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Dedicated to the memory of Thomas H. Wolff, a true mathematical giant.

We study the dimension of harmonic measure for Wolff snowflakes.

1. Introduction

Denote points in Euclidean n-space Rn by X = (x, t), with x = (x1, . . . , xn−1) ∈

Rn−1 and t ∈ R, and let dx and d X = dx dt denote Lebesgue measure on Rn−1

and Rn . Let |X | be the usual Euclidean norm of X and B(X, r) the open ball in
this norm (of center X and radius r ). Define k-dimensional Hausdorff measure in
Rn , where 0< k ≤ n, as follows: For fixed δ > 0 and E ⊆ Rn , consider all covers
L(δ)= {B(X i , ri )} of E such that 0< ri < δ for all i , and set

φk
δ (E)= inf

L(δ)

∑
α(k) r k

i ,

where α(k) is the volume of the unit ball in Rk . The k-dimensional Hausdorff
measure of E is then

H k(E)= lim
δ→0

φk
δ (E),

where 0< k ≤ n.
A domain is a connected open subset of Rn . Suppose D ⊂Rn , n ≥2, is a domain,

that x0 ∈ D, and that µ is the harmonic measure for D with respect to x0, defined as
usual by way of the Riesz representation theorem for continuous functions on ∂D
and a method of Perron, Wiener, and Brelot (see [Helms 1969]). In this paper we
study the Hausdorff dimension of µ, denoted by H-dim µ and defined as follows:

H-dim µ= inf
{
k : there exists E ⊂ ∂D with H k(E)= 0 and µ(E)= 1

}
.

Makarov [1985] showed that H-dimµ= 1 for a simply connected domain D ⊂ R2.
Carleson [1985] showed that if D = R2

\ K , where K is a certain scale-invariant
Cantor set, then H-dim µ ≤ 1. He was also the first to recognize the importance
of
∫
∂Dn

|∇gn| log |∇gn| d H 1, where gn is the Green’s function for Dn with pole
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at x0 and (Dn) is an increasing sequence of smooth domains whose union is D.
Jones and Wolff [1988] proved that H-dim µ ≤ 1 when D ⊂ R2 and µ exists. We
also mention results of Batakis [1996], Kaufmann–Wu [1985], and Volberg [1993],
who showed that

Hausdorff dimension of ∂D = inf
{
k : H k(∂D)= 0

}
> H-dim µ

for certain fractal domains and domains whose complements are Cantor sets.
In higher dimensions (n ≥ 3) Bourgain [1987] showed that µ is absolutely con-

tinuous with respect to H n−ε on ∂D for some ε = ε(n) > 0 and any domain D
for which µ exists. Wolff [1995] used Carleson’s idea and brilliant ideas of his
own to construct what are now called Wolff snowflakes in R3, for which either
H-dim µ > 2 or H-dim µ < 2. We outline his construction. Take the unit cube

D0 =
{
(x, t) : |x1|, |x2|, |t | ≤

1
2

}
in R3 and decompose each face into Whitney squares whose side lengths are pro-
portional to their distance from the edges of ∂D0. Next one graphs above each face
(i.e., in the normal direction to a face) a certain scaling and translation of a fixed
piecewise linear and compactly supported function, sayψ(y)=ψ(y1, y2), in such a
way that the resulting graph function has support well inside each square. This can
be done in a unique manner provided one first specifies what sides on each square
are to correspond to the positive y1 and y2 axes under the scaling and translation.
Let D1 be the domain whose boundary is the union of the above surfaces. We say
that D1 is obtained from D0 by adding blips to each subface. Next one divides
the faces of ∂D1 into Whitney squares whose side lengths are proportional to their
distances from the edges of ∂D1 and then repeats the above construction in each
of the new Whitney squares, obtaining a domain D2 for which ∂D2 coincides with
the new surface. Iterating this process gives D =

⋃
∞

m=1 Dm . This construction is
essentially unchanged in Rn . Thus we assume ψ : Rn−1

→ R for some n ≥ 3 so
that D ⊂ Rn . Finally let µ be harmonic measure for D relative to (0, 0).

Put D∞ =
{
(x, t) : t >ψ(x)

}
. Let g∞ denote Green’s function with pole at ∞,

defined as the harmonic function in D∞ that is zero on ∂D∞ and equal to t plus a
bounded harmonic function in a neighborhood of ∞. The existence of g∞ follows
from Schwarz reflection and the fact that ψ has compact support.

Theorem A [Wolff 1995, p. 345]. Suppose ψ has sufficiently small Lipschitz norm
and set

L =

∫
∂D∞

|∇g∞| log |∇g∞| d H n−1.

If L<0, the Wolff snowflake D obtained fromψ by adding blips satisfies H-dimµ>
n − 1, while if L > 0 then H-dim µ < n − 1.
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To prove this, Wolff used rate theorems for NTA domains to make estimates and
applied an ergodic theorem of Shannon, McMillan and Breiman. His proof was
for n = 3, but it works unchanged for higher n.

It is not difficult to show that one can approximate each C∞

0 (R
n−1) function ψ

on Rn−1 by a sequence (ψn) of piecewise linear functions with uniformly bounded
supports in such a way that ψn → ψ as n → ∞ uniformly in Lipschitz norm.
Using results of Dahlberg (see [Wolff 1995, Lemma 2.11]), it follows easily that
Ln defined relative to ψn converges to L as n → ∞. Thus to construct Wolff
snowflakes where H-dim µ > n − 1 or H-dim µ < n − 1 it suffices to find a
C∞

0 (R
n−1) function ψ where L < 0 or L > 0, respectively, and approximate ψ by

a piecewise linear function. Thus we assume ψ ∈ C∞

0 (R
n−1).

To continue, set φ(x, ε) = εψ(x)+ ε2θ(x), where ψ, θ ∈ C∞

0 (R
n−1), and let

g(x, t, ε) be Green’s function for D(ε) =
{
(x, t) ∈ Rn

: t > φ(x, ε)
}

with pole at
∞. Clearly g(x, t, 0)= t and D(0)=

{
(x, t) : t > 0

}
. Put

(1–1) I (ε)=

∫
∂D(ε)

∣∣∇g( · , ε)
∣∣ log

∣∣∇g( · , ε)
∣∣ d H n−1.

Using g
(
x, φ(x, ε), ε

)
= 0 on ∂D(ε) and Schauder theory or just basic smooth-

ness results about harmonic functions one sees that I (ε) is infinitely differentiable.
When θ ≡ 0 Wolff shows that I ′(0)= 0, I ′′(0)= 0, and

(1–2) I ′′′(0)=

∫
Rn−1

((∂Pψ

∂t

)3
− 3|∇ψ |

2 ∂Pψ

∂t

)
dx,

where Pψ denotes the bounded harmonic extension of ψ to D(0),∇ denotes the
gradient in x, t , and ∇ denotes the gradient in x only. See Section 3 for details.

Given a Wolff snowflake D, let µ̃ be harmonic measure for Rn
\ D relative to a

fixed point in Rn
\ D. Using Taylor’s theorem with remainder, one sees from (1–2)

that if I ′′′(0) < 0 one can approximate εψ , for 0 < ε ≤ ε0, by a piecewise linear
function for which Wolff’s construction gives a snowflake with H-dim µ > n − 1
and H-dim µ̃ < n − 1, while if I ′′′(0) > 0 one gets a snowflake with H-dim µ <

n − 1 and H-dim µ̃ > n − 1. Wolff obtained such examples for a piecewise linear
approximation to a C∞

0 (R
n) approximation of

(1–3) ψ(x)= −
1(

|x |2 + 1
)n/2−1 , x ∈ Rn−1,

when n = 3. For this ψ it is not difficult to show that I ′′′(0) < 0 when n ≥ 3.
However for a given ψ ∈ C∞

0 (R
n−1) and n ≥ 3 the sign of the integral in (1–2)

seemed rather mysterious (the integral is zero when n = 2 by Cauchy’s theorem).
To shed some light on this problem, we have the following theorem, which is
proved in Section 2.

Theorem 2. Let ψ ∈ C∞

0 (R
n−1) be radial, nowhere positive, and nondecreasing

as a function of |x | on [0,∞). If ψ 6≡ 0 and θ ≡ 0, then I ′′′(0) < 0.
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(Radial of course means that ψ(x)= ψ(y) if x = y.)
To sum up once again, ifψ is as in Theorem 2 and ε>0 is small enough, εψ can

be approximated arbitrarily closely in Lipschitz norm by a piecewise linear function
in such a way that the corresponding Wolff snowflake has H-dim µ> n − 1 while
H-dim µ̃ < n − 1. If ε < 0 is small enough, the opposite inequalities hold. The
proof is quite simple; unfortunately it was only after considerable effort that we
conceived of the theorem and its proof. For a discussion of the motivation behind
Theorem 2 and the efforts involved in its proof; see the Remark on page 144.

