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For a class of singular second-order differential operators1, we define and
study the Weyl transformsWσ associated with1, whereσ is a symbol inSm,
for m ∈ R. We give criteria in terms of σ for boundedness and compactness
of the transform Wσ .

Introduction

Herman Weyl [1931] studied extensively the properties of pseudodifferential oper-
ators arising in quantum mechanics, regarding them as bounded linear operators on
L2(Rn), the space of square-integrable functions onRn with respect to Lebesgue
measure). M. W. Wong calls these operators, which are the subject of his book
[Wong 1998], Weyl transforms.

Here we consider the second-order differential operator defined on]0, +∞[ by

1u = u′′
+

A′

A
u′

+ ρ2u,

whereA is a nonnegative function satisfying certain conditions andρ is a nonneg-
ative real number.

This operator plays an important role in analysis. For example, many special
functions (orthogonal polynomials) are eigenfunctions of an operator of1 type.
The radial part of the Beltrami–Laplacian in a symmetric space is also of1 type.
Many aspects of such operators have been studied; we mention, in chronologi-
cal order, [Chebli 1979; Trimèche 1981; Zeuner 1989; Xu 1994; Trimèche 1997;
Nessibi et al. 1998]. In particular, the first two of these references investigate stan-
dard constructions of harmonic analysis, such as translation operators, convolution
product, and Fourier transform, in connection with1.

Building on these results, we define and study the Weyl transforms associated
with 1, giving criteria for boundedness and compactness of these transforms. To
obtain these results we first define the Fourier–Wigner transform associated with
1, and establish an inversion formula.
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More precisely, inSection 1we recall some properties of harmonic analysis for
the operator1. In Section 2we define the Fourier–Wigner transform associated
with 1, study some of its properties, and prove an inversion formula.

In Section 3we introduce the Weyl transformWσ associated with1, with σ

a symbol in classSm, for m ∈ R, and we give its connection with the Fourier–
Wigner transform. We prove that, forσ sufficiently smooth,Wσ is a compact
operator fromL2(dν) (the space of square-integrable functions with respect to the
measuredν(x) = A(x) dx) into itself.

In Section 4we defineWσ for σ in a certain spaceL p(dν⊗dγ ), with p∈ [1, 2],
and we establish thatWσ is again a compact operator.

In Section 5we defineWσ for σ in another function space, and use this to prove
in Section 6that for p > 2 there exists a functionσ in theL p space corresponding
to that ofSection 4, with the property that the Weyl transformWσ is not bounded
on L2(dν).

1. The operator1

We consider the second-order differential operator1 defined on]0, +∞[ by

1u = u′′
+

A′

A
u′

+ ρ2u,

whereρ is a nonnegative real number and

A(x) = x2α+1B(x), α > −
1
2,(1–1)

for B a positive, even, infinitely differentiable function onR such thatB(0) = 1.
Moreover we assume thatA andB satisfy the following conditions:

(i) A is increasing and lim
x→+∞

A(x) = +∞.

(ii)
A′

A
is decreasing and lim

x→+∞

A′(x)

A(x)
= 2ρ.

(iii) There exists a constantδ > 0 such that

B′(x)

B(x)
= D(x) exp(−δx) if ρ = 0,

A′(x)

A(x)
= 2ρ + D(x) exp(−δx) if ρ > 0,

whereD is an infinitely differentiable function on]0, +∞[, bounded and with
bounded derivatives on all intervals[x0, +∞[, for x0 > 0.

This operator was studied in [Chebli 1979; Nessibi et al. 1998; Trimèche 1981],
and the following results have been established:
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(I) For all λ ∈ C, the equation

(1–2)

{
1u = −λ2u
u(0) = 1, u′(0) = 0

admits a unique solution, denoted byϕλ, with the following properties:

• ϕλ satisfies theproduct formula

(1–3) ϕλ(x)ϕλ(y) =

∫
∞

0
ϕλ(z)w(x, y, z)A(z) dz for x, y ≥ 0;

wherew(x, y, · ) is a measurable positive function on[0, +∞[, with support
in [|x−y|, x+y], satisfying∫

∞

0
w(x, y, z)A(z) dz= 1,

w(x, y, z) = w(y, x, z) for z ≥ 0,

w(x, y, z) = w(x, z, y) for z > 0;

• for x ≥ 0, the functionλ 7→ ϕλ(x) is analytic onC;

• for λ ∈ C, the functionx 7→ ϕλ(x) is even and infinitely differentiable onR;

• |ϕλ(x)| ≤ 1 for all λ ∈ R andx ∈ R;

• for x > 0, andλ > 0 we have

(1–4) ϕλ(x) =
1

√
B(x)

jα(λx) + A−1/2(x)θλ(x),

where jα is defined byjα(0) = 1 and jα(s) = 2α0(α + 1)s−α Jα(s) if s 6= 0
(with Jα the Bessel function of first kind), and the functionθλ satisfies

|θλ(x)| ≤
c1

λα+
3
2

(∫ x

0
|Q(s)| ds

)
exp

(
c2

λ

∫ x

0
|Q(s)| ds

)
with c1, c2 positive constants andQ the function defined on]0, +∞[ by

(1–5) Q(x) =

1
4 − α2

x2
+

1

4

(
A′(x)

A(x)

)2
+

1

2

(
A′(x)

A(x)

)′

− ρ2.

