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MARIUS B. STEFAN

We use the free entropy defined by D. Voiculescu to prove that the free group
factors cannot be decomposed as closed linear spans of honcommutative
monomials in elements of nonprime subfactors or abeliag-subalgebras, if
the degrees of monomials have an upper bound depending on the number of
generators. The resulting estimates for the hyperfinite and abelian dimen-
sions of free group factors settle in the affirmative a conjecture of L. Ge and
S. Popa (for infinitely many generators).

1. Introduction

L. Ge and S. PopdlP9q defined for a given type {Hactor.il the two quantities

Lh(M) =min{f € N | 3 hyperfiniteRq, ..., Rt C M SLSP' R R - - - R ¢ = M},

La(M) =min{f e N |3 abeliansd, ..., At C M S.t.5p ArAp - - - At = M}

(the min beingo if At cannot be generated as stated) and conjectured that
h(£([Fn)) = La(£(Fn)) =00 forn>2,

where£(Fy) is the type Ii-factor associated to the free group witlgenerators.

We use the concept of free entropy introduced by D. Voiculescu in his break-
through paper]994 to prove that the conjecture mentioned above is true at least
partially (for n = co) that is, €n(L(Fn)), La(£(Fn)) = [252] +1 for 4 < n < oo.
Actually, our result is more general and it states that the free group factonwith
generators cannot be asymptotically generated (DefiniBdhand4.2) as

lim e " NegoNe e NOREONY

w—0 Jt+1

1<ji e, jtya<f
1<t<d
or
lim 1 N A0 ek AE A
w—0 _ _ I J2 I Je+1
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ifthe N{, ..., N¢ (for all w) are nonprime subfactors, the), ..., «% are abelian
x-Subalgebras, th#® c £(IF,) are subsets containingself-adjoint elements, and

f,d > 1 are integers such that> p+ 2f + 1. Note that¥(F,) admits decom-
positions of this sort if we allowd = co, for example if2® =% = {1}, f =n,

N§ =Ny, ..., N = Ny aren distinct copies of the hyperfinite type; Hactor #
andsdf =4y, ...,dy =9y aren distinct copies ot *° ([0, 1]) (since£(Fy) is both

the free product oh copies of%k and the free product af copies ofL*°([0, 1]);

see Moiculescu et al. 1992 The indecomposability off(F,) asSp’ N%N im-

plies the primeness of its finite-index subfactors; more generally, all subfactors of
finite index in the interpolated free group factors of Dykerh@94 and Radulescu
[1994 are prime [Btefan 1998 Indeed, according to V. Jone$d83, if N is a
subfactor of finite index init then. it decomposes aseN, wheree is the Jones
projection. In particular, the indecomposability propertie§€dF,,) over nonprime
subfactors and abelian subalgebras are preserved to its subfactors of finite inde
Recall that the Haagerup approximation propeHgggerup 1978/79s another
property preserved to the free group subfactors. A first example of a prime Il
factor (with a nonseparable predual, though) was given by Pb8d and then

Ge [1999 proved (with a free entropy estimate) that the free group f&€tér,) is
prime for alln with 2 < n < oo, thus answering a question froRdpa 199%

Our results are based on estimates of free entropy, that is, estimates of volume
of various sets of matrix approximants (matricial microstates). Voiculesedq
pioneered this technique in his proof of the absence of Cartan subalgebras in th
free group factors. Subsequently, @897 and Dykema 1997 were able to prove
that the free group factors do not have abelian subalgebras of finite multiplicity.

