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MARIUS B. STEFAN

We use the free entropy defined by D. Voiculescu to prove that the free group
factors cannot be decomposed as closed linear spans of honcommutative
monomials in elements of nonprime subfactors or abeliak-subalgebras, if
the degrees of monomials have an upper bound depending on the number of
generators. The resulting estimates for the hyperfinite and abelian dimen-
sions of free group factors settle in the affirmative a conjecture of L. Ge and
S. Popa (for infinitely many generators).

1. Introduction

L. Ge and S. Popa [1998] defined for a given typeféctor.it the two quantities

Lh(M) = min{f € N | 3 hyperfiniteR,, ..., Rt C M S.LSP'R1 Ry - - - R ¢ =AM},

La(M) =min{f e N |3 abeliansdy, ..., dt C M st.5p Ardp - - - At = M}

(the min beingx if Mt cannot be generated as stated) and conjectured that
eh(£L(Fn)) = La(EL(Fn)) =00 forn>2,

where¥(Fp) is the type I{-factor associated to the free group witlgenerators.

We use the concept of free entropy introduced by D. Voiculescu in his break-
through paper [1994] to prove that the conjecture mentioned above is true at least
partially (for n = co) that is, €n(L(Fn)), La(£(Fn)) > [252] +1 for 4 < n < oo.
Actually, our result is more general and it states that the free group factonwith
generators cannot be asymptotically generated (Definitions 3.2 and 4.2) as

lim e 3" NOGONC IO NN

Jt+1

w—0 . -
1<ji,.., jtya=f
1<t<d
or
lim 1 N AR ADEOA
w—0 _ _ J1 ]2 Jt Jt+1
I<ip,jea=<f
1<t<d

MSC2000: primary 46L54; secondary 46L35.
Keywords: free entropy, free group factors.

365



366 MARIUS B. STEFAN

ifthe N7, ..., N¢ (for all ) are nonprime subfactors, the, ..., 4% are abelian
x-Subalgebras, the® c £(F,) are subsets containingself-adjoint elements, and

f,d > 1 are integers such that> p+ 2f + 1. Note that£(F,) admits decom-
positions of this sort if we allovd = oo, for example if2® =% = {1}, f =n,

N§ = N1, ..., Ny = Ny aren distinct copies of the hyperfinite type; Hactor #
andsdf =y, ...,dy =9y aren distinct copies ot > ([0, 1]) (since£(Fy) is both

the free product oh copies of%k and the free product af copies ofL*°([0, 1]);

see [Voiculescu et al. 1992]). The indecomposability#gf,) asSp’ N%N im-

plies the primeness of its finite-index subfactors; more generally, all subfactors of
finite index in the interpolated free group factors of Dykema [1994] aadiuRescu
[1994] are prime [Stefan 1998]. Indeed, according to V. Jones [1983],i# a
subfactor of finite index inlt then.t decomposes aSeN, wheree is the Jones
projection. In particular, the indecomposability propertie§&dF,,) over nonprime
subfactors and abelian subalgebras are preserved to its subfactors of finite index.
Recall that the Haagerup approximation property [Haagerup 1978/79] is another
property preserved to the free group subfactors. A first example of a prime Il
factor (with a nonseparable predual, though) was given by Popa [1983] and then
Ge [1998] proved (with a free entropy estimate) that the free group fétey) is

prime for alln with 2 < n < oo, thus answering a question from [Popa 1995].

Our results are based on estimates of free entropy, that is, estimates of volumes
of various sets of matrix approximants (matricial microstates). Voiculescu [1996]
pioneered this technique in his proof of the absence of Cartan subalgebras in the
free group factors. Subsequently, Ge [1997] and Dykema [1997] were able to prove
that the free group factors do not have abelian subalgebras of finite multiplicity.

The paper has four parts. In Section 2 we prove the first estimate of free en-
tropy and recover a result of Voiculescu [1994]: if a free familynoelf-adjoint
noncommutative random variables can be generated by noncommutative power
series by another family af self-adjoint noncommutative random variables, then
n > m (Theorem 2.3). However, we show that the assumption of freeness from
[Voiculescu 1994] is not essential and can be dropped. As a consequence, the
number of self-adjoint generators with finite entropy that generatalgebras
algebraically, is constant. In Section 3 we prove the indecomposabilits @)

(and of its subfactors of finite index) over nonprime subfactors (Theorem 3.5), and
in Section 4 the indecomposability over abelian subalgebras (Theorem 4.4).

We give next a short account of Voiculescu’s free probability theory [Voiculescu
1990; Voiculescu et al. 1992] and of his original concept of free entropy [Voiculescu
1994; 1996]. Atype H-factor.i endowed with its unique normalized, faithful, nor-
mal tracer is sometimes called\&*-probability space. The traeedetermines the
2-norm ondt by the formulal|x||> = = (x*x)¥/?, for all x € M, and the completion
of AL with respect td| - || is denoted_?(L, 7). An elemenix € .1l is a semicircular
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element if it is self-adjoint and if its distribution is given by the semicircle law:

2 1
r(Xk)ZE/ltk\/l—tzdt for all k e N.

A family (#j)ie; of unital x-subalgebras afit is a free family if the conditions
neN,ig,....inel,i1#iz2# -+ #in, X € A, andr(xx) =0forl<k <n
imply (X1X2- -+ Xn) = 0. A set{X}ic; C J is free if the family(x-alg{1, X; })i <

is free. A free sefx;}ie; C M consisting of semicircular elements is called a
semicircular system. If, is the free group witn generators (X n < oo) then
ZL(Fn) denotes the von Neumann algebra generated by the left regular represen-
tation & : Fn — B(%(Fn)); see [Murray and von Neumann 1943¥(F,) is a
factor of type I —the free group factor on generators. It has a canonical trace
7(-) = (- de, 8e), Where{dg}yer, is the standard orthonormal basis4dF,). Every
Z(F,) is generated as a von Neumann algebra by a semicircular systenm with
elements [Voiculescu et al. 1992]. We denote§? = MXC) the set ofk x k
self-adjoint complex matrices and hy its unique normalized tracery induces
the 2-norm|| - ||z : M$® — Ry and the euclidean norh - |le := VK| - [l2. If

B is a measurable subset of ardimensional (real) manifold, vgl(B) denotes
the Lebesgue measure Bf The free entropyy (X, ..., X,) of a finite family

of self-adjoint elements was introduced in [Voiculescu 1994], but we will recall
the definition of the modified free entropy [Voiculescu 1996], which is better
suited for applications. For self-adjoint elemeris. .., Xn+m € Al one defines
first the set of matricial microstates: Fixing,¢ > 0 and p,k € N we define
CrR(X1, .-+ Xn : Xntds - - - Xnaems P, K, €) to be the set

{(As, ..., Ay € (A" | there existAni1, ..., Anpm € M2
such that] Aj || < Rand |t (X, -+~ Xi,) — (Al -+ Aip)| <€
forallg=1,...,pandallj,is,...,ige{l....n+m}}.