(II) For nonzeroλ ∈ C, the equation1u = −λ2u has a solution8λ satisfying

8λ(x) = A−1/2(x) exp(i λx)V(x, λ),

with limx→+∞ V(x, λ) = 1. Consequently there exists a function (spectral func-
tion)

λ 7→ c(λ),
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such that

ϕλ = c(λ)8λ + c(−λ)8−λ for nonzeroλ ∈ C.

Moreover there exist positive constantsk1, k2, k3 such that

(1–6) k1 |λ|
α+1/2

≤ |c(λ)|−1
≤ k2 |λ|

α+1/2

for all λ such that Imλ ≤ 0 and|λ| ≥ k3.

Notation. We denote by

• dν(x) the measure defined on[0, +∞[ by

dν(x) = A(x) dx;

• L p(dν), for 1 ≤ p ≤ +∞, the space of measurable functions on[0, +∞[

satisfying

‖ f ‖p,ν :=

(∫
+∞

0
| f (x)|pdν(x)

)1/p

< +∞ for 1 ≤ p < +∞,

‖ f ‖∞,ν := ess sup
x∈[0,+∞[

| f (x)| < +∞;

• dγ (λ) the measure defined on[0, +∞[ by

dγ (λ) =
dλ

2π |c(λ)|2
;

• L p(dγ ), for 1 ≤ p ≤ +∞, the space of measurable functions on[0, +∞[

satisfying‖ f ‖p,γ < +∞;

• D∗(R) the space of even, infinitely differentiable functions onR, with compact
support;

• H∗(C) the space of even analytic functions onC, rapidly decreasing of expo-
nential type.

Definition 1.1. The translation operatorassociated with1 is defined onL1(dν)

by

Tx f (y) =

∫
+∞

0
f (z)w(x, y, z) dν(z) for x, y ≥ 0,

wherew is defined in(1–3). Theconvolution productassociated with1 is defined
by

( f ∗ g)(x) =

∫
+∞

0
Tx f (y)g(y) dν(y) for f, g ∈ L1(dν).
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Properties of translation and convolution.

• The translation operator satisfies

Txϕλ(y) = ϕλ(x)ϕλ(y).

• Let f ∈ L1(dν). Then∫
+∞

0
Tx f (y) dν(y) =

∫
+∞

0
f (y) dν(y) for x ∈ [0, +∞[

and
‖Tx f ‖1,ν ≤ ‖ f ‖1,ν .

• Let f ∈ L p(dν) with 1 ≤ p ≤ +∞. For all x ∈ [0, +∞[, the functionTx f
belongs toL p(dν) and

‖Tx f ‖p,ν ≤ ‖ f ‖p,ν .

• For f, g ∈ L1(dν) the function f ∗ g also lies inL1(dν). The convolution
product is commutative and associative.

• For f ∈ L1(dν) andg ∈ L p(dν), with 1 ≤ p < +∞, the function f ∗ g lies
in L p(dν) and we have

‖ f ∗ g‖p,ν ≤ ‖ f ‖1,ν ‖g‖p,ν .

• For f, g even and continuous onR, with supports

supp f ⊂ [−a, a] and suppg ⊂ [−b, b],

the function f ∗ g is continuous onR and

(1–7) supp( f ∗ g) ⊂ [−a−b, a+b].

Definition 1.2. The Fourier transformassociated with the operator1 is defined
on L1(dν) by

F f (λ) =

∫
+∞

0
f (x)ϕλ(x) dν(x) for λ ∈ R.

Properties of the Fourier transform.

• For f ∈ L1(dν) such thatF f ∈ L1(dγ ), we have the inversion formula

(1–8) f (x) =

∫
+∞

0
F f (λ)ϕλ(x) dγ (λ) for a.e.x ∈ [0, +∞[.

• For f ∈ L1(dν),

F(Tx f )(λ) = ϕλ(x)F f (λ) for all x ∈ [0, +∞[ andλ ∈ R.
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• For f, g ∈ L1(dν),

F( f ∗ g)(λ) = F f (λ)Fg(λ). for all λ ∈ [0, +∞[.

• F can be extended to an isometric isomorphism fromL2(dν) onto L2(dγ ).
This means that

‖F f ‖2,γ = ‖ f ‖2,ν for f ∈ L2(dν),(1–9)

‖F−1 f ‖2,ν = ‖ f ‖2,γ for f ∈ L2(dγ ).(1–10)

Proposition 1.3.Let f be in Lp(dν), with p∈[1, 2]. ThenF f belongs to Lp
′

(dγ ),
with 1/p+ 1/p′

= 1, and

(1–11) ‖F f ‖p′,γ ≤ ‖ f ‖p,ν .

Proof. Since |ϕλ(x)| ≤ 1 for λ ∈ R and x ∈ R, we get‖F f ‖∞,γ ≤ ‖ f ‖1,ν .
This, together with(1–9) and the Riesz–Thorin Theorem [Stein 1956; Stein and
Weiss 1971], shows that for under the conditions of the propositionF f belongs to
L p′

(dγ ) and satisfies(1–11). �

From [Chebli 1979], the Fourier transformF is a topological isomorphism from
D∗(R) ontoH∗(C) (see page204for notation). The inverse mapping is given by

(1–12) F−1 f (x) =

∫
+∞

0
f (λ)ϕλ(x) dγ (λ) for x ∈ R.

