in
dimensions 3 and 4 are given in [Djadli et al. 2004; Escobar and Garcia 2004], and
perturbative results were obtained in [Chang et al. 1998].

Recently S. Brendle [2002a; 2002b] obtained on surfaces some results related to
ours. He used curvature flow methods, in the spirit of M. Struwe [2002] and X.-X.
Chen [2001]. The curvature flow method was introduced in [Hamilton 1988] and
used in [Chow 1991; Ye 1994; Bartz et al. 1994].

The remainder of the paper is organized as follows. In Section 2 we provide the
main local blow-up analysis giving first sharp pointwise estimates to a sequence
of solutions near isolated simple blow-up points, then we prove that an isolated
blow-up is in fact an isolated simple blow-up, ruling out the possibility of bubbles
on top of bubbles. In Section 3 we rule out the possibility of bubble accumulations
and establish Theorem 1.1. In Section 4 we study compactness of solutions of (Pg)
and establish Theorem 1.2. In the Appendix we provide some standard descriptions
of singular behaviour of positive solutions to some linear boundary value elliptic
equations in punctured half balls and collect some useful results.
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2. Local blow-up analysis

We may assume without loss of generality that 7, = 0. Indeed, let ¢ be a positive
eigenfunction associated to the first eigenvalue A of the problem

Lep=A1¢p in M,
By =0 on dM.

Setting g = (p‘l‘g and u = goflu, where u is a solution of (Pg ) (with ¢ = 3), one
can easily check that R; > 0, h; =0, and u satisfies

L;@i=0  inM,

9

o _ Hi® ondM.

av
For simplicity, we work with g, denoting it by g. Since d M is umbilic with respect
to g and h =0, it follows that the second fundamental form vanishes at each point
of the boundary, that is, the boundary is a totally geodesic submanifold. Hence we
can take conformal normal coordinates around any point of the boundary [Escobar
1992b].

Recall the definitions of isolated and isolated simple blow-ups, first introduced

by R. Schoen [1991] and used extensively by Y.-Y. Li [1995; 1996].

Definition 2.1 (isolated blow-up point). Let (M, g) be a smooth compact n-
dimensional Riemannian manifold with boundary and take 7 > 0, ¢ > 0, x € dM.
Let H € C°(B;(x)) be a positive function, where B;(¥) denotes the geodesic ball
in (M, g) of radius r centered at x. Suppose that, for certain sequences ¢; =3 — t;,
7, — 0, H; — H in C%(Bj (%)), the sequence {u;};en solves

Leu; =0, wu; >0 in B;(x),
2-1) Ju:

2 Hu® on dM N B=(¥).

We say that x is an isolated blow-up point of {u;}; if there exists a sequence of local
maximum points x; of u; such that x; — x, u;(x;) — oo and for some C; > 0,

ui(x) < Cid(x, x;)~/@=D  forall x € Br(x;) and all i.
To describe the behaviour of blowing-up solutions near an isolated blow-up
point, we define spherical averages of u; centered at x; as follows
_ 1
u(r) = uj = -
MNdB, (%) Volg (M N 3B, (X)) Jmnos, &)

Definition 2.2 (isolated simple blow-up point). Let x; — x be an isolated blow-up
point of {u;}; as in Definition 2.1. We say that x; — X is an isolated simple blow-up

ui.
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point of {u;}; if, for some positive constants 7 € (0, r) and C, > 1, the function
w; (r) := r/@=Dy; (r) satisfies, for large i,

wi(r) <0 for r satisfying Cou, % (x;) <r <F.

Notation. For later use we introduce the following symbols:

[R{i is the open upper half-space {(xl,xz, ) eRPxR:x3 > 0};

Ii,*()?) is the open upper hemisphere {x = (x/, x*) e R} : |x — x| < r};

B (x) is the closure of B} (x);

' (B} (X)) is the closed equatorial disk d B (¥) N dR3 ;

T'2(B; (%)) is the open upper hemisphere 3 B, (¥) NR3 ;

T2(B (X)) is the closure of Ty (B (X)).

When the center of a ball is 0 we omit it from the notation, so B;" = B;F(0), etc.

For any x € dM, by choosing a geodesic normal coordinate system centered at
X, we can assume without loss of generality that

x =0, gij(O):(Sij, BI—FCM,
{0 =G"x%0): x| <1} coM, T};0) =0,

where Ffj is the Christoffel symbol.

Let H; — H in C*(T" (B;r )) be a sequence of positive functions, ¢g; a sequence
of numbers satisfying 2 < ¢; <3 and ¢; — 3, and {v;}; C CZ(E;) a sequence of
solutions to

—Agv,-—i—%Rgv,-:O, v; >0 in B;_,

(Pi) Iu:
LR on 'y (BY).

We now give some properties of isolated and isolated simple blow-ups. We will
use ¢ to denote positive constants that may vary from formula to formula and may
depend only on M, g, and r. A similar analysis of blow-ups was also carried out
in [Escobar and Garcia 2004], where (M, g) was the standard ball endowed with
euclidean metric. See also [Felli and Ould Ahmedou 2003].

