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Let £ be a bounded, weakly pseudoconvex domain in C2, having smooth
boundary. A(R2) is the algebra of all functions holomorphic in £ and con-
tinuous up to the boundary. A smooth curve C C 9d€2 is said to be complex-
tangential if T, (C) lies in the maximal complex subspace of T}, (92) for each
p € C. We show that if C is complex-tangential and 92 is of constant
type along C, then every compact subset of C is a peak-interpolation set
for A(R2). Furthermore, we show that if 92 is real-analytic and C is an
arbitrary real-analytic, complex-tangential curve in 32, compact subsets of
C are peak-interpolation sets for A (£2).

1. Statement of the main result

Let 2 be a bounded domain in C”, and let A(£2) be the algebra of functions contin-
uous on £ and holomorphic in Q. Recall that a compact subset K C 9L is called
a peak-interpolation set for A(2) if given any f € €(K), f # 0, there exists a
function F € A(2) such that F|x = f and |F(¢)| < supg | f| forevery ¢ € Q\K.
We are interested in determining when a smooth submanifold M C 92 is a peak-
interpolation set for A(£2). When  is a strictly pseudoconvex domain having 4>
boundary and M is of class 62, the situation is very well understood; see [Henkin
and Tumanov 1976; Nagel 1976; Rudin 1978]. In the strictly pseudoconvex setting,
M is a peak-interpolation set for A(2) if and only if M is complex-tangential,
meaning that 7),(M) C H,(9S2) for all p € M. (Here and in what follows, for any
submanifold M C 92, T,,(M) will denote the real tangent space to M at the point
p € M, while H,(9€2) will denote the maximal complex subspace of 7, (952).)
Very little is known, however, when 2 is a weakly pseudoconvex of finite type.
(There are several notions of type for domains in C", n > 2, but they all coincide
for pseudoconvex domains in C2. See Section 2 below.) In view of a result by
Henkin and Tumanov [1976] or a similar result by Nagel and Rudin [1978], it is still
necessary for M to be complex-tangential. It was recently shown [Bharali 2004]
that for bounded (weakly) convex domains 2 C C" with real-analytic boundaries,
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complex-tangential submanifolds M C 92 are peak-interpolation sets. However,
showing even that any smooth compact complex-tangential arc in 92 is a peak-
interpolation set for A(£2), for a general smoothly bounded weakly pseudoconvex
domain of finite type, is a difficult problem. This is because doing so would nec-
essarily imply that every point in 9€2 is a peak point for A(€2). Whether or not this
is true for general pseudoconvex domains of finite type is an extremely difficult
open question in the theory of functions in several complex variables, but this fact
is certainly known for smoothly bounded finite type domains in C? [Bedford and
Fornaess 1978; Fornass and McNeal 1994; Forn®ss and Sibony 1989], and we will
use it in one of our results below. In this paper we show, among other things, that
when € is a bounded domain in C2, 3 is real-analytic and C C 9% is a real-
analytic curve, it suffices that C be complex-tangential for every compact subset
of C to be a peak-interpolation set for A(€2).

More precisely, our main result is:

Theorem 1.1. Let Q be a bounded pseudoconvex domain in C* having smooth
boundary, and let C C 02 be a smooth curve.

(1) Let 92 be of class €*° and Q2 be of finite type. If C is complex-tangential,
and if 02 is of constant type along C, then each compact subset of C is a
peak-interpolation set for A(£2).

(i1) Let Q2 have real-analytic boundary and let C C 02 be a real-analytic complex-
tangential curve. Then each compact subset of C is a peak interpolation set
for A(Q).

In (ii) above, we do not assume that 9<2 is of constant type along C.

2. Some notation and introductory remarks

We begin by defining the notion of type.

Definition 2.1. Let  C C? be a bounded domain having a smooth boundary. Let
p € 0Q2. The type of p, denoted by t(p), is the maximum order of contact that the
germ of a 1-dimensional complex variety through p can have with 92 at p. The
point p is said to be of finite type if 7(p) < co. The domain 2 is said to be of
finite type if there is an N € N such that 7(p) < N for each p € 9€2.

Remark 2.2. Let  C C? be a smoothly bounded pseudoconvex domain. Suppose
p € 02 has type 7(p) = N and there are local holomorphic coordinates (U; {1, £2),
near p, relative to which p = 0 and relative to which U N 0€2 is defined by

2-1) p() = A(L) + O(v3, [¢1]val) — ua,
where ¢ 1= ux +ivg, and A(¢1) = O(|¢1|%). Then:
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(1) N is the leading order in ¢ of A.