2. Fourier–Wigner transform associated with1

Definition 2.1. The Fourier–Wigner transform associated with the operator1 is
the mappingV defined onD∗(R) × D∗(R) by

V( f, g)(x, λ) =

∫
+∞

0
f (y)Txg(y)ϕλ(y) dν(y) for (x, λ) ∈ R × R.

Remark. The transformV can also be written in the forms

(2–1) V( f, g)(x, λ) = F( f Txg)(λ) = ϕλ f ∗ g(x).

Notation. We denote by

• D∗(R
2) the space of infinitely differentiable functions onR2, even with respect

to each variable, with compact support;

• S∗(R
2) the space of infinitely differentiable functions onR2, even with respect

to each variable, rapidly decreasing together with all their derivatives;
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• L p(dν ⊗ dν), for 1 ≤ p ≤ +∞, the space of measurable functions on the
product[0, +∞[ × [0, +∞[ satisfying

‖ f ‖p,ν⊗ν :=

(∫
+∞

0

∫
+∞

0
| f (x, y)|pdν(x) dν(y)

)1/p

< +∞ for 1≤ p< +∞,

‖ f ‖∞,ν⊗ν := ess sup
x,y∈[0,+∞[

| f (x, y)| < +∞;

• L p(dν⊗dγ ), for 1≤ p≤+∞, the space similarly defined (withdν(x) dγ (y)

in the integrand).

Proposition 2.2. (i) The Fourier–Wigner transform V is a bilinear mapping from
D∗(R) × D∗(R) into S∗(R

2).

(ii) For p ∈]1, 2] and p′ such that1/p+ 1/p′
= 1, we have

‖V( f, g)‖p′,ν⊗γ ≤ ‖ f ‖p,ν ‖g‖p′,ν .

The transform V can be extended to a continuous bilinear operator, denoted
also by V, from Lp(dν) × L p′

(dν) into Lp′

(dν ⊗ dγ ).

Proof. (i) Let F be the function defined onR2 by F(x, y)= f (y)Txg(y). It’s clear
that F ∈ D∗(R

2), and we have

V( f, g)(x, λ) = I ⊗ F(F)(x, λ),

where I is the identity operator. This and the fact thatF is a topological isomor-
phism fromD∗(R) ontoH∗(C) imply (i).

(ii) This follows from the first equality in(2–1) together withProposition 1.3,
Minkowski’s inequality for integrals [Folland 1984, p.186], and the fact that

‖Txg‖p′,ν ≤ ‖g‖p′,ν for x ∈ R. �

Theorem 2.3.For f, g ∈ D∗(R), we have

F ⊗ F−1 (V( f, g)) (µ, λ) = ϕµ(λ) f (λ)Fg(µ) for µ, λ ∈ R.

Proof. UsingDefinition 2.1and Fubini’s Theorem we have, for allµ, λ ∈ R,

F ⊗ F−1 (V( f, g)) (µ, λ) =

∫
+∞

0

∫
+∞

0
V( f, g)(x, y)ϕµ(x)ϕy(λ) dν(x) dγ (y)

=

∫
+∞

0

∫
+∞

0
F( f Txg)(y)ϕµ(x)ϕy(λ) dν(x) dγ (y)

=

∫
+∞

0
ϕµ(x)

(∫
+∞

0
F( f Txg)(y)ϕy(λ) dγ (y)

)
dν(x).
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From(1–8)we deduce

F ⊗ F−1 (V( f, g)) (µ, λ) =

∫
+∞

0
ϕµ(x) f (λ)Txg(λ) dν(x)

= f (λ)F(Tλg)(µ) = f (λ)ϕµ(λ)Fg(µ). �

Corollary 2.4. For all f , g ∈ D∗(R), we have∫
+∞

0
F ⊗ F−1 (V( f, g)) (µ, λ) dν(λ) = F f (µ)Fg(µ) for µ ∈ R,∫

+∞

0
F ⊗ F−1 (V( f, g)) (µ, λ) dγ (µ) = f (λ)g(λ) for λ ∈ R.

Proof. Theorem 2.3gives∫
+∞

0
F ⊗ F−1 (V( f, g)) (µ, λ) dν(λ) =

∫
+∞

0
ϕµ(λ) f (λ)Fg(µ) dν(λ)

= F f (µ)Fg(µ) for µ ∈ R,∫
+∞

0
F ⊗ F−1 (V( f, g)) (µ, λ) dγ (µ) =

∫
+∞

0
ϕµ(λ) f (λ)Fg(µ) dγ (µ)

= f (λ)

∫
+∞

0
ϕµ(λ)Fg(µ) dγ (µ)

= f (λ)g(λ) for λ ∈ R. �

Theorem 2.5. Let f, g ∈ L1(dν) ∩ L2(dν) be such that c=
∫

+∞

0 g(x) dν(x) 6= 0.
Then

F f (λ) =
1

c

∫
+∞

0
V( f, g)(x, λ) dν(x) for λ ∈ R.

Proof. FromDefinition 2.1, we have∫
+∞

0
V( f, g)(x, λ) dν(x) =

∫
+∞

0

(∫
+∞

0
f (y)Txg(y)ϕλ(y) dν(y)

)
dν(x)

for all λ ∈ R. The result follows from Fubini’s Theorem and the equality∫
+∞

0
Txg(y) dν(y) =

∫
+∞

0
g(x) dν(x) = c. �

Corollary 2.6. With the hypothesis ofTheorem 2.5, if F f ∈ L1(dγ ), we have the
following inversion formula for the Fourier–Wigner transform V:

f (x) =
1

c

∫
+∞

0
ϕµ(x)

(∫
+∞

0
V( f, g)(y, µ) dν(y)

)
dγ (µ) for a.e. x ∈ R.