The paper has four parts. Bection 2we prove the first estimate of free en-
tropy and recover a result of Voiculesclop4: if a free family of m self-adjoint
noncommutative random variables can be generated by noncommutative powe
series by another family af self-adjoint noncommutative random variables, then
n > m (Theorem 2.3 However, we show that the assumption of freeness from
[Voiculescu 199%is not essential and can be dropped. As a consequence, the
number of self-adjoint generators with finite entropy that generatalgebras
algebraically, is constant. IrSection 3we prove the indecomposability &f(Fp)

(and of its subfactors of finite index) over nonprime subfactdhebrem 3.5 and
in Section 4the indecomposability over abelian subalgebiidseprem 4.4

We give next a short account of Voiculescu’s free probability thedoydulescu
1990 Voiculescu et al. 199and of his original concept of free entropydiculescu
1994 1994. Atype ll;-factor.it endowed with its unique normalized, faithful, nor-
mal tracer is sometimes called\&/*-probability space. The traeedetermines the
2-norm ondt by the formulal|x||> = = (x*x)¥/?, for all x € M, and the completion
of L with respect td| - ||, is denoted_?(L, 7). An elemenix € .1l is a semicircular
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element if it is self-adjoint and if its distribution is given by the semicircle law:

2 1
T(x¥) = ;/1tk\/l—t2dt for all k € N.

A family (dj)ie) of unital x-subalgebras ofil is a free family if the conditions
neN,iq,....inel,i1#iz# -+ #ip, Xc € Aj, andt(xx) =0for 1<k <n
imply T(XgX2 - - - Xn) = 0. A set{Xi}ic) C M is free if the family(x-alg{1, X; })ic

is free. A free sefx;}ie; C .M consisting of semicircular elements is called a
semicircular system. If, is the free group witm generators (X n < oo) then
%(F,) denotes the von Neumann algebra generated by the left regular represer
tation A : F, — B(%(F,)); see Murray and von Neumann 1943 £(F,) is a
factor of type I} —the free group factor on generators. It has a canonical trace
7(-) = (-8, de), Where{dg}ger, is the standard orthonormal basis4dF,). Every
<(F,) is generated as a von Neumann algebra by a semicircular systenm with
elements Yoiculescu et al. 1992 We denote byl(i* = MXC) the set ofk x k
self-adjoint complex matrices and hy its uniqgue normalized tracery induces
the 2-norm|| - ||z : M$® — Ry and the euclidean norh- [le := VK| - [l2. If

B is a measurable subset of amdimensional (real) manifold, vgl(B) denotes
the Lebesgue measure Bf The free entropyy (X, ..., Xn) of a finite family

of self-adjoint elements was introduced ibjculescu 1994 but we will recall
the definition of the modified free entropydiculescu 199F which is better
suited for applications. For self-adjoint elememris. .., X,.om € JAl one defines
first the set of matricial microstates: Fixing, ¢ > 0 and p, k € N we define
FR(X1, ...\ Xn : Xnat, -+ - Xnams P, K, €) to be the set

{(A, ..., Ay) € (A" | there existAni1, ..., Anpm € MG
such that| Aj || < Rand |t (X, -~ Xi,) — (A, -+ Ap)| <€
forallg=1,...,pandallj,iy,....ige{l....,n+m}}.

Next we define

XR(X]_, ...,Xn :Xn+1, ,Xn+m, p, k, 6) =
log(Volye (TR(X1, - - - Xn © Xngd, - -+, Xnms P, K, €))),
XR(X]_, ...,Xn :Xn+1, ...,Xn+m; p, G) =

. 1 n
lim Sup(PXR(Xl’ <o Xn D Xn41s - -5 Xntms Ps ka 6) + E Iog k)»

k— o0
XR(X1, -0y Xn i Xng 1y« - o5 Xngm) =
inf { xr(X1, ..., Xn : Xn11, - -, Xnpms P, €) | PN, € > 0},

X XLy oy Xn 2 Xngds - - -y Xngm) i= SUP{XR(X, - .., Xn : X4, - - -, Xngm) | R> O}
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When taking the last sup it suffices to assume ® < max{|| x|, ..., [Xntml}
rather than O< R < oo [Voiculescu 19941994. The quantity