If I ′′′(0)= 0 for given ψ, θ ∈ C∞

0 (R
n−1), the sign of I ′′′′(0) becomes important

in Wolff’s construction. In this case it is remarked in [Wolff 1995, p. 363] that
(again when θ ≡ 0) if I ′′′′(0) < 0, there is a piecewise linear function for which the
corresponding Wolff snowflake satisfies H-dimµ> n −1 and H-dim µ̃ > n −1. If
I ′′′′(0)>0, the opposite inequalities hold for H-dimµ,H-dim µ̃. Wolff conjectures
that there exist examples where the fourth derivative has either sign, although he
notes that he has not computed I ′′′′(0) and this derivative looks complicated. Thus
he conjectures the existence of Wolff snowflakes in Rn , n ≥ 3, for which harmonic
measure on both sides of the boundary can have Hausdorff dimension either<n−1
or > n −1. In Section 3 we compute the first four derivatives of I at ε= 0 relative
to ψ, θ ∈ C∞

0 (R
n−1); see (3–20). In Section 4 we begin the proof of the following

theorem:

Theorem 3. If n ≥ 3, ψ(x)= (2 − n)x1 (|x |
2
+ 1)−n/2, x ∈ Rn−1, θ ≡ 0 and

A =
3nπn/2(n − 2)40( 3n

2 +
1
2)2

−2n−1

0(n)0(n +
1
2)(n + 1)

then I ′′′(0)= 0 and

A−1 I ′′′′(0)

=

(
−1
16
0(n+

1
2)0(n−

1
2)0(

n
2 −1)0( 3n

2 +1)

0(n+1)20( n
2 −

1
2)0(

3n
2 +

1
2)

×
n(16+16n−72n2

−44n3
−11n4

+12n6)

(n + 1)2(n − 1)
+

3n3
+2n2

+7n+2
2n + 1

)
> 0.

Here I ′′′(0), I ′′′′(0) denote the integrals in (1–2) and (3–20) rather than the
third and fourth derivatives of I (ε) in (1–1) (defined relative to the above ψ)
since for derivatives it is necessary that ψ ∈ C∞

0 (R
n−1). Let ψm = φmψ , where

0 ≤ φm ∈ C∞

0 (R
n−1) is a radial bump function with φm(x) = 1 when |x | < m

and φm(x) = 0 when |x | > 2m. Also ψ is as in Theorem 3. We note that the
integral in (1–2) corresponding to ψm is still zero. Indeed ψm is an odd function
of x1, so using difference quotients we deduce first that (∂/∂t)Pψm is odd in x1
and then that the integrand in (1–2) is odd in x1. Thus our claim is true. Also,
choosing (φm) appropriately, one sees from Hardy space theory (see [Stein 1970,
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Chapter 7]) that the integral in (3–20) defining I ′′′′(0) relative to ψm converges to
the corresponding integral defined relative to ψ as m → ∞. Thus there exists a
C∞

0 (R
n−1) approximation to ψ in Theorem 3 for which I ′′′(0)= 0 and I ′′′′(0) > 0.

We can now argue as in [Wolff 1995] to get:

Corollary 1. There exist Wolff snowflakes in Rn, n ≥ 3, with H-dim µ< n − 1 and
H-dim µ̃ < n − 1.

We do not know whether there are examples in Rn of graph domains D(ε) with
ψ ∈ C∞

0 (R
n−1), θ ≡ 0, I ′′′(0)= 0, I ′′′′(0) < 0. We tried numerous examples in R4

and all gave positive fourth derivative (see Section 6). However, by considering
more general graph domains we can answer Wolff’s main question. We prove the
following in Section 6:

Theorem 4. If ψ is as in Theorem 3 and θ = ψψt , then I ′′′(0)= 0 and

I ′′′′(0)= −
3πn/20(3n

2 +
1
2)(n − 2)4 n2 (3n3

+ 2n2
− 13n − 6)

0(n +
1
2)0(n) 22n+1 (n + 1)(2n + 3)(2n + 1)

< 0.

We note that I ′′′(0) (see (3–14)) is independent of the choice of θ . Using this
fact and repeating the argument after Theorem 3 (but approximating εψ + ε2θ

instead) we obtain:

Corollary 2. There exist Wolff snowflakes in Rn, n ≥ 3, with H-dim µ> n − 1 and
H-dim µ̃ > n − 1.

In view of Corollaries 1 and 2 we conclude that Wolff’s main conjecture is
valid. Finally we mention that in Section 6 we shall make three conjectures related
to Theorems 3, 4 and Corollaries 1, 2, as well as discuss some examples in R4

where the first two conjectures are valid.

2. Proof of Theorem 2

To lighten the notation we write ψ = ψ(x, t) for the bounded harmonic extension
Pψ(x, t) of ψ(x) to D(0)= {(x, t) : t > 0}. Thus ψ(x, 0) satisfies the hypotheses
of Theorem 2 and we can write ψ(r, t) for ψ(x, t), where r = |x |. Note that ψ
satisfies Laplace’s equation when t > 0, so in cylindrical coordinates

(2–1) r2−n(rn−2ψr )r +ψt t = 0.

We shall need the following facts:

lim
r→0

ψr (r, t)= 0 for 0 ≤ t <∞,(2–2)

ψr (r, t) ≥ 0 when r, t > 0.(2–3)

Equation (2–2) can be seen using the fact that ψ(|x |, t) is infinitely differentiable
at x = 0 when t ≥ 0. One can also prove it, for t > 0, by differentiating under the
integral sign in the Poisson integral formula for ψ and taking a limit as r → 0. As
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for (2–3), assume the contrary. From (2–2), the fact that ψ(r, 0) is nondecreasing
on [0,∞) and the fact that ψ is infinitely differentiable in D(0) (as follows from
Schauder theory) we deduce that ψr has a negative minimum (absolute) for some
(r, t) with r > 0, t > 0. At this value of (r, t) we have ψrr = 0 and ψrrr +ψr tt ≥ 0,
by the second derivative test from elementary calculus. Now (2–1) can be written
as ψrr + (n − 2)r−1ψr + ψt t = 0. Differentiating this with respect to r we get
ψrrr + (n − 2)ψrrr−1

− (n − 2)r−2ψr +ψr tt = 0, which leads to a contradiction,
since from the remark above this expression must be positive. Thus (2–3) is valid.

Now if 3= (0,∞)× (0,∞), we have

(2–4)
∫

∞

0
(ψ3

t − 3ψ2
r ψt)(r, 0)rn−2 dr =

∫
3

d
dt
(−ψ3

t + 3ψ2
r ψt)rn−2 dr dt

=

∫
3

(−3ψ2
t ψt t + 6ψrψtψtr )rn−2 dr dt

+ 3
∫
3

ψ2
r ψt trn−2 dr dt

= I1 + I2.

To handle I1 in (2–4) we use (2–1) and integrate by parts in r holding t fixed. We
get

(2–5) I1 =

∫
3

3ψ2
t (r

n−2ψr )r dr dt +

∫
3

6ψrψtψtrrn−2 dr dt = 0.

As for I2 we again use (2–1) and write

(2–6) I2 = −3
∫
3

ψ2
r (r

n−2ψr )r dr dt

= −

∫
3

(rn−2ψ3
r )r dr dt − 2(n − 2)

∫
3

rn−3ψ3
r dr dt < 0,

since the first integral is zero, as follows from integrating in r holding t fixed,
while the second integral is negative, as follows from (2–2) and our assumption that
ψ 6≡ 0. In obtaining (2–5) and (2–6) we have integrated by parts numerous times,
assuming ψ and its derivatives have rapid enough decay at ∞ to insure there are no
boundary terms. This is justified, as we see from simple estimates on the Poisson
integral of ψ and its derivatives, in view of the fact that ψ( · , 0) ∈ C∞

0 (R
n−1).

Using (2–5), (2–6) in (2–4) we conclude that I ′′′(0) < 0. The proof of Theorem 2
is complete. �

Remark. Our interest in Theorem 2 stems from work in [Lewis and Vogel 1991;
2001], where blips were added to a ball in such a way as to produce an example (for
n ≥ 3) of a bounded domain D ⊂ Rn distinct from the ball and satisfying µ= H n−1

on ∂D, where µ is harmonic measure defined relative to 0 ∈ D. In the first of
these papers we showed that D can be chosen homeomorphic to a ball, while the
second improved on this result by showing that D can be the image of a ball under a
quasiconformal mapping of Rn . In this construction the sign of the integral in (1–1)
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was crucial. In [Lewis and Vogel 1991] certain multiples, scalings, translations,
and C∞

0 (R
n−1) approximations of the function in (1–3) (restricted to Rn−1) were

used to construct our blips, while in [Lewis and Vogel 2001] it was necessary
for the construction of our quasiconformal mapping to add spherical blips. As a
consequence we had to prove Theorem 2 whenψ(x)=− max(1−|x |

2, 0) on Rn−1.
To appreciate the simple proof in Theorem 2 we briefly outline our efforts to prove
the theorem for this ψ .