WEYL TRANSFORMS FOR A SINGULAR SECOND-ORDER OPERATOR 209

3. The Weyl transform associated with1

We now introduce the Weyl transform and relate it to the Fourier–Wigner trans-
form. To do this, we must define the class of pseudodifferential operators [Wong
1998].

Definition 3.1. Let m∈ R. We defineSm to be the set of all infinitely differentiable
functionsσ on R × R, even with respect to each variable, and such that for all
p, q ∈ N, there exists a positive constantCp,q,m satisfying∣∣∣( ∂

∂x

)p( ∂

∂y

)q
σ(x, y)

∣∣∣ ≤ Cp,q,m(1+ y2)m−q.

Definition 3.2. For m ∈ R andσ ∈ Sm, we define the operatorHσ on D∗ (R) ×

D∗ (R) by

(3–1) Hσ ( f, g)(λ) =

∫
+∞

0

(∫
+∞

0
σ(x, y)ϕy(λ)V( f, g)(x, y) dν(x)

)
dγ (y),

for all λ ∈ R, and we put

(3–2) Hσ ( f, g) = Hσ ( f, g)(0).

Proposition 3.3. Defineσ ∈ Sm by σ(x, y) = −y2 for x, y ∈ R. Then, for all
f, g ∈ D∗(R), we have

Hσ ( f, g)(λ) = c1 f (λ) for λ ∈ R,

where c=
∫

+∞

0 g(x) dν(x).

Proof. From(3–1), we have

Hσ ( f, g)(λ) =

∫
+∞

0

(∫
+∞

0
−y2ϕy(λ)V( f, g)(x, y) dν(x)

)
dγ (y)for λ ∈ R.

UsingDefinition 2.1we obtain

Hσ ( f, g)(λ)=

∫
+∞

0

(∫
+∞

0
−y2ϕy(λ)

(∫
+∞

0
f (z)Txg(z)ϕy(z) dν(z)

)
dν(x)

)
dγ (y)

for λ ∈ R. From Fubini’s Theorem, we get

Hσ ( f, g)(λ)

=

∫
+∞

0
−y2ϕy(λ)

(∫
+∞

0
f (z)ϕy(z)

(∫
+∞

0
Tzg(x) dν(x)

)
dν(z)

)
dγ (y)

= c
∫

+∞

0
−y2ϕy(λ)

(∫
+∞

0
f (z)ϕy(z) dν(z)

)
dγ (y)

= c
∫

+∞

0
−y2ϕy(λ)F f (y) dγ (y).
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But, for all y ∈ R, −y2F f (y) = F(1 f )(y). We complete the proof using the
inversion formula(1–8). �

Definition 3.4. Let σ ∈ Sm
; m < −α − 1. TheWeyl transformassociated with1

is the mappingWσ defined onD∗(R) by

Wσ ( f )(λ) =

∫
+∞

0

(∫
+∞

0
ϕy(λ)σ (x, y)Tλ f (x) dν(x)

)
dγ (y) for λ ∈ R.

Notation. We denote by

• S∗(R) the space of even, infinitely differentiable functions onR, rapidly de-
creasing together with all their derivatives.

• S2
∗
(R) = ϕ0S∗(R), whereϕ0 is the solution of(1–2)with λ = 0.

For ρ = 0 these two spaces coincide [Trimèche 1997]. The Fourier transformF

is a topological isomorphism fromS2
∗
(R) onto S∗(R), whose inverse is given by

(1–12).

Lemma 3.5.For σ ∈ D∗(R
2), the function k defined by

k(x, y) =

∫
+∞

0
ϕλ(x)Tx

(
σ( · , λ)

)
(y) dγ (λ) for x, y ∈ R

belongs to Lp(dν ⊗ dν), for all p ∈ [2, +∞[.

Proof. The defining equation ofk can be rewrittenk(x, y) = Tx(G( · , x))(y),
where

G(x, y) = I ⊗ F−1(σ )(x, y) for x, y ∈ R,

for I the identity operator. It follows that, for allp ∈ [2, +∞[,∫
+∞

0

∫
+∞

0
|k(x, y)|pdν(x) dν(y) =

∫
+∞

0

(∫
+∞

0

∣∣Tx(G( · , x)(y))
∣∣p

dν(y)

)
dν(x)

≤

∫
+∞

0

(∫
+∞

0
|G(y, x)|pdν(y)

)
dν(x)

≤

∫
+∞

0

(∫
+∞

0

∣∣I ⊗ F−1(σ )(y, x)
∣∣p

dν(y)

)
dν(x).