X(Xla ceoy Xt Xn+1, ---,Xn+m)
is the free entropy oKy, ..., X, in the presence ok .1, ..., Xpam. If m =0,
it is simply called the free entropy ofy, ..., X, and writtenx (X1, ..., Xp). If
{Xnt1, .. » Xnem} C {X1, ..., Xn}” we have
XXy ooy Xn S Xng Ly s Xngem) = X (X1, .., Xn);

see poiculescu 199p For a single self-adjoint elemert= x* € .1l one has:

x(0=3+4log2r+ [ [ togls~tidyu(s) dut

wherep is the distribution ofx; see Moiculescu 199} If Xy, ..., X, aren self-
adjoint free elements ofl theny (X, ..., Xn) = x(X1) +- - - + x (Xn) [Voiculescu
1994. The converse is also tru&giculescu 199Y, provided thaty (xj) > —oco

for 1 <i < n. In particular, the free entropy of a finite semicircular system is
finite; hence the free group factfé(F,) has a system of generators with finite free
entropy for 2< n < oo.

2. Noncommutative power series and free entropy

The main result of this section is that if a (not necessarily free) famiy sklf-
adjoint noncommutative random variables with finite free entropy can be generatec
as noncommutative power series by another family sélf-adjoint noncommuta-
tive random variables, them> m. In other words, a finite system with finite free
entropy has minimal cardinality among all finite systems of self-adjoint elements
that are equivalent under the noncommutative analytic functional calculus. Thus
we recover Voiculescu’s result 94, with the observation that our approach does
not require the assumption of freeness.

We review first a few facts concerning the theory of systems of algebraic equa-
tions [van der Waerden 194decessary in the proof dfemma 2.11f gy, ..., gn
are forms inn variables, there exists a polynomial (the resolvent) in their coef-
ficients, R(Q, ..., On), With the property thaR(g, ..., g,) = O if and only if
the systengi (&1, ..., &) =+ = gn(&1, ..., &) = 0 has a nontrivial solution. If
hi, ..., hh—1 aren—1 forms inn variables and

ha(W (&1, ..., &n) == U261+ -+ - + Unén,

thenRy(hy, ..., ha_1) := R(hy, ..., hp_1, ha(u)) (theu-resolvent) is either iden-
tically 0, or a form of degree ddg x --- x deghn,_1 in U = (U1,...,Uy). In
the first case, the systetm = --- = hy_; = 0 has infinitely many solutions
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[(£1, ..., &n)] € PC"1; in the second, all the solutiorgy, ..., &)] € PC"1

are glven by the factorization &, (h, ..., hn_1) (and thus, the system admits at
most dedh; x - - - x degh,_1 solutions, as predicted by Bézout's Theorem).
Let f1,..., f, € R[E4, ..., En] ben polynomials inn indeterminates, of de-
greesd,, ..., d,, respectively. Foa = (ay, ..., ay) € R" define
) él gn ! .
Fias. .. i) =85, (f. <s . "_sm) —a) fori=1,....n

Bézout's Theorem implies that the system of equations

fi1,....&n) =a1, ..., (€1, ..., 6n) =an

admits at mostl; . .. d, solutions(y, ..., &) € C" if Ry(Fia, ..., Fna,) #0.
Note also that the set

Su(fr ..., fo):={(@1....a) € R"| Ru(Fya,, ..., Fna,) #0}

is either open and dense Y, or empty.

We proceed now withemma 2.1 which gives an upper bound for the Lebesgue
measure of the intersection of an algebraically parameterized manifold embedde
in R™ with the unit ball ofR™. This lemma will be of further use in estimating the
volumes of various sets of matricial microstates that will appear as sets of points
within a given distance from such manifolds.

Lemma 2.1. For integers n< m and polynomialsif ..., f, € R[E1, ..., En]
define f=(fq,..., fm) : R" — R™. If the polynomials
of;
de 5 )
are not identically0 for all multiindices Je {(i1,...,in) |1<i1<---<ip<m}

andif S, = S,(f1, ..., fn) # @, then

651\ 4e < (M)
(1) /fl(B((ll))(JlX::ndelz( 9% )) dés(n)c voln(B(0, 1)),

where C= C(degf) = maxdegfi, x --- xdegfi |1<i1 <--- <iy <m}and
B(0, 1) = B,(0, 1) is the unit ball inR".