We first used Maple to obtain strong evidence that I ′′′(0)<0 when n =2, 4, 6, 8,
and 10. Then using separation of variables and integrals of Bessel functions we
found a representation of ψt via hypergeometric functions. Let 0 be the Euler
gamma function. If r = |x |, then for 0< r < 1,

−ψt(r, 0)= −cn F
( n

2 ,−
1
2 ,

n
2 −

1
2 , r

2),

where F(a, b, c, z) is the hypergeometric function and

cn =
20(n

2 )

0(n
2 −

1
2)0(

3
2)
.

Using properties of hypergeometric functions we found many nice formulas in-
volving ψt . For example, if n = 2k, where k ≥ 2 is an integer, ψt(r, 0) equals

2(−1)k−2

π(k − 1)!(1 − r2)

dk−2

d(r2)k−2

(
(1 − r2)k−1

(
ln
(1 + r

1 − r

)( 1
2r

−
3r
2

)
+ 3

))
whenever 0 < r < 1. However none of our formulas were of much help in calcu-
lating the integral in (1–2).

Finally we tried asymptotic estimates as n → ∞ of I ′′′(0) using

−F
( n

2 ,−
1
2 ,

n
2 −

1
2 , r

2)
≥ −1 +

n
n − 1

(
1 − (1 − r2)1/2

)
.

From this estimate and Stirling’s formula we found after a lot of work that I ′′′(0)<
0 for n ≥ 10. Based on this example, we conjectured that if −ψ is radial, positive,
and smooth on Rn−1 with compact support, then I ′′′(0) < 0. This was disproved
with the following example. For fixed (x, t) ∈ R4 and 0< a, a 6= 1, let

(2–7) −ψ(x, t)=
1

|x |2 + (t + 1)2
−

a2

|x |2 + (t + a)2
.

Clearlyψ is harmonic in Rn
\
{
(0,−1), (0,−a)

}
andψ(x, 0) is radial. Also for 0<

a< 1 one can show that −ψ(x, 0) > 0 and that the corresponding integral in (1–2)
is 0. Although ψ(x, 0) does not have compact support it turns out that for a given a
this function can be approximated by an infinitely differentiable nonnegative radial
function with compact support in such a way that the integral in (1–2) remains
zero (see Section 6 for more discussion of this example). Reworking the statement
above, in light of this example, we formulated Theorem 2. The simple proof was
only found after trying several more complicated arguments.
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3. The fourth derivative

In this section we find the fourth derivative of I (ε) at ε= 0 (defined as in (1–1) for
ψ, θ ∈ C∞

0 (R
n−1)). To begin, as in Section 1, put φ(x, ε) = εψ(x)+ ε2θ(x), set

D(ε)=
{
(x, t) : t > φ(x, ε)

}
for ε ∈ [−1, 1], and let g( · , ε) be the corresponding

Green’s function for D(ε) with pole at ∞. Following [Wolff 1995, pp. 360–362]
we observe from Schauder-type estimates that g( · , ε) is infinitely differentiable
in D(ε)× [−1, 1] as a function of (x, ε). Also, since g(x, φ(x, ε), ε) ≡ 0 when
x ∈ Rn−1, we get from differentiating with respect to xi , 1 ≤ i ≤ n − 1, that

(3–1) ∇g
(
x, φ(x, ε), ε

)
= −gt

(
x, φ(x, ε), ε

)(
ε∇ψ(x)+ ε2

∇θ(x)
)
,

where once again ∇ denotes the gradient in x only. Differentiating with respect to
ε and using the chain rule gives, for all x ∈ Rn−1 and ε ∈ [−1, 1],

(3–2) gε
(
x, φ(x, ε), ε

)
+ gt

(
x, φ(x, ε), ε

) (
ψ(x)+ 2εθ(x)

)
= 0,

where gε(x, t, ε) denotes the partial of g(x, t, ε) with respect to ε. Evaluating
(3–2) at ε = 0 yields

(3–3) gε(x, 0, 0)= −gt(x, 0, 0)ψ(x)= −ψ(x),

since g(x, t, 0) = t . Furthermore since gε(x, t, ε) is harmonic in (x, t) we see
that gε(x, t, 0) = −Pψ(x, t), where Pψ as defined earlier denotes the bounded
harmonic extension ofψ to D(0), that is, the Poisson integral ofψ . As in Section 2
we write ψ(x, t) for Pψ(x, t), and likewise θ(x, t) for Pθ(x, t). Taking another
derivative with respect to ε in (3–2) gives, for all x ∈ Rn−1 and ε ∈ [−1, 1],

(3–4) gt t
(
x, φ(x, ε), ε

)(
ψ(x)+ 2εθ(x)

)2

+ 2gtε
(
x, φ(x, ε), ε

)(
ψ(x)+ 2εθ(x)

)
+ gεε

(
x, φ(x, ε), ε

)
+ 2θ(x)gt

(
x, φ(x, ε), ε

)
= 0.

Evaluating at ε = 0 yields

(3–5) gεε(x, 0, 0)= 2ψ(x)ψt(x, 0)− 2θ(x), x ∈ Rn−1.

From this equality and the harmonicity of gεε we conclude that

(3–6) gεε(x, t, 0)= 2P(ψψt − θ)(x, t), (x, t) ∈ D(0).

Next observe that

(3–7) I (ε)=
∫

Rn−1

∣∣∇g(x,φ(x,ε),ε)
∣∣ log

∣∣∇g(x,φ(x,ε),ε)
∣∣√1 +

∣∣∇φ(x,ε)∣∣2 dx .

Also,
(
−∇φ(x, ε), 1

)(
1+|∇φ|

2
)−1/2 is the inner normal to ∂D(ε) at

(
x, φ(x, ε)

)
and ∇g

(
x, φ(x, ε), ε

)
is parallel to this inner normal. Thus at

(
x, φ(x, ε)

)
we have

|∇g| =
−〈∇φ,∇g〉 + gt√

1 + |∇φ|2
,
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where 〈 · , · 〉 denotes the usual inner product on Rn−1. Substituting this expression
into the integrand in (3–7), canceling the square roots, and taking logarithms we
obtain (

−〈∇g,∇φ〉 + gt
)(

log(−〈∇g,∇φ〉 + gt)−
1
2 log(1 + |∇φ(x, ε)|2)

)
.

Using (3–1) and the above equality the integrand in (3–7) now becomes(
1 + |∇φ(x, ε)|2

)
gt
(
log(gt)+

1
2 log(1 + |∇φ(x, ε)|2)

)
at (x, φ(x, ε)), x ∈ Rn−1: We expand this expression in ε at 0 through powers of
ε4, since our goal is to find I ′′′′(0). For this purpose let

gt(x, φ(x, ε), ε)= 1 + a1ε+ a2ε
2
+ a3ε

3
+ a4ε

4
+ · · ·

and set
w = a1ε+ a2ε

2
+ a3ε

3
+ a4ε

4
+ · · · .

The logarithm of gt then becomes w−
1
2w

2
+

1
3w

3
−

1
4w

4
+ · · · . Also,∣∣∇φ(x, ε)∣∣2 = ε2

|∇ψ |
2(x)+ 2ε3〈

∇ψ(x),∇θ(x)
〉
+ ε4∣∣∇θ(x)∣∣2

and

log
(
1 + |∇φ(x, ε)|2

)
=
∣∣∇φ(x, ε)|2 −

1
2

(
|∇φ(x, ε)|2

)2
+ · · ·

= ε2∣∣∇ψ(x)∣∣2 + 2ε3〈
∇ψ(x),∇θ(x)

〉
+ ε4(

|∇θ(x)|2

−
1
2 |∇ψ(x)|4

)
+ · · · .

Using these equalities, multiplying out the expression above and collecting powers
of ε up to order 4 we have for the integrand in (3–7)

(3–8) εa1 +
1
2ε

2(2a2 + a2
1 + |∇ψ |

2)
+

1
6ε

3(6a3 + 6a1a2 − a3
1 + 9a1 |∇ψ |

2
+ 6〈∇ψ,∇θ〉

)
+

1
24ε

4
(

24a4 + 24a1a3 +
(
36|∇ψ |

2
− 12a2

1 + 12a2
)
a2

+
(
2a2

1 + 12|∇ψ |
2)a2

1 + 6|∇ψ |
4
+ 12|∇θ |2 + 72〈∇ψ,∇θ〉a1

)
+ O(ε5),

where the last term denotes a bounded term in ε5 on [−1, 1]. From Taylor’s theo-
rem and the smoothness of g and its derivatives on D(ε), we deduce that k! ak =

k! ak(x) is the k-th derivative of gt(x, φ(x, ε), t) evaluated at ε= 0. This k-th total
derivative in ε is easily seen to be equal to the operator (ψ+2εθ)(∂/∂t)+(∂/∂ε) ap-
plied k times to gt at (x, φ(x, ε)). Using this fact and (3–3) we deduce at x ∈ Rn−1

and ε = 0 that

(3–9) a1 = gεt = −ψt .
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From (3–7)–(3–9) we conclude that

(3–10) I ′(0)=

∫
Rn−1

a1 = −

∫
Rn−1

ψt(x, 0) dx = 0,

as follows from Green’s first identity (the integral is the normal derivative of a
harmonic function) using smoothness of derivatives of ψt in D(0) and the fact that
∂kψt(x, t) = O

(
(|x |

2
+ t2)−(n+k)/2

)
in a neighborhood of ∞. Here ∂k denotes an

arbitrary k-th partial of ψt in either x or t . Also, using the harmonicity of gε and
(3–3) we get at x ∈ Rn−1 and t = 0 = ε the relation

(3–11) 2a2 = ψ2gt3 + 2θ gt2 + 2ψ gεt2 + gε2t = 2ψ1ψ + gε2t .