Next we define

XR(X]_, ...,Xn :Xn+]_, ...,Xn+m; p, k, 6) =
log(Volye(TR(X1, - - - Xn : Xntds - - - s Xnems P, K, €))),
XR(X].? -eos Xn: Xl"l-‘rl’ sy XI’H—I’T\; pa E) =

. 1 n
lim SUF(EXR(X].? co s Xn D Xnt1s - o5 Xntms Py k’ E) + E Iog k)a

k— o0
XR(X1, ..oy Xn D Xng s« - s Xngm) 1=
inf { xR(X1, ..., Xn 1 Xn41, - -, Xnem: P.€) | pEN, € > 0},

XXy -y Xn S Xngds - - s Xngm) = SUP{ XR(X1, - . ., Xn  Xn41s - - -, Xnm) | R> O}
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When taking the last sup it suffices to assume ® < max{|| x|, ..., [Xntmll}
rather than O< R < oo [Voiculescu 1994; 1996]. The quantity

X(X]_? s Xt Xn+1’ ey Xn+m)
is the free entropy oK, ..., X, in the presence ok, 1, ..., Xnam. If m =0,
it is simply called the free entropy ofy, ..., X, and writtenx (Xg, ..., Xp). If
{Xnt1. -+ Xngm} C {X1, ..., Xn}”" we have
X(XL, ooy Xn 2 Xng Ly - vs Xngm) = X (X1, .., Xn);

see [Voiculescu 1996]. For a single self-adjoint elemeatx* € Al one has:

x0=3+3log2r + [ [ ogls—tidyu(s) dut

whereu is the distribution ofx; see [Voiculescu 1994]. Xy, ..., X, aren self-
adjoint free elements oft then y (X1, ..., Xn) = x (X2) + - - - + x (Xn) [Voiculescu
1994]. The converse is also true [Voiculescu 1997], provided #iat) > —oo

for 1 <i < n. In particular, the free entropy of a finite semicircular system is
finite; hence the free group facté#i([F,) has a system of generators with finite free
entropy for 2< n < oo.

2. Noncommutative power series and free entropy

The main result of this section is that if a (not necessarily free) famiiy celf-
adjoint noncommutative random variables with finite free entropy can be generated
as noncommutative power series by another family sélf-adjoint noncommuta-
tive random variables, them> m. In other words, a finite system with finite free
entropy has minimal cardinality among all finite systems of self-adjoint elements
that are equivalent under the noncommutative analytic functional calculus. Thus,
we recover Voiculescu’s result [1994], with the observation that our approach does
not require the assumption of freeness.

We review first a few facts concerning the theory of systems of algebraic equa-
tions [van der Waerden 1949], necessary in the proof of Lemma 2di, If., gn
are forms inn variables, there exists a polynomial (the resolvent) in their coef-
ficients, R(Qy, .. ., On), With the property thaR(g, ..., g,) = O if and only if
the systengi (&1, ..., &) =+ =gn(&1, ..., &) = 0 has a nontrivial solution. If
hi, ..., hp—1 aren—1 forms inn variables and

hn(u)(fla cey SI’]) = u1€1+ t + Ungns

thenRy(hy, ..., ha_1) := R(hy, ..., hp_1, ha(u)) (theu-resolvent) is either iden-
tically 0, or a form of degree ddg x --- x degh,_1 in U = (U1,...,Up). In
the first case, the systetm, = ... = hy_; = 0 has infinitely many solutions
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[(£1, ..., &n)] € PC"L; in the second, all the solutiorigy, ..., &)] € PC"1

are given by the factorization d®,(hs, ..., hy_1) (and thus, the system admits at
most dedh; x - - - x degh,_1 solutions, as predicted by Bézout's Theorem).
Let f1,..., f, € R[E4, ..., En] ben polynomials inn indeterminates, of de-
greesds, ..., d,, respectively. Foa = (ay, ..., ay) € R" define
: _ di . 'i:l ’i:n A s
F.,a(sl,...,gn+1)_sn+1<f. (_Sn+1""’ §n+1) a) fori=1,...,n.

Bézout's Theorem implies that the system of equations

fi(1,....&n) =a1, ..., fn(€1, ... . 6n) =2an

admits at mostl; .. .d, solutions(&y, ..., &) € C" if Ry(Fra,--., Fna,) #0.
Note also that the set

Su(fr, ..., fo):={@1...,a) e R"| Ru(Fra, ..., Fna,) #0}

is either open and dense &Y, or empty.

We proceed now with Lemma 2.1, which gives an upper bound for the Lebesgue
measure of the intersection of an algebraically parameterized manifold embedded
in R™ with the unit ball ofR™. This lemma will be of further use in estimating the
volumes of various sets of matricial microstates that will appear as sets of points
within a given distance from such manifolds.

Lemma 2.1. For integers n< m and polynomials 1f ..., f, € R[E4, ..., En]
define f=(f1,..., fm) : R" — R™. If the polynomials
af;
de @)
are not identicallyO for all multiindices Je {(i1,...,in) |1<i1<--- <ip <m}

andif § = §,(f1, ..., fn) # @, then

O ]y (S eef(50)) = () c-voneo )

[Jl=n

where C= C(degf) = max{degfi, x --- xdegfi |1<i1<--- <ip <m}and
B(0, 1) = By(0, 1) is the unit ball inR".

Proof. We consider first the case=n. Let Sdenote the set of all irregular values
of f, thatis,
S=f ({£ eR"|rankdf;) <n}).

It suffices to show that (1) holds with=(B(0, 1) \ &) replacing f ~*(B(0, 1)),
where§ is an arbitrary open set that contais) (R"\ §,). For any

a=(ay,...,an) € Rangef NBO, )\ S
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the setf ~({a}) has at mos€ = degf; x - - - x degf, elements, say ~*({a}) =
{b1, ..., bp@} for some 1< p(a) < C. There exist an open bal; > a and open
neighborhoodd/f > by, ..., Vg, > bp) such thatB, andV;? are diffeomorphic
via f for 1 <i < p(a) and f ~1(By) = Ulp(a)va Since it is compact, we can
cover Rangd NB(0, 1)\ § with afinite set of such open balB,, . .., B, This
covering determines a finite partition of Ranfjeér B(0, 1) \ S, sayWi, ..., W,.
For each 1< j <t choose a unique ¥ | =1(j) < k such thatw; C B, and
f=1(W}) = Tj1U- - -UTjp(a), WhereTj; € V* andW; andT;; are diffeomorphic
via f forall 1 <i < p(a). We have

d d
/f1(8<o,1>\&) ‘ 5= 2/ 1<W) ’ :
t p@g))
-y Z/ de E)’dg
=1 i=1 “Ti
t p@g))
=Y > voln(Wj)
=1 i=1

t
<C > volp(Wj) = C-vol,(B(0. 1)\ &).