We distinguish two cases,p = 2 andp ∈ ]2, +∞[, the casep = +∞ being trivial.
For p = 2,∫

+∞

0

∫
+∞

0
|k(x, y)|2 dν(x) dν(y) ≤

∫
+∞

0

(∫
+∞

0

∣∣F−1(σ (x, · )(y))
∣∣2 dν(x)

)
dν(y).

From(1–10)we deduce that∫
+∞

0

∫
+∞

0
|k(x, y)|2 dν(x) dν(y) ≤

∫
+∞

0

(∫
+∞

0
|σ(y, x)|2 dγ (y)

)
dν(y) < +∞,
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becauseσ belongs toD∗(R
2). The casep ∈ ]2, +∞[ is more complex. From the

hypotheses on1, we deduce that, asx → +∞,

(3–3) A(x) ∼

{
x2α+1 if ρ = 0,

exp(2ρx) if ρ > 0.

• For ρ = 0, recall thatF is an isomorphism fromS∗(R) onto itself. Thus
I ⊗ F−1(σ ) belongs toS∗(R

2), and the asymptotics(3–3) implies

(3–4)
∫

+∞

0

∫
+∞

0
|k(x, y)|pdν(x) dν(y)

≤

∫
+∞

0

(∫
+∞

0

∣∣I ⊗ F−1(σ )(y, x)
∣∣p

dν(x)

)
dν(y) < +∞.

• For ρ > 0, we have from [Trimèche 1997, p. 99]

|ϕλ(x)| ≤ ϕ0(x) ≤ m(1+ x) exp(−ρx) for all λ ∈ R andx ≥ 0,

wherem is a positive constant. Then

∣∣I ⊗ F−1(σ )(y, x)
∣∣ ≤ m(1+ x) exp(−ρx)

∫
+∞

0
|σ(y, z)| dν(z).

Sinceσ belongs toD∗(R
2), there exists a positive constantM such that∫

+∞

0
|σ(y, z)| dν(z) ≤ M for y ≥ 0,

which implies that∣∣I ⊗ F−1(σ )(y, x)
∣∣ ≤ mM(1+ x) exp(−ρx).

This, together with the asymptotics(3–3), implies the validity of the same
bound(3–4)as in the previous case. �

Theorem 3.6.Letσ ∈ D∗(R
2) and f ∈ D∗(R).

(i) Wσ ( f )(x) =

∫
+∞

0
k(x, y) f (y) dν(y) for all x ∈ R.

(ii) ‖Wσ ( f )‖p′,ν ≤‖k‖p′,ν⊗ν‖ f ‖p,ν for p∈[1, 2] and p′ such that1/p+1/p′
=1.

(iii) Wσ can be extended to a bounded operator from Lp(dν) into Lp′

(dν). In
particular, Wσ : L2(dν) → L2(dν) is a Hilbert–Schmidt operator, hence
compact.
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Proof. (i) From Definition 3.4, we have, for allx ∈ R;

Wσ ( f )(x) =

∫
+∞

0
ϕy(x)

(∫
+∞

0
σ(z, y)Tx f (z) dν(z)

)
dγ (y)

=

∫
+∞

0
ϕy(x)

(∫
+∞

0
f (z)Tx[σ(., y)](z) dν(z)

)
dγ (y)

.

From Fubini’s Theorem, we get, for allx ∈ R,

Wσ ( f )(x) =

∫
+∞

0
f (z)

(∫
+∞

0
ϕy(x)Tx[σ(., y)](z) dγ (y)

)
dν(z)

=

∫
+∞

0
f (z)k(x, z) dν(z).

(ii) Follows from (i), Hölder’s inequality, andLemma 3.5.

(iii) Since k ∈ L2(dν ⊗ dν), the mapping

Wσ : L2(dν) −→ L2(dν)

is a Hilbert–Schmidt operator, and so compact. �

Theorem 3.7.Let m< −α − 1 andσ ∈ Sm. For all f , g ∈ D∗(R),

(3–5) Hσ ( f, g) =

∫
+∞

0
f (x)Wσ g(x) dν(x).

Proof. Using(3–2)andDefinition 2.1we obtain

Hσ ( f, g) =

∫
+∞

0

(∫
+∞

0
σ(x, y)V( f, g)(x, y) dν(x)

)
dγ (y)

=

∫
+∞

0

(∫
+∞

0
σ(x, y)

(∫
+∞

0
f (λ)Txg(λ)ϕy(λ) dν(λ)

)
dν(x)

)
dγ (y).

From Fubini’s theorem, we get

Hσ ( f, g) =

∫
+∞

0
f (λ)

(∫
+∞

0
ϕy(λ)

(∫
+∞

0
σ(x, y)Txg(λ) dν(x)

)
dγ (y)

)
dν(λ)

=

∫
+∞

0
f (λ)Wσ (g)(λ) dν(λ). �

4. The Weyl transform with symbol in L p(dν ⊗ dγ ), for 1 ≤ p ≤ 2

In this section we show using(3–5) that, if 1≤ p ≤ 2, the Weyl transform with
symbol inL p(dν ⊗ dγ ) is a compact operator.
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Notation. We denote byB(L2(dν)) theC∗-algebra of bounded operators9 from
L2(dν) into itself, equipped with the norm

‖9‖∗ = sup
‖ f ‖2,ν=1

‖9( f )‖2,ν .