Proof. We consider first the caga=n. Let Sdenote the set of all irregular values
of f, thatis,
= f ({£ eR" | rankdf;) <n}).

It suffices to show thatl) holds with f ~1(B(0, 1) \ &) replacingf ~1(B(0, 1)),
whereS is an arbitrary open set that contaiis/ (R" \ S,). For any

=(a,...,an) e Rangef NB(0, D)\ S
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the setf ~%({a}) has at mos€ = degf; x - - - x degf, elements, say ~*({a}) =
{b1, ..., bpa@} for some 1< p(a) < C. There exist an open ball; > a and open
nelghborhoodS/a > by, ..., Vi > bp@ such thatB, andV;? are diffeomorphic
via f for1 <i < p(a) and f1(By) = Ui":(i) V2. Since it is compact, we can
cover Rangd NB(0, 1)\ § with afinite set of such open balB,, . .., By,. This
covering determines a finite partition of Ranfjer B(0, 1) \ S, sayWi, ..., W,.
For each 1< j <t choose a unique ¥ | =1(j) < k such thatw; C B, and
f=1(W}) = Tj1U- - -UTjpca), WhereT;; € V* andW; andTj; are diffeomorphic
via f forall1<i < p(a). We have

d d
/fl(Bw,l)\&) ‘ 5= Z/ l<W) ‘ :
t p@g))
-y Zf de s)‘ds
j=1 i=1 JTii
t P@g))
=Y > voln(Wj)
j=1 =1

t
<C > voly(Wj) =C-voly(B(0, 1)\ &).

=1

In the casan > n one has the estimates

son (S sef(5)) s [ 5
f-1(B(0,1)) |J|=n f*l(B(O,l))l‘]‘:
<
B Z /le(B(O,l))

[Jl=n

de %2")

de %?)

< (r:)c volh(B(0, 1)). 0

dg

dé

Lemma 2.1will be used in the proof oProposition 2.2 Thek x k matricial mi-
crostates oKXy, . .., Xy are points within euclidean distance-Zmkfrom the range
of a polynomial function in the matricial microstateswf ..., y, provided that
eachx; is within || - | >-distance» from noncommutative polynomials i, ..., Y.

Proposition 2.2. Let R, ..., Pn € C(Y1,...,Ys) be complex polynomials in n
noncommutative self-adjoint variableSssume thatit, ) is all ;-factor and that
{X1, ..., Xm} C M is a finite set of self-adjoint generators.4f Set

a=max{|xill2+1. ..., [Xml2+1}



INDECOMPOSABILITY OF FREE GROUP FACTORS 371

and d = max{degP, ..., degPn}. If {y1,..., ¥n} C M is another finite set of
self-adjoint generators oft with n < m and such that

X —R(y1,....,¥)l2<w foralli=1,..., mandsoma < (0, a],

then
X(X1, ..., Xm) <C(mM,n,a)+ (m—n)logw +nlogd,

where m, n, a) is a constant that depends only on ma.

Proof. Replacing eacli, by %(P. + P*) if necessary, we can assume tRat= P*
fori =1,...,m. GivenR > 0, ¢ > 0 and an integep > 1, consider

(Ag, ..., An) € TR(X1, ..., Xm Y1, -+ -5 Y P, K, €).

If pislarge enough and> 0 is sufficiently small, one can find matricBs, . . ., B,
in M3?such that| By, ..., |Ball < Rand

A — R (Bg,....,B)ll2<w fori=1...,m,
or, equivalently,
IA =R (Br,....Blle<wvk fori=1,...,m.