=1

In the casan > n one has the estimates

of of
def J) de < det{ &2 )| de
/f%B(O,l))(l; ( ) f-1(B(0,1) |32:: [<3$ )
of;
< de d¢
lezn -/fjl(B(O,l)) 3 )
m
< (n)-C-voIn(B(O, 1)). 0
Lemma 2.1 will be used in the proof of Proposition 2.2. khek matricial mi-
crostates oKXy, . .., Xp are points within euclidean distance < mkfrom the range
of a polynomial function in the matricial microstateswf ..., y, provided that
eachx; is within || - | >-distance» from noncommutative polynomials i, . . ., Yn.
Proposition 2.2. Let R, ..., Pnh € C(Y1,...,Ys) be complex polynomials in n
noncommutative self-adjoint variable&ssume thatit, ) is all ;-factor and that
{X1, ..., Xm} C A is a finite set of self-adjoint generators.f Set

a=max{[xulz+1. ..., [IXml2+1}
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and d = max{degPi, ..., degPn}. If {y1,...,Y¥n} C Jl is another finite set of
self-adjoint generators aft with n < m and such that

IXi— Ry, ....¥)ll2<w foralli =1,...,mand some € (0, a],

then
Xx(X1, ..., Xm) <C(Mm,n,a)+ (m—n)logw + nlogd,

where m, n, a) is a constant that depends only onma.

Proof. Replacing eacl?, by %(P. + P*) if necessary, we can assume tRat= P*
fori =1,...,m. GivenR > 0, ¢ > 0 and an integep > 1, consider

(Ala7Am)€FR(X179me1a’yna p»kae)'

If pislarge enough and> 0 is sufficiently small, one can find matricBsg, . .., B,
in M such that| By, ..., [|Ball < Rand

IA —P(By,....,B)ll2<w fori=1,...,m,
or, equivalently,
IA —P(Bq,...,B)lle<awvk fori=1,....,m.

With the identificationsgy = (g, e Omie) : A" = R — (UM = RMK
(B1,...,Bn) = (&1, ..., &) € R, and

0(B1, ..., Bn) = (Pu(B1, ..., Bn), ..., Pm(Ba, ..., Bp)),
the previous inequalities imply
H(Ai)lfifm — g, ..., Snkz)”e <wvmk

At the cost of introducing an additional variallg.,, € R, we can assume that
the components aj aremk? homogeneous polynomial functions in the variables
£1, ..., &nes1, all having degrees at most

Now let fq, ..., f,e be arbitrary homogeneous polynomial function&in . .,
Ene+1, Such that ded; = deggj for j = 1,..., mk2. For every multiindex] =
(j1, -+ s dniep) With 1< ji < - -+ < jrieqs < mI&, saying tha,(fj,, ..., fj , )
is empty is equivalent to saying that the coefficientsfgf ..., f satisfy a
certain system of algebraic equations. Hence the set

Jnkz-%—l

Q1={f=(fn,..., foe) |degf; =degg; for j =1,..., mi,
S(fj s fj o) #F@foral I=(j1, ... jnesn) |
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is open and dense in its natural ambient linear space. Similarly, the set

sz{fz(fl,..., foe) | degfj = degg; for j =1,..., mi,

de( 52) £0foralld = (. ... Ines)}

is also open and dense in the same linear space.

The matrixd f; has(nligf 1) minors of dimensiorink?+1) x (nk?+1) and all
these minors have a nontrivial common zero only if a certain system of algebraic
equations in the coefficients df, . . ., f,e has a solution [van der Waerden 1949].
Not all the polynomials appearing in this system are identically equal to 0. It
follows that the set

Q3={f=(fn..., fne) | degf; =degg; for j =1,..., mie,
rank(d f;) = nk? + 1 v& € R"+1\ (0})

contains a subset that is open and dense in the linear space previously considered.
Therefore there exists an element 2, N Q> N Q3 such that

| £ i) — OG- ) | < VMK i [&] < Rfor 1<i <nk®+1;

hence|(A)1<i<m— f (€1, .. .. &nes1) |, < 20v/mk The functionf satisfies the
hypotheses of Lemma 2.1 and its components are homogeneous polynomials. It
has the property that dig{(Ai )1<i <m» Rangef) < 2w+/mkand it does not depend
on the systeniA;)1<j<m-

We have||(Aq, ..., Anlle < avmk(if € > 0 is small enough); hence the set of
matricial microstate$Ag, ..., Am) of (X1, ..., Xm) such that

diste((A1, ..., An), Rangef) < 2wv/mk
is contained in themk?, nk? + 1)-tube of radius @+/mk around
Rangef N Bpe(0, (@+ 2w)vmk).

If Bis a small ball inRR"K*+1\ {0} and if Vg (2w+/mK) denotes themk2, nk? + 1)-
tube of radius @+/mkaroundf (B), the formula for volumes of tubes [Weyl 1939]
implies

VOImkz (VB(ZC()\/ mk)) = VOImsznszl(Bmsznszl(o, 1))

(zw«/W()l-H-mkz—nkz—lkB’e
Z (Mk2—nk2+1)(Mk2—nk24-3) - - - (Mk2—nk2—1+e)"

eeven
O<e<nk®+1
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With the notations from [Weyl 1939] one hlg e = ff(B) Heds and

nk?+1
U5 (1) %o (2) U5 (3) %o (4)
He = %) 2)'2 gno E Hotor " Hasay
ae=1

.....

whereH denotes the Riemann tensorofB). Assuming W|thout loss of gener-

ality that degfJ =dfor j =1,..., mk, one can verify that eacH (f(é)) isa

sum of quotients of homogeneous polynomials where all numerators have degree
6(d—1)(nk?+1)—2d and all denominators have degre@6-1)(nk?+1). Hence

He is a rational function irf and in the coefficients of (¢). Due to its intrinsic
nature Hg is independent of the embedding of Rarfgen RME+L: in particularitis
invariant under orthogonal transformationgtf<+1. Since there exist sufficiently
many polynomialsf (§) such that Rangé is flat, this entailsHe = O for evene

such that 2< e < nk? 4+ 1. Therefore the volume of thenkZ, nk? +1)-tube of
radius 20~/mk around f (B) is

VOl e Ve (20vV/mK) = (VO e niz— 1 Bmie_nie_1(0, 1)) (2ov/mK k)mkz—nkz—l ds,
f(B)

and with Lemma 2.1 and the inequality

1 1 2mk/2
@ nk2+1\ miké—nk?—1 = mk?
r(1+%55) r(+ T ) r(i )

we obtain the estimate

VOlpel'rR(X1, - oo, Xm 2 Y1, - -+ Yns P, K, €)
mik2 Sk
< (nk2+1)-C(d)-volnkz+1B(O, @+ 2w)v/mK)

VOl me_1B(0, 1) - (2w/mkymk k-1
)-C(d) . (K412

(a+2w)nk2+l(m k)(nk2+l)/2n.(msznszl)/Z(zw)mefnszl(m k)(msznszl)/Z

r(a M) (e M)

