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We study the symplectomorphism groups G, = Symp,(M, »,) of a closed
manifold M equipped with a one-parameter family of symplectic forms w,
with variable cohomology class. We show that the existence of nontrivial ele-
ments in 7, (4, A’), where (4, $’) is a suitable pair of spaces of almost com-
plex structures, implies the existence of nontrivial elements in x,_; (G, ), for
i =1 or 2. Suitable parametric Gromov—Witten invariants detect nontrivial
elements in 7, (oA, s’). By looking at certain resolutions of quotient singu-
larities we investigate the situation (M, w;) = (S*x S2x X, 65 ®A0p ® Warp),
with (X, w,) an arbitrary symplectic manifold. We find nontrivial ele-
ments in higher homotopy groups of G, for various values of A. In partic-
ular we show that the fragile elements w, found by Abreu and McDuff in
7!4((G5:_1) do not disappear when we consider them in S? x $? x X.

1. Introduction

Let (M?", w) be a 2n-dimensional compact symplectic manifold. The group of
symplectomorphisms Symp(M, w) of M is a basic invariant that distinguishes
among different symplectic structures on M. It is an infinite-dimensional group
endowed with a natural C* topology.

Two natural questions arise in relation with Symp(M, w):

(1) What can be said about the topological type of Symp(M, w)?
(2) How does the topological type change as w varies?

Research has been done in this direction by various authors [Abreu 1998; L&
and Ono 2001; McDuff 2000; Seidel 1999; 1997] by using information on J-
holomorphic curves. We investigate these questions by defining relative parametric
GW invariants, which are sensitive to the topology of appropriate spaces of almost
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complex structures. The connection between the spaces of almost complex struc-
tures and the symplectomorphism groups is achieved by means of the following
fibration, introduced in [Kronheimer 1998] and used in [McDuff 2001]:

v—> @

(1) SympO(M, a)) — lefo M S[w],

where S, is the space of symplectic forms that can be joined to w through a path
of cohomologous symplectic forms, Diffy M is the connected component of the
identity inside the group of diffeomorphism and Sympy(M, w) = Symp(M, w) N
Diffy M. Now consider the space s, of almost complex structures that are tamed
by some symplectic form in ¥[,. By [McDuff 2001], s4[, is homotopy equivalent
to F[,]- This yields the homotopy fibration

) Sympy(M, @) — Diffo M — sl

Our strategy will be to define suitable pairs (s, d’) of spaces of almost complex
structures, such that information on nontrivial homotopy groups in (4, &) extends
to information on Symp,(M, w). We develop relative family GW invariants that
detect such nontrivial elements in 7, (s, s4').

Outline of the methods. In Section 2 we define the invariants as follows: Consider
a smooth family of symplectic forms (w;),cs, where the parameter A varies in the
interval / in R in such a manner that the cohomology classes [w;] may also vary
along a line L inside H?(M, R). For convenience we set o; := ,,]. Consider
D € Hy(M, Z) and let 5 |, C d; be the subspace of those almost complex struc-
tures J which do not admit J-holomorphic stable maps in the class D. Further
define sy =J; ¢ 41, and similarly let 54 , be its subset consisting of | J; ., 545 p.
By a similar argument as in [McDuff 2001], s; is homotopy equivalent with
U, F1w, and hence is connected. We will assume that there is a special almost
complex structure * = Jpasepoint that belongs to all the spaces &di, p- Consider
a family of almost complex structures (Jp, dJp, *) that represent an element in
(A, &ﬂ? p» *). We will define a homomorphism

k
3) PGWp & @D H (M, @)f - @
i=1
by counting J,-holomorphic stable maps in class D, for all » € B. This is well

defined because the class D is never represented as a J,-holomorphic stable map
if bedB.

Theorem 1.1. (i) The PGW%,’é’J,f’aJB ) are symplectic deformation invariants and
depend only on the relative homotopy class of the triple (Jp, 0Jp, *).
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(ii) For a fixed choice of k, D and o; the map Og k.o, ....a; : Tx (A1, &43,1)’ *)— Q
given by

Ok ([(J5. 3T8)]) = PGW B (. ).
is a homomorphism.

The reason (i) holds is that the class D is never represented for a J;, with b € 9 B.

In Section 3 we will exhibit some examples of nontrivial PGW. There we con-
sider the case where M = §? x §? x X for X an arbitrary symplectic mani-
fold and where w = w; @ wa, With wyp an arbitrary symplectic form on X and
w; =0of ®log, for o, op forms (of total area 1) on the fiber and base, and A > 1.
The families (Jp, 0Jp) of almost complex structures are provided for $? x S? in
[Kronheimer 1998] and then further investigated in [Abreu and McDuff 2000]. One
has to look at a quotient singularity, C>/ C,¢, where Cy; is the cyclic group of order
2¢ acting diagonally by scalars on C2. The deformation space for the canonical
resolution of this singularity provides a 4¢ — 2 family (Jp,, 0JB,) € (Ae.e+], He)
for which suitable PGWs are nontrivial.

The link between these examples and the corresponding groups of symplecto-
morphisms will be explained in Section 4. It explain there the extent to which the
known homotopy properties (see [Abreu and McDuff 2000]) of Symp, (S 2% S?, w;)
are reflected in the higher homotopy groups of

Gf\( = SympO(S2 x §% x X, W) ® warp).

For every (M, w,) a general symplectic manifold, we set G, := Symp, (M, w,).

To be able to address the two questions posed at the beginning, one has to estab-
lish first a more precise language in which they make sense. One of the difficulties
is that in general there is no direct map G, — Gj4c. In the particular situation
M= S%*x §? x pt, Abreu and McDuff [2000; McDuff 2001] find natural maps
G — GY', ., well defined up to homotopy, and prove:

Theorem 1.2 (Abreu and McDuff). (i) The homotopy type of Git is constant on
all the intervals (£—1, £], with £ > 2 a natural number. Moreover, as A passes
an integer £ > 2, the groups ni(Git), fori <4¢ — 5, do not change.

(i) There is an element wy € n4g_4(G§t) x Q when £ — 1 < A < £ that vanishes
for x> ¢.

To get around the fact that there is no map G, — G;. when dealing with a
general manifold M, we show that for any compact K C G, the inclusion 0 x K C
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G, extends to a map # that fits into the commutative diagram

[—€, €] x K 2 4:=J(G, x 1) C Diffy M x R
“) pri pr2

incl

[—e, €] R

Moreover, for any two such maps 4 and 4’ coinciding on 0 x K, there is, for €’ small
enough, a homotopy H : [0, 1] x [—€/, €'] x K — 4§ between h and h’ preserving
the fibers of the natural projections. Therefore, for any cycle p in G,, there are
extensions pe in G,y that, for € sufficiently small, are unique up to homotopy.
Hence they yield well defined elements in 7, (G ¢).

It will therefore make sense to ask what will become of an element p € 7,.(G;)
inside 7, (G4 ), for small €. In this language an element 6, € 7. (G) is called frag-
ile if any extension 8y is null-homotopic in 7, (G¢4¢) for € > 0. Also, we say that
a family ny1 ¢ € 1. (Gy4e), 0 <€ is new if there is no ny € 1, (G,) whose extension is
Ne+e. We consider the space sd,+ roughly given by s+ 1= (ﬂo<e<€0 Sﬁue) Uy
for the precise definition see (7). We say that an element o € m,(Ay+, Ay) i
persistent if it has nonzero image under the map 7, (dy+, ) = o (A, o147, Ho).

Our main theorem is the following:

Theorem 1.3. Assume that we have a persistent element O % By € mwp(Ap+, Ay, *).
Then we can construct an element 6; € m,_»(Gy) such that either

(A) ¢ € mr_2(Gy) is a nonzero fragile element, or

(B) 0¢ =0 and there is €; > 0 such that we can construct a family of new elements
0 # Nore € Tr—1(Gyre), where 0 < € < €.