The following lemma gives a Harnack Inequality, whose proof is contained
(apart from minor modifications) in [Felli and Ould Ahmedou 2003, Lemma 2.3]
and [Escobar and Garcia 2004].

Lemma 2.3. Let v; satisfy (P;) and let y; — y € 'y (B;r ) be an isolated blow-up of
{vi}i. Then, forany 0 <r <,

— < 1M — .
MaX gt (y\B, () Vi = C3Mings () gt () Vi

r

where C3 is a positive constant independent of i and r.
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Lemma 2.4. Let v; satisfy (P;) and let y; — y € FI(BIJ“) be an isolated blow-
up point. Then for any R; — +o00 and & — 01 we have, after passing to a
subsequence,

. 1
2-2 v (i) vs (ex _v.l_q‘ X —\/
@2 o onulesp, 0~ 00) = s o
C'(Bfy)
vl_l(y,-)vi(expyi(v;_q[(yz')x))—\/ 312 ST <&

(I +hix)=+h7|x'| HIBS,)

and
R;

(2-3) Ry,

log v (y;) i—+oo
where x = (x', x3) € B} and h; = H;(y;).

Proof. Let g; = (gi)ap(x) dx* dxf = gag( i (yl)x) dx® dx? denote the scaled
metric. Set

_ 1—g; —1;
&) = v Goui(yi+o i) forxe BT
defined on the set

B;.Ti]( = {eeR <o o) and 2> T,
vt (i
where T; = )’13 fl' (yi)- Then the following conditions are satisfied:

ayinB ), |,
@ v?' ‘(y,->

—Agdi+ 407 T DRy (vi+v T (0)x) & =0 and & >0;
(b) on an‘_qiil( | N{zeR?:7>=-T;},
08

o = Hi(yi + v, ()0
Vgi

(© &) =1,
(d) 0is a local maximum point of &;;
(e) for some positive constant ¢,

(2-4) 0 <& (x) <l /@D

Now we prove that &; is locally bounded. Using Hopf’s boundary point lemma
and Lemma 2.3, we derive that for O <r < 1

1=£§(0) > minfl(B;r) & > minFZ(B;r) & >c Maxr, g+ &,
which implies that, for some ¢ independent of r,

maxr, g+ & < c.
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From this we derive easily that &; is locally bounded. Applying standard elliptic
estimates to {&;}, we conclude, after passing to a subsequence, that & — £ in
CE.(RY) and H] (R3) for some & satisfying

loc oc
AE=0, £>0 in R®
& .
o = (lm H;(5))&" on 9R?
where [RiiT = {x =, x)eR: x> —T} and T = lim; 7;. By the Liouville
Theorem and (2—4) we have T < 4o00. By a Liouville-type theorem from [Li and

Zhu 1995] and [Chipot et al. 1996] (see Theorem A.3 in the Appendix), we easily
deduce that 7 = 0 and

1 1/2

X, x3) = ( . . ) i O
¢ ) (1 +Tim; H; (yi)x3)? + (lim; H; ()% [x'[?

Before stating our next result, we point out that it follows from Lemma A.5

of the Appendix that, for §p > 0 small enough, there exists a unique function

G(-,y) € C*(Bf (3)\{)}) satisfying

—A¢G(-, )+ 5 RG(-.5)=0 in B (),

0 _ - -
5,60 »=0 on T'1 (B () \ {7},
lim,_,5d(y, y)G(y,y) = 1.
Now we state our main estimate on isolated simple blow-up points.

Proposition 2.5. Let v; satisfy (P;) and let y; — y € 'y (Bfr) be an isolated simple
blow-up point, with (2-2) and (2-3) for all i. Then for some positive constant C
depending only on Cy, 1, || H; le2ar i) and infyer](Bf) H;(y) we have

_ _ F
(2-5) vi(y) = Co d(y, )~ for d(y,y) =35
where C1 and ¥ are given in Definitions 2.1 and 2.2. Furthermore, after passing to
some subsequence, for some positive constant b,

vivi — bG(-,+E in Ci (BY()\ (7)),
i——+00
where p = min(8g, 7/2) and E € CZ(B;()_))) satisfies
—AGE+ 5 RE=0 in B,
IE
v

Proposition 2.5 will be established through a series of lemmas.

0 on Fl(B;).



82 VERONICA FELLI AND M. OULD AHMEDOU

Lemma 2.6. Let v; satisfy (P;) and let y; — y € Fl(Bf) be an isolated simple
blow-up. Assume R; — +00 and 0 < g <e Rigre sequences for which (2-2) and
(2-3) hold. Then, for any 0 < 4§ < there exists py € (0, r) independent of i (but
depending on 8) such that

(2-6) i (i) < Cav; M (y)d(y, y) ' forall vy <d(y, yi) < p1,
2-7) Voui(yi) < Cav; Y (v)d(y, yi)2F forallri <d(y, yi) < p1,
2-8)  Viui(y) < Cav; M ()d(y, y) 7 forallri <d(y, yi) < p1,

where r; = R; vil_qi (vi), Ai=(1=68)(g; —1)—1, and C4 is some positive constant
independent of i.