MK/2 (m k)mkz/zzmkz/z (3a)nk2+1(2w)mk2—nk2—l

(s 7y)

(nliglfi-zl)'c(d)'
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The last inequality implies further

XR(Xl,---,Xmi)/la---,Yn; P, K, €)
1 ( mk? 3m

fﬁlog nk2+1> @ logC(d) + — Iogn+< 5 —n) log 2+ nlog(3a)
mkZy , m
Iog(mk)+(m n)Ioga)—k—IogF(1+ 2) Elogk—i-o(l).
Note that 2
mkly m m
1007 (14 75°) = Fiog 55 +o),

nk?41 mk — — :
C@)=d andk2 IOg(nk2 1) mlogm—nlogn—(m—n) log(m—n)+0(1);
therefore

XR(X17~~~’Xm:y1""’yn; p’kve)
5mlogm—nlogn+nlogd—(m—n)log(m—n)+glogn

- (37m ~n)log 2+ nlog(3a) + ' logm-+ ' logk-+ (m — ) log»

- — Iog— —mlogk+ — Iogk+o(1)
=C(m,n, a) +(mM-n)logw+n Iogd +0(1).
By taking the appropriate limits aftdg; p, €, we finally obtain
XR(X1, .. s Xm Y1, ..., Yn) <C(m,n,a)+ (M—n)logew+nlogd,
and sinceR > 0 is arbitrary,

X(Xl,---,xm:YL---,Yn) Sc(mv n, a)+(m_n) Iogw+nlogd

Now recall thatxs, . .., Xm} is a system of generators.if, hencey (X4, ..., Xm)=
XXty - s Xm Y1, -4 Yn)- ]
Let Yy, ..., Yy, be noncommutative indeterminates and let

o0
PMi....Y) =Y > aiY, Y

k=0 1<iq,...,ik<n

be a noncommutative power seriesvin ..., Y,, with complex coefficients. Fol-
lowing [Voiculescu 1994], we say th& > 0 is a radius of convergence Bfif

oo
Z Z |a41‘..ik|R" < 00.

k=0 1<iy,...,ik<n
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It is well known from the theory of power series that ikORy < R, then

DS |a1...ik|R5=o((%)‘*“),

k=g+1 1<iy,...,ik<n

The next result is basically [Voiculescu 1994, Corollary 6.12], with the obser-
vation that the freeness ¢f1, ..., X} assumed there has been dropped.

Theorem 2.3.Let xq, ..., Xm and \, ..., Yn be self-adjoint noncommutative ran-
dom variables in dl-factor (M, t) such that y, ..., yn € {X1,...,Xn}” and
X(X1, ..., Xm) > —o0. If X = B (y1,...,¥n) fori =1,..., m, where the Pare
noncommutative power series having a common radius of convergence R
maxyall, ..., llynll}, then n>m.

Proof. Suppose thami > n. For 1<i <m, X; is a noncommutative power series
ofyi,..., Yn, i.€.,

xi=Y Y alivi Ve

k=0 1<iy,...,ix<n

For every intege > 0, Plq(Y1. ..., Yn) == g0 D14, icen aj(i,)”ikml VI
a noncommutative polynomial of degree at mgsand

> Y aloew|

k=g+1 1<iy,...,ik<n

< i 3 |ay<j?..ik|bk=o<(%)q“>.

k=g+1 1<iy,...,ik<n

X = Pg(y1. -, Yo ||, =

The estimate of free entropy from Proposition 2.2 implies

b\a+1
X(xl,...,xm)§C(m,n,a)+(m—n)log(ﬁ> +nlogqg+ O(1)

and lettingg tend tooo, one obtaing( (X, .. ., Xm) = —oo, a contradiction. [

Let N be ax-algebra in aV*-probability spacét, ). Suppose tha¥ is finitely
generated and I€xy, ..., Xm} be a system of self-adjoint generators. Let also
{y1, ..., ¥n} be another set of self-adjoint elements that gene¥addgebraically
as ax-algebra. In particular, there exist noncommutative polynomiBi$;<j <m
such thats;, = P (y1,...,yn) fori =1,..., <m. In this context, Corollary 2.4 is
an immediate consequence of Theorem 2.3.

Corollary 2.4. If x (X1, ..., Xm) > —oc andx-alg{ys, ..., Yn} ==-alg{Xs, ..., Xm}
then n> m, so any2 systems of self-adjoint elements with finite free entropy that
generateN algebraically as ax-algebra have the same cardinality
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Voiculescu [1998] proved that the modified free entropy dimension [Voiculescu
1996] of a finite set of self-adjoint elements that generate algebraicaiglgebra
N'is independent of the set of generators. It is still an open question whether the
free entropy dimension is a von Neumann algebra invariant. Voiculescu [1999]
also showed that sets of generators satisfying sequential commutation in certain
property T factors have modified free entropy dimensioh. L. Ge and J. Shen
([2000]) proved then that the estimate< 1 is true for any set of generators, as long
as the factor has one set of generators satisfying sequential commutation. Recall
from [Voiculescu 1996] the definition of the modified free entropy dimension:

XX14+wSy, ..., X1+ wWSn:S1,...,Sm)

30(X1, ..., Xm) = M-+ limsup
m w—0 “ng|
where{s,, ..., Sn} is a semicircular system free frofry, ..., Xm}. In general one
hasdo(Xy, ..., Xm) <m, and also G< (X1, ..., Xm) if {Xq, ..., Xm} C £(Fp) for
somep. Considering two set§xs, ..., Xm} and{ya, ..., yn} of self-adjoint ele-
ments that generate algebraically thalgebraN and noticing thafys, ..., yn} C

{X1+ws1, ..., X1+ ®Sm, S, ..., Sn}”, One has

: X s X (ST, .ee, S Y-
50(X1,---,Xm)=m—|—llmsupX(1+a)$1 11 OS5 S Sm, Y1 Yn)
w—0 ||Oga)|
1 X ""aX . g e e ey
§m+llmsupX( 1+ 08 1+ ®Sm: Y1 Yn)‘

w—0 ||Oga)|

Also, |[Xi + @S — P (Y1, ..., Yn)|| = lws || <wfori=1,..., m, and with Propo-
sition 2.2 we obtain
. Cim,n,a m-—n)lo nlogd
So(X1, ..., Xm) < m+limsup ( )+ ( )Iogo + g
w—0 ||Oga)|
<m+n—m=n,

wherea = max{|[xill2 + 1, ..., [Xmll2 + L lIyallz+ L, ..., lIyall2 + 1} andd =
max{degP; | 1 <i < m}. In particular, if there exists a séyi, ..., yn} with
do(y1, ..., Yn) = N Which generates’ algebraically, then

sup{So(X, . .., Xm) | #-alg{xa, ..., Xm} =N} =n.