(2) N is an even number, because €2 is pseudoconvex.

These are consequences of a computation on smoothly bounded pseudoconvex
domains in C? of finite type at p € <2, given in [Fornass and Stensgnes 1987,
Lecture 28]. Examining this calculation, we can infer that:

(3) Suppose @ = (¢1, ¢2) : (U, p) — (C?,0) is a smooth change of coordinate
such that ¢, and d¢, vanish to infinite order at p, and such that (U N dL)
(with respect to these new coordinates) has a defining function of the form
(2-1), where we have written ¢; = ¢;(z1, z2) for j = 1, 2. Then conclusions
(1) and (2) above continue to hold.

We now present some notation. For a €2 function ¢ defined in some open set
in C", we set

3¢ 3¢
8- = T > 87 = _ >
i¢ 0z; i¢ 0z
92 =82_¢ 92 = 0%¢ 92 — 0%¢ )
T g0z IR T dzi0z TR T 8z;0%

If F is a smooth function defined in a neighborhood of 0 € RV, we define (bor-
rowing our notation from [Bloom 1978a])

In(F) := the leading homogeneous polynomial
in the Taylor expansion of F' around O,

ord(F) := the degree of In(F).

In what follows, B(p;r) will denote the open Euclidean ball in C? centered at
p € C? and having radius r, while D(a; r) will denote the open disc in C centered
at a € C and having radius r. Several parameters occur in our analysis and the inde-
pendence of the quantitative estimates in the results below from these parameters
will be of some concern. We will express such estimates via the notation X <Y —
meaning that there is a constant C > 0, independent of all parameters, such that
X <CY.

A standard approach [Henkin and Tumanov 1976; Rudin 1978] to proving that
C C 992, with C, 92 smooth, is a peak-interpolation set makes use of Bishop’s
theorem:

Theorem [Bishop 1962]. Let Q be a bounded domain in C". A compact subset
K C 0R2 is a peak-interpolation set for A(2) if and only if |u|(K) = O for every
annihilating measure . 1. A(S2).
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In this theorem, an annihilating measure is a regular, complex Borel measure
on © which, viewed as a bounded linear functional on 6(S2), annihilates A(S2).
A variation of the aforementioned approach—needed in the proof of our main
theorem — involves showing that if for any p € C there is a small neighborhood
V), 3 p such that for each bump function x € €2°(V,; [0, 1]) with int()(_1 {1}) nC
being an open arc in C, there is a sequence of functions {/A}ren such that

() {h}ren C A(R) and is uniformly bounded on Q;
(ii) klim hi(z) =0 forallz e Q\(CNV,);
—00
(iii) klim hi(z) = x(z) forallze CNV,.
— 00

We explain in the next section why Theorem 1.1(i) follows from the existence of
such a {hy}ren.

The key step in our proof is to show that if C is as described in Theorem 1.1(i),
then for each p € C we can find a small neighborhood V), 5 p such that for any
U € V), for which CNU is an arc, there is a smooth function G in V), that is almost
holomorphic with respect to CNV),, and peaks on CN U. Further, one requires that
this almost holomorphic peak function must approach the value 1 at a controlled
rate. We show that

(2-2) IG(z)| < 1—=Cdist[z,CNV,IPM forallze QNV,.

Here 2M represents the type of a2 along C. The above result is strongly reminis-
cent of [Noell 1985, Lemma 2.1]. In that lemma, if C — where C is not necessarily
complex-tangential, but 9€2 is of type 2M along C — has the property that at each
p € C there is a holomorphic function, smooth up to 9€2, that peaks on a small
closed sub-arc of C passing through p, then we can find a holomorphic peak func-
tion, smooth up to 9<2, that satisfies the estimate (2-2). In our situation we do
not, of course, have holomorphic functions that peak locally along C. However,
we can use some of Noell’s ideas (which in turn rely on an estimate from [Bloom
1978a]) and exploit the complex-tangency of C to construct an almost-holomorphic
local peak function that satisfies good estimates. This construction is presented in
Section 4.