100’

Proof. We assume for simplicity that g is the flat metric. The general case can be
derived essentially in the same way. Let r; = R; vl % (y;). Lemma 2.4 implies that

(2-9) vi(y) < cvi(y)RT ford(y, yi) =ri.

We then derive from Lemma 2.3, (2-9), and the definition of an isolated simple
blow-up that, for r; <d(y, y;) <r, we have

(2-10) of o) = eRTTTVd(y, v
Set T; = yl3 lq’ (yl) From the proof of Lemma 2.4 we know that lim; 7; = 0. It
is not restrictive to take y; = (0, 0, y.3) Thus we have d(0, y,) =o(r;). So
B (0)\ B, (0) C {3r <d(y.y) <3}.
We now apply the maximum principle stated in Theorem A.1; to this aim we set
i) =M; (Iy17° = elyP7'y%) + Av7 ) (1171 = ely24057)
with M; and A to be chosen later, and let ®; be the boundary operator defined by
@) = 50— Hiof .
A direct computation yields
Agi(y) = Mily| 7 (=8(1 =)+ 0(&)) + |7 Av; " (3) (=81 = 8) + O ().

Thus one can choose € = O (§) such that Ag; <O0.
Another straightforward computation taking into account (2—10) shows that for
6 > 0 there exists p;(8) > 0 such that

®ip; >0 onT(B]).
Setting
Q=D; =B}, \ B}, (0),
Y =T1(D;):=0D;NdR3, T =Ty(D):=dD;NR>, V=0,

—1
h=Huvl, V=@ — Vi, v =i,
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and choosing A = O(8) such that ¢; > 0 on [',(D;) and M; = Maxp, gt Vi, We
deduce from Theorem A.1 that

(2-1D) v (x) < ¢; (x).

By the Harnack inequality and the assumption that the blow-up is isolated simple,
we derive that

(2-12) M; < cv7 ().

Now (2-6) follows from (2-11) and (2-12).
To derive (2-7) from (2-6), we argue as follows. For r; < |y| < p1/2, we
consider

wi(2) = |50 )i (1F1z) for § <[z <2, 2¥ >0,
It follows from (P;) that w; satisfies

—Aw; =0 in {1 <1zl <2:23>0},
(2-13)

(o8]

w; _ )
S = il 1517 v (pyw? on {L <1zl <2: 22 =0).

In view of (2-6), we have w;(z) < c¢ for any z such that % <zl <2and z22 > 0.
We then derive from (2-13) and gradient elliptic estimates that

|Vwi(z)| <c¢  forz e T2(B)),

which implies that
Vo] < el317 07 ()

This establishes (2—7). Estimate (2—8) can be derived in a similar way. We omit
the details. ]

Later on we will fix § close to 0, hence fix p;. Our aim is to obtain (2-6) with
6=0forr; <d(y,y;) < p1, which together with Lemma 2.4 yields Proposition 2.5.
Now we state a Pohozaev-type identity, which is basically contained in [Li and
Zhu 1997]. In the following, we will be working in some geodesic normal coor-
dmate x = (x', x%, x3) with gi ,(O) =§;; , and Fk (0) = 0. We use also the notation
= (81, 02, 33), dx = dx' Adx* Adx> and ds to denote the surface area element
Wlth respect to the flat metric.

Lemma 2.7. For H € C*(T'1(B}")) and a € C*(T'1(B}")), let u € C*(BY) satisfy,
forq >0,

—A u—i—%Rgu:O, u=>0 inBl+,

= Hu? on I'1(B}).
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Then, for any r such that 0 <r <1,

1 2 1
—_— (' Ve H)ult ds + <—— —>/ Hu'ds
q+1JrsH g+1 2] Jr@sH
1 1
——/ (x-VRg)Mde——/ Rgu2dx—L Rguzds
16 Jp+ 8 /B 16 Jr, )
. / Hui ' ds
q+1Jaris5
=f B(r,x,u,Vu)ds + A(g, u),
T2(B7)
where
(2-14) B(r, x, u, Vi) 1a”+1<8”)2 L |Vyul?
— rox,u,Vu) =su—+r{—) —5r|Vru
270y 2 v 2 r
(Vru being the component of Vu tangent to I'»(B;")) and
(2-15)

A0 = [ty —apauds [ o~ Tho dx
By, By

1 L 1 iy
+§/+u(g” —8”)8,~judx—§/+ug’JFfjakudx
B, By

0 i 0 -2 i 0
_/ xl_u(gll_glj)_uvj_n / (glJ_(glJ)_uU/.M.
righ 09X dx; 2 Jrsh ax;
Regarding the term A(g, u;), where u; is a solution of (P;), we have the follow-
ing estimate, whose proof is a direct consequence of Lemmas 2.4 and 2.6.