Any fragile element is null-homotopic when viewed inside Diffy M. Our meth-
ods do not allow us to decide in general whether or not the image of 7,4, in
TTh—1 lefo M is zero.

We show that the hypothesis of the theorem is satisfied when M = S? x §? x X.
We consider D = A — £F. Since (O’F @ Llog D a)arb)(A —LF) =0 we get Ay C
&i&’ t+el. D In this situation the (4¢ — 2)-dimensional elements (By, 0 B;) obtained
in Section 3 are detected as nontrivial in 74,2 (A¢+, S¢) and are persistent. In fact,
in general PGW invariants detect persistent elements. By varying the value of the
integer £ we obtain infinitely many values of A for which higher-order homotopy
groups of Gf are nontrivial and we discuss in more detail the stability of the
elements w, provided by Theorem 1.2 inside G5. We obtain:

Corollary 1.4. For any natural number £ > 1, exactly one of the statements below
holds.
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(A) We can construct a nonzero fragile element wf € 77415_4(fo ), which can be
identified with wy x id.

(B) There exists an €; > 0 for which we can construct a family of new elements
0#n) . €ma—3(G} ). 0<e<ep

In particular this shows that the fragile elements obtained by Abreu and McDuff
for £ > 1 do not disappear when we consider them inside S? x S? x X. Either
0#£we xid e n4g,4(G£{) as in (A) or, if wy x id = 0 then it yields the associated
new 4¢ — 3 dimensional elements 0 # 1\, . in 74¢—3(G}, ) for small € > 0—this
is case (B). For general X and for ¢ = 1 it is known by work of L& and Ono that
(B) takes place, and moreover that 0 # i, (1¢4¢) € 71 (Diffy(S? x §% x X)), where
i is the inclusion of a symplectomorphism group into the diffeomorphism group.
Also, for X =pt and ¢ > 1 we know by work of Abreu and McDuff that (A) takes
place.

We don’t know of any examples where case (B) takes place and i, (1) =0 €
. (Diffy M).

Our method has been inspired by the work of P. Kronheimer, who uses para-
metric Seiberg—Witten invariants in dimension 4, as well as by [McDuff 2000].
Similar work has been done in this direction in [Lé and Ono 2001]; by looking
at related but slightly different parametric GW invariants, these authors get results
about 7y (SympO(S2 x S22 x X, w1 ® a)arb)) when k =1, 3. In Section 3 we could
consider C?/Ca¢ instead and, by carrying out similar arguments, get the same
type of results for CP? #CP2 x X.

2. Relative parametric GW invariants

General setting. Consider a compact manifold B with boundary and a smooth map
i:(B,dB)— (4, A7 p). Although the invariants can be defined in this generality,
for the applications we have in mind we will consider B to be an n-ball such that
i represents a relative homotopy class in w.(sd;, 7 p, ). We will often write
Jp :=i(b) and Jg = imi, and refer to im B in ${; as Jg. Consider also a smooth
family of symplectic forms wp := (wp)pec p Where w;, tames J,. The @, need not be
cohomologous, since the taming condition is an open condition. Our goal here is
to show how we can define parametric GW invariants relative to the boundary dJp
of Jp, invariants that count J,-holomorphic maps for some b € B. These will not
depend either on deformations of the family wp or on the representative (Jp, dJp)
of a relative homotopy class in (sd;, f p).

Consider the space t/lA/Jtak(M, D, (Jp, dJp)) of tuples (b, f, x1, ..., x), where
f: 8% — M is asimple! J,-holomorphic map in class D, for some b € B, and the

Iwe say that f : ¥ — M is simple if it is not the composite of a holomorphic branched covering
map (X, j) — (X', j') of degree greater than 1 with a J-holomorphic map ¥/ — M.
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x; are pairwise distinct points on S2. We will consider
MG (M, D, (Jp, 3Jp)) = Mo (M, D, (Jp, 3J3))/ G,

where G = PSL(2, C) acts on the moduli space by reparametrizations of the do-
main. Denote the elements of Jl/L(";’k(M, D, (Jg,dJp)) by [b, f, x1, ..., x¢].
In the best scenario, for a good choice of (Jg, dJp),

(P1) Jaak(M, D, (Jg, dJp)) is a manifold of dimension 2n+2¢{(D)+2k+dim B,
and

P2) ‘/l/tak = ‘/I/Lak(M, D, (Jg, 0Jp)) is compact.
Then the image of the map
(5) ev: M (M, D, (Jp, dJp)) - M

with ev([b, f, x1, ..., x¢]) == (f(x1), ..., f(xx)) will provide a cycle ev*(‘/l/tak)
in M* which, by intersection with homology classes of complementary dimension
in M*, gives the parametric Gromov—Witten invariants.

Definition and properties of PGW. As the regularity discussion below will make
clear, condition (P1) can always be achieved by the Sard—Smale theorem. How-
ever, even in situations when (P1) holds, (P2) is seldom true; the compactifi-
cation Mo’k(M, D, (Jg,dJp)) of l/l/tak(M, D, (Jg, dJp)) contains both stable J-
holomorphic maps* and nonsimple curves, which we sometimes call multiple cover
curves. These nonsimple curves could potentially produce strata of high dimension
in the compactification Jﬂo,k(M , D, (Jp,dJp)), and hence this space would not
necessarily carry a fundamental class.

In the situation B = pt, there are various procedures [Li and Tian 1998; Ruan
1999; Fukaya and Ono 1999] to build up a theory that would provide a virtual mod-
uli cycle, that is, an object carrying a fundamental class required for the definition
of the invariants.

Roughly speaking, locally one needs to consider here all the stable holomorphic
maps as well as small perturbations of them. There are then various procedures
to pass to a global object with the required properties. These go through without
essential changes if one considers parameter spaces with no boundary; see [Bryan
and Leung 2000; Ruan 1999].

In our situation we need to make sure that the boundary causes no problem. In
what follows denote by [ f, X, x1, ..., xx] the equivalence class of a stable map
(f, X, x1,...,xr), where two maps are equivalent if they differ by an automor-
phism of the domain. The elements of ./Vto’k(M , D, (Jg,dJp)) consist of such

2These are rational maps f : (X, x1,..., Xxi) — M with the most normal crossing singularities
and no infinitesimal automorphisms; see [Li and Tian 1998; Bryan and Leung 2000] for details.
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equivalence classes. The next result states that if we consider an appropriately
small open neighborhood of Mg (M, D, (Jp, dJp)) consisting of almost holomor-
phic stable maps, its projection onto Jp stays away from d.Jp.

Lemma 2.1. For any compact set Jg € s such that 0Jg C &ﬁ‘l" p» there exist § > 0
and €(8) > 0 for which there is no stable map (f, X, x1, ..., xXx) such that 5Jf =,
when d(J,dJp) <8 andv € LP (A% ®; f*T M) with |v| < €(8).

Proof. We will prove this by assuming the opposite. Assume we have sequences
Ji, vi and f; such that d(J;, dJg) — 0, |[v;| = €; — 0 and each f; is a stable map in
class D with the property that 9 5, fi =v;. Since Jp is compact we find a convergent
subsequence J; whose limit J, is in d Jz. But by the Gromov compactness theorem
there is a subsequence of f; converging to a J, stable holomorphic map in class
D. This contradicts the fact that Jo € 9Jp C ] . O

With this lemma one shows, as in [Li and Tian 1998], that every moduli space
Mo (M, D, (Jp, dJp)) carries a virtual fundamental cycle

L] = [Mox(M, D, (Jg, )™

of degree r =2¢1(D) + 2k +2n — 6+ dim B.