Theorem 4.1.Let〈 · / · 〉 denote the inner product in L2(dν). There exists a unique
operator Q: L2(dν ⊗ dγ ) → B(L2(dν)), whose action we denote byσ 7→ Qσ ,
such that

〈Qσ (g)/ f̄ 〉=

∫
+∞

0

(∫
+∞

0
σ(x, y)V( f, g)(x, y) dν(x)

)
dγ (y) for f, g∈ L2(dν).

Furthermore, ‖Qσ‖∗ ≤ ‖σ‖2,ν⊗γ .

Proof. Let σ ∈ D∗(R
2). For g ∈ D∗(R), put Qσ (g) = Wσ (g). From Theorems3.6

and3.7, we obtain

〈Qσ (g)/ f̄ 〉 = 〈Wσ (g)/ f̄ 〉 = Hσ ( f, g)

=

∫
+∞

0

(∫
+∞

0
σ(x, y)V( f, g)(x, y) dν(x)

)
dγ (y).

On the other hand, fromProposition 2.2(ii), we have∣∣〈Qσ (g)/ f̄ 〉
∣∣ ≤ ‖σ‖2,ν⊗γ ‖ f ‖2,ν ‖g‖2,ν .

ThusQσ ∈ B(L2(dν)) and

‖Qσ‖∗ ≤ ‖σ‖2,ν⊗γ .(4–1)

Now considerσ ∈ L2(dν ⊗ dγ ). Let (σk)k∈N be a sequence inD∗(R
2) such that

‖σk − σ‖2,ν⊗γ approaches 0 ask → +∞. From(4–1)we have, for allk, l ∈ N,

‖Qσk − Qσl ‖∗ ≤ ‖σk − σl ‖2,ν⊗γ ≤ ‖σk − σ‖2,ν⊗γ + ‖σl − σ‖2,ν⊗γ .

Thus(Qσk)k∈N is a Cauchy sequence inB(L2(dν)). Let it converge toQσ . Clearly
Qσ is independent from the choice of(σk)k∈N, and we have

‖Qσ‖∗ = lim
k→+∞

‖Qσk‖∗ ≤ lim
k→+∞

‖σk‖2,ν⊗γ = ‖σ‖2,ν⊗γ .

We consider firstf, g ∈ D∗(R). Then

〈Qσ (g)/ f̄ 〉 = lim
k→+∞

〈Qσk(g)/ f̄ 〉

= lim
k→+∞

∫
+∞

0

(∫
+∞

0
σk(x, y)V( f, g)(x, y) dν(x)

)
dγ (y)

=

∫
+∞

0

(∫
+∞

0
σ(x, y)V( f, g)(x, y) dν(x)

)
dγ (y).
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Now let f, g be in L2(dν). Pick sequences( fk)k∈N, and(gk)k∈N in D∗(R) con-
verging to f andg, respectively, in the‖ · ‖2,ν-norm. Then

〈Qσ (g)/ f̄ 〉 = lim
k→+∞

〈Qσ (gk)/ f̄k〉

= lim
k→+∞

∫
+∞

0

(∫
+∞

0
σ(x, y)V( fk, gk)(x, y) dν(x)

)
dγ (y)

=

∫
+∞

0

(∫
+∞

0
σ(x, y)V( f, g)(x, y) dν(x)

)
dγ (y). �

We now give an extension ofTheorem 4.1that will allow us to prove that for
1≤ p ≤ 2 the Weyl transform with symbol inL p(dν ⊗dγ ), is a compact operator.

Theorem 4.2.Let p∈ [1, 2]. There exists a unique bounded operator

Q : L p(dν ⊗ dγ ) → B(L2(dν)),

whose action is denoted byσ → Qσ , such that

〈Qσ (g)/ f̄ 〉 =

∫
+∞

0

(∫
+∞

0
σ(x, y)V( f, g)(x, y) dν(x)

)
dγ (y) for f, g ∈ D∗(R).

Moreover, ‖Qσ‖∗ ≤ ‖σ‖p,ν⊗γ .

Proof. The casep = 2 is given byTheorem 4.1. We turn to the casep = 1. For
σ ∈ D∗(R

2), we defineQσ by

Qσ (g) = Wσ (g) for g ∈ D∗(R).

From Theorems3.6and3.7, we have, forf ∈ D∗(R),

〈Qσ (g)/ f̄ 〉 = Hσ ( f, g) =

∫
+∞

0

(∫
+∞

0
σ(x, y)V( f, g)(x, y) dν(x)

)
dγ (y).

From Hölder’s inequality we then obtain∣∣〈Qσ (g)/ f̄ 〉
∣∣ ≤ ‖σ‖1,ν⊗γ ‖V( f, g)‖∞,ν⊗γ ≤ ‖σ‖1,ν⊗γ ‖ f ‖2,ν ‖g‖2,ν .