Using (3–11), (3–7)–(3–9), Green’s first identity and integrating by parts we find,
in view of the above decay estimates,

(3–12) I ′′(0)=

∫
Rn−1

(
a2

1 + 2a2 + |∇ψ |
2)

=

∫
Rn−1

(
ψ2

t + 2ψ1ψ + gε2t + |∇ψ |
2) dx

=

∫
Rn−1

(
ψ2

t − |∇ψ |
2) dx = 0.

The last integral is zero from a Rellich-type identity; see [Stein 1970, Chapter 7].
Next we note from (3–3) that at x ∈ Rn−1 and t = 0 = ε,

(3–13) 6a3 = ψ3gt4 + 6ψθgt3 + 3ψ2gεt3 + 3ψgε2t2 + gε3t + 6θgεt2

= 3ψ21ψt − 3ψ1gε2 + gε3t + 6θ1ψ.

Using (3–13), (3–11), (3–7)–(3–9), integrating by parts using the harmonicity of
derivatives of gt , as well as Green’s first and second identities (to handle the terms
in gε3t and gε2t ), we conclude that

(3–14) I ′′′(0)=

∫
Rn−1

(
6a3 + 6a1a2 − a3

1 + 9a1|∇ψ |
2

+ 6〈∇ψ,∇θ〉
)

dx

=

∫
Rn−1

(
3ψ21ψt − 3ψ1gε2 + gε3t − 3ψt(2ψ1ψ + gε2t)

+ψ3
t − 9ψt |∇ψ |

2
+ 6θ1ψ + 6〈∇ψ,∇θ〉

)
dx

=

∫
Rn−1

(
ψ3

t − 3ψt |∇ψ |
2) dx .

We note that the derivatives in (3–10), (3–12), (3–14) agree with those in [Wolff
1995] even when θ 6≡ 0. Finally observe for x ∈ Rn−1, t = 0 = ε, that

(3–15) 24a4 = ψ4gt5 + 4ψ3gεt4 + 12θψ2gt4 + 12θ2gt3+

6ψ2gε2t3 + 4ψgε3t2 + gε4t + 24θψgεt3 + 12θgt2ε2

=−4ψ311ψ−6ψ21gε2t +4ψgε3t2 +gε4t +24θψ1ψt −12θ1gε2 .
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Using (3–15), (3–13), (3–11), (3–7)–(3–9) we deduce that at x ∈ Rn−1, ε = 0
we have

(3–16)

I ′′′′(0)=
∫

Rn−1

(
24a4+24a1a3+

(
36|∇ψ |

2
−12a2

1 +12a2
)
a2+

(
2a2

1 +12|∇ψ |
2)a2

1

+6|∇ψ |
4
+12|∇θ |2 − 72〈∇ψ,∇θ〉ψt

)
dx

=

∫
Rn−1

(
−4ψ311ψ−6ψ21gε2t +4ψgε3t2 +gε4t +24θψ1ψt −12θ1gε2

−4ψt
(
3ψ21ψt −3ψ1gε2 +gε3t +6θ1ψ

)
+
(
18|∇ψ |

2
−6ψ2

t +3(2ψ1ψ+gε2t)
)
(2ψ1ψ+gε2t)

+2ψ4
t +12|∇ψ |

2ψ2
t +6|∇ψ |

4
+12|∇θ |2−72〈∇ψ,∇θ〉ψt

)
dx .

Using Green’s first identity we see that the term in gε4t integrates to zero. Also
using Green’s second identity we deduce that the terms in gε3t2 and gε3t taken
together integrate to zero. Thus the only terms left involve at most two partials in
ε. As for these terms we observe that

(3–17)
∫

Rn−1

(
(12ψ1ψ + 18|∇ψ |

2
− 6ψ2

t )gε2t − 6ψ21gε2t
)

dx

=

∫
Rn−1

6
(
|∇ψ |

2
−ψ2

t
)

gε2t dx .

Also combining the two terms in 1gε2 we see from (3–5) that the sum can be
written as 6gε21gε2 . Using this fact, (3–5), integration by parts, and the Rellich-
type formula mentioned after (3–12) we see that

(3–18)
∫

Rn−1

(
6gε2 1gε2 + 3(gε2t)

2) dx

=

∫
Rn−1

(
−6|∇gε2 |

2
+ 3(gε2t)

2) dx =

∫
Rn−1

−3|∇gε2 |
2 dx

= −12
∫

Rn−1

(
ψ2

|∇ψt |
2
+ψ2

t |∇ψ |
2
+ 2ψψt 〈∇ψ,∇ψt 〉

+ |∇θ |2 − 2〈∇ψ,∇θ〉ψt − 2ψ〈∇ψt ,∇θ〉
)

dx .
Next note that

(3–19)
∫

Rn−1

(
−4ψ311ψ + 12ψ2(1ψ)2

)
dx =

∫
Rn−1

−24ψ |∇ψ |
21ψ dx .

Using (3–17)–(3–19) in (3–16) we get

(3–20) I ′′′′(0)=
∫

Rn−1

(
12ψ |∇ψ |

21ψ+24ψψt 〈∇ψ,∇ψt 〉+6(|∇ψ |
2
−ψ2

t ) gε2t

+ 2ψ4
t + 12|∇ψ |

2ψ2
t + 6|∇ψ |

4
− 24〈∇ψ,∇θ〉ψt

)
dx,

which we use for computations in the next two sections.
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4. The bad integral

Let h(x, t)=
(
|x |

2
+ (t +1)2

)1−n/2 be the fundamental solution to Laplace’s equa-
tion in Rn with pole at (0,−1) and recall that θ ≡ 0, while

(4–1) ψ(x, t)=
∂h(x, t)
∂x1

=
(2 − n)x1(

|x |2 + (t + 1)2
)n/2

is the function in Theorem 3 when t = 0. Also as pointed out in Section 1, the
integrand in (1–2) or (3–14) for this ψ is odd in x1. Thus, I ′′′(0) = 0. In this
section we begin the calculation of the integral defining I ′′′′(0) in (3–20) for ψ in
(4–1), θ ≡ 0, by finding the “bad integral”

(4–2)
∫

Rn−1
6
(
|∇ψ |

2
−ψ2

t
)

gε2t dx .

We begin by computing gεε(x, 0). To do this we note that the solution F to the
Neumann problem for the Laplacian in D(0)=

{
(x, t)∈ Rn

: t > 0
}

with boundary
function f (see [Stein 1970, Chapter 7]) can be written as

(4–3) F(x, t)= cn

∫
Rn−1

(
|x − y|

2
+ t2)1−n/2 f (y) dy,

provided f is sufficiently smooth and has rapid enough decay at ∞. Here

(n − 2)cn = 0( 1
2 n)π−n/2,

where 0 is the Euler Gamma function. We shall often use the fact that for x, y> 0,

(4–4)
∫ π/2

0
sin2x−1φ cos2y−1φ dφ =

0(x)0(y)
20(x + y)

.

Taking f = 2ψψt we see that

(4–5) f ∈ C∞(Rn−1) and | f (x)| ≤ c(1 + |x |)1−2n for x ∈ Rn−1

and some c ≥ 1. Using (4–3), (4–5) and Hardy space theory (see [Stein 1970,
Chapter 7]) we deduce that

(4–6)
∂gεε
∂t

(x, 0)= −2cn lim
t→0

∂2

∂t2

∫
Rn−1

(|x − y|
2
+ t2)1−n/2ψψt(y, 0) dy

= 2cn lim
t→0

∫
Rn−1

1[(|x − y|
2
+ t2)1−n/2

]ψψt(y, 0) dy

= 2cn

∫
Rn−1

|y|
2−n1(ψψt)(x − y, 0) dy.
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We note that

(4–7)
(
n(n−2)2

)−1
1(ψψt)(z, 0)

=
∂2

∂z2
1

(
−

n + 1
2n

(
1 + |z|2

)−n
)

+
∂2

∂z2
1

(
1 + |z|2

)−(n+1)

−(n + 3)
(
1 + |z|2

)−(n+1)
+ (2n + 2)

(
1 + |z|2

)−(n+2)

=

(∂2 f1

∂z2
1

+
∂2 f2

∂z2
1

+ f3 + f4

)
(z).