We complete the proof of Theorem 1.1 in Section 5. Part (i) of the theorem will
follow from the construction of the family {/}ren described above. Each hy is,
near C, a holomorphic correction of the k-th power of G (G as introduced above).
This correction is achieved by solving an appropriate d-equation in €2, and the
estimate (2-2) is used to show that h; satisfies the three properties listed above.
Theorem 1.1(ii) will follow from the fact that in the real-analytic setting 92 is of
constant type along C except for a discrete set of points in C. Using part (i) of the
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theorem and the fact that each point in this discrete set is a peak point for A(£2),
we deduce part (ii).

3. A technical lemma

In this section, we present an abstract lemma that is instrumental to the proof of
our main theorem.

Definition 3.1. Given an open set V C R", a bump function f in V is a function
belonging to 62°(V; [0, 1]) such that int(f~'{1}) # @.

Lemma 3.2. Let Q be a bounded domain in C* having smooth boundary and let
C be a smooth curve in 0X2. Assume that for each p € C, there exists a small
neighborhood 'V, of p such that for each bump function y € 6€2°(V,; [0, 1]) for
which int()(_l{l}) N C is an arc, we can find a sequence of functions {h}ren C
A(S2) (depending on x) satisfying

(1) {hilken C A(S2) is uniformly bounded on Q:
(ii) kl_i)n;ohk(z) =0 forallzeQ\(CN V)i
(iii) kll)n;o hi(z) = x(z) forallze CNV).
Then C is a countable union of peak-interpolation sets for A(£2).

Remark 3.3. A form of this lemma is true if Q is a bounded domain in C"* and
C is replaced by M C 9€2, where M is a smooth submanifold of dQ N U, U
being an open subset of C”. However, to be able to derive the conclusion of the
lemma in this new setting with dimr (M) > 1, one would have to produce, for every
bump function x € €2°(V,; [0, 1]) (not merely those for which int()(_1 {1}) NM is
nice), an h € A(£2) such that {hk : k € N} would satisfy conditions (i)—(iii) above.
Being able to find such an 4 could be rather difficult if dimg(M) > 1, because
int( x ! {1}) N M could be structurally quite complicated in this situation. We add
that if 92 is strictly pseudoconvex, a less exacting form of the above lemma—
see, for instance, [Henkin and Tumanov 1976, Lemma 6] — suffices to infer peak-
interpolation in higher dimensions.

Proof of Lemma 3.2. Fix p € C. We may assume that C NV, is an arc in C. Let
K be any compact subset of C NV, and let u be any annihilating measure. Then

K =(CnNVy)\ en i

where each #y is an open sub-arc of C N V,,. If we could show that p(sdy) =0
for each k and that «(C N'V,) = 0, we could conclude by the additivity of u that
u(K)=0.

Let € C CNV, be any closed sub-arc of C. Let {D,},¢n be a shrinking family
of compact subsets of C> such that
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(@) Dyy1 Cint(Dy),

() Myen Dy =€,

(©) Dy C V),

(d) CN®, is an arc.

Let x, € €2°(V); [0, 1]) be a bump function with

xvlo,,, =1 and supp x, €9D,.

Finally, define {/ . }xen to be the sequence of functions corresponding to x, given
by the hypothesis of this lemma.
Choose any u L A(€2). By the bounded convergence theorem,

k—o00

0= lim hk,udu:/ Xvd.
Q cny,

Another passage to the limit yields p () =0, and this is true for any p L A(€2). As
W is a regular measure, this shows that p(sd) = 0 for any open sub-arc 4 C CNV,;
in particular (C N'V,) = 0. Let ¥}, be any neighborhood of p such that ¥, € V,.
In view of our remarks in the first paragraph of this proof we have just shown that
] (C N °V_p) = 0 for any u© L A(2). By Bishop’s theorem, C N °17p is a peak-
interpolation set for A(£2). Letting p vary over a countable dense subset of C, we
have the desired result. O

4. Constructing an almost holomorphic function that peaks locally on C

Let p € 0Q2. In this section, we will study 02 near p with respect to a convenient
system of local coordinates that are almost holomorphic with respect to C (near p),
where 2 and C are as in Theorem 1.1(1). The following lemma asserts the existence
of local coordinates having the desired properties:

Lemma 4.1. Let Q be a bounded domain in C* having smooth boundary and let
C C 02 be a complex-tangential curve. Let p € C. There is a neighborhood @ > p
and a €®-diffeomorphism ® : (w, p) — (C2, 0) which is almost holomorphic with
respect to (C Nw) and such that, writing (1, &2) := D (21, 22), we have:

(1) @(CNw) C{(&1, &) 1im(5) =5 =0}
2) @ (02 Nw) is defined by a defining function of the form
p (&) = A(G1) + B(&1)v2 + R(S1, v2) —ua,

where & = uy +ivy for k = 1,2, A(&1) = 0161, R, v2) = O(Jn2]?),
and

A(u)) =Bu) =0 and VAu)=VBu)=0 forallu| nearO.