This shows thatQσ ∈ B(L2(dν)) and‖Qσ‖∗ ≤ ‖σ‖1,ν⊗γ .
We extend the definition ofQσ and the two facts just proved to the case of

σ ∈ L1(dν ⊗ dγ ), working as in the proof ofTheorem 4.1.
Finally, the Riesz–Thorin Theorem [Stein 1956; Stein and Weiss 1971], allows

us to generalize the same results from the casesp=1 andp=2 to all p∈ [1, 2]. �

Theorem 4.3.Let p∈ [1, 2]. For σ ∈ L p(dν ⊗dγ ), the operator Qσ from L2(dν)

into itself is compact.
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Proof. Given σ ∈ L p(dν ⊗ dγ ), choose a sequence(σk)k∈N in D∗(R
2) approxi-

matingσ in the‖ · ‖p,ν⊗γ -norm. The last assertion ofTheorem 4.2says that

‖Qσk − Qσ‖∗ ≤ ‖σk − σ‖p,ν⊗γ ,

so Qσk approachesQσ in B(L2(dν)). From Theorem 3.6we know thatWσk =

Qσk is compact for allk ∈ N. The theorem then follows from the fact that the
subspaceK(L2(dν)) of B(L2(dν)) consisting of compact operators is a closed
ideal ofB(L2(dν)). �

5. The Weyl transform with symbol in S′
∗,0(R

2)

Notation. We denote by

• S∗,0(R
2) the subspace ofS∗(R

2) consisting of functions with compact support
with respect to the first variable;

• S′

∗,0(R
2) the topological dual ofS∗,0(R

2);

• D′
∗
(R) the space of even distribution onR. It is the topological dual ofD∗(R).

Definition 5.1. Forσ ∈ S′

∗,0(R
2) andg ∈ D∗(R), we define the operatorWσ (g) on

D∗(R) by

(5–1)
(
Wσ (g)

)
( f ) = σ(V( f, g)) for f ∈ D∗(R),

whereV is the mapping fromDefinition 2.1. ClearlyWσ (g) belongs toD′
∗
(R).

Proposition 5.2. Consider the distributionσ of S′

∗,0(R
2) given by the constant

function1. For all g ∈ D∗(R), we have

Wσ (g) = cδ,

where c=
∫

+∞

0
g(x) dν(x) andδ is the Dirac distribution at0.

Proof. For f, g ∈ D∗(R), we get(
Wσ (g)

)
( f ) = σ(V( f, g)) =

∫
+∞

0

(∫
+∞

0
V( f, g)(x, y) dν(x)

)
dγ (y).

But from the proof ofTheorem 2.5, we have∫
+∞

0
V( f, g)(x, y) dν(x) = cF f (y) for y ∈ R.

Integrating both sides over[0, +∞[ with respect to the measuredγ and using
(1–8), we obtain

σ(V( f, g)) =
(
Wσ (g)

)
( f ) = c

∫
+∞

0
F f (y) dγ (y) = c f (0) = (cδ, f ). �
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Note that byProposition 5.2, there existsσ ∈ S′

∗,0(R
2), given by a function in

L∞(dν ⊗dγ ), such that for allg ∈ D∗(R) satisfyingc =
∫

+∞

0 g(x) dν(x) 6= 0, the
distributionWσ (g) is not given by a function inL2(dν).

6. The Weyl transform with symbol in L p(dν ⊗ dγ ), for 2 < p < ∞

Theorem 6.1. Let p ∈ ]2, ∞[. There exists a functionσ ∈ L p(dν ⊗ dγ ) such
that the Weyl transform Wσ defined by(5–1) is not a bounded linear operator on
L2(dν).

We break down the proof into two lemmas, of which the theorem is an immediate
consequence.

Lemma 6.2. Let p ∈ ]2, ∞[. Suppose that for allσ ∈ L p(dν ⊗ dγ ), the Weyl
transform Wσ given by(5–1) is a bounded linear operator on L2(dν). Then there
exists a positive constant M such that

(6–1) ‖Wσ‖∗ ≤ M ‖σ‖p,ν⊗γ for all σ ∈ L p(dν ⊗ dγ ).

Proof. Under the assumption of the lemma, there exists for eachσ ∈ L p(dν ⊗dγ )

a positive constantCσ such that

‖Wσ (g)‖2,ν ≤ Cσ‖g‖2,ν for g ∈ L2(dν).

Let f, g ∈ D∗(R) be such that‖ f ‖2,ν = ‖g‖2,ν = 1 and define a linear operator
Q f,g : L p(dν ⊗ dγ ) → C by

Q f,g(σ ) =
〈
Wσ (g)/ f̄

〉
.

Then

sup
| f |2,ν=|g|2,ν=1

|Q f,g(σ )| ≤ Cσ .

By the Banach–Steinhaus theorem, the operatorQ f,g is bounded onL p(dν⊗dγ ),
so there existsM > 0 such that

‖Q f,g‖ = sup
‖σ‖p,ν⊗γ =1

|Q f,g(σ )| ≤ M.

From this we deduce that for allf, g ∈ D∗(R) andσ ∈ L p(dν ⊗ dγ ),∣∣〈Wσ (g)/ f̄ 〉
∣∣ ≤ M‖σ‖p,ν⊗γ ‖ f ‖2,ν ‖g‖2,ν,

which implies(6–1). �

Lemma 6.3.For 2 < p < ∞, there is no positive constant M satisfying(6–1).
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Proof. Suppose there exists such anM . Let p′ be such that 1/p+ 1/p′
= 1. Then

p′
∈ ]1, 2[. We consider, forf, g ∈ D∗(R), the functionV( f, g) of Definition 2.1.