3. Indecomposability over nonprime subfactors

In this section we prove that the free group factgf,) does not admit an asymp-
totic decomposition of the form

im 2 E W opw O Op@ || NP N
LLILnO _ _ NM% NJZEZ ‘Nth ‘Nlt+1’
1<j1,. jrya=f
1<t<d
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where (for eaclw) ¥“ c £(Fp) is a subset wittp self-adjoint elements\?, ...,

N¢ are nonprime subfactors f(Fn), the integed is atleast 1, and > p+2f +1.

A nonprime Ik-factor is just a factor isomorphic to the tensor product of two factors
of type ll;. For free group subfactors one has the followingn i p+2f +2 and

P c L(Fp) is a subfactor of finite index, theh does not admit such an asymptotic
decomposition either. In particular, the hyperfinite dimensiof£@f,) is at least
[252] + 1 and that of? is at leas{ "53]+1. Forn = oo this settles a conjecture

of Ge and Popa [1998]: the hyperfinite dimension of free group factors is infinite.
The definitions of hyperfinite dimension and of asymptotic decomposition over
nonprime subfactors are given next.

Definition 3.1 [Ge and Popa 1998]if .t is a type lk-factor, the hyperfinite di-
mension ofil, denoted’y, (L), is by definition the smallest positive integére N
with the property that there exist hyperfinite subalgelstas. .., %t C Jl such
thatSp* R1%R, - - - R ¢ = M. If there is no such positive integel, () = +o0.

Definition 3.2. A type ll;-factor.it admits an asymptotic decomposition over non-

prime subfactors if, for anp > 1, anyxy, ..., X, € Jl, and anyw > 0, there exist
nonprime subfactors’y = N1(X1, ..., Xn; @), ..., N¢ = N¢(Xq, ..., Xn; @) of M
and also a se€t® =%(xy, ..., Xn; @) C Jl containingp self-adjoint elements, such
that

Jt+1

dist., (Xj, Z NOEONGE? - NGENS, ) <w forj=1,...,n

1<ji,.s jrya=f
1<t<d

In this situation we write

= lim Iz 2 W Opw NW O | NOGPW N
J‘/L—J)ITO _ _ Nllg leg Nltgz ‘Nlt+1'
1<ji,....jiy2<f
1<t<d

If £(F,) admitted an asymptotic decomposition over nonprime subfactors as in
this definition, the situation described in Proposition 3.4 (with= £(F,)) would
take place for arbitrargw > 0, since any H-factor is generated by its projections
of given trace § for example). The following is a result from [Ge 1998, p. 155]
(see also [Kadison and Ringrose 1986, Exercise 12.4.11]); we include a proof for
completeness.

Lemma 3.3.Any typdl 1-factor .t with separable predual is generated by a count-
able family of projections of given trace

Proof. Every ll;-factor with separable predual is generated by a countable family of
abelian subalgebras, so there exist abelian subalgehras,, . . . of Al generating

Jt as a von Neumann algebra. If necessary, one can replacedgday a maxi-

mal abelian subalgebra df containing it, henced, can assume to be a maximal
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abelian subalgebra ofl for 1 < n < co. Being a maximal abelian subalgebra of a
type ll;-factor, eachd,, has no atoms and thus it is generated by a countable subset
of projections of given trace. O

Proposition 3.4. Let z, ..., z, be self-adjoint elements ofl& -factor.it and let
(N)1<v<f be afamily of subfactors ofl. Assume that', = %\ v &S ~ %" @
R, where”, &3 are Il;-factors and assume thatyx. . . , x, are self-adjoint
generators ofil. Assume moreover that there exist projectiofd,p. ., pi*’ e ®Y”
and ¢”,...,qd" e " of trace 1 and complex noncommutative polynomials
(¢j)1<j<n Of degree at most dwhere d> 1 is fixed in the variables(z,)1<u<p
such that

(3)

<w forj=1,...,n,
2

((p. )1<|<rv ) (CI| )1§I <s, (Zu)lfugp)

1<v<f 1<v<f
wherew € (0, a] is a given positive numbeand such that in all the monomials of

eachg; the projections §”, g and §’, qi"’ are separated by somg i v # w.
Then

4 Xx(X1,..., %) <C(n, p,a,d, f)y4+(n—p-—2f)logw,

where a= max{||xjll2+1| 1< j <n}and C(n, p,a,d, f) is a constant that
depends only on,m, a, d, f.

Proof. All variables involved are self-adjoint, so we can assume ¢hat qb* for
j=1,...,n. Fix an integeko > 1 and letR > 0. Supposelly,(C) = A/L(”) C QR(”)
andeo(C) Mg” c 2y, and let{el’}j 1, { £}, be matrix units forJ(/L(”) and
MY respectlvely If
((A])1<J<nv (G )1<| <ry» ( |(v)) 1<l<s, » {E}r)}j,l,v, {Fj(|v)}j,l,v7 (Zu)15u5p)
<v<f 1<v<f
is an arbitrary microstate in the set of matricial microstates
FR((X])1<J<na (p| )1<|<r]%, (C|| )1<|<su {e“ Fidvs{ f“ Yitvs (Zu)1<u<p; M, K, 6)
1<v<
and ifmis large andt is small enough, then
” AJ ¢J <(G )1<|<|’,,,(H| )1<|<sL (Zu)1<u<p> H <w for J :1,...,n

1<v<f l<v<f
Let$ > 0 and writek = k3t +w for some integers, t with 0<w <k3—1. If m, €
are suitably chosen, there exig” = il c Mx(C), MY = MY C My(C) (not
necessarily unital inclusions) and matrix urfigs}’}; ., C Al{”, {F(“)},J,v c.ity
such that

|Ef —EPl, <8 and |~ FPl, <8 forid =Lk,
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andJly” c (ty”) N Mk (C). The relative commutants ai{” and.ity” in Jt(C)
satisfy

(M) Nl (C) = (M () ® 1® My (C)) B My (T),

(ML5”) Nty (©) = (1® My (C) ® M (C)) ® My (C).
Let

n® (x. €l'}1) = ~k Z ell’xq” e C (X1, ..., Xig 1)
j,I=1

be the polynomial irkg + 1 indeterminates that gives the conditional expectation

E 0y M — UE”Y N, that s,
1

E(Mgv)),m%(x) =n® (X, {e}}’)}“).
ThenG{"? 1= n® (G, (E1"}11) € (ML) Nk (C), and since
1 =0 1Byl 1 k(L)

pgv) = E(M(l”))/nm(piv )= (U)(pgv), {e}r)}j,l)a
it follows that
I (GEY =2 ((p!™))| <81 forall I =1,....,my

for any givené;, m;, provided thate, § are small andm is large enough. For
suitablemy, 81 there exists a projectioR"? e (l{")’ N (C) of rank k3]
such that| P"" — G{"V|, < 8. Then|G{” — P"?|, < |G} — G|, +
||G(1”’1) — Pl(”’l) |, < 252, sinceHG(l") — G(lv’l) |, < 82 for convenientm, €, 5. With
this procedure we can find projections