PEAK-INTERPOLATING CURVES FOR FINITE-TYPE DOMAINS IN C2 289

Proof. Without loss of generality, we may let p be the origin, and assume that,
near p, 0S2 is defined by

r(z1,22) = h(z1,imz3) —Re 22,
where 2(0) =0 and VA (0) = 0.

Let w be a neighborhood of p =0 and let Jl C 92 be the smooth 2-manifold of @
formed by the integral curves to the vector-field —J(Vr) passing through (C Nw).
M is totally real. Let

Yy =1, v2) 1 (B(0; ¢), (uy, uz) =0) — (M Nw), p=0)

parametrize Jl near p = 0 in such a way that, for each ¢, Image(y |(u,=c}) is an
integral curve to the unit section of 7 (M) N H (d€2)] 4, with

=—J(Vr)(0,0).

3y (0,0
Image(y |{u,=0;)) =C Nw and VE)( )

us

Shrinking w if necessary, we construct a diffeomorphism @ : (w, p =0) — (C2, 0)
of class € that is almost holomorphic with respect to (M N w), by defining

D7 (¢1, &) = (T1(¢1, —i%2), Ta(t1, —i&)) := (g1, &),

where ¢ := uy +iv for k =1, 2 and I'y is an almost holomorphic extension of
for k =1, 2. By construction,

4-1) D (MNw) C{(G1,82) s v =uz =0},
P(CNw) C{(&1,5) v =85 =0}.

Now, @ (02 Nw) is defined by

p (1, 8) =ro® (L1, &)

We expand p around the origin in a Taylor series. We make use of the fact that [
are almost holomorphic with respect to {(¢1, £2)| vi = v, = 0} to get

2
_ ar 81—“,’ . aFj 2
p({) =2Re (Z 32, 0. 0))(—&1 0,001+ (=D 5. om)) +0(i¢).

Using the fact that

5 0.00= %00 for jk=1.2
- 9’ = — ) or ’ =1, 4
0Ck duy /
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we get

2
p(c>=2Re<Z—< ©, 0)) (o 01
j=1
+(— l)Z—(y(o 0» (o 0>;z)+0<|c|2>

j=1
=2Re (( z)Z—(y(o 0)) <0 0);2>+0(|¢|2>

= —uz + 0(|§| )-

The second equality follows from the complex-tangency of Image(y( - 0)), which
implies
2

0 ay;
> @ 0) w1, 0) =0 foralluy € (e, &),
= BZJ' 8u1

and the last equality follows from the normalization condition on 9y (0, 0)/dus.
We see that the only term in the expansion above that has first order in either ¢; or
&> is —up. Hence, the hypersurface @ (02 N w) is tangent at O to the hyperplane
= {((1 ,0)eC?lur= O}. Thus, we can find, near 0 € C2, a defining function —
and for convenience of notation, we will continue to call it p —having the form

(4-2) p (&) = A1) + B(l1)v2 + R(&1, v2) —u2,

where A(¢1) = 0(|¢1]?) and R(¢1, v2) = O(|v2)?). Then, since @ (C Nw) is con-
tained in @ (02 Nw), setting v| = & = 0 in (4-2), we get

(4-3) A1) =0 forall (u1,0) e 2(CNw).

And since @ (M Nw) C P (02 N w), setting v; = up = 0 in (4-2), we see that
B(up)va+ O(Jvz|?) =0 for all (u;, v2) belonging to a small neighborhood 0. Thus

44 B(u;)=0 forall (u1,0) € ?(C Nw).

By construction, (Vp)(u1, vz) is a normal vector to @ (ML N w) for all (u;, v2) €
@ (MNw). This implies that T(,, v,) (P (32Nw)) = H for all (u1, v2) € D (MNw).
Computing (Vp)(u;, vz), we see that VA(u;) + VB(uy)vy, = 0 for all (11, v) in
a neighborhood of 0. Thus

4-5) VA(@u,)=VB(u;)=0 forall (u;,0) € ®(CNw).
By (4-3), (4-4) and (4-5), we have the desired result. Il