Lemma 2.8. Let {v;}; satisfy (P;) and let y; — y € Fl(BlJr) be an isolated simple
blow-up point. Assume that R; — +00 and 0 < &; < ek
(2-2) and (2-3) hold. Then, for 0 <r < p1, we have

i are sequences for which

2
|A(g, vi)| < Csrv; = (i),
where Cs is some constant independent of i and r.

Using Lemmas 2.4, 2.6, 2.7 and 2.8, together with standard elliptic estimates,
we derive the following estimate about the rate of blow-up of the solutions of (P;).

Lemma 2.9. Let v; satisfy (P;) and let y; — y € I‘l(Br) be an isolated simple

blow-up point. Assume that R; — +00 and 0 < g; < e R
(2-2) and (2-3) hold. Then

i are sequences for which

7 = 0(v; ().

Consequently vl.fi (yi) > lasi — oo.
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Lemma 2.10. Let v; satisfy (P;) and let y; — y € 'y (BIJr ) be an isolated simple
blow-up point. Then, for 0 <r <F/2, we have

lim sup max cr, g+ (y,)) Vi Vi) vi(y) < C(r).

i—+00
Proof. By Lemma 2.3, it is enough to establish the lemma for » > 0 small enough.
Without loss of generality we may take 7 = 1. Pick any y, € I'2(B;") and set

E0) =v ().
Then &; satisfies
—Agki+§RE =0 in B, (3),
0§

= Hf ' (y)&"  on T1(B), (7).

It follows from Lemma 2.3 that for any compact set K C BlJr/2 () \ {y} there exists
some constant ¢(K) such that

c(K)'<& <c(K) onK.

We also know from (2-6) that v; (y,) — 0 as i — 4o00. Then by standard elliptic
theory, we have, after passing to a subsequence, that §; — & in CIZOC(BIJF/2 M\ {¥D,
where £ satisfies

—Agk+ g ReE =0 in BY,(3),
o0& 4 _
%ZO on Fl(Bl/Q)\{y}'
From the assumption that y; — y is an isolated simple blow-up point of {v;};, we
know that the function r'/2£(r) is nonincreasing in the interval (0, 7) and so we
deduce that £ is singular at y. So it follows from Corollary A.8 that for r small

enough there exists some positive constant m > (0 independent of i such that for i
large we have

1 JE; & JE;
RNV S .
8 Jpr B} risH v Jrys 9v rs7) v

which implies that

(2-16) 1/R$+/ 9%
- —= ; — >m
8 Jgr 7 Jrusr v
On the other hand,
0&; L . _ )
2-17) / % _ / Ho? ' 00E" < v () Hl'
rah v Jrsh Ty (B

Using Lemmas 2.4 and 2.6, we derive that

(2-18) f Hivl" < v ().
ri(85)
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Hence our lemma follows from (2-16), (2-17), and (2-18). Il

Proof of Proposition 2.5. We first establish (2-5) arguing by contradiction. Sup-
pose the contrary; then, possibly passing to a subsequence still denoted by v;, there
exists a sequence {y;}; such that d(y;, y;) <7/2 and

(2-19) vi () vi i) d (i, i) T, oo
Set r; =d(y;, y;). From Lemma 2.4 it is clear that 7, > r; = R; vil_Qi (yi). Set
500 =F" "y +Rx) in By =Ry
Clearly v; satisfies
—Ag Ui+ L Re % =0, v;>0 inB;",
AU

= = A5 ) on dB; " N{x* =—T;},
V

where
(8)ap = gap (Fix) dx“dxP,
Ry, (x) = F2 Ry, (yi + 1),
H;(x) = H;(y; +7ix).

Lemma 2.10 yields max ., B}y 0; (0)0; (x) < ¢ for some positive constant ¢, so

vi (Vi) vi (yi)d (i, yi) < c.
This contradicts (2—19). Therefore (2-5) is established. Now take
w; (x) = v; (i) vi (x).
From (P;) it is clear that w; satisfies
—Agw; + § Ryw; =0, in By
= Hou o on (B,

Estimate (2-5) implies that w; (x) < cd(x, y;)~!. Since y; — ¥, w; is locally
bounded in any compact set not containing y. Then, up to a subsequence, w; — w
in C2.(B5() \ {y}) for some w > 0 satisfying

loc
—Agw+g Raw=0 in BI(3),
ow
v
From Proposition A.7, we have

w=bG(-,y))+E inB;\{O},

on T (B)\ (5).
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where b > 0, E is a regular function satisfying
—AgE+§RE=0 in B,
oE
—~ =0
av

and G € CZ(B;r \ {¥}) satisfies

on T't(B}),

—L,G(-,y)=0 in B;,

G

v

and limy_,5d(y, y)G(y, y) is a constant. Moreover w is singular at y. Indeed,
from the definition of an isolated simple blow-up we know that r'/2w(r) is a

nonincreasing function in the interval (0, 7), which implies that w is singular at
the origin and hence b > 0. The proof of Proposition 2.5 is thereby complete. []

0 on Ty (BH)\ (7).

Using Proposition 2.5, one can strengthen the results of Lemmas 2.6 and 2.8
using just (2-5) instead of (2—6), thus obtaining the following corollary.