Using (4–7) in (4–6) we see that at (x, 0),

(4–8)
(
2n(n−2)2

)−1 ∂gεε
∂t

=
∂2

∂x2
1
(F1 + F2)+ F3 + F4,

where

(4–9) Fi (x)= cn

∫
Rn−1

|y|
2−n f̄i (x − y) dy for 1 ≤ i ≤ 4,

and to get F1, F2 on the right-hand side of (4–8) we have interchanged the order of
differentiation and integration in the corresponding integrals, which is permissible
as we see from (4–5). We now introduce spherical coordinates in Rn−1. Let r =|x |,
ρ = |y| and y1 = ρ cos θ . From rotational symmetry we deduce that each Fi is
radial. Using this and writing Fi (r) for Fi (x), 1 ≤ i ≤ 4, we see for n ≥ 3 that each
Fi has the form

(4–10) Fi (r)= di/π

∫ π

0

∫
∞

0

sinn−3 θ

(1 + r2 − 2rρ cos θ + ρ2)ki
dρ dθ

where

(4–11)

d1 = −(n + 1)/(2n),

d2 = 1,

d3 = −(n + 3),

d4 = 2n + 2,

k1 = n,

k2 = n + 1,

k3 = n + 1,

k4 = n + 2.

To evaluate the integrals in (4–10) we shall use contour integration and complex
notation. Let z = x +iy and let3R be the boundary in the complex plane (oriented
counterclockwise) of {z = x + iy : y > 0} ∩ {z : |z|< R}. If

f̂ (z, r, θ)= (1 + r2
− 2r z cos θ + z2)−k
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and k ≥ n is a positive integer, then from the residue theorem and simple estimates
we have

(4–12) π I (r)=

∫ π

0

∫
∞

0

sinn−3 θ

(1 + r2 − 2rρ cos θ + ρ2)k
dρ dθ

=

∫ π/2

0
sinn−3 θ lim

R→∞

∫
3R

f̂ (z, r, θ) dz dθ

= 2π i
∫ π/2

0
sinn−3 θ Res f̂ ( · , r, θ)|z1 dθ

where z1 is the pole of f̂ ( · , r, θ) with Im z1 > 0. To find this residue we note from
the quadratic formula that

f̂ (z, r, θ)= (z − z1)
−k(z − z2)

−k,

where

z1 = r cos θ + i
√

1 + r2 sin2 θ and z2 = z̄1.

Thus

Res f̂ ( · , r, θ)|z1 =
1

(k − 1)!
dk−1

dzk−1 (z − z2)
−k

= (−1)k−10(2k − 1)
0(k)2

(z1 − z2)
1−2k

= −i 21−2k 0(2k − 1)
0(k)2

(1 + r2 sin θ)1/2−k .

Using this equality in (4–12) we get
(4–13)

I (r)= 22−2k 0(2k − 1)
0(k)2

∫ π/2

0

sinn−3 θ

(1 + r2 sin2 θ)k−1/2
dθ

= (1 + r2)1/2−k 22−2k 0(2k−1)
0(k)2

∫ π

0
sinn−3 θ

(
1 −

r2

1+r2 cos2 θ
)(1/2−k)

dθ.

Next we expand the integrand in (4–13) in a series, using the binomial theorem, and
use (4–4) to integrate term by term. If (a)0 = 1 and (a)m = a(a+1) . . . (a+m−1),
for m a positive integer, we find that

(4–14)
∫ π

0
sinn−3 θ

(
1 −

r2

1 + r2 cos2 θ
)(1/2−k)

dθ

=

∞∑
m=0

(
(k −

1
2)m

m!

( r2

1 + r2

)m
∫ π/2

0
sinn−3 θ cos2m θ dθ

)

=
1
2
0( 1

2)0(
1
2 n − 1)

0( 1
2(n − 1))

F
(1

2
, k −

1
2
,

n
2

−
1
2
,

r2

1 + r2

)
,
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where again

F(a, b, c, w)=

∞∑
m=0

(a)m(b)m
m! (c)m

wm

is the hypergeometric function. Using (4–14) and (4–13) we conclude that

(4–15) I (r)= A(k)(1 + r2)1/2−k F
(1

2
, k −

1
2
,

n
2

−
1
2
,

r2

1 + r2

)
,

where

A(k)= 21−2k 0(
1
2)0(

1
2 n − 1) 0(2k − 1)

0(1
2 n −

1
2)0(k)

2
.

Next, from (4–15), (4–11), (4–10), we deduce that

(4–16)

F1(r)= −
n+1
2n

A(n)(1+r2)1/2−n F
(1

2
, n−

1
2
,

n
2

−
1
2
,

r2

1+r2

)
,

F2(r)= A(n+1)(1+r2)−n−1/2 F
(1

2
, n+

1
2
,

n
2

−
1
2
,

r2

1+r2

)
,

F3(r)= −(n+3)A(n+1)(1+r2)−n−1/2 F
(1

2
, n+

1
2
,

n
2

−
1
2
,

r2

1+r2

)
,

F4(r)= (2n+2)A(n+2)(1+r2)−n−3/2 F
(1

2
, n+

3
2
,

n
2

−
1
2
,

r2

1+r2

)
.

To compute derivatives of I (r) we note that if z = r2/(1 + r2), then I (r) can be
written as a constant multiple of (1 − z)b F(a, b, c, z) for suitably chosen a, b, c.
Then ∂z/∂x1 = 2x1(1 − z)2 and

∂

∂x1

(
(1−z)b F(a, b, c, z)

)
= 2x1(1−z)b+1

(
−bF(a, b, z)+(1−z)

∂F
∂z
(a, b, c, z)

)
= 2x1 (1−z)b+1(a−c)(b/c), F(a, b+1, c+1).

Differentiating this equality once again we find with x1 = r cos θ that

∂2

∂x2
1

I (r)= B(k)(1 + r2)−k−1/2 F
(1

2
, k +

1
2
,

n
2

+
1
2
,

r2

1 + r2

)
+ C(k) cos2 θ r2(1 + r2)−k−3/2 F

(1
2
, k +

3
2
,

n
2

+
3
2
,

r2

1 + r2

)
,

where

B(k)= −(2k − 1)21−2k 0(
1
2)0(

n
2 )0(2k − 1)

0( n
2 +

1
2)0(k)

2
,

C(k)= (4k2
− 1)21−2k 0(

1
2)0(

n
2 + 1)0(2k − 1)

0( n
2 +

3
2)0(k)

2
.
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From these equalities we see that

(4–17)
∂2

∂z2
1

F1(r)=
(n+1)

2n
B(n)(1+r2)−n−1/2 F

(1
2
, n+

1
2
, n/2+

1
2
,

r2

1+r2

)
+
(n+1)

2n
C(n) cos2 θ r2(1+r2)−n−3/2 F

(1
2
, n+

3
2
,

n
2

+
3
2
,

r2

1+r2

)
= G11(r)+G12(r) cos2 θ,

∂2

∂z2
1

F2(r)= B(n+1)(1+r2)−n−3/2 F
(1

2
, n+

3
2
,

n
2

+
1
2
,

r2

1+r2

)
+C(n+1) cos2 θ r2 (1+r2)−n−5/2 F

(1
2
, n+

5
2
,

n
2

+
3
2
,

r2

1+r2

)
= G21(r)+G22(r) cos2 θ.

Combining these two equalities with (4–16), we see that ∂gεε/∂t is calculated in
terms of the hypergeometric function.

Next we write
(
|∇ψ |

2
− ψ2

t
)
(x, 0) in polar coordinates. If r = |x | and x1 =

r cos θ , we have
(4–18)

|∇ψ |
2
−ψ2

t (x, 0)= −
2n2(n − 2)2r2 cos2 θ

(r2 + 1)n+2 +
n(n − 2)3r2 cos2 θ

(r2 + 1)n+1 +
(n − 2)2

(r2 + 1)n

= g1(r) cos2 θ + g2(r) cos2 θ + g3(r).

To find the integrals with integrand involving gi (∂/∂t)gεε, for 1 ≤ i ≤ 3, we first
consider integrals of the form

J (b, h, k, l)=

∫
∞

0
r l(1 + r2)−h−k F

(1
2
, k, b,

r2

1 + r2

)
dr,

when l equals n − 2, n, or n + 2, and h, k > 0 with h + k ≥ 2n +
1
2 . Interchanging

the integration and summation signs in this integral (which is permissible by the
Tonelli theorem) and using the substitution r = tanφ, we get

(4–19) J (b, h, k, l)=

∞∑
m=0

(1
2)m(k)m
(b)m m!