We now state the key lemma of this paper. It concerns the construction of an
almost holomorphic peak function of the type discussed in Section 2.
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Proposition 4.2. Let Q be a bounded pseudoconvex domain in C* of finite type,
and let 92 be of class €*°. Let C C 02 be a complex-tangential curve of class
€©°°, and let Q2 be of constant type 2M along C. Let p € C. There exists a
neighborhood V.= V (p) of p and a uniform constant C > 0, and for any open
set U € V such that C N U is an arc, there is a neighborhood Vi =V (p,U) of p
satisfying C NV, = C NV and a function G € €*° (V) — G depending on p and
U — that satisfies

() G H1y=CcnU;

(2) 3G vanishes to infinite order on V N C;

(3) |G(x)| <1 —Cdist[z, CNVI*M for each z € QN V.

Proof. Let w > p and @ : (w, p) — (C?, 0) be the change of coordinate described
in Lemma 4.1. Let @ (02 Nw) be defined by

(4-6) p(&1, &) = A(&1) + B(&1)va + R(&1, v2) —us.

Consider a point (xg, 0) € @(C Nw) and let

(4-7) 0xo (61 82) = g (67) + By (6702 + Ry (¢, v2) — w2
represent the expansion of p in (4-6) around (xo, 0), where ¢ := &1 — xo.
Claim 1. Shrinking w if necessary, there is a ¢ > 0 such that

(4-8) Alup+ivy) > cv%M, for all ¢; such that ¢ € @ (w).

As A(xg) = B(xg) =0and VA(xg) = VB(xg) =0 for each (xg, 0) € @ (0QNw),
the right-hand side of (4-7) represents a defining function of the form (2-1). By
Remark 2.2(3), the function s, in (4-7) must vanish to order 2M at O, whereby the
function A in (4-6) must vanish precisely to order 2M at each (u, 0) € @ (02N w).
Now write

(4-9) Ay +ivy) = az(u)v] + 0(v|’th,

where J is the least positive integer k such that a # 0 near u; =0. By our remarks
above, it is clear that J <2M. But, if J < 2M, then if it is such that a; (it;) # 0,
then A vanishes to order < 2M at u; +iv; = u;, which contradicts our remarks
above. Thus, J = 2M in (4-9) and

Ay +ivy) = app ()M + O (Jv PMH,

and ass(0) # 0. Now recall that @ is almost-holomorphic with respect to (MUNw).
If, in fact, (11 +ivy, us +ivy) were holomorphic coordinates, the pseudoconvexity
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of ©Q would have implied that
o:(up,v) = aZM(ul)vfM is subharmonic,

Aa(ui, v1) > 0 off {v; =0}, and (11, v;) close to 0.

This would have implied that azys(u1) > O for u; close to O (the second statement
above follows from an obvious calculation). In our present situation, the coor-
dinates (u; + ivy, up + ivy) differ from holomorphic ones by terms vanishing to
arbitrarily high order along (C N w). From the last two facts, we can conclude,
after shrinking w if necessary, that

arm(uy) >0 forall (u,0) € PORLNw).

From this final fact, we deduce (4-8). Hence the claim.

Claim 2. We can find w; € w and a uniform constant 7" > 0 such that
(4-10) B(()? <TA(q) forall € @(QNwy).

To see this, we use a procedure originating in [Bloom 1978a, Section 3]. Write
q = (x9,0) € @(C Nw). The positivity of the Levi form for 92 on the complex
tangent vectors implies that, were (11 + ivy, up + ivy) holomorphic coordinates,
there would be a § > 0 such that the function £ induced by the Levi form

£:D(x0; 8) x (=8,8) > R
defined by
£ =103017 010 + 18101 0330 — 2Re (31 3 07,p)

would be nonnegative (notice that £ is independent of u>). In our present situation,
however, £(u1, vy) > 0 for all (uy, v2) € D(MNw).

Write

L1, v2) = £0@) + 12V (@) + 038P @) + O (2 ).

It has been shown in [Bloom 1978a] that if ord B < ord A, then
In(€?) =1m@0%4), ord€®=o0rdA-2,
(4-11) 1 1 2 1
In(€") = ;In(3%;B),  ord€" =ord B —2.