Moreover, if we take two homotopic maps i : (B, 0B, x) — (d;, ‘sﬂj" p» *) and
i’ (B,0B’, %) — (A, Ay p, *) representing the same element in 7., (4, A%, *),
then the corresponding fundamental cycles given by [J(7L0,k(M , D, (Jg, dJp)]'"
and [JITLO’/{(M , D, (Jg', 3Jp))]"" are oriented cobordant and hence the virtual fun-
damental class [L]"" is independent of the choice of (Jp, *) within the same class
in (A, &dﬁ’ p» *). Note that [M]V" is also invariant under symplectic deformation
of the family of taming symplectic forms (wp)pcp. We denote by Fp(M, 0, k)
the space of all equivalences classes of stable maps [ f, X, x1, ..., xx] with total
homology D. To define relative parametric Gromov—Witten invariants we consider
evi : BXx Fp(M,0,k) > M given by

evi(b, [f. X, x1, .. xk]) = f(xi).
We then can define
k
PGW o7 - @D H (M, @) - @
i=1
by
PGW 57 (@1, .. o) = evf(an) A+ - A evf () U]

which are zero unless

k
(6) Zai=2c1(D)+2k+2n—6+dimB.
i=1
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Changing the orientation of B just changes the sign of the invariant.

Theorem 2.2. (i) The invariants PGW%”&J,(B I8 re symplectic deformation in-
variants and depend only on the relative homotopy class of (Jg, dJp).

(i1) For a fixed choice of k, D and o; the map O¢ i ...y - T (A1, &dva, *) — Q
given by

.....

o ([(Jp, 0p)]) = PGW "B "W oy, .. o)

is a group homomorphism.>

Proof. Point (i) and the well definedness of ® follow from the properties of PGW
listed above. To show that ® is a homeomorphism, choose (Bj, d By, %), and
(B3, 0By, *) representing two maps from the standard rn-ball with boundary to
Ay, &Qj“’D, *), giving two elements B; and B, inside 7, (s, s47,*). We choose
them in such a way that by their concatenation we represent the element 81 + 5,
byamap j: (B, 0B, %) — (Ay, ‘S’d?,D’ *) with j(B\dB) = (B;\0B1)U(B2\9By),
so that j~!(s4; \ ] p) is included in the disjoint union of two open subdiscs in B.
Then the new virtual cycle corresponding to the classes 81 + 5 is a disjoint union
of the virtual neighborhoods corresponding to 81 and f,. But this implies that the
parametric invariants corresponding to the new class 81 + B, are the sum of the
PGW corresponding to 81 and f,. Therefore ® is a homomorpism. U

More on the relation between PGW and almost complex structures. We will now
see that PGW detects only certain kinds of relative homotopy classes of almost
complex structures. As before, we write o) = o, . Set

@) Ap+ = {J | there is €; > 0 such that J € Ay forall 0 < € < €}

Then Ay C sdy+ by Lemma 4.1 below. Note that sd,+ may not be connected, but
s is and we will consider our basepoint * = Jyasepoint € .

Definition 2.3. Consider a nontrivial element 8, € m, (A+, sd¢). We say that B, is
persistent if its image under the natural morphism

iy Ty (A, Ay, %) —> o (Ap o461, Ai, *)

is nonzero for any arbitrary small €.

Proposition 2.4. Assume there is an £ such that no J in Ay admits J-holomorphic
stable maps in class D. Consider an element 0 # By € . (do+, Ay, *) obtained by
counting nontrivial parametric Gromov—Witten invariants in class D. Then By is a
persistent element.

Proof. The proof follows directly from Theorem 2.2. U

3Except in the case of (s, &ii p» *), which is not a group.
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Computability of PGW. We will now get back to the two conditions we posed
at the beginning of the section, sufficient to imply that the image of the map (5)
is a cycle. Below we will provide sufficient hypotheses on the parameter space
(Jp, 0Jp, x) and on the class D such that (P1) and (P2) are satisfied, as well as
a criterion for how to check one of the hypothesis. It will follow for such a fam-
ily (Jp, 0Jp, *) the invariants PGW defined above are integer-valued and can be
obtained by intersecting the image of the cycle ev, (./l7t3’ «M, D, (Jp,0J B))) with
the classes (PD(«y), ..., PD(ax)) in H,(M)*. Moreover, they can be obtained
by counting the number of J,-holomorphic maps in class D with k marked points
which intersect generic cycles representing (P D(«y), ..., PD(ax)) in f(z;).

Parametric regularity. We now show that D-parametric regular families (Jp, 9.Jp)
are ones for which (P1) is satisfied. We begin by explaining what D-parametric
regularity is and contrasting it with the usual D-regularity for J (see [McDuff and
Salamon 1994]). For this we need the following facts.

Let & = Map(Z, M; D) be the space of somewhere injective* smooth maps
f 1 ¥ — M representing class D. This is an infinite-dimensional manifold with
Tr%=C>(f*T M). We will next consider the following generalized vector bundle
€ — B x &, whose fiber at (b, f) is the space €, ; = Q(};l(f*TM) of smooth J,,
antilinear forms with values in f*7 M. In this vector bundle we consider a section
®: B x ¥ — ¢, given by

1 :
8) 0. f)=Wf + Jpodf o).
The zeros of @ are precisely the J,-holomorphic maps and thus the moduli space
M5, o(M, D, (Jp,8Jp)) = ®~'(0),

is the intersection of im & with the zero section of the bundle. Since we would
like ‘/l7t3,k (M, D, (Jg,dJp)) to be a manifold, we require that ® be transversal to
the zero section. This means that the image of d® (b, f) is complementary to
the tangent space T),B @ T¢X of the zero section. But for any f which is J-
holomorphic, d® is given by

do0, f): T, B®C®(f*TM) — T,B® Tf%@%b’f.
If we now consider the projection onto the vertical space of the bundle,

projp : Ty BT XD Ep f — €p, s

4We say that amap f : 0 — M is somewhere injective if df (z) # 0 and f_l (f(z)) = z for some
z € 2. A simple J-holomorphic map is somewhere injective; see [McDuff and Salamon 1994].
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the transversality mentioned above translates into the fact that

) proj, od® (b, f): T,B & CX(f*TM) — Q5 (S, f*TM)
is onto. We introduce the notation D® (b, f) = proj, od P (b, f).

Definition 2.5. We say that a J,-holomorphic map f is Jp-parametric regular if
D® (b, f) is onto.

Observation. The linearized operator is well defined if there is no pair (b, f) with
f a Jp-holomorphic and b € dB. This is precisely the condition we imposed on
(J, dJp) to give a relative cycle in (A7, A] ;).

Definition 2.6. Consider (Jp, wp) as above. We say that (Jp, dJp) is a D-
parametric regular family of almost complex structures if any Jp-holomorphic map
in class D is parametric regular. We denote by Jyree (D) the set of all D-parametric
regular families (Jp, dJp) C (A, &KL?D).

To apply the implicit function theorem and the Sard—Smale theorem, we must
work on Banach manifolds and hence complete all spaces under suitable Sobolev
norms. For example, one should work on spaces consisting of almost complex
structures of class C/, on %% 7, with kp > 2, the space of maps whose k-th deriva-
tives are of class L?. Also, we should work on

€ =LA, [ TM)

rather that with Q(}’ ! (X, f*T M). There are standard arguments [McDuff and Sala-
mon 1994] to show that one can transfer the following arguments from spaces of C’
objects (which are Banach manifolds) to spaces of C* objects (which are Fréchet
manifolds). For simplicity we will drop the superscripts [, k, p unless specifying
them is relevant.

Theorem 2.7. If Jp € Jyeg(D), the moduli space Jlf\/ig’O(M, D, (Jg,dJp)) is a
smooth open manifold of dimension 2n + 2¢1(D) + dim B, with a natural orienta-
tion.

Moreover, if one considers JT/JLS’O(M , D, (Jp,3Jg)) x (§*)* and takes away all
the diagonals of the type JRS,O(M , D, (Jp, dJp)) x diag; ;, one obtains precisely
Jfl/vtg’k(M , D, (Jg,dJp)). This will therefore be a manifold of dimension 2n +
2¢1(D) 4+ dim B + 2k.