We have

‖V( f, g)‖p′,ν⊗γ = sup
‖σ‖p,ν⊗γ =1

∣∣∣∣∫ +∞

0

∫
+∞

0
σ(x, y)V( f, g)(x, y) dν(x) dγ (y)

∣∣∣∣
= sup

‖σ‖p,ν⊗γ =1

∣∣〈Wσ (g)/ f̄ 〉
∣∣ ≤ sup

‖σ‖p,ν⊗γ =1
‖Wσ (g)‖2,ν‖ f ‖2,ν,

and consequently

(6–2) ‖V( f, g)‖p′,ν⊗γ ≤ M ‖ f ‖2,ν ‖g‖2,ν .

Now consider f, g in L2(dν). Choose sequences( fk)k∈N and(gk)k∈N in D∗(R)

approximating f and g in the ‖ · ‖2,ν-norm. By Proposition 2.2, the sequence
(V( fk, gk))k∈N converges toV( f, g) in L p′

(dν ⊗dγ ), and thus we have extended
(6–2) to all f, g ∈ L2(dν). We will exhibit an example where this leads to a
contradiction.

Let f be an even, measurable function onR, supported in[−1, 1]. We have∣∣V( f, f )(x, y)
∣∣ ≤ | f | ∗ | f |(x),

where∗ is the convolution product (Definition 1.1). From(1–7), we deduce that
for all y ∈ R, the functionx 7→ V( f, f )(x, y) is supported in[−2, 2]. Hölder’s
inequality gives(∫

+∞

0

∣∣∣∣∫ 2

0
V( f, f )(x, y) dν(x)

∣∣∣∣p′

dγ (y)

)1/p′

≤

(∫ 2

0
dν(x)

)1/p(∫
+∞

0

(∫ 2

0
|V( f, f )(x, y)|p′

dν(x)

)
dγ (y)

)1/p′

=

(∫ 2

0
dν(x)

)1/p

‖V( f, f )‖p′,ν⊗γ ≤ M

(∫ 2

0
dν(x)

)1/p

‖ f ‖
2
2,ν,

the last inequality following from(6–2). This proves that the function

y 7→

∫
+∞

0
V( f, f )(x, y) dν(x) = cF f (y)

belongs toL p′

(dγ ); herec =
∫

+∞

0 f (x) dν(x). and we have used the proof of
Theorem 2.5for the equality on the right-hand side. Putting this together with the
preceding inequality we see that, ifc 6= 0, the functionF f belongs toL p′

(dγ ) and

‖F f ‖p′,γ ≤
M

|c|

(∫ 2

0
dν(x)

)1/p

‖ f ‖
2
2,ν .(6–3)
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Now consider the particular functionf given by

f (x) =
|x|

r

√
B(x)

1[−1,1](x)

whereB is the function defined by(1–1)and1[−1,1] is the characteristic function
of the interval[−1, 1]. If r > −(α +1), this function belongs toL1(dν)∩ L2(dν).
From(1–4)we get

F f (λ) =

∫ 1

0
xr +2α+1 jα(λx)dx+

∫ 1

0
xr +α+1/2θλ(x)dx

=
1

λr +2α+2

∫ λ

0
xr +2α+1 jα(x)dx+

∫ 1

0
xr +α+1/2θλ(x) dx.

Using the asymptotic expansion of the functionjα [Lebedev 1972; Watson 1944],
given by

jα(x) =
2α+1/20(α + 1)

√
πxα+1/2

(
cos

(
x − α

π

2
−

π

4

)
+ O

(1
x

))
asx → +∞,

we deduce that for−(α + 1) < r < −(α +
1
2), the integral

a :=

∫
+∞

0
xr +2α+1 jα(x) dx

exists and is finite, so

1

λr +2α+2

∫ λ

0
xr +2α+1 jα(x) dx ∼

a

λr +2α+2
asλ → +∞.

On the other hand, forλ > 1,∣∣∣∣∫ 1

0
xr +α+1/2θλ(x)dx

∣∣∣∣ ≤
c1

λα+3/2

∫ 1

0
xr +α+1/29(x) dx,

where

9(x) =

(∫ x

0
|Q(s)| ds

)
exp

(
c2

∫ x

0
|Q(s)| ds

)
for all x > 0

andQ is given by(1–5). Since−(α + 1) < r < −(α +
1
2), we deduce that

F f (λ) ∼
a

λr +2α+2
asλ → +∞.

Using this and(1–6), it follows that there existK , R > 0 such that

|F f (λ)|p′ 1

2π |c(λ)|2
≥

K

λp′(r +2α+2)−2α−1
for λ > R;
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so forr such thatp′(r + 2α + 2) < 2α + 2, we get

‖F f ‖
p′

p′,γ ≥

∫
+∞

R
|F f (λ)|p′ dλ

2π |c(λ)|2
≥

∫
+∞

R

K

λp′(r +2α+2)−2α−1
dλ = +∞.

This shows that the relation(6–3) is false if we chooser so as to satisfy simulta-
neously the conditionsr > −(α + 1), r < −(α +

1
2) and

r < −(2α + 2) +
2α + 2

p′
.

This contradiction proves the lemma andTheorem 6.1. �
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