If already 2 ord B > ord A, then (4-10) would follow trivially. Thus, assume that
2ord B < ord A. Write r = ord B. We have

1
mg(k(ul +l0), )\’vz) >0



PEAK-INTERPOLATING CURVES FOR FINITE-TYPE DOMAINS IN C2 293

for all (uy, v2) € (xg — 6, xo+6) x (—4,8) and A € Ry. But from (4-11) and our
assumption, we get

4-12 lim S 2 or) = ZIn(3% B
(4-12) Jm g S0 M) = @ B) (G
Write

B(uy +ivi) = by (u)v] + 0|’ ™,

where J is the least positive integer k such that by # 0 near u; = 0. By Lemma
4.1(2), J = 2, whence In(B) is nonharmonic near 0. So, as v, occurs linearly in
the right-hand side of (4—12), it is impossible that

%vzln(afiB)(ul) >0, forall (uy,v2) € (xg —38,x0+968) x (—46,9).

This results in a contradiction. So 2 ord B > ord A, which, in conjunction with the
positivity of A, namely (4-8), yields (4-10).

Finally, define H : ®(QNw;) — C by
H() =t —at3,
for ¢ > 0 chosen appropriately large. We choose « as follows: Observe that
TA@) + B(&)v2 + R(51, v2) + Lo

T B
_ (_U2+ €

NOIRENGY )

The first two terms of the right-hand side are positive, in view of (4-10). So we
shrink w; appropriately and choose o > 0 so large that

? 1 2 T2 2 o -
) +ﬁ(TA(<;1>—B<§1> )—7v2+R(§1,vz)+gv2.

4-13)  LA@G) + B(@)va+ R(G1, v2) + tavy >0, forall ¢ € ®(QNw)).
Now consider:
Case (1): uy > 0. Let &1 > 0 be so small that B(p; €1) C w; and
(uy —aul) > Tu, for¢ e ®(QN B(p; e)).
Then, for all such ¢, we have
(4-14)
Re H(¢) = (up — au%) —i—ozv%
= %uz + %av% + %(uz + 2av§)
> 2+ 3003 + 3 ((AQ) + B(E)v2 + R(&1, v2) +2av3)
2+ g A + 3003 + 3 (AQ) + BEDv2 + R, v2) +2av3)
>us4vi+A(g), using (4-13).

= U2 +0“)2
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Case (ii): uy <0. Let &5 > 0 be so small that B(p; &) C w; and that (u> —au%) >
2u, for £ € ®(Q N B( p; €2)). Then, for all such ¢, we have (arguing exactly as
before)

(4-15)
Re H(¢) > —uz + Sav; +3(uz + Lav3)
> —uy + 3AQ) + 3003 +3(3A(0) + B2 + R(E1, v2) + gav3)
2 u% + v% + A(Z1), using (4-13).

Now let &g = min(eq, 7). From (4-8), (4—14) and (4-15) we see that there is a
uniform constant ¥ > 0 such that

(4-16) Re H(¢) = i (u3 +v3 4+ viM)
> K dist[g, @(C N B(p; 80))]2M for ¢ € Q§(S_2 N B(p; 80)).

Write @ (CNU) = (a, b), and without loss of generality, assume thata < 0 < b.
Define the function ¢ by

exp(1/(u1—a))  ifu; <a,
¢u) =10 ifa<u; <b,
exp(—1/(u1—b)) ifu; > b.

Let » > 0 such that B(0; r) D cD(B(p; 80)), and let R(o) be the rectangle
Ro)={wi+iv)eC||u| <r, vl <o}

By an argument given in [Noell 1985, Lemma 2.1], there exists a smooth almost
holomorphic extension ¢ of ¢ and a o > 0 small enough that

4-17) Re (¢p(u; +ivy)) = —3cvi™,  uj+ivi € R(o).
We set
Vilp,U) = B(p; &) N @71(Imageq§ N (R(o) x C)).
From (4-16) and (4-17), we infer that the function G (z) = (1 —qNS)oCD (2)—Ho®(z2)
satisfies (1)—(3). Il
5. The proof of Theorem 1.1

Statement (i). Let C be as in Theorem 1.1(i), and fix p € C. Let V(p) be a
neighborhood of p as given by Proposition 4.2. We will use Lemma 3.2 to provide
a proof. Take V,, in the notation of that lemma, to be V(p). In the notation of
Lemma 3.2, let x € 62°(V,,; [0, 1]) be a bump function such that int(x ~'{1}) N C
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is an arc. Write U = int(x ~'{1}). Now set V; = Vi(p, U) and let G € 6> (V) be
as given by Proposition 4.2.