PV L RO e () Ntk (@) and QPP ..., QP e () Ntk (D),

all of rank [“5™2], such thaf| G/’ — P“"?| < 25, and | H{Y — QE”’D |, < 252

for all indicesi, j, v. Moreover,

H AJ (]5] ((P(U b )1<|<rv s (Q| )) 1<l<s, s (Zu)l<u<p> ” <w forall j = ., N
1<v<f 1<v<f

if we choose a sufficiently smaih > 0. Let@!” (k) c (lS”) Ntk (C) and¥y” (k)

(M(Z”)) Nk (C) be two fixed copies of the Grassmann manifé(éot +w, [kot; xr)

of projections intly,+., (C) of rank ["°t2+w]. There exists a unitaryd @ e au(k)
such that

UOPMPUOr, L UMREPUC” e 67 k),
U@QMPU®™ | UMQEIU®M* e ¢l (k).
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The previous inequality becomes

H Aj — ¢; ((U 2 Pi(v’l)U (U)*) 1<i<r, s (U 2 Q|(U’1)U (v)*) 1<l<s, » (Zu)1<u<ps

1<v<f 1<v<f

(ReU™,ImU®),_, )| <o

forall j =1,...,n. The euclidean norm ont? induces &ll(kot + w)-invariant
metric on the manifoléﬁ(kot—i-w, [%]) and if{ Pa}ac Ak iS @ minimalf-netin
the manifold with respect to this metric, it follows from [Szarek 1982] tlak)| <
(Chy/6)%, whereC is a universal constarngy = 2[5 ]. (kot +w—[ 52 ]) is the
dimension of§(kot + w, [""t*w]) andhy < +/2k is the diameter of the Grassmann
manifold §(kot + w, [42]) in M There exiser := (@)", ..., a"")1<,<¢ and

B =B, ... b)1<,<t with entries fromA(k) such that

[P 0RO <0 and [R-UQ U, <6

forl<i<r, 1<l<s, 1<v < f. Inparticular, the polynomial&p;)i<j<n
are Lipschitz functions; hence there exists a consiart D ((d)j)lgjgn, R) >0
(note thatjw| =r1+---+r¢ and|B| =S+ - - - + S¢) such that

|65 (Va, ..., Viapsigrpr2t) — @ (W, ..., VV|o¢\+|ﬂ\+p+2f)He
<D|(Vi, ..., Vigripiaps2f) — (W, ..., \N|a|+|ﬂ|+p+2f)||e

foralll1<j <nandall
Vi, oo Vagigr+pr2f, Wi, ooy Wigppgpraf € {V € M| IV < R

We then have

| Ai =i ((Pa)aca: (Poloep: (Zwrcusp. (ReU™, ImU®) )|

<ovk+D|(UVRHPUD) i, (U QMPU) 1z,

1<v<f 1<v<f

(Zw)1usp, (REUV, IMU®), _ f)
~((Padacas (Poloes(Zwszusp, (ReU, ImU™) ()

< ovVk+ Do|a| + |8l
=2a)\/E,

if we choose

e

p= K
DYV ||+ 18]
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DefineFy g : (MEHPT2T — (UEH" by

Fap ((WU)lfuf P> (Wl(v)’ Wz(v))lsvs f)

= (9 ((Pa)aca: (Po)bes, (Wa1zusp, (WL, W )12 1))

15j§n’

and note that dig{(Aj)1<j<n, Rangd~, z) < 2w+/nk. Note also that all the com-
ponents ofF, g are polynomial functions of degrees at most-82. Now use
Lemma 2.1 as in the proof of Proposition 2.2 to obtain the estimates

V0|nk2rR<(Xj)1§j§n : (pi(v))lgi <fp > (Cl|(v))1§|§sv ) {eﬁ))}j,l,v, {fj(|v)}j,|,v, (Zu)1<u<p:

1<v<f 1<v<f
m, k, e)

()" (p200e) ©@

. VOI(p+2f)k2 B(O, (a+ 2w)~ nk) : VOInk2—(p+2f)k2 B(O, 2w nk)

_ (CDh [lalrip) \ A% k2
—( o VK '((p+2f)k2>'c(d)

(nnk)(p+2f)k2/2(2w+a)(p+2f)k2 (n,nk)(nkz—(p+2f)kz)/Z(Zw)nkz—(p—i-Zf)kz

F(1+ w> r(1+ ”kz—(p2+2f)k2>

This estimate, inequality (2) on page 373, and the inequaliiesv/2k, 0<w <a,

o =2 452 ot - (12

kot +w kot+w\ _ (Kot+w)?  (K4+kow —w)?
527("0“””_ 2 )‘ 2 a2

together withC(d) < (3d + 2)(P+20K* imply

VOInkZFR<(Xj)1§j§n : (pi(v))lgi <ry > (Q|(v))1§|§sv ) {eﬁ))}j,l,v, {fj(|v)}j,|,v, (Zu)1<u<p:

1<v<f 1<v<f
m, K, e)
(k+kow—w)?

<(CD«/2(|a|+|ﬁ|)> ag

w
2nk2/2 (n,nk)nkz/z (3a)(p+2f)k2(2w)(n— p—2f)k?

r(1+”—'2‘2)

2
<(p—p;f)k2)(3d 4 2)(PH2DK
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Therefore

1
@XR(WB j=n s (B azi<r, . (@) 1<izs, A& o LY,

1<v<f 1<v<f

(Zu)1<u<p: M, K, 6) + g logk
|Ot|+|,3|<1+kow—w)zlogCD 2(Ja| +181)
22 " ”

1 nkZ 1 nk2
+(n—p-2f)logo— 5 10gT"(1+ 5 ) + Z100( (512

<C(n, p,a,d, f)+nlogk+

Use the asymptotics

1 o nk?
k2 g((p+2f)k2)

=nlogn—(p+2f)log(p+2f)—(n—p—2f)log(in— p—2f)+o0(1)
and Stirling’s formula

1 nk? n nk?
2 lour (145 ) = 5 log 50 + o)

to conclude that

(5) XR((Xj)lfjfn : (pi(v))}sisrv (@) 1<t=s, (€5 ) (T

<v<f 1<v<f

(Zu)1<u<p: M, 6)

g lalzt(%'ﬂ' log(C Dy/2(le + ) +C(n, p.a.d, )

loe| + 18I
+(n— p—2f — 2k§ )Iogw.
The last inequality shows that the free entropy{xf, ..., X5} does not exceed
C(n, p,a,d, f)+ (n—p—2f)logw, sincekg is an arbitrary integemR is an arbi-
trary positive number ang, ..., X, generateM. a

3.1. Hyperfinite dimension of free group factors.

Theorem 3.5.1f n > p+ 2f + 1, the free group factof(F,) cannot be asymptot-
ically decomposed as
im Il
lim 2 ST NEONGES - NGEONY,
1<ji,ee jra<f
1<t<d
where(for eachw) ¥ C £(Fp) contains p self-adjoint elementsy, ..., N¢ are
nonprime subfactors ¢f(F,), and d> 1is an integer
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Proof. Suppose first thato > n > p+ 2f + 1 and consider a semicircular sys-
tem{xy, ..., Xy} that generate€(F,) as a von Neumann algebra. If there were a
decomposition as in the theorem, one could find for ewery 0 noncommutative
polynomials and projections as in Proposition 3.4 satisfying the inequalities (3).
But then the estimate of the free entropy (4) would imply théty, ..., Xp) =—o0
asw tends to 0, a contradiction.