∫
∞

0

r2m+l

(1 + r2)m+h+k dr

=

∞∑
m=0

(1
2)m(k)m
m!(b)m

∫ π/2

0
(cosφ)2h+2k−2−l (sinφ)2m+ldφ

=
0(h + k −

l
2 −

1
2)0(

l
2 +

1
2)

20(h + k)

∞∑
m=0

( l
2 +

1
2)m (

1
2)m (k)m

(h + k)m (b)m m!
.
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We first use (4–18) with l = n − 2 and b =
n
2 −

1
2 to get

(4–20) J ( n
2 −

1
2 , h, k, n − 2)=

0(h + k −
n
2 +

1
2)0(

n
2 −

1
2)

20(h + k)

∞∑
m=0

(1
2)m(k)m

(k + h)m m!

×
0(h + k −

n
2 +

1
2)0(

n
2 −

1
2)

20(h + k))F(1
2 , k, h + k, 1)

=
0(n

2 −
1
2)0(h + k −

n
2 +

1
2)0(h −

1
2)

20(h)0(h + k −
1
2)

.

Here we have used the fact that

(4–21) F(α, β, γ, 1)=
0(γ−α−β)0(γ )

0(γ−α)0(γ−β)
if α, β, γ > 0 and γ−α−β > 0.

From (4–20) with h = n and k = n +
1
2 , (4–16) for F3, and (4–4) we get

(4–22) H1 =

∫
∞

0

∫ π

0
sinn−3 θ F3(r)g3(r)rn−2 dr

= −(n−2)2(n+3)A(n+1)
0( n

2 −1)0( 1
2)

0( n
2 −

1
2)

J
( n

2 −
1
2 , n, n+

1
2 , n−2

)
= −8(n+3)(n−2)2n2 D,

where

(4–23) D =
π0( n

2 − 1)20( 3n
2 + 1)0(n −

1
2)

24+2n0( n
2 −

1
2)0(n + 1)3

.

Likewise from (4–20) with h = n and k = n +
3
2 , (4–16) for F4, and (4–4) we get

(4–24) H2 =

∫
∞

0

∫ π

0
sinn−3 θ F4(r)g3(r)rn−2 dθ dr

= 2(3n + 2)(2n + 1)n(n − 2)2 D.

Next we put b =
n
2 −

1
2 and l = n in the sum on the last line of (4–19). We deduce

∞∑
m=0

(n
2 +

1
2)m(

1
2)m(k)m

(h + k)m( n
2 −

1
2)mm!

= F
( 1

2 , k, h+k
)
+

k
(h + k)(n − 1)

F
( 3

2 , k +1, h+k +1
)
.

Using this together with (4–21) and (4–19) we find after simplifying that

(4–25) J ( n
2 −

1
2 , h, k, n)

=
0(h + k −

n
2 −

1
2)0(

n
2 +

1
2)0(h −

3
2)

4(n − 1)0(h + k −
1
2)0(h)

(
(n − 1)(2h − 3)+ 2k

)
.
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Using (4–25) with b =
n
2 −

1
2 , h = n +2, k = n +

1
2 and l = n, together with (4–16)

for F3 and (4–4), we get

(4–26) H3 =

∫
∞

0

∫ π/2

0
sinn−3 θ cos2 θ F3(r)g1(r)rn−2 dr

= 2n2(n−2)2(n+3)A(n+1)
0(n

2 −1)0( 1
2)

(n−1)0( n
2 −

1
2)

J
(n

2 −
1
2 , n+2, n+

1
2 , n

)
=
(2n−1)(3n+2)(n−2)2n3(n+3)

2(n2−1)
D.

Arguing as above with b =
n
2 −

1
2 , h = n + 2, k = n +

3
2 , l = n, we also obtain

(4–27) H4 =

∫
∞

0

∫ π/2

0
sinn−3 θ cos2 θ F4(r)g1(r)rn−2 dr

= −
n2(n − 2)2(2n − 1)(2n2

+ n + 2)(3n + 2)(3n + 4)
8(n + 1)2(n − 1)

D.

Next with b, l as above, h = n + 1, and k = n +
1
2 , we find

(4–28) H5 =

∫
∞

0

∫ π/2

0
sinn−3 θ cos2 θ F3(r)g2(r)rn dr

= −
(2n2

− n + 2)n(n − 2)3(n + 3)
n − 1

D.

Also for b, l as above and h = n + 1, k = n +
3
2 ,

(4–29) H6 =

∫
∞

0

∫ π/2

0
sinn−3 θ cos2 θ F4(r)g2(r)rn−2 dr

=
n(n − 2)3(3n + 2)(2n2

− n + 4)
2(n − 1)

D.

To continue, we note that if b =
n
2 +

1
2 and l = n in the sum in (4–19), one deduces

as in (4–20) that

(4–30) J ( n
2 +

1
2 , h, k, n)=

0(h + k −
n
2 −

1
2)0(

n
2 +

1
2)0(h −

1
2)

20(h)0(h + k −
1
2)

.

In view of (4–30) with b =
n
2 +

1
2 , h = n +2, k = n +

1
2 , l = n, we find from (4–18)

and the first equality in (4–17) that

(4–31) H7 =

∫
∞

0

∫ π/2

0
sinn−3 θ cos2 θ G11(r)g1(r)rn−2 dr

= −
(3n + 2)(2n − 1)(n − 2)3n2

2(n − 1)
D.
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With b, h, l as in (4–31) and k = n +
3
2 we deduce as above that

(4–32) H8 =

∫
∞

0

∫ π/2

0
sinn−3 θ cos2 θ G21(r)g1(r)rn−2 dr

=
n2(n − 2)3(3n + 2)(3n + 4)(4n2

− 1)
8(n − 1)(n + 1)2

D.

Next we repeat our program for the integrals in (4–31), (4–32) with h = n +1 and
all other parameters as in (4–31), (4–32) respectively. We get

(4–33) H9 =

∫
∞

0

∫ π/2

0
sinn−3 θ cos2 θ G11(r)g2(r)rn−2 dr

=
(n − 2)4(n + 1)(2n − 1)n

n − 1
D,

(4–34) H10 =

∫
∞

0

∫ π/2

0
sinn−3 θ cos2 θ G21(r)g2(r)rn−1 dr

= −
n(n − 2)4(3n + 2)(2n − 1)

2(n − 1)
D.

As in (4–30) we see that if l = n + 2 and b =
n
2 +

3
2 , then

(4–35) J
( n

2 +
3
2 , h, k, n + 2

)
=
0(h + k −

n
2 −

3
2)0(

n
2 +

3
2)0(h −

1
2)

20(h)0(h + k −
1
2)

.

Using (4–35) with b, l as in (4–30) and h = n + 2, k = n +
3
2 we find

(4–36) H11 =

∫
∞

0

∫ π/2

0
sinn−3 θ cos4 θ G12(r)g1(r)rn−2 dr

=
3(3n + 2)(n − 2)3n3(4n2

− 1)
8(n + 1)2(n − 1)

D.

Also for b, l, as in (4–35) we have with h = n + 2, k = n + 5/2,

(4–37) H12 =

∫
∞

0

∫ π/2

0
sinn−3 θ cos4 θ G22(r)g1(r)rn−2 dr

= −
3(3n + 2)(3n + 4)(n − 2)3n3(4n2

− 1)
16(n2 − 1)(n + 1)2

D.

Next we repeat the argument that gave us (4–34), (4–35) with b, l, k as in these
displays and h = n + 1. Doing this we get

(4–38) H13 =

∫
∞

0

∫ π/2

0
sinn−3 θ cos4 θ G12(r)g2(r)rn−2 dr

= −
3(n − 2)4n2(2n − 1)

2(n − 1)
D,
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(4–39) H14 =

∫
∞

0

∫ π/2

0
sinn−3 θ cos4 θ G22(r)g2(r)rn−2 dr

=
3(2n + 3)(3n + 2)(n − 2)4n2(2n − 1)

8(n2 − 1)(n + 1)
D.

Next we note from integrating by parts and radial symmetry that

(4–40)
∫

∞

0

∫ π/2

0
sinn−3 θ g3(r)

∂2

∂x2
1
(F1+F2)(r)rn−2 dθ dr

=

∫
∞

0

∫ π/2

0
sinn−3 θ

∂2g3

∂x2
1
(r) (F1+F2)(r)rn−2 dθ dr

= H15+H16,

with

H15 = −2n(n − 2)2
∫

∞

0

∫ π/2

0
sinn−3 θ (F1 + F2)(r)

rn−2

(r2 + 1)n+1 dθ,

H16 = 4n(n + 1)(n − 2)2
∫

∞

0

∫ π/2

0
sinn−3 θ cos2 θ (F1 + F2)(r)

rn

(r2 + 1)n+2 dθ.

To find H15 we first write this integral as a sum of two integrals involving F1, F2.
We then use b =

n
2 −

1
2 , h = n + 1, k = n −

1
2 , l = n − 2 in (4–20) to evaluate the

integral involving F1 and then b =
n
2 −

1
2 , h = n +1, k = n +

1
2 , l = n −2 in (4–20)

to evaluate the integral involving F2. Altogether we get

(4–41) H15 =
(
8n2(n − 2)2(n + 1)− 2n(n − 2)2(2n − 1)(3n + 2)

)
D.