Define G)fx(z) ifzeQnv,
Gi(z) = . _
ifzeQ\ V.
Also define
(5-1) fi(2) = 3G (2) =k G(2)* 1 3G (2) x(2) + G(2)* 8 (2).

For a (0, 1) form ¢ (z) = ¢1(z)dz1 + ¢2(2)dZ, defined on L, define
Ipllg; := max {supg|d1(2)|, supglda(2)| }.
By construction,
(5-2) IGXdxllg — 0 ask— oo.
Notice that G vanishes to infinite order wherever G(z) = 1. Thus, for j=12,

(5-3) [£G@*19;6() x| S k(1= Cdistlz, €V, M) [9;6.0)] - 0

iformly as k )
From (5-2) and (5-3), uniformly as k — oo

54) | fllg = 0 ask — oo.
Now consider on €2 the d-equations
dup = fr.

We need Lipschitz estimates for the solution of the d-equation on pseudoconvex
domains in C? of finite type. Such estimates may be found in several places in
the literature; for instance, in the results of Chang, Nagel and Stein [Chang et al.
1992], which imply that

(5-5) lurllg = llukllavg =Crlfillg

where N is a positive integer such that T(p) < N for each p € 3Q, AN (Q) is
the class of complex-valued Lipschitz functions on € of order 1/N, and C* > 0
is a constant depending only on 2. From (5—4) and (5-5) we see that |lu|lg — O,
whence, defining

hi(z) = Gr(z) —ux(z) forall z € Q,
we have a sequence of A(€2) functions with

x() ifzeCnNV,,

lim Ay (z) = lim Gi(z) = _
o, @) = lim Ge@) =1 ifz€Q\(CNV,.
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Notice that, by construction, the sequence {hj}ien is uniformly bounded. The
sequence {h;}ren C A(S2) satisfies hypotheses (i)—(iii) in Lemma 3.2 for the bump
function x € €2°(Vp; [0, 1]) such that int(x _1{1}) NC is an arc. Thus we conclude,
using Lemma 3.2, that any compact subset of C is a peak-interpolation set for
A(Q).

Statement (i1). In the present situation, €2 is a bounded domain having a real-
analytic boundary and C is a real-analytic complex-tangential curve. Let B be an
open ball in C? and let y : (—2¢, 2¢) — C be an injective real-analytic parametriza-
tion of C locally such that Image(y |[—¢.¢) = (CN B). Let p € (C N B) be such
that

7(p) = min_t(q).
qeCNB

Write t(p) =2M.

Recall that
H,®C(0Q) = H,°(0Q) ® Hy' (9Q),

where H ® C(d€2) is the complexification of H(9€2), and that H;*O(E)Q) and
Hg’l(aﬂ) are the eigenspaces of the complex-structure map J corresponding to
+i and —i respectively. Without loss of generality, we may assume that there is an

open set U D Banda real-analytic section L of H 1.0(@) |y such that L(g) spans
H,%(3) and

L(g) € {ve H;°(0Q) : v =1}

for each g € (02N U). Now consider the real-analytic function £ : SIxI >R
defined by

ee.n= Y LITLNL I ap) (v () g7 T,

jk=2M
1<j<2M

where / is an open interval around [—¢, €], S I'is the unit circle in C and P is a
defining function of 9€2. Let #y be such that y (#p) = p. By [Bloom 1978b, Theorem
3.3], T(p) = 2M implies that there exists a ¢y € S' such that £(¢o, tp) # 0. Then,
by the real-analyticity of £, we conclude that

{t € [—e, e]: £(&y, t) =0} is a finite set & C [—e, ¢].

Write & = {11, ..., tx}. Again by [Bloom 1978b, Theorem 3.3], d€2 is of constant
type 2M in each connected component of (C NB)\{yi1(t1), ..., y(tx)}. Therefore,
by Theorem 1.1(i),

(CNB)\{y(t1),...,y(tn)} is a countable union of peak-interpolation sets.
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Recall that €2 is a bounded domain with real-analytic boundary. By [Bedford and
Forneess 1978], therefore, every point of 92 is a peak point for A(2). So, each
y(t;), for j =1,..., N, is a peak point for A(2). This, together with the fact
that (C N B) \ {y(#1), ..., y(ty)} is a countable union of peak-interpolation sets,
implies that C is a countable union of peak-interpolation sets for A(£2), and that
each compact subset of C is a peak-interpolation set for A(£2).
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