Corollary 2.11. Let {v;}; satisfy (P;) and let y; — y € Fl(Bf) be an isolated
simple blow-up point. Assume that R; — +o00 and 0 < g; < e~ R are sequences for
which (2-2) and (2-3) hold. Then there exists p; € (0, r) such that

(2-20) (Vovi ()| < Cav; ' () d (v, yi) ™% forallr <d(y, y;) < pi
and
(2-21) (Vevi ()| < Cavy ' i) d (v, y) ™ forallri <d(y, yi) < p1,

1—g; . o . .
where r; = R;v; U (y;) and Cy4 is some positive constant independent of i. More-
over

|A(g, v)| < Csrv;2 (v,

for some positive constant Cs independent of i.
We prove an upper bound estimate for Vg H; (y;).

Lemma 2.12. Let v; satisfy (P;) and let y; — y € T’ 1(B]Jr ) be an isolated simple
blow-up point. Then

Ve Hi(yi) = 0> ().
Proof. Let x = (x', x%, x3) be geodesic normal coordinates centered at y; and let
n be a smooth cut-off function such that 0 <5 <1 and

1 ifx € Bf,,

X)= —
=10, if x ¢ B} 5.
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Multiply (P;) by 1(dv;/dx;) and integrate by parts over B;", thus obtaining

3 1 av,- 81),' 31),’
2-22) 0= ngi-V< )dV+ Rovin— — —n—do
B 9x1 8 Jy dx1 - Jrysy, v 9x

From (P;), (2-5), and (2-2) we have
(2-23)
ad av; av;
Fl(BlJr/z) av 8X1 8 Bl+ 8X1
. Jv;
= / H,~v;]’17i da—{—O(v;z(yi))
Ti(B),) 0xy

1 9H, | .
:—————i@»/ nﬁ*%w+0(/ Lﬂﬁ*j+0wﬁwm
gi+19x Ti(B)y) Ti(B}))

1 0H; .
=_—_l()’i)/ i do+ 072 ().
gi+1 9x; T1(Bf,)
On the other hand, from (2-20) it follows that

0 V;
(2-24) AT ("a_xl) do

T'(B)
31),‘ 8vl
= | Ve tavt | Veun9, ( )dv
B} Bf 0x1

1 _ _
=——/ 5—WvAdV+0m2m»=0wﬁ@m.
) /Q\Bm
Putting together (2-22), (2-23), and (2-24), we find
0 H;

—(yl) = 0(v; 2 (n))-

Repeating the same argument for the derivatives with respect to x; and x3, we come
to the required estimate. (|

Corollary 2.13. Under the assumptions of Lemma 2.12,
/ X' Ve Hodo = 074 ().
T1(B)

Proof. We have

/ x'- Vx/H,-v?iJrl do
T (B)

:/ Vo H;(y;) - (x’—yi)vfi"leo + 0</ |x’ |2 git1 do).
T (B) T'1(B)

From Proposition 2.5 and Lemma 2.4, fFI(BT) (x —=yi) vfiH do=0 (vl._z(yi)). The
conclusion follows from Lemma 2.12, Corollary 2.11, and (2-2). Il
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Proposition 2.14. Let v; satisfy (P;), yi — ¥ be an isolated simple blow-up point
with, for some p > 0,

v > hin Cio(Bf D\ (5)).

Assume, for some B > 0, that in some geodesic normal coordinate system x =
(xl, x2, x3) we have

h(x)= ﬁ—{—A—I—o(l) as |x| — 0.

|x|
Then A <0.
Proof. For r > 0 small, the Pohozaev-type identity of Lemma 2.7 yields
1 . 2 1 .
2-25) —— (x'- V)C/Hi)v?’Jrl ds + (— - —) / HiU?'H ds
qi +1 Jr, 85 gi+1 2/ Jrsh
1/(VR)2d I/de s Ry v2d
- — X - vidx — - vidx — — vids

16 Br+ 87 %i 8 B;r 8 "i 16 ]"Z(B;r) 8 "i

r X
_ / Hiv?t"rl
qi +1 Jor, 8
=/ B(r,x,v;, Vv;)ds + A(g, v;),
Iy (B)

where B and A(g, v;) are defined in (2-14) and (2-15) respectively. Multiply
(2-25) by vl.2 (yi) and let i — oo. Using Corollary 2.11, Lemma 2.4, and Corollary
2.13, one has

(2-26)
lim B(r,x,h,Vh) = lim lim sup viz(y,-) B(r, x,v;, Vu;) > 0.
r=0% Jry(8) r—=0% o0 2(B)

On the other hand, a direct calculation yields

(2-27) lim B(r,x,h,Vh)=—cA
r=>0%Jry (B
for some ¢ > 0. The conclusion follows from (2-26) and (2-27). ]

Now we can prove that an isolated blow-up point is in fact an isolated simple
blow-up point.

Proposition 2.15. Let v; satisfy (P;) and y; — y be an isolated blow-up point.
Then y must be an isolated simple blow-up point.