Next we use (4–25) and argue as above to find
(4–42)

H16 =

(
−

2(n + 1)(n − 2)2n(2n2
+ n − 2)

n − 1
+
(3n + 2)(n − 2)2n2(2n − 1)

n − 1

)
D.

Combining the integrals in (4–22)–(4–42) and simplifying we find from (4–8) that

(4–43)
∫

Rn−1
6
∂gεε
∂t

(
|∇ψ |

2
−ψ2

t
)

dx

= αn

∫ π/2

0

∫
∞

0
sinn−3 θ

∂gεε
∂t

(r, θ) rn−2 dr dθ = 12n(n −2)2
16∑

i=1

Hi

= −αn
3n3(n −2)4(16+16n −72n2

−44n3
−11n4

+12n6)

4(n −1)(n +1)3
D,

where

αn =
2πn/2−1

0( n
2 − 1)

.
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5. Proof of Theorem 3

We first calculate the integral involving the rest of the integrand in I ′′′′(0) and then
use Stirling’s formula to finally get Theorem 3. To begin we note as before that if
x ∈ Rn−1 and r = |x |, then

(5–1) |∇ψ |
2(x, 0)=

(n − 2)2

(r2 + 1)n
−
(n − 2)2n2x2

1

(r2 + 1)n+2 +
(n − 2)3nx2

1

(r2 + 1)n+1

and

(5–2) |∇ψ |
4(x, 0)= −

2(n − 2)4n2x2
1

(r2 + 1)2n+2 +
2(n − 2)5nx2

1

(r2 + 1)2n+1 −
2(n − 2)5n3x4

1

(r2 + 1)2n+3

+
(n − 2)4

(r2 + 1)2n +
(n − 2)4n4x4

1

(r2 + 1)2n+4 +
(n − 2)6n2x4

1

(r2 + 1)2n+2 .

Introducing spherical coordinates x1 = r cos θ in (5–2) and integrating the resulting
expression term by term, using once again the substitution r = tanφ as well as
(4–4), we obtain

(5–3)
∫

Rn−1
6|∇ψ |

4dx = αn
3(n − 2)3(3n4

+ 8n3
+ 133n2

+ 392n + 336)
16(n + 1)(2n + 3)(2n + 1)

E,

where αn is defined after (4–43) and

(5–4) E =

√
π0(1 + n/2)0( 3n

2 +
1
2)

0(2n)
=
π0(1 + n/2)0( 3n

2 +
1
2)

0(n)0(n +
1
2)2

2n−1
,

by Legendre’s duplication formula for the 0 function. We note that

(5–5) ψ2
t (x, 0)=

(n − 2)2n2x2

(r2 + 1)n+2 .

Multiplying (5–5) by (5–1) and integrating we find that

(5–6)
∫

Rn−1
12ψ2

t |∇ψ |
2 dx = αn

3(n − 2)3(3n3
+ n2

+ 4n + 24)(3n + 1)
8(2n + 1)(n + 1)(2n + 3)

E .

Also squaring (5–4) and integrating we find

(5–7)
∫

Rn−1
2ψ4

t dx = αn
9(n − 2)3n2(3n + 1)
16(2n + 1)(2n + 3)

E .

Next we note that

(5–8) 1ψ(x, 0)= −
n(n − 2)x
(r2 + 1)n/2+1 +

n(n2
− 4)x

(r2 + 1)n/2+2 .

Multiplying together (5–8), (4–1), (5–1) and integrating we get

(5–9)
∫

Rn−1
12ψ |∇ψ |

21ψ dx = −αn
9(n − 2)3(3n4

+ 4n3
+ n2

+ 32n + 48)
8(2n + 1)(2n + 3)(n + 1)

E .
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To handle the last term in the integral observe that

(5–10)
∂|∇ψ |

2

∂t
(x, 0)

= −
2n(n − 2)2

(r2 + 1)n+1 +
2n2(n − 2)2(n + 2)x2

(r2 + 1)n+3 −
2n(n − 2)2(n2

− 2)x2

(r2 + 1)n+2 .

Multiplying together (5–10), the positive square root of (5–5), (4–1) and integrating
using (4–2) we obtain
(5–11)∫

Rn−1
24ψψt 〈∇ψ,∇ψt 〉 dx = αn

3(n−2)3(3n3
+7n2

−2n−12)(3n+1)
4(n+1)(2n+1)(2n+3)

E .

Adding together (5–3), (5–6), (5–7), (5–9), and (5–11) we conclude that

(5–12)∫
Rn−1

(
12ψ |∇ψ |

21ψ + 24ψψt 〈∇ψ,∇ψt 〉 + 2ψ4
t + 12|∇ψ |

2ψ2
t + 6|∇ψ |

4) dx

= αn
3(3n3

+ 2n2
+ 7n + 2)(n − 2)3

2(n + 1)(2n + 1)
E .

Combining this with (4–43) we get

(5–13) I ′′′′(0)= −αn
3n3(n −2)4(16+16n −72n2

−44n3
−11n4

+12n6)

4(n −1)(n +1)3
D

+αn
3(3n3

+2n2
+7n +2)(n −2)3

2(n +1)(2n +1)
E

= A
(

−
1
16

L
n(16+16n −72n2

−44n3
−11n4

+12n6)

(n +1)2(n −1)

+
3n3

+2n2
+7n +2

2n +1

)
,

where

A =
3nαnπ(n − 2)40( n

2 − 1)0( 3n
2 +

1
2)2

−2n−2

0(n)0(n +
1
2)(n + 1)

,

L =
0(n +

1
2)0(n −

1
2)0(

n
2 − 1)0( 3n

2 + 1)

0(n + 1)0(n + 1)0( n
2 −

1
2)0(

3n
2 +

1
2)
.

In order to show that (5–13) is positive we need to estimate L from above. Substi-
tuting 0( 3n

2 + 1)=
3n
2 0(

3n
2 ) and 0(n + 1)= n0(n) once gives

L =
3
2
0(n +

1
2)0(n −

1
2)0(

n
2 − 1)0(3n

2 )

0(n + 1)0(n)0( n
2 −

1
2)0(

3n
2 +

1
2)
.
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This gives four ratios of Gamma functions, in the order they appear, of the form
0(z)/0(z +

1
2). Using Stirling’s formula (see [Ahlfors 1978, p. 203]) we see that

0(z)
0(z + 1/2)

=

(
z

z +
1
2

)z e1/2

z1/2 eJ (z)−J (z+1/2),

where

J (z)=
1
π

∫
∞

0

z
η2 + z2 log

1
1 − e−2πη dη for z = n +

1
2 , n −

1
2 , n

2 − 1, 3n
2 + 1.

Next observe that(
z

z +
1
2

)z

= exp
(

z ln
(

1 −
1

2z + 1

))
≤ exp

(
z

−1
2z + 1

)
≤ exp

(
−

n − 2
2(n − 1)

)
for all z occurring above. Therefore,

(5–14) L ≤
3
2

e−2(n−2)/(n−1)e2√(
n +

1
2

)(
n −

1
2

)(n
2 − 1

)(3n
2 + 1

) S ≤

√
3 e2/(n−2)

n2
√(

1 −
1

2n

)(
1 −

2
n

) S

for n ≥ 3, where S stands for

exp
(
J (n+

1
2)−J (n+1)+J (n−

1
2)−J (n)+J (n

2 −1)−J ( n
2 −

1
2)+J ( 3n

2 )−J ( 3n
2 +

1
2)
)
.

We estimate J (z)− J (z +
1
2) using the formula above and the mean value theorem

(z ≤ ξ ≤ z +
1
2 ):∣∣J (z)− J (z +

1
2)
∣∣= 1

2π

∣∣∣∣∫ ∞

0

η2
− ξ 2

(η2 + ξ 2)2
log(

1
1 − e−2πη ) dη

∣∣∣∣
≤

1
2πξ 2

∫
∞

0
log

1
1 − e−2πη dη ≤

1
24ξ 2 ≤

1
24z2 ,

where we have also used the fact that the last integral is π/12 (see [Ahlfors 1978,
p. 205]). Again using that the least z above is z =

1
2(n − 2) we see that

S ≤

(
exp

1
24(n

2 − 1)2

)4

= exp
2

3(n − 2)2
.

Using this inequality in (5–14) we have

(5–15) L ≤

√
3 exp

( 2
n − 2

+
2

3(n − 2)2

)
n2

√(
1 −

1
2n

)(
1 −

2
n

) .