Let ./I7L3’O(M , D, o) be the universal moduli space consisting of pairs (f, J),
where J € sd; and f is J-holomorphic. It will be relevant for the results we have
in mind to point out the following characterization of parametric regularity.
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Proposition 2.8. Consider the diagram
Mo.o(M, D, sdr)
(10) Iyl
(B.9B) —— (s, 515 )
Then Jp € Jpreg(A) if and only if i th I1.

Proof. For simplicity we will write Dy, = D®(b, f)|cop+rmy- By (9), the
surjectivity of D® (b, f) is then equivalent to the surjectivity of the linear operator

D¢1,p : Ty B — coker Dy, .

We will set i(b) = J. The tangent space T;s; to s{; consists of all sections
Y of the bundle End(T' M, J) whose fiber at p € M is the space of linear maps
Y:T,M — T,M such that YJ + JY = 0; we will consider the map

R:Tysly — QY (2, f*T M)
given by R(Y) = %Yodfoj. The map
dIl: Tf,JJT/l;’O(M, D, &Q[) —> TJ&Q]

is given by dI1(§, Y) =Y, where the pair (&, Y) is in Tf,jl/ﬁao(M, D, sly) if and
only if

(11) Dys(&) + R(Y) =0.

From this one can see thatim D r;, = R(im dIT). Since Dy, ¢ is elliptic and ker R C
imdIl, it follows that cokerdIl has finite dimension. If we consider the map
F X xdA - €, given by F(f, J) = 5J(f) then (see [McDuff and Salamon
1994]) the linearization at a zero (f, J) with f simple is onto. That is

DF(f, J)(E,Y) =D&+ R(Y)

is onto. This implies that coker D is covered by R. We can show that there is an
induced map

R : coker dT1 — coker Dy, r

which is isomorphism. We have D® 7, 3(Y) = Rodi, so
i M1 <= di — cokerdIl onto <= Rodi — coker Dy, s onto.

The proposition follows. U]
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We call attention to a few key points. Parametric regularity is a generalization
of the usual regularity. Indeed, if we consider J, = J to be constant for » in a
neighborhood around by, the regularity of an almost complex structure J simply
says, following the diagram above, that dI1 is surjective. If we now regard J within
an arbitrary family Jp, this no longer needs to be the case. It will then suffice that
the cokernel of dI1 is covered by the variation of J in the direction of B.

In fact, when we count rational maps, the criterion of parametric regularity de-
scribed below reduces the problem to the usual regularity in some suitable ambient
space.

More precisely, note that the regularity of a holomorphic map is a local statement
within B and it only concerns the almost complex structure data. Therefore, for
eachbh e B , We can restrict our attention to a neighborhood of b, and without loss
of generality the following discussion can be made for smoothly trivial fibrations.
We say that a family (Jp, wp) descends from a fibration M — M — B if there is
a diagram

l

M M

12) b

B

such that the almost complex structure Jon M yields, by restriction to each fiber
M x b, the almost complex structure J, on M, and such that the closed two-form @
on M also gives, by restriction to each fiber, the symplectic form wjp, which tames
Jp. Here we have chosen a trivialization of the fibration such that M=BxM
smoothly and 7 is just the projection on the first factor. In the following theorem
we consider the family of parameters B to be a subset of C" and we denote by z
the parameter.

Theorem 2.9. Let (J;, w;),epccm be a family on M descending from the symplec-
tic fibration (M, J, ®). Suppose that f : ¥ — M is a Jy-holomorphic map and
consider the composite map

f:iof, f:E—>M><0C]\7[,

which is J-holomorphic. If f is regular, f is (J,)-parametric regular. If ¥ = S2,
the reverse statement also holds.

For the proof of the Theorem see the Appendix.

There exists a large subset of parametric regular families of almost complex
structures inside (7, 47 p). This is because one can employ the Sard—Smale the-
orem [Smale 1965] and show that any map i : (B, dB) — (dj, 5&5, p) in Proposition
2.8 can be perturbed to an i’ such that i’ rh IT.
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Definition 2.10. We will say that (Jp, dJp) satisfies hypothesis H, if it is a D-
parametric regular family of almost complex structures.

Compactness. Even in those situations when (P1) is easily achieved using Sard—
Smale, (P2) is seldom true. However, (P2) is true when £ is either O or 1, and the
class D is Jp indecomposable for any b € B. This means that no J,-holomorphic
map in class D can decompose into a connected union of J,-holomorphic spheres
C =C'UcC?U---uUCV such that each C’ represents the class D; and D =
Dy + --- 4 Dy. Then as a consequence of Gromov’s compactness theorem it
follows that ‘/l/ta P = Jl/L(’;’ «(M, D, (Jp, dJp)) is compact and hence in this situation
the image of ev : Mg (M, D, (Jp, 3Jp)) — M¥ is a cycle.

Definition 2.11. We will say that the hypothesis H, is satisfied by (Jp, 0Jp) and
D if the class D is J, indecomposable for every b € B.

Note that if D is Jp-indecomposable and k& > 2 then in order to compactify the
image of the evaluation map one only needs to add the limits of sequences of J-
holomorphic maps for which two distinct marked points converge to each other.
Hence ev(Jl/La ) Will have boundary of codimension 2 or more and hence it will
carry a fundamental class.

3. Resolutions of singularities and relative PGW

Quotient singularities. We now give an overview of work of Kronheimer [1998]
and Abreu and McDuff [2000] on how to construct special families of almost com-
plex structures arising from the study of the total spaces of deformations for some
quotient singularities. At the end of the section we will explain how these families
serve our purpose of counting nontrivial PGWs. The local picture is as follows
[Kronheimer 1998]:

We consider the particular type of Hirzebruch—Jung singularity Yy = C?/Cyy,
given by the diagonal action by scalars of ng on C2, where ng is the cyclic group
of order 2¢. This admits a resolution oy : Y o — Yo, where Y o is the total space of
the line bundle of degree —2¢ over CP . The exceptional curve of the resolution,
we will call it E, is a curve of self-intersection —2¢ and is the zero section of
Yo. This resolution admits a (2¢ — 1)-complex-dimensional parameter family of
deformations Y, r € C2~!. With the exception of the case £ = 2 the total space
Y = U Y, of the family of deformations is the total space of the vector bundle
0(—1)%*. More precisely, we consider the exact sequence of bundles

(13) 0(=20) — 0(—1)* » 0> 1,

where r is given by evaluating at 2¢ — 1 generic sections of the dual, Y = 0(1)%*
of Y. Since holomorphically 02¢~! is trivial, we can project it to its fiber C2¢~!



328 OLGUTA BUSE

and hence obtain a submersion § : O(—1)% — C2~! with ¥, = §~'(¢). Also it
can be seen that Y is diffeomorphic with Y x C*~! and a choice of trivialization
provides a fiberwise diffeomorphism

Cc®

(14) 0:Y Yo x C2¢1,

where f;o is the total space of the bundle O(—2¢). Now consider a 4¢-dimensional
basis of sections in the dual ¥”. Here the space of holomorphic sections is given
by @lzil HO(CP',0(1))=(C?)?". Denote by Y the subspace of (C?)?¢ consisting
of 2¢-tuples of vectors in C? spanning either zero or a line. By evaluating all the
4¢ section we obtain a map

oY —YCCH

that contracts E to a point yp = o (E). Moreover, )y is the only singular point of
Y and the morphism is one-to-one outside E. Define a map g : ¥ — C?~! by
evaluating at the original 2¢ — 1 generic sections. The diagram

o

15) q

commutes. We can obtain a two-form 7 on Y by pulling back a Kihler form from
C*. Via o* this can be seen as a two-form on Y that restricts to a Kéhler form T
on each fiber Y, if ¢ # 0 but degenerates along £ when ¢t = 0. If we further push
forward through 6, these forms can be seen as a family of forms on Y 0.