Proof. The proof is much the same as that of [Felli and Ould Ahmedou 2003,
Prop. 2.11]. For the reader’s convenience, we include it here. From Lemma 2.4, it
follows that

(2-28) w;'(r) <0 for every szil*q" (vi)<r <r;.
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Suppose that the blow-up is not simple; then there exist sequences 7; — 01 and
¢; — o0 such that ¢; vil_q’ (y;) < r; and, after passing to a subsequence,

(2-29) w; (7;) > 0.

From (2-28) and (2-29) it is clear that 7; > r; and w; has at least one critical point
in the interval [r;, 7;]. Let w; be the smallest critical point of w; in this interval.
We have

ri > Wi >r; and 11rn ui = 0.
i—00

Let gi = (gi)ap dx®dxP = 8ap(1iX) dx“dx® be the scaled metric and set

1/(gi—1
E(x) = T Vv (i + pix).

Then &; satisfies

—Ag&i+ L RyE =0 in Bl_/ﬁi,
&

ad ~ Ca _T
5 = H@Ere!  on a0t =-T};
lim; , 5, &;(0) = oo and O is a local maximum point of &;; also rl/ (q"_l)éi (r) has
negative derivative in ¢ &(0)! 7% <r < 1 and

(2-30) 2 (1D, ()], =0,

dr
where T; = '3, @ (x) = wia; (y; + pix), and H;(x) = H;(y; + pix). Arguing
as in the proof of Lemma 2.4, we can easily prove that 7; — 0. Since 0 is an
isolated simple blow-up point, by Proposition 2.5 and Lemma 2.3, we have, for
some S > 0,

(2-31) £ (0)§; T h=pIlxI""+E inCp R\ {0}),

with E satisfying

_ i 3
—AE=0, inRj,
oE
— =0, on BRi.
av
By the maximum principle we have E > 0. Reflecting E to be defined on all R* and
thus using Liouville’s Theorem, we deduce that E is a constant. Using (2—-30) and
(2-31), we deduce that E = b. Therefore h(x) = b(G,(x, y) + 1), contradicting
Proposition 2.14. g
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3. Ruling out bubble accumulations

Now we can proceed as in [Felli and Ould Ahmedou 2003] to obtain the following
results, which rule out possible accumulations of bubbles, thus implying that only
isolated blow-up points may occur for blowing-up sequences of solutions.

Proposition 3.1. Let (M, g) be a smooth compact three-dimensional Riemannian
manifold with umbilic boundary. For any R > 1 and 0 < € < 1, there exist positive
constants 8o, co, and ¢y depending only on M, g, |H||c2m), infyeam H(y), R,
and g, such that for all u in

U g

3—80=q=3
with maxys u > cg there exists ¥ = {p1, ..., pny} C OM with N > 1 satisfying the
following conditions:

(1) each p; is a local maximum point of u in M and
Bi (p))NB; (pj) =@, fori# ],

where 7; = Ru'~9(p;) and E;,. (pi) denotes the geodesic ball in (M, g) of
radius r; and centered at p;;

u! (pi)u(exp,, Ou'~4(p)) — \/

1

() (14+hx3)2 4+ h2|x’'|?

<e,
C2(BJ%(0)

where
By (0)={y e T,,M :1y| <2R, u'~(p;)y € exp,' (Bs(pi))}.
y=0',y") eR", and h > 0;

(iii) &'~V (p;, ppyu(p;) = co, for j > i, while d(p, 9"/~ Du(p) < ¢y, for all
p € M, where d(-,-) denotes the distance function in metric g.

Proposition 3.2. Let (M, g) be a smooth compact three-dimensional Riemannian
manifold with umbilic boundary. For suitably large R and small € > 0, there exist
81 and d depending only on M, g, ||lallc2@amys 1H | c2@my» infyeanr H(y), R, and
&, such that for all u in U3_51§q53 Mg, g4 With maxy u > co, we have

min{d(p;, pj):i #j, 1 <i,j<N}>d
where cy, p1, ..., py are given by Proposition 3.1.

The previous two propositions imply that any blow-up point is in fact an isolated
blow-up point. Thanks to Proposition 2.15, any blow-up point is in fact an isolated
simple blow-up point.

Proof of Theorem 1.1. Arguing by contradiction, suppose that there exist sequences
qi —> q € (1, 3], u; € My, 4 such that [[u; || g1 (pr) —> +00 as i — oo, which, in view
of standard elliptic estimates, implies that max,; u; — +00.



92 VERONICA FELLI AND M. OULD AHMEDOU

From [Hu 1994] (see also [Li and Zhang 2003]), we know that ¢ = 3. By
Proposition 3.2, for some small ¢ > 0, large R > 0, and some N > 1 there exist
O y™ € dM such that conditions (i)~(iii) Proposition 3.1 hold. The points
{ yi(l)},-, cees {y,-(N)}i are isolated blow-up points and hence, by Proposition 2.15,
isolated simple blow-up points. From (2-2) and Proposition 2.5, the sequence
{||u,- | HI(M)}I. is bounded, which gives a contradiction. Il

4. Compactness of the solutions

Before proving Theorem 1.2, we state the following result about the compactness
of solutions of (Py ,) when g stays strictly below the critical exponent. The proof
is basically the same as that of [Felli and Ould Ahmedou 2003, Theorem 3.1].