If n= oo then%(F) is generated by an infinite semicircular systeg}i>1. If
we fix an integek > p+2f + 1, we can approximatey, ..., Xk by polynomials
(¢j)1<j<k as in (3), getting the estimate of the modified free entropy (5) With
instead ofn. Takingm, 1/¢, R, ko — oo andw — 0 in this estimate, one obtains

((XJ)1<J<k (p| )1<|<rL (Q| )1<|<su {e“ }Jlu»{f“ }le,(zu)1<u<p)

1<v<f 1<v<f
< X (X1, - o0 Xk,
Where(p| )lglgru,lgvgf (Q| )l<|<su 1<v<f, {e”)}] lvs {f“ }itvs @nd(Zy)1<u<p
are as in Proposition 3.4. Hi; denotes the von Neumann algelira, ..., x}”

andE; the conditional expectation onto it, then
(0121 2ke Be(RD 1zir, - (Be@ ) 1<, (EnCefi) 0

1<v<f
(Ee(F")) 0 (B @acuzp)
converges in distribution ds— oo to -

((Xj)lsjsk, (pi(U))%sisrv ) (Q|(v )%<I <s,> {e }] lvs {f“ i (Zu)1<u<p)

<v<f
Therefore
((XJ)1<J<|( (Et(p| ))l<|<rv’(Et(Q| ))1<I<su {Et(e“ i
{Et(f“v IARE (Et(zu))lgusp)
< x (X1, ..., Xk)

for some large integdr> k. But this leads to a contradiction:

X (X1, oo, X)) = X ((Xj)l<j<t (Et(p| ))l<|<rv,(Et(q| ))l<|<SL {Et(e“ Wil

1<v<f 1<v<f

(B 100 (Bu@)izusp)

< 1 (0= =k B 1z zr, - (B 12125, (E(El]) 0

<1)< <v<

(Ec(F{) 00 (Be@o)1cusp)
+ X(Xk-‘rlv D) Xt)

<X(Xl’""Xk)+X(Xk+l’"'7Xt)=X(X1""?Xt)' D
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Corollary 3.6. If % c £(Fy,) is a subfactor of finite index and ifn p+2f + 2,
then® cannot be asymptotically decomposed as
im Il o
lim 12 D NCEONCEY  NVEON
1<ji,ee jtya<f
1<t<d

where(for eachw) % contains p self-adjoint elements®f theN{, ..., N¢ are
nonprime subfactors ¢f, and d> 1is an integer

Proof. Since® C £(F,) is a subfactor of finite index{(F,) can be obtained from

% with the basic construction [Jones 1983; Jones and Sunder 1997]: there exists
a subfacto® c % such that®(Fn) = (P, &), wheree, is the Jones projection
associated to the inclusidhc %. But (%, &) = Pey P [Jones and Sunder 1997];
hence¥([F,,) can be decomposed &&,%. Now apply Theorem 3.5. O

Corollary 3.7. If n > p4-2f +1, the free group factof? (F,,) cannot be decomposed
as
sp”’ Z N ZENE - NG EN

1<ji,..., jt41<f
1<t<d

whereZ c £(F,) contains p self-adjoint elements;, ..., Nt are nonprime sub-
factors of£(F), and d> 1is an integer Moreover if  c £([F,) is a subfactor of
finite index and if = p+ 2f 4 2, then?® also cannot be decomposed as

sp”’ Z N EN - Ny ENG

1<ji,...jeya<f
1<t<d

for any subseff containing p self-adjoint elements @f any Ny, ..., N non-
prime subfactors of’, and any integer ¢ 1.

Proof. This follows from Theorem 3.5 and Corollary 3.6, witY =%, N¥ = N,
o Ne =Ny, O

Corollary 3.8 settles a conjecture from [Ge and Popa 1998] in thercaseo.
Recall that for a type {Hactor. it one defines

(M) =min{f € N | 3 hyperfiniteRq, ..., Rt C M S.t.SP'R1R,--- Rt = JM}.

Note that the definition of hyperfinite dimension is given in terms of hyperfinite
subalgebras. If one defined the hyperfinite dimension in terms of hyperfinite sub-
factors instead of hyperfinite subalgebras, the proof of Corollary 3.8 would have
followed immediately from Corollary 3.7. But with Definition 3.1, we need the
asymptotic indecomposability result from Theorem 3.5.

Corollary 3.8. ¢n(£(Fn)) = [%5%] +1for 4 <n < oo.
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Proof. If ¢n(£(Fn)) < [%52], then£(Fn) = SP* RaPRz - - - R+ for some hyperfi-
nite subalgebra®;, ..., %+ and some integef with n > 2f +2. Letm > 1,

Vi, ..., ¥m € £(Fn) andw > 0 be fixed. There exist finite dimensional subalgebras
B =By(Y1, .-, Ym; ) C Ry, for 1 <v < f, such that

disty., (yj, BLBS - BY) <w for 1<j<m.

Each finite dimensional subalgeb#{’ is contained in a copy of the hyperfinite
Il 1-factor, sayBy C RY = R (Y1, ..., Ym; ) C L(Fn). Consequently,

disty.j, (yj, RYRG - RY) <o for 1<j<m;
hence®(F,) admits an asymptotic decomposition of the form

contradicting Theorem 3.5 sin€g, . .., ¢ are nonprime and > 2f +-2. [

Corollary 3.9. If ? c £(F,) is a subfactor of finite index anbl < n < oo, then
(@) > [%53] +1.

Proof. Follows from Corollary 3.6. O

4. Indecomposability over abelian subalgebras

Another estimate of free entropy is used to prove that the free group fA¢Eq)
does not admit an asymptotic decomposition of the form

[ D DI R R
1<jp,eejta=<f
1<t=d

where (for eaclw) the 17, ..., A¢ are abelian subalgebras${[), % C £(Fn)
is a subset withp self-adjoint elementsd > 1 is an arbitrary integer, anad >
p+ 2f 4+ 1. Similarly, for free group subfactors one has the followingn if
p+2f+4+2and® c £(F,) is a subfactor of finite index, the# does not admit
such an asymptotic decomposition either. In particular, the abelian dimension of
P(Fn) is > [%52]+1 and the abelian dimension®fis > [ "53]+ 1. Forn = co this
proves the second part of Ge and Popa’s conjecture [Ge and Popa 1998]: the abelian
dimension of free group factors is infinite. The definitions of abelian dimension
and asymptotic decomposition over abelian subalgebras are given next.