With the identificationgg = (gs, 2L Omie) : (MPAH" = [RULN (MPBA™ = RME,
(B1,...,Bp) = (&1, ..., &) € R™€, and

9(B1, ..., Bn) = (Pu(Ba,..., Bn), ..., Pn(B1, ..., By),
the previous inequalities imply
||(Ai)1§i§m —961, ..., fi:nk2)||e <wvmk

At the cost of introducing an additional varialig.,, € R, we can assume that
the components aj aremk? homogeneous polynomial functions in the variables
&1, ..., &ne41, all having degrees at modt

Now let fq, ..., e be arbitrary homogeneous polynomial function&in . .,
Enke41, Such that ded; = deggj for j = 1,..., mk2. For every multindex] =
(J1s - -+ Jrieg) With 1< j1 <+ -+ < jes < MK, saying thals,( fj,, . .
is empty is equivalent to saying that the coefficientsfpf ..., f
certain system of algebraic equations. Hence the set

© fjnk2+1)

i, Satisfy a

Qi={f=(fn..., fe) | degf; =degg; for j =1,..., mi,
S(fjpsoos fj o) #@foral I=(ju. ..., jnesn)}
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is open and dense in its natural ambient linear space. Similarly, the set

sz{f:(fl,..., fmie) | degfj = degg; for j =1,..., mi,

de{ 52) #0foralld = (. ... i)}

is also open and dense in the same linear space.

The matrixd f: has(nligf 1) minors of dimensiorink?+1) x (nk?+1) and all
these minors have a nontrivial common zero only if a certain system of algebraic
equations in the coefficients df, . . ., f,e has a solutionjan der Waerden 1949
Not all the polynomials appearing in this system are identically equal to 0. It
follows that the set

Q3={f=(fn..., fne) | degf; =degg; for j =1,..., mi,
rank(d f;) = nk? + 1 v& € R"+1\ (0})

contains a subset that is open and dense in the linear space previously considere
Therefore there exists an element 2; N Q2> N Q3 such that

| fG1 . Ees) =960 - - Enesn) | <0vmk if [§] < Rfor L<i <nk*+1;

hence|(A)1<i<m— f(&1. .. .. &nes1) |, < 20v/mk The functionf satisfies the
hypotheses okemma 2.1and its components are homogeneous polynomials. It
has the property that dig{( A )1<i <m, Rangef ) < 2w+/mkand it does not depend
on the systeniA;)1<i<m-

We have||(Aq, ..., Amlle < avmk(if € > 0 is small enough); hence the set of
matricial microstate$Ag, ..., Am) of (X1, ..., Xm) such that

diste((A1, ..., An), Rangef) < 2wv/mk
is contained in thémk?, nk? + 1)-tube of radius @+/mk around
Rangef N Bpe(0, (@+ 2w)vmk).

If Bis a small ball inR"K*+1\ {0} and if Vg (2w+/mK) denotes themk2, nk2 + 1)-
tube of radius @+/mkaroundf (B), the formula for volumes of tubeg\eyl 1939
implies

VOImkz (VB(ZO)\/ mk)) = VOImsznszl(Bmsznszl(o, 1))

(ZwM)e-ﬁ-mkz—nkz—lk&e
Z (Mk2—nk2+1)(Mk2—nk24-3) - - - (mMk2—nk2—1+e)"

eeven
O<e<nk®+1
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With the notations from\[veyl 1939 one haskg e = | tB) Heds and

nk?+1
Qo ()% (2) | Yo (3)%a(4)
He = Ze(e/2)' Z gna Z Hyrd *@ Hged %@ |

Lae=1

whereH'\“ denotes the Riemann tensorofB). Assuming without loss of gener-
ality that degfJ =dfor j =1,..., mk, one can verify that eacH ”‘( f))isa

sum of quotients of homogeneous polynomials where all numerators have degre
6(d—1)(nk?+1)—2d and all denominators have degre@ 6-1)(nk?+1). Hence

He is a rational function irt and in the coefficients of (¢). Due to its intrinsic
nature He is independent of the embedding of Rarfgan RME+L: i particular itis
invariant under orthogonal transformationgif+1. Since there exist sufficiently
many polynomialsf (§) such that Rangé is flat, this entailsHe = O for evene

such that 2< e < nk? + 1. Therefore the volume of thenk?, nk? +1)-tube of
radius 2o~/mk aroundf (B) is