As in [Abreu and McDuff 2000], we can choose an appropriate compactification
of the local picture as follows:

Let B*~2 be the unit ball in C**~!. We have a family (Y, JE, T)epie—2, where
each (Y, Jf, tf),t # 0 is a K&hler manifold diffeomorphic with S2 x §2, and,
(Yo, J(f) is a complex manifold, also diffeomorphic with §% x S and 7 degenerates
along E which represents the homology class A — £F. We take A = [Sgase] and
F= [Séber]- The total space of the family has the following properties:

e The space ¥ = U, gu—2Y; is smoothly diffeomorphic to S? x S? x B*~2,
Moreover Y is a complex manifold with a complex structure J¢ which restricts
to each fiber Y, to the complex structure ]f. Also, Y has a closed (1, 1) form
T which is satisfies all the properties of a Kihler form outside the zero fiber
and restricts at each fiber to the forms 7, .

e The restriction of T to Yy degenerates along the curve E representing the class
A—LF.
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Since the forms t; are obtained by restricting the closed form t to fibers, it is
clear that they are all in the same cohomology class. From (7p)|r = 0 we have
[t0](A — £F) = 0, and hence [‘L'f] = [w] for all € B*~2, where, as in the
introduction, wy = of @ £op is a symplectic form on S? x S2.

From (a) we see that there is a holomorphic projection 7 : ¥ — §% x B4~2,
This is because every Y, is a ruled surface therefore it fibers over S2. If we denote
by « the area form on S? we can construct a two-form

=14+ 0 =0 ()

For A > ¢ these forms are Kihler forms, and restricted to each Y, they yield sym-
plectic forms in the class [w;]. This proves that any J/ (including J(f) is tamed
by a form isotopic to wjy, as long as A > £. We now follow a similar procedure to
construct a family of symplectic forms wy, for t € B*~2, such that each w, tames
J£. We next change the forms 7, by perturbing with a a positive factor of 7*(c)
only around =0 and smooth with a cutoff function. With this procedure we obtain
symplectic forms w, with variable cohomology classes.
In conclusion, we have pairs

(5% x 82, JE, wp)epie2,

where w; is a symplectic structure on 52 x §? that tames Jf. Moreover [w;];cg4e-3 =
[w¢]. This gives a family of almost complex structures (which we denote By, by
abuse of notation) such that (B, 9By) € (A ¢+e], A¢) for any € > 0. More im-
portantly, for cohomological reasons, only J(f admits almost holomorphic stable
curves in the class A — £ F.

We then obtain a family of almost complex structures on (5S> x S? x X) by
taking (Jf X Jarb), and by abuse of notation, we call this family also B,. Thus we
have just produced on (52 x % x X) pairs (B, dBy) C (Ae.e1e]» Ag), with € > 0,
representing an element B, in ., (A ¢+e1, Ae). Moreover each By is contained in
A¢ye for any small € > 0.

From the choice of the J’s we know that the only almost complex structure
admitting A — £ F almost complex stable curves is Jy X Jarb.

The computation of PGW. Here we prove that (H;) and (H,) are satisfied for
the family (B, d By), and therefore the invariant is integer-valued and can be ob-
tained by counting holomorphic maps intersecting generic cycles of appropriate
dimension.

Claim 1. The family (B, 0 By) satisfies H;.

Proof. From the sequence (13) we see that the exceptional curve E, which is J¢-
holomorphic, has normal bundle 0(—1)%¢; therefore we can apply [McDuff and
Salamon 1994, Lemma 3.5.1, p. 38] for the integrable almost complex structure J.
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If follows that E is J¢-regular inside Y. If we now consider ¥ x X and J¢ x Jym,
the curve E lies entirely inside ¥ and therefore the normal bundle inside ¥ x X
is 0(—1)2 x trivial, and therefore the curve is (J¢ x Ju)-regular. This splitting
and therefore regularity use the fact that the map E is of genus zero. Theorem 2.9
implies parametric regularity and therefore (H;) holds. 0

Claim 2. The family (B, 0 By) satisfies H;.

Proof. This is proved by inspection. Only Joe X Jarp admits (A — £ F)-stable maps,
and the only maps in this class are copies of the embedded map E in any fiber
§2 x 82 x pt. Hence there are no decomposable J;,-holomorphic maps. O

Remark. For other almost complex structures J on S? x S? x X one could have
decomposable J-holomorphic maps in the class A — £ F. For an example, consider
M =5>x5>xCP" and ® = w4 ® wap. If H denotes the hyperplane class in
CP", we can take wyp such that w (A— F — H) > 0 and get a symplectic embedding
of S? into M, in the class A — F — H. We can choose an w-tamed almost complex
structure J on M that fibers over the base S x S? and such that the class H has
a J-holomorphic representative. Then the class A — F is J-decomposable, where
the decomposition is given by a C with C = C; U C;, with [C1]=A — F — H and
[C2]=H.

We conclude that the invariants

k
2 2
PGW;, "o x P D HY (P x ST x X, @) > Z
i=1
are integer-valued. We have two situations. First, if X = pt, the moduli space of
unparametrized curves has dimension 0, so we would count isolated curves. This
follows immediately from the equality ¢ (A —£F) = —4£+2 (adjunction formula),
so that

dim A o(S* x S?, A —€F, (By, 3By)) =2 x 2+ 2c1(A—LF) +dimB‘ — 6
=4 -4 4+44+40-2-6=0.

Moreover, the invariant PGWiZ_Xe‘;Z’E’)é’(BZ’aB‘)([pt]) equals 1 because it counts
E, the only J,-map (where b € BY) in the class A — ¢F.

In the situation dim X =2n > 0, we will count maps with one marked point. Then
c1(A—£F) is the same, since the holomorphic maps in class A — ¢ F will be copies
of the curve E and hence will have the image entirely in the fibers S? x §? x pt C
52 x §? x X. We therefore have

dimutf | (S*x S*x X, A—LF, (Bg, dBy)) = 2x (2+n)+2¢| (A—LF)+dim B —6+2
=2n+2.
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We consider a cycle in the homology class F lying in a fiber $? x §2 x pt inside
5% x 82 x X. It easily follows that the only Jj,-holomorphic map with one marked
point that intersects this cycle transversely is a copy of the map E inside the fiber
$? x §? x pt. We obtain

PGWS 5 T (P DAFD) = 1,

where the sign depends on the orientation of the parameter space By. Applying
Theorem 2.2 we conclude that the morphism ® in both situations is nontrivial and
therefore there is a nonzero element

(16) Be € wap—2((Aye 04, Ag)) foralle >0

represented by the cycle (B, 0B¢) C (Apye, 95 e, D)-

4. Almost complex structures and symplectomorphism groups

Almost complex structures and symplectomorphisms; deformations along com-
pact subsets. We now give a quick overview of what can be said about the behavior
of spaces of almost complex structures and about the symplectomorphism groups
as the symplectic form varies along the line L.

If L happens to be a ray Aw, A > 0, then G, is independent of L. Thus we may
as well assume L is not a ray.

If M = S? x S%, much is known about the structure of «{,; see [McDuff 2000].
For example, one can establish that there is a direct inclusion & C o/, for A < A'.
Moreover, the homotopy type of the spaces s, changes only as A strictly passes
an integer £.

None of this is known to hold when M is an arbitrary symplectic manifold.
Nevertheless, as a consequence of the fact that taming is an open condition, we are
able to establish the following lemma, which we use in the proof of Theorem 2.9.

Lemma 4.1. (a) Let K’ to be an arbitrary compact subset of A;. There is an
€g' > 0 such that K' is contained in ., for |€] < €.