We also have for n ≥ 3

(5–16)
n(16 + 16n − 72n2

− 44n3
− 11n4

+ 12n6)

(n + 1)2(n − 1)
≤

12n7

n3 = 12n4.
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Combining (5–16) and (5–15) we deduce that

(5–17)
1
16
0(n +

1
2)0(n −

1
2)0(

n
2 −1)0( 3n

2 +1)

0(n +1)20(n
2 −

1
2)0(

3n
2 +

1
2)

×
n(16+16n −72n2

−44n3
−11n4

+12n6)

(n +1)2(n −1)

≤

3n2
√

3 exp
( 2

n −2
+

1
6(n −2)2

)
4

√(
1−

1
2n

)(
1−

2
n

) ≤
3n3

+2n2
+7n +2

2n +1

for n ≥ 100, as is easily seen. From (5–17) and (5–13) we conclude that I ′′′′(0)≥ 0
for n ≥ 100. For 3 ≤ n ≤ 100 one can check (5–13) directly to see that I ′′′′(0)≥ 0.
This is easily done using a computer. In fact it turns out that (5–17) is valid for
n ≥ 23 so that one need only verify directly that (5–13) is positive for 3 ≤ n ≤ 23.
The proof of Theorem 3 is now complete. �

6. Proof of Theorem 4

Let ψ be as in Theorem 3 and put θ =ψψt . From (3–5) we have gε2 ≡ 0 so gε2t ≡ 0
and the “bad term” in the last calculation now vanishes. Also note that

(6–1)
∫

Rn−1

〈
∇ψ,∇(ψψt)

〉
ψt dx =

∫
Rn−1

|∇ψ |
2ψ2

t dx +

∫
Rn−1

〈∇ψt ,∇ψ〉ψψt dx .

Multiplying by −24, substituting into (3–20) and collecting terms we see that

(6–2) I ′′′′(0)=

∫
Rn−1

(
12ψ |∇ψ |

21ψ + 2ψ4
t − 12|∇ψ |

2ψ2
t + 6|∇ψ |

4) dx .

Subtracting (5–6) from the sum of (5–3), (5–7), (5–9), we conclude that

(6–3) I ′′′′(0)= −3αn
(n − 2)3n(3n3

+ 2n2
− 13n − 6)

2(n + 1)(2n + 3)(2n + 1)
E

= −
3πn/2 0( 3n+1

2 )(n − 2)4 n2 (3n3
+ 2n2

− 13n − 6)

0(n +
1
2)0(n) 22n+1 (n + 1)(2n + 3)(2n + 1)

< 0.

The proof of Theorem 4 is now complete. �

Remark. Equation (3–20) can be written as

(6–4) I ′′′′(0)=

∫
Rn−1

(
12ψ |∇ψ |

21ψ + 24ψψt 〈∇ψ,∇ψt 〉

+ 12
(
|∇ψ |

2
−ψ2

t
)

P(ψψt)t + 2ψ4
t + 12|∇ψ |

2ψ2
t

+ 6|∇ψ |
4

− 12θt
(
|∇ψ |

2
−ψ2

t
)
− 24〈∇ψ,∇θ〉ψt

)
dx .
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Note that θ occurs linearly in this integral and only in the last two terms. Thus
since we can always multiply θ by a large positive or negative constant it would
suffice to prove the following conjecture in order to obtain examples where I ′′′′(0)
has both signs.

Conjecture 1. Given 0 6≡ ψ ∈ C∞

0 (R
n−1), n ≥ 3, with I ′′′(0) = 0, there exists

θ ∈ C∞

0 (R
n−1) with

0 6=

∫
Rn−1

(
12θt (|∇ψ |

2
−ψ2

t )+ 24〈∇ψ,∇θ〉ψt
)

dx

=

∫
Rn−1

(
12 θt (|∇ψ |

2
−ψ2

t ) − 12 θ (|∇ψ |
2
−ψ2

t )t
)

dx

=

∫
D(0)

12θ1
(
|∇ψ |

2
−ψ2

t
)

dx .

Let

θ(x, t)=
0( n

2 )

πn/2(2 − n)

(
|x − y|

2
+ t2)1−n/2

for fixed y ∈ Rn−1. Using this θ in Conjecture 1 and letting t →0 through positive
values we see from well-known facts about the Poisson integral that the conjecture
is equivalent to the inequality

(
|∇ψ |

2
−ψ2

t
)
(y, 0) 6≡ 2

n−1∑
i=1

Ri (ψxiψt)(y, 0) when y ∈ Rn−1,

where each Ri (x) = (0( n
2 )/π

n/2)(xi/|x |), for 1 ≤ i ≤ n − 1, is a Riesz transform
and Ri f denotes the convolution of Ri with f . A less likely conjecture is:

Conjecture 2. Given ψ ∈ C∞

0 (R
n−1) with I ′′′(0) = 0 and θ ≡ 0, it is always true

that the integral in (3–20) is positive.

The following examples, all with n =4, lend some credence to these conjectures.
The first example involves

ψ =
1

r2 + (1 + t)2
−

a2

r2 + (t + a)2
,

where 0 < a < 1 and r2
= x2

+ y2
+ z2. For this ψ we find, using residues, that

I ′′′(0)= 0 for all a. The remaining calculations in this section are all from Maple.
The fourth derivatives are

I ′′′′

θ=0(0)=
1
8
π2
(
3 a2

+ 22 a + 3
)
(a − 1)4

a (a + 1)5
,

I ′′′′

θ=ψψt
(0)=

1
4

(
3 a2

+ 26 a + 3
)
(a − 1)4 π2

a (a + 1)5
.
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These derivatives are positive and unequal, supporting both conjectures. To find
I ′′′′

θ=0(0) for this example we needed to calculate gεε, which we did by using partial
fractions on 2ψψt and then solving a system of equations based on the observation
that gεε can be realized as a linear combination of t derivatives of

u =
1

r2 + (t + 1)2
and v =

1
r2 + (t + a)2

.

One obtains more evidence for Conjectures 1 and 2 from the following examples,
which also imply, along with the preceding one, that I ′′′′

θ=ψψt
(0) may have either

sign. All the examples involve linear combinations of derivatives of the u just
defined. Again, this makes finding gεε possible when θ = 0 using derivatives of u.
We always use an odd number of x derivatives so that I ′′′(0)= 0.

Here is a table of some derivatives.

ψ I ′′′′

θ=0(0)/π
2 I ′′′′

θ=ψψt
(0)/π2

ux = −2xu2 141
320 −

83
40

uxt = 8x(t + 1)u3 103899
1600 −

48051
160

uxxx = −48x3u4
+ 24xu3 302804163

125440 −
6567399

640

ut t x = −48u4 (t + 1)2 x + 8 u3x 462648861
17920 −

75385143
640

uxxxxx = −3840u6x5
+ 3840 u5x3

− 720 u4x 4739410625625
5632 −

423800960625
128

We also computed many I ′′′′

θ=0(0) and I ′′′′

θ=ψψt
(0) for many linear combinations

ψ . For example, for ψ = uxt + auxxx , we get

I ′′′′

θ=0(0)=
3π2

627200 (504673605a4
+760731228a3

+444523278a2
+120281560a+13576136)

and

I ′′′′

θ=ψψt
(0)= −3π2

4480 (15323931a4
+23718213a3

+14150139a2
+3890212a+448476).

In all these examples of linear combinations we found that I ′′′′

θ=0(0)> 0, supporting
Conjecture 2, while I ′′′′

θ=ψψt
(0) < 0, supporting Conjecture 1, and showing along

with the example at the bottom of page 163 that I ′′′′

θ=ψψt
(0) may have either sign.

Another way to generate examples is to use separation of variables in (r, t).
Then for any λ > 0 the functions e−λt sin(λr)/r are harmonic in R4

+
and, with

appropriate integrability,

g(r, t)=
√

2/π
∫

∞

0

e−λt sin(λr)
r

f (λ) dλ

represents the harmonic function with boundary values

g(r, 0)=
√

2/π
∫

∞

0

sin(λr)
r

f (λ) dλ
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So one can calculate examples in the variables (r, t) using Fourier sine transforms
when n = 4, or by using Hankel transforms in higher dimensions. The examples
we worked out did not lead to anything new.

Finally let µ, µ̃ denote (as in Section 1) harmonic measure defined with respect
to the above D,Rn

\D. Since both these measures are doubling measures it follows
easily from a monotonicity formula of [Alt et al. 1984] (see also [Friedland and
Hayman 1976]) that if x ∈ ∂D, 0 ≤ r ≤ 1, then

µ(B(x, r)) µ̃(B(x, r))≤ cr2n−2,

where c depends only on n. Now for µ, D as in Corollary 1 and almost every
x ∈ suppµ it follows from Wolff’s argument and Theorem 3 that

lim
r→0

lnµ(B(x, r))
ln r

< n − 1.

A similar statement holds for µ̃. Using these equalities in the monotonicity formula
we reach a contradiction unless µ and µ̃ are mutually singular. On the other hand
there is no contradiction to the above inequality if µ, µ̃, D are as in Corollary 2.
Thus we conjecture:

Conjecture 3. There exists a Wolff snowflake for which µ, µ̃ are not mutually
singular.

In two dimensions (see [Bishop et al. 1989]) a necessary and sufficient condition
for these measures to be mutually singular in a Jordan domain is that the set of
boundary points with tangents has H 1 measure zero. Clearly Wolff snowflakes
have this property, so µ, µ̃ are always mutually singular in R2.
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