Theorem 4.1. Let (M, g) be a smooth compact three-dimensional Riemannian
manifold with umbilic boundary. Then for any §| > 0 there exists a constant C > 0
depending only on M, g, 81, || H || c2(3m» and the positive lower bound of H on 9 M
such that for all u € U1+815q53—81 My .4 we have

1
lullczary = C and ESM(x)SC forallx e M.

Proof of Theorem 1.2. Due to elliptic estimates and Lemma 2.3, we have to prove
just the L bound, i.e., u < C. Suppose the contrary; then there exists a sequence
qi — q € (1, 3] with

ui € My4 and maxy u; — +00,

where ¢ is some positive constant independent of i. From Theorem 4.1, ¢ must be 3.
It follows from Propositions 2.15 and 3.2 that, after passing to a subsequence, {u;};
has N (with 1 < N < o0o) isolated simple blow-up points denoted by y(V, ..., y™,
Let yl.(e) denote the local maximum points as in Definition 2.1. It follows from
Proposition 2.5 that

N

wi (M — h(y) =Y b;Gy,y)+EQ) inCh (M\{y™",....y™M}),
1—+00 il

where b; >0 and E € C%(M) satisfies

—L,E=0 inM,
4-1) 9E

— =0 ondM.

ov

Since the manifold is of positive type, E = 0. Therefore,
N

ui(yl.(l))ui T h(y):ijGa(y’y(j)) in C2,(M\ [y, y ™).
j=1
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Let x = (x!, x2, x?) be a geodesic normal coordinate system centered at yl.(l). From
Lemma A.5, the Positive Mass Theorem, and the assumption that the manifold is
not conformally equivalent to the standard ball, we derive that there exists a positive
constant A such that

h(x)= h(expygl)(x)) = c|x|_1 +A;+0(x|™%) for |x]| close to O

and A; > A > 0. This contradicts the result of Proposition 2.14. The compactness
part of Theorem 1.2 is proved. Once we have compactness, we can proceed as in
[Felli and Ould Ahmedou 2003, Section 4] to prove that the total degree of the
solutions is —1. g

Appendix

Here we recall some needed results and describe the singular behaviour of positive
solutions to certain boundary value elliptic equations in punctured half-balls.

Forn >3, let B : {x= @, xM eR'=R""xR: x| <rand x" > O} and
set I'1(B,") := dB,F NAR,, I'>(B,") := 3 B, NR’,.. Consider a smooth Riemannian
metric g = g;j dx'dx/ in B}, and a € C!(T'1(B})).

We first recall a maximum principle; for the proof see [Han and Li 1999].
Theorem A.1. Let Q2 be a bounded domain in R" and let 9Q =T UX, V € L*(Q),
and h € L>®(X) be such that there exists ¥ € C*(2) N C'(Q) positive in Q and
satisfying

A +Vy <0 inQ,

0
—WZ}H// onx.
av

Ifv e C*(Q) N CY(Q) satisfies
Agv+Vv =<0 inQQ,

ov
— >hv on X,
av
v >0, onT,

then v > 0 in Q.

Next we state a maximum principle that holds for the operator T defined by

Lu=0 inM,
Tu=v if and only if u

8_:U on dIM.

%

Proposition A.2 [Escobar 1996]. Let (M, g) be a Riemannian manifold with
boundary of positive type. Then, for any u € C*(M) N C' (M) satisfying Leu>0
in M and ou/ov <0on oM, we have u <0in M.
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Proof. Let u™(x) = max{0, u(x)}. Then

05/(Lgu)u+dv—/ 0+ do = — /]v wtPav - /Rﬁluﬂde-
M am OV

Since M is of positive type [ |Vqu|? + § [ Rou? is an equivalent norm, hence
ut=0. U

We now recall a Louville-type theorem, from [Li and Zhu 1995]. See also
[Escobar 1990; Chipot et al. 1996].

Theorem A.3. If v is a solution of

J— 7 n
—Av=0 in R,
av
=2 op oR",
dx"
and c is a negative constant, then either v =0 or v is of the form
n—2
v(x’, x") = £ ? forx' e R"7 x"eR
’ (xf +x")?2 4 |x" — x)|? ' '
where xij = —(n —2)e/c, for some ¢ > 0, and x, € R,

Lemma A.4. Suppose that u € C 2(Bl+ \ {0}) is a solution of

—Lou=0, on Bl+,

(A-1) |
B_Z =0, on Fl(B?_\{O}),

andu(x) =o (|x|2 ”) as |x| > 0. Thenu € CZ“(BI/Z)foranyO <a <l
Proof. We reflect across I'y (B1+) to extend u as a solution of —L,u =0 on By \ {0},

then use [Gilbarg and Serrin 1955/56] to conclude that 0 is a removable singularity.
The result follows from standard elliptic regularity. (|