(b) Consider K an arbitrary compact setin G,. For§asin (4), thereis aneg >0
and amap h : [—eg, ex| x K — 91 such that the diagram

h
[—€k.exk] x K — 9,

(17) Py \

pry

incl

R

[—exk, €ex]

commutes.
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For any two such maps h and h' coinciding on 0 x K, there exists, for €' small
enough, a homotopy H : [0, 1] x [—€', €'] x K — %41 between them that satisfies

[0, 1]x[—€,1x K 21— g,
pry

(18) pry \
incl

[~€,e] ——— R

Proof. Part (i) is an immediate consequence of the openness of the taming condi-
tion.

For the proof of (ii), let’s first notice that, since the symplectic condition is an
open condition, there is a convex open neighborhood U of w, inside the space of
2-forms such that any closed o’ in U is still symplectic.

Moreover since K is compact there is an €(K) > 0 such that, for any g; € K,

giwrte €U forall 0 <e <e(K).

This is true because we can produce such an € for an open set around each element
g € K and hence find a global € (K) by following a standard compactness argument.
We will construct the elements % (e, k) as follows. For ¢ € [0, 1] the forms

t .
WO te = tg]tw)Hre + (I —wste

are symplectic, since both g; w; 4. and w; ¢ are inside the convex set U. Moreover,
since K C G, C Diffy M, any g; is smoothly isotopic to the identity and hence
(g @5 +e]l = [ws+e]. Therefore the forms a),’( »+e are cohomologous as we vary 1.
We now apply Moser’s argument for the one-parameter family of symplectic forms
a),’< »+c and obtain a family of diffeomorphisms & ;4 having the property that
S,j"He’tw,’(’He = wjte. We next define h(e, k) := g 0 & .s+c.1- Then h has the
required properties.
For an arbitrary & : [—€, €] x K satisfying (17) we take the homotopy

F:[0,1] x[—€, €] x K — R x Diffg M

given by F(t, €, k) := (€, h(te, k)).

This gives a homotopy between & and hg : [—¢€, €] x K — R x Diffy M, where
ho(€’, k) = h(0, k). We similarly obtain a homotopy F’ between A" and h(, where
h' also satisfies (17). By concatenating one homotopy with the opposite of the other
we obtain a homotopy between i and k', which we call G : [0, 1] x[—€1, €1]x K —
R x Diffg M. We set g, ¢k := G (s, €, k) and follow the same procedure as before:
we restrict to a short interval [—¢’, €’] such that, if we define

t R *
Wk ate = tgs,e,kw)»+€ + (1 - t)w)t+6’
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these maps are symplectic for all 0 < |¢| < ¢ and ¢, s € [0, 1]. This is possible
because o' , , = w;. Again, the diffeomorphisms g, ¢ x are smoothly isotopic to
the identity and, as above, we can apply Moser’s argument to the isotopic forms
a)é’k’Hé, to obtain diffeomorphisms & 4 ;1. , such that E;ik,)»-i-e,twg,k,)n-i-e, = W te-
If we define H (s, €, k) := gs.c.k ©&s.k.2+¢.1, the map H has the required properties.

]

Definition 4.2. Let p: B— G, be acycle in G,. An extension p€ of p is a smooth
family of cycles p€ : B— G, defined for |€| < ¢( such that %= p and satisfying
(18). Using Lemma 4.1(i) we see that every cycle p has an extension.

Observation. Consider two extensions pj, where 0 < |e| < €, and p5, where
0 < |e] < €. By (18) there is an €’ > 0 and a homotopy between p{ and p5
defined for all 0 < € < €’. Hence any extension provides well defined elements
in 1, (Gj4¢) for small values of €. Therefore each [p] € 7,(G;) has an extension
[p€] € m.(Gy+c) Whose germ at € = 0 is independent of the choices of p.

Definition 4.3. We say that a smooth family of elements [p€] € 74(Gj+e), With
0 < € <¢,, is new if it is not the extension for € > 0 of any element [p] € 7, (G,).

In the next section we will use the same letter p to refer both to cycles as well
as to the homotopy class they represent.

Relation between almost complex structures and symplectomorphism groups;
proof of Theorem 1.3. We consider the long exact sequence of relative homotopy
groups of the pair (Ag+, dy):

o M (Apr) —— mp(Ap+, Ap) — m—1(Ag) — w1 (Agr) — -

Since by construction By € i (sd+, sdy) is nontrivial, one of the two following
cases can happen:

L Bet> ye #0 € mp—1(Ay).

2. Ber—> 0€mp_1(Ay). In this situation, there is a nonzero element oty € i (A y+)
that maps to S,.

We analyze each case in turn:

Case 1. Consider the fibration (2), which yields G, —— Diffy M —— ,, and
then the long exact sequence in homotopy,

- —— m;—1(Gy) — m—1(Diffg M) —

— mi—1(Ay) — m2(Gy) — m(Diffg M) — ---

Again, there are two possibilities:
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(1) ye = 0¢ # 0 € m,_2(Gy). In this situation, we have a nontrivial element
0p € mr_2(Gy), such that 6y — 0 € m_»(Diffy M). Then we are in case (A) of
Theorem 1.3.

This element is fragile. For assume it isn’t; then 6, can be extended by 6.,
which yields nontrivial classes in mx_7(Gyye). Then 6p4¢ = 0 € mp_o(Diffy M)
as well. Therefore 6,1 appears as a boundary of an element yy4. € mx_1(Ap4e),
which is homotopic to y,. But by construction and Lemma 4.1, we know that y,
is a contractible cycle inside dy.. This contradicts the existence of yyp .

(i1) yer> 0€mr_2(Gy). Then y, is in the image of the morphism | (Diffy M) —
mr—1(sd¢), so there is an element y; € ;1 (Diffy M) such that 0 # y, — y,.

In this situation, we can choose a cycle § C o representing y, € mx—1(sd¢), and,
using Lemma 4.1, there is an €g > 0 such that S C 4, for any € € (0, €5). Now
we claim that

0=1[S] € mp_1(Apte).

For, by hypothesis, S is the boundary of a cycle B, such that By C ¢ for all
small € > 0. Therefore we have a k-dimensional ball inside ;1. whose boundary
is S, which proves the claim. We therefore have m;_ (Diffo M) 3 y, — [S]=0¢€
7i—1(A¢ye) on the top row of the commutative diagram

« ——— M—1(Gpye) — m—1(Diffo M) — mi_1(Apye) — m—2(Goge) —
A

- ——— m—1(Gy) — w1 (Diffo M) — mp_1(Ay) —— m—2(Gy) —>

while on the bottom row the same Ve/ maps to ¥y € mr—1(Ae+e). By the exactness
of the first row, y, is in the image of the map my_ (G¢4c) — mx—1(Diffy M), and
therefore we are able to produce an element 0 # 14 € mr—1(G¢1e) such that 9y,
persists in the topology of the group of diffeomorphisms. Thus we are in case (B).

The elements we obtain here are new. This follows easily by assuming the
opposite. That is, if we consider that there is an element 0 7 1, € mx_1(G¢) whose
germ is given by 7y, then the image of 1, in Diffy M has to be y,. But this
contradicts the fact that y, > y, # 0.

Case 2. In this situation we have a nontrivial element oy € 7 (d¢+). Then we
shall see that there is an € such that for 0 < § < €, ap has a representative C inside
Ayts, with 0 £ [C] € mi (Ayg5). The proof of this follows from the construction of
a¢. Namely, since B¢ — 0 € mr_1(sdy), there exists a k-dimensional disk D inside
Ay whose boundary is d Bg; by Lemma 4.1(i), this can be viewed inside s for
small §. We can now glue B, and D along their boundary d B,. In this manner we
get a cycle C C Ay4s representing the class ay. We can therefore consider again
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the sequence

- —— m(Gyys) — mp(Diffo M) —

— m(Aeys) — m—1(Goqs) — w1 (Diffg M) —— ---

Next we claim that [C] doesn’t lift to a nontrivial element in mw(Diffy M). In-
deed, there is a map

(19) 7 (Diffg M) —— mi(sdy)

for any A, and as A varies these maps vary homotopically in ;. If C did lift, the
map i (Diffg M) — 7 () would produce a cycle [B] € d,, which by means of
Lemma 4.1 could be viewed inside all 4. for small € and which moreover would
be homotopic to C inside ¢ ¢4¢]. Therefore [C] would map to 0 € m (sdg+, sdp),
contradicting its definition.