Definition 4.1[Ge and Popa 1998]f .l is a ll;-factor, the abelian dimension 4f,
denoted/, (M), is defined as the smallest positive intedes N with the property
that there exist abelian subalgebsés . .., ¢ C M such thaBp* sy - - A =
L. 1f there is no such positive integel (M) = +o0.
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Definition 4.2. A type ll;-factor M admits an asymptotic decomposition over

abelian subalgebras if, for amy> 1, anyxu, ..., X, € M, and anyw > 0, there
exist abeliank-subalgebrasi{ = sl1 (X1, ..., Xn; @), ..., AF =A (X1, ..., Xn; @)
of Ml and also a set” =% (X, ..., Xn; w) C JAl containingp self-adjoint elements,
such that

i . E : W OpO (D OPO | fDOPO O i
dlsq|.|2<xj, AGEATE AL &dml) <o forl<j<n.
1<jp,. i =f
1<t<d

In this situation we write

— lim Il
A= lim 2% T AP FOAGEY - AGEOAT,
1<ji e jrya=f
1<t<d
Proposition 4.3 gives an estimate of the free entropy of a (finite) system of
generators of a {Hactor .l that can be asymptotically decomposed as
im Il
lim W2y SARESARET e AGESAS
1<ji,en i =f
1<t=<d
As in the statement of Proposition 3.4, the approximations in|the-norm (6)
hold for everyw > 0 if the Il;-factor can be decomposed as above.

Proposition 4.3. Let z, ..., z, be self-adjoint elements oflb-factor .t and let
(Ay)1<v<f be afamily of abelian subalgebras 4f. Let X, ..., X, be self-adjoint
generators of(l and assume that there exist projectiond’p .., i € s, and
complex noncommutative polynomiétg )1« <n of degree at most @wvhere d> 1

is fixed in the variables(z,)1<y<p such that

i —@j _(v) <i< <u< j =
(6) HXJ P ((p. )ig'ugrf” : (Zu)l_u_p) H2 <w forj=1....n,
wherew € (0, a] is a given positive numbgand such that in all monomials of
everyg; the projections H) and gﬁ"’) are separated by somg & v # w. Then

(7) X(Xla---,xn)fc(n, p’ aad’ f)+(n_p_2f)logw’

where a= max{||xj lo+1ll<j< n} and C(n, p,a, d, f) is a constant that
depends only on,m, a, d, f.

Proof. As in the proof of Proposition 3.4 we can assume that ¢}" forl<j=<n,
and fix R > 0. Consider an arbitrary element

<(Bj)15j§n, (Pi(v)) 1<i<ry, (Zu)15u5p)

1<v<f
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of
FR((Xj)lgjgn, (pi(v))%fisru s (Zu)lgu5p§ m, K, 6)

<v<f
for some large integemn, k and smalle > 0. Possibly after further restricting
m ande, we can find mutually orthogonal projectio®”, ..., Q" M52 with
rankQ{” = [z(p")k] fori =1,...,r,, such that
8,95 (@2
1

<i<r, (Zu)lfufp) Hz <w forall<j=<n.

<v<f

If S\ SY e M2 are fixed, mutually orth | projecti ith regfk’ =
> , y orthogonal projections with ragfk’ =

[(p{")k] for every 1<i <r,, then there exists a unitaty® e QU(k) such that

QY =U®*gU® for every 1<i <r,. The previous inequality becomes
12 @ G,

=v=

and all the components ¢f are polynomials of degrees3d+-2 in the lastp+2 f
variables. Reasoning as in the last part of the proof of Proposition 3.4 we can easily
obtain now the estimatg(xy, ..., Xn) <C(n, p,a,d, f)+(nh—p—2f)logw. O

Abelian dimension of free group factors.

Theorem 4.4.1f n > p+ 2f + 1, the free group factof£(F,) does not admit an
asymptotic decomposition of the form
im [l
lim 1= Do ALEOAEY  ALKOAL

1<ji,..jtg1=f
1<t<d

where each subsét” contains p self-adjoint elementd?, ..., ¢ C £(F,) are
abelianx-subalgebras and & 1is an integer

Proof. Apply Proposition 4.3 in the same manner that Proposition 3.4 was used in
the proof of Theorem 3.5. O

Corollary 4.5. If ? c £([Fy,) is a subfactor of finite index and ifan p+2f + 2,
then? cannot be asymptotically decomposed as

lim e N A0 AL O AVEOAS

Jt+1?

w—0 i .
1<j1,....jiqa<f
1<t<d
where each subsét” contains p self-adjoint elements®fthe«?, ..., d¢? C P

are abelianx-subalgebrasand d> 1is an integer

Proof. This is a direct consequence of Theorem 4.4 and of decompo#itiay =
Pey P (see the proof of Corollary 3.6). O
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Corollary 4.6. If n > p+2f +1, the free group factoft(F,,) cannot be decomposed
as
sp* Z At %l Esly,,

1<ji,...jt41=<f
1<t<d

where% c £(F,) contains p self-adjoint elementsis, ..., s are abelianx-
subalgebras off(F,), and d > 1 is an integer Moreover if # c £(F,) is a
subfactor of finite index and ifr p+2f 42, then® also cannot be decomposed
as

sp* Z At %l Esly,,

1<ji,...jt41=f
1<t<d

for any subsetf containing p self-adjoint elements ®f any s, ..., & abelian
x-subalgebras of?, and any integer ¢~ 1.

Proof. Apply Theorem 4.4 and Corollary 4.5 fh” =%, sy = Ay, ..., A7 =sls.
O

Corollary 4.7 settles the second part of the conjecture of Ge and Popa [1998],
in the casen = co. As a reminderf, (/) is defined as
min{ f € N | 3 abelian«-algebrasda, ..., sit C M S.t. 5P A1y - - - At = A}
for every type I{-factor .
Corollary 4.7. £a(£(Fn)) > [%52] +1for 4 < n < oo.
Proof. This follows from the first part of Corollary 4.6 witlf = {1}. d

Corollary 4.8. If ? c £(Fy) is a subfactor of finite index anl < n < oo, then
(@) =[] +1.
Proof. Apply the second part of Corollary 4.6. d

Remark 4.9. One can combine both indecomposability propertie€ ) into a
single statement: h > p+2f + 1, the free group factd¥(F,) does not admit an
asymptotic decomposition of the form
i I W apw (@ opw Wopw (@
lim W2 D MM - MG,

1<ji,ejrpa<f
1<t<d

where each subs#t’ containsp self-adjoint elements, eadh?, ..., M? C L(Fn)
is either a nonprime subfactor or an abeliasubalgebra and > 1 is an integer.
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