Lemma A.5. There exists some constant 8y > 0 depending only on n, ||g;; ||Cz(Bl+)
and || HIILOC(BlJr) such that for all 0 < § < ) there exists some function G satisfying

—L,G =0, in B,
9G
(A-2) ==, on Ty (B{)\ {0},
Vv

limye(o x|~ G (x) = 1
such that, for some constant A and some o € (0, 1),
G(x)=Ix|""+A+0(x|*) forallx € By

Proof. Reflecting across Fl(BgL), the lemma is reduced to [Li and Zhu 1997,
Proposition B.1]. |
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Reflecting again across I'; (Bf“), we derive from [Li and Zhu 1999, Lemma 9.3]
the following result:

Lemma A.6. Assume that u € CZ(BI|r \ {0}) satisfies
—L,u=0 inBj,
d
o0 onIy(BH\{O}
av

Then

o = lim sup max, ., -+ u(x)|x|" 2 < 4o00.
r—0t

Proposition A.7. Suppose that u € C 2(BlJr \ {0}) satisfies
—L,u=0 inB,
(A-3) u
P
Then there exists some constant b > 0 such that
u(x) =bGx)+Ex) inBf,\{0},
where G is defined in Lemma A.5, and E € C2(BI+) satisfies

0 on T'1(B])\ {0}

_ . n+
—LgE=0 mBl/z,

(A—4) 9E .
m =0 on Fl(Bl/z).
Proof. Set
(A-53) b=bu)=sup{A>0:1G <uin E;O\{O}}.

By the previous lemma we know that 0 < b < o < +00. Two cases may occur.

Case 1: b =0. We claim that for all & > 0 there exists 7, € (0, §p) such that
minxerz(B;){u(x) — sG(x)} <0 foranyO<r <re.

For suppose otherwise. Then there exist £y > 0 and a sequence r; — 07 such that

minj =, {u(x) —0G(x)} >0 and u(x) — &G (x) >0 on y(By).

We prove that g9 < b, contradicting the assumptions. To do this note that
—Ag(u—£0G) + g Ry(u—29G) =0 in By,
;—U(u—eoc;)zo on Iy (B5) \ {0},

and apply Theorem A.1 with
v=u—2G, T=T1BH\TI(BY), T =TyBH)UT(By):
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this yields u — ¢oG > 0 in the annulus B% \ Brt for any j, and consequently in
B(;; \ {0}. Therefore &y < b and we have our contradiction.
Hence, for any ¢ > 0 and 0 < r < r, there exists x, € I‘Z(B;r ) such that

u(xe) <eG(xe).
By the Harnack inequality of Lemma 2.3 we have that
max|y= #(x) <cuxg) <ceG(xg).
Since G(x) ~ |x|*>~" for |x| small, we conclude that
u(x) =o(|x*™") for |x| ~0.

Therefore from Lemma A.4 we obtain that u is regular. Setting E(x) = u(x), the
conclusion in this case follows.

Case 2. b>0. _
We consider v(x) = u(x) — b G(x) in B(;Z \ {0}. By definition of b, it is clear
that v > 0 in E;{) \ {0}. Moreover v satisfies

1 R

—Agv+ 3 R,v=0, in Bﬁo’

v _

v

so that from the maximum principle we know that either v=0or v > 0 in B% \{0}.

If v=0, take E = 0 and we are done. Otherwise v > 0 and satisfies the same
equation as u. Set

b=b()=sup{r>0:1G <vin B \{0}}.

0, on T (B}) \ (0},

IfA>0and AG <vin B(;g\{O}, then A\G <u—b G withb > 0,1.e. A+b)G <u.
By the definition of b, this implies that A + b < b, so A = 0. Therefore b = 0.
Arguing as in Case 1, we can prove that v(x) = o(|x|>™") for |x| ~ 0. Lemma A.4
ensures that v is regular, so that choosing E(x) = v(x) we are done.

The proof of Proposition A.7 is thereby complete. g
Corollary A.8. Let u be a solution of (A-3) which is singular at 0. Then
d G -2
lim M do =b lim o =-""Zp 15,
r—=>0% Jr, (B av r—=>0% Jry (B av 2

where S"~! denotes the standard n-dimensional sphere and b > 0 is given by
Proposition A.7.

Proof. From the previous proposition, we know that

u(x)=bG(x)+E@) inBf,0)\{0}, withb=0.
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Since u is singular at 0, » must be strictly positive. From (A—4), we have

IE 1
0=— [ AEdV-— —do+< | R,E.
B} ra(8;) v 8 Jg

Hence, since E is regular, we obtain
oE 1
—do = - R,(x)E(x)do —> 0
8 B, r—0t

and so

d G
lim M do = lim b / Y do.
r—0t (B ov r—0t > (B v

From Lemma A.5 we know that G is of the form
G(x)=|x|7" +R(x),

where R is regular. Since

9 1
/ —lx[T do =~ |S"7|
ry87) IV 2

IR
/ —do — 0,
(B v r—4+0t

and

we conclude that

0
lim 2o =—-L1pism
r—07t (Bt 0V
and the corollary follows. ([l
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