Since [C] cannot be in the image of the map my (Diffo M) — mp(Aeys), we
know that [C] must have nonzero image [C] > 1n¢+s5 #0in mx_1 (G ¢+5). Moreover,
from the obvious properties of exact sequences again, 17,45 — 0 through the natural
inclusion map ;1 (G¢4s) — mr—1(Diffy M). That these elements are new follows
again by assuming the opposite. If they formed the germ of an element 7, in
r—1(Gy), then n, would also be null-homotopic inside Diffy M, so it would come
from a class [C'] in m;(sd¢). Moreover, C’ would be homotopic with C inside
Are.o+51, therefore also in (de ¢+s7, 9¢), which is false given that C has to yield a
nontrivial element in 7 (A[¢ ¢45], S¢). Thus we are in case (B) of the theorem.

With this, we have exhausted all the possible cases given by the nontrivial PGW,
and the proof of Theorem 1.3 is complete. O

Now to prove Corollary 1.4, consider the manifold (S 2x 82X X, W) ® warp). As
seen in (16), the cycles (B¢, 9BY) satisfy the definition (7), so by Proposition 2.4
they give persistent elements in w4y (A g+, $g). Therefore Theorem 1.3 applies
and the corollary holds.

Appendix: A proof of the criterion of parametric regularity, Theorem 2.9

LetT| _, (0)1\7 be the tangent space along the preimage of 0 € C". Denote by H the
subbundle of T|”71(0)1\7I which is @-orthogonal to the fiber {0} x M. We would like

H to coincide with the horizontal space of TM with respect to the trivialization
and to be J-invariant. This can be arranged by deforming the form @ so that near
the zero fiber {0} x M it is given by

w= wo + N*(Ubase)v
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where op,ge 18 a standard symplectic two-form on the holomorphic base B. Through-
out this deformation process J is still @-tamed.

Let go be a metric on My and V the Levi-Civita connection on M associated with
it. Also let V*' be the standard Levi-Civita connection on C", and set V=VxVs ,
the product connection on M ~ C" x M. The regularity of f:z— M is by
definition equivalent to the surjectivity of D 7, the linearization of 9:

Dj:C®(f*TM) — Q(J’:l(z, F*TM).

Using the connection V we will derive formulas for Dy and express them in
terms of the linearization D ®.
Since M >~ C" x M and im f C {0} x M, we have the relations

FHIM) = f*(TMy1 ) = f{(HSTM) = triv ® f*(T M),
where by triv we denote the trivial m-dimensional complex bundle over X. This
gives
(20) C®(F*T M) ~ C®(triv) ® C®°(f*T M)

Since each fiber is J-invariant and H is J-invariant along 7 ~1(0), we obtain
QD Q(}’I(E, Ty~ QY (2, £*TM) easz(}’l(z, H).

From (20) and (21) we obtain

Dj: C®(tiv) & C®(f*TM) — Q%' (2, £*TM) ® Q(}’](E, H),
and by considering the appropriate restrictions we obtain the operators
D1 vert: CX(triv) — QUN(E, f*TM), Dayern:C(f*TM) — QYN(Z, F¥*TM),
D por : C™(triv) — Q%1(2, H), Dy hor :CE(f*TM) — Q%1 (3, H).

We sometimes write Dy = (Dg vert, Dk hor), for k=1, 2.

To compute the formulas for these operators we use a general method found in
[Aebischer et al. 1994]: Consider § € C*(X, f*TM) and F¢ : [0,1] x X > M
given by F¢(t, x) = exp?(x)(té(x)), for & sufficiently small. Let s : ¥ — T X be
a section and let § be its lift to T([0, 1] x ¥). Denote by 9/9¢ the vector field in
T ([0, 1] x X) corresponding to the parameter in [0, 1]. Define f;(x) := F¢(¢, x).
For any x € X, define the path )75 0,11 > M given by )75 ) = fg(t,x), the
image under F g of [0,1] xx in M. By the definition of F £s )75 is a geodesic path

in M relative to the connection V. Denote by ‘[Ex : Ty, mlf/i — T, (0)1\71 the parallel
transport in M along the curve y, := )75 . To compute D 7(§)(s) in general, one
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needs to consider the expression %rf N (d f ((8)+ Jd f ((J s)) and take its derivative
with respect to t at t = 0:

190
(22) Dj(&)(s) =5 (sz(dft(S)+dez(JS)))

We define Const to be the subspace of C*°(triv) made out of constant sections.
For the proof of the theorem, we are particularly interested in computing Dj por
and the restriction of Dy yer to Const.

To simplify the notation, we denote by x the coordinate on X and write the points
inC" x M as (z1,...,2Zm, ), where z; = w; + iv; and so on. For simplicity we
denote coordinate vector fields in Const by 9,,, := /0wy and so on. Since we are
going to work with an arbitrary choice of w; and vy we will refer to them simply
as dy, unless we need to be more specific.

Lemma 4.4. Let the notation be as above.

(1) DZ,hor =0.
(ii) D2,vert = Df-
(ii1) D por(§) = dcn (€) for all € € C®(triv), where dcn is the delbar operator in
cm.
(iv) (D1.vert)(3;)(s) = %(3/32)(](2))|z=0(df(js))for 0, a coordinate vector field
in Const C C*°(triv).

Proof. Since f = foi C {0} x M we can naturally view any & € C®(f*T M) as
an element in C*°(f*T M) with values in the vertical direction tangent to {0} x M.
We have

Fe(t, x) = exp} ) (16) = expy , (t6),

with im F C {0} x M. This implies that the d f ((s) are also vertical vector fields
supported in {0} x M and, since J keeps T ({0} x M) invariant, we have as well
that the de,(]s) are vertical vector fields in {0} x M. Similarly, F& (a/az) is a
vertical section in T M supported in {0} x M and parallel transport along f (x) with
respect to V is the same as parallel transport with respect to V.

A direct application of (22) is that

8
(DFE)(s) = (r, Af(9) +, xfdms)) = (Ds&)(s),

which proves (i). Relation (ii) follows immediately from the formula above, taking
into account that D f& = Dj yen(€) and that im Df|cx pury C Q7' (S, F*TM).
For the proofs of (iii) and (iv) we now consider & € C*°(triv). We can assume
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& = ¢(x)0dy, where ¢ : X — C™. In this situation, Fg(t,x) = exp¥(x)(t8w) =
(¢(x)t,0,...,0, f(x)). Thus the paths y, are straight lines in C" x f(x) C M
and parallel transport 7; , : T, f(x))M — T, f(x))ll~4 along y is the identity. We are
also going to consider the coordinates x € X of the type x = x; +ix3, and do our
computations for s = 9y, .

It J (¢) is the almost complex structure at )75 (1), then J (t) has the form

A O
B J;
with respect to the product structure C” x M. Moreover along 7 ~!(0) we have
= Jen 0
J(0) = ( 0 Jt) .

Therefore (9/ 8t)j (t) preserves the fibers, as does J (t). Moreover, along {0} x M,
J(0) preserves the splitting into 7M and H. As we have seen, parallel transport
along 77f (¢) is the identity.

Considering local coordinates x = x; 4+ix on X and taking s = d,,, we have

D - _—
D1 hor ($3) (3x,) = 5 projy g(rﬁxdft(axl) + 3T Jdf (o),
0, -
= %prom o (A1) +37df1(00),

9 -
(axl«zs(x))ro ,0),_, + 2 Projy o y=odf (9.)

8
3 Projyy oz (30 (@ (0. 0.df (), .

20t

where, as mentioned before, ¢ : ¥ — C™. But the middle term on the right-hand
side vanishes because df (dy,) is a vertical vector and d/d¢J preserves fibers, so
(0/0t)(Jp)1=o0d f (dy,) is also a vertical vector. Then

(23) D1 nor(93) (3x)) = 33y, (x) + 5 Jon (32,) (x)

For the last expression we have to use that along 7~ (0), Jy preserves the hor-
izontal space H, so projy oJo = Jon o proj - Therefore, the conclusion follows
that D1 hor = a@m .

To prove point (iv) of the theorem we now need to consider & = 9d,, € Const.
Under this assumption we have t;?';‘d f: =dfp. Thus

o tudf i (s) =
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As before, s is a just a section in 7'X. Then
D1 ver (3u)(s) = %projvaa (zoxdfi()+57Y Jdf1(j9),

= %projV%(f,?;;’df}(s))HJr %projvaa (X I@O™), - drGs)

8
+ 4 projy do -/ ;"dft(Js))
S 7 . =0
= 3 projy (Va, Ndf (js),
where we denote by projy, the projection onto the fibers. Recall that (9/ ar)J takes
vertical vector fields into vertical vector fields. Therefore

J(z)
2 projy Vaw Jdf (js) =

df(js)),

precisely because df (js) is a vertical vector field and the covariant derivative along
horizontal vector fields was chosen to be the standard connection in C™. Applying
the same reasoning to id,, we see that

10
(D1,vert) (92)(s) = 3 &(J(Z))\zzo(df(js))-

It is worth pointing out that (9/9z)(J(2)) ;=0 = dv;(3/32). ]
Proof of Theorem 2.9. Direct implication: Using Lemma 4.4(v) we get the com-
mutativity of the diagram

T;A;

E

Const 2% QON(x, f*T M),

(24) i

where i : T)C" — Const C C*°(triv) is the natural identification map and v is the
morphism from the parameter space to the space of almost complex structures. R
is, as mentioned before, given by R(Y) = %Y odfoj.

Since D is surjective by hypothesis, this means that D @ D, is surjective. We
therefore conclude, by Lemma 4.4(i,ii), that

(25) D1 =(Diyert, Dipor) : C¥(triv) — coker D; & Q%'(Z, H)

is surjective. Since the kernel of the dgn operator on C™ consists precisely of
constant sections, Lemma 4.4(iii) implies that Dl_ hOr(O) =Const. Therefore the
operator (D1 yert)|cony : COnst — coker D is surjective. But this will imply that

(D1 vert) |cong © i : TOC™ — coker D¢

is surjective.
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As we saw in the proof of Proposition 2.8, R induces an isomorphism

P

R : cokerdTT —— coker D>,

and moreover the diagram (24) will be still commutative if we restrict dyy and
Dy vert to coker dIT and coker D, respectively. Therefore dvy : ToC" — coker dI1
is surjective. By Proposition 2.8, this yields parametric regularity.

For the inverse implication, notice that D por Will cover the space Q(}’l (X, H)
when © = S2, because D hor = dcn in this case. By hypothesis, dyr : ToC" —
coker dI1 is surjective and the preceding observation implies that

Dy = (D\ vert, D1 por) : C™(triv) — coker Dy & Q%'(Z, H)

is also surjective. Therefore D is a surjective operator. 0

Acknowledgments

This work is part of the author’s doctoral research at SUNY Stony Brook. The
author thanks her advisor, Dusa McDuff, for her suggestions, advice and comments
on earlier drafts.

References

[Abreu 1998] M. Abreu, “Topology of symplectomorphism groups of 2 % 827, Invent. Math. 131:1
(1998), 1-23. MR 99k:57065 Zbl 0902.53025

[Abreu and McDuff 2000] M. Abreu and D. McDuff, “Topology of symplectomorphism groups of
rational ruled surfaces”, J. Amer. Math. Soc. 13:4 (2000), 971-1009. MR 2001k:57035 ZBL 0965.
57031

[Aebischer et al. 1994] B. Aebischer, M. Borer, M. Kilin, C. Leuenberger, and H. M. Reimann,
Symplectic geometry, Progress in Mathematics 124, Birkhduser, Basel, 1994. MR 96a:58082
Zbl 0932.53002

[Bryan and Leung 2000] J. Bryan and N. C. Leung, “The enumerative geometry of K 3 surfaces and
modular forms”, J. Amer. Math. Soc. 13:2 (2000), 371-410. MR 2001i:14071 Zbl 0963.14031

[Fukaya and Ono 1999] K. Fukaya and K. Ono, “Arnold conjecture and Gromov—Witten invariant”,
Topology 38:5 (1999), 933—-1048. MR 2000j:53116 Zbl 0946.53047

[Kronheimer 1998] P. Kronheimer, “Some non-trivial families of symplectic structures”, preprint,
Harvard University, 1998, Available at http://www.math.harvard.edu/~kronheim/diffsymp.pdf.

[Lé and Ono 2001] H. V. Lé and K. Ono, “Parameterized Gromov-Witten invariant and topology
of symplectomorphism groups”, preprint 28/2001, Max Planck Institute for Mathematics in the
Sciences, 2001, Available at http://www.mis.mpg.de/preprints/2001/prepr2801-abstr.html.

[Li and Tian 1998] J. Li and G. Tian, “Virtual moduli cycles and Gromov—Witten invariants of
general symplectic manifolds”, pp. 47-83 in Topics in symplectic 4-manifolds (Irvine, CA, 1996),
edited by R. J. Stern, Internat. Press, Cambridge, MA, 1998. MR 2000d:53137 Zbl 0978.53136

[McDuff 2000] D. McDuff, “Almost complex structures on S2 x §27, Duke Math. J. 101:1 (2000),
135-177. MR 2001h:53126 Zbl 0974.53020



RELATIVE FAMILY GW INVARIANTS AND SYMPLECTOMORPHISMS 341

[McDuff 2001] D. McDuff, “Symplectomorphism groups and almost complex structures”, pp. 527—
556 in Essays on geometry and related topics, vol. 2, Monogr. Enseign. Math. 38, Enseignement
Math., Geneva, 2001. MR 2003i:57042 Zbl 1010.53064

[McDuff and Salamon 1994] D. McDuff and D. Salamon, J-holomorphic curves and quantum co-
homology, vol. 6, University Lecture Series, American Mathematical Society, Providence, RI, 1994.
MR 95g:58026 Zbl 0809.53002

[Ruan 1999] Y. Ruan, “Virtual neighborhoods and pseudo-holomorphic curves”, Turkish J. Math.
23:1 (1999), 161-231. MR 2002b:53138 Zbl 0967.53055

[Seidel 1997] P. Seidel, Floer homology and the symplectic isotopy problem, Ph.D. thesis, Oxford
University, 1997.

[Seidel 1999] P. Seidel, “On the group of symplectic automorphisms of CP™ x CP™”, pp. 237-250 in
Northern California Symplectic Geometry Seminar, edited by Y. Eliashberg et al., Amer. Math. Soc.
Transl. Ser. 2 196, Amer. Math. Soc., Providence, RI, 1999. MR 2000m:53124 Zbl 0954.58009

[Smale 1965] S. Smale, “An infinite dimensional version of Sard’s theorem”, Amer. J. Math. 87
(1965), 861-866. MR 32 #3067 Zbl 0143.35301

Received January 29, 2003.

OLGUTA BUSE

DEPARTMENT OF MATHEMATICS
A-320 WELLS HALL

MICHIGAN STATE UNIVERSITY
EAST LANSING, MI 48824
UNITED STATES

buse @math.msu.edu