VOl e Ve (20vmK) = (VOl e nkz— 1 Bmie_nie—1(0,1)) (2ov/mK k)mkz—nkz—l ds,
f(B)

and withLemma 2.1and the inequality

1 1 2mie/2
@ nk2+1y\ miké—nk?—1 = miZ
r(1+%55) r(+ ™) r(1 )

we obtain the estimate

VOl 'rR(X1, < oo, Xm : Y1, - -, Yns P, K, €)
mk? Sk
(nkZ N 1)-C(d) VOl 1B(0, (@+ 2w)v/mK)

VOl me_1B(0, 1) - (2wv/mKME—nke-1

(a+2w)nk2+l(m k)(nk2+1)/27.[(msznszl)/Z(za))msznszl(m k)(msznszl)/z

(3 MG (e )

mk2 nmk2/2(mk)mk2/22mk2/2(3a)nk2+1(2w)mk2—nk2—1
(1) C@O: —>
r(L+ )
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The last inequality implies further
XR(Xl""’Xm:yla" ynv p’k 6)

1 mk? 3m
Iog(nk2+1) @ logCd) + — Iogn+( > —n) log 2+ nlog(3a)

m mk2 m
+ > log(mK) + (m—n) logw — 2 IogF(1+ T) > logk +0(1).
Note that e
mk?
@ Iogr‘(1+ 5 ) Iog— +0(1),

k2
nk?+1 _ — .
C(d) <d andk |Og< k2 1) III|OgIII nlogn (III n) |Og(|l| n)+o(1),

therefore
XR(X].’--- Xm3Y1,--- Yn, p’k 6)
<mlogm—nlogn+nlogd — (m—n)logim—n) + — 2 Iogn

+ (3_m — n) log 2+ nlog(3a) + — Iogm+

5 Iogk+(m—n)|oga>

2
- —= Iog— —mlogk+ — Iogk+o(1)
=C(m,n, a) +(mM-n)logw+n Iogd +0(1).
By taking the appropriate limits aftdg p, €, we finally obtain
XR(X1, ..oy Xm Y1, ..., Yn) <C(m,n,a)+ (M—n)logw+nlogd,
and sinceR > 0 is arbitrary,

XX1, .., Xm Y1, ..., Yn) < C(m,n, @) + (M—n)logw +nlogd.

Now recall thatxs, ..., Xm} is a system of generators.tf, hencey (X1, ..., Xm) =
X(Xl"°'7xm:y17~--7yn)' D
LetYs, ..., Y, be noncommutative indeterminates and let
o0

PYVL....Y) =) > &Y, Y

k=0 1<iq,...,ix<n

be a noncommutative power seriesvin ..., Y,, with complex coefficients. Fol-
lowing [Voiculescu 1991 we say thatR > 0 is a radius of convergence 6fif

o0
YY) lailR <o

k=0 1<iy,...,ix<n



INDECOMPOSABILITY OF FREE GROUP FACTORS 375

It is well known from the theory of power series that ikORy < R, then

5T mameo(3))

k=g+1 1<iy,...,ik<n

The next result is basicallywpiculescu 1994 Corollary 6.12], with the obser-
vation that the freeness ¢%1, . .., Xm} assumed there has been dropped.

Theorem 2.3.Let xq, ..., Xm and \, ..., Y, be self-adjoint noncommutative ran-
dom variables in alli-factor (M, ) such that y, ..., yn € {X1,..., Xm}” and
X(X1, ..., Xm) > —o0. If X; = P (y1,...,yn) fori =1,..., m, where the Pare
noncommutative power series having a common radius of convergencé R
maxX{|yall, ..., Iynll}, then n>m.

Proof. Suppose thain > n. For 1<i <m, x; is a noncommutative power series
of yi,..., ¥n, i.€.,

xi=> > alivi Vi

k=0 1<iq,...,ik<n

For every integeq > 0, P q(Y1, ..., Yn) := ZE:O D 1sis,i<n ai(i-)uikyil e i s
a noncommutative polynomial of degree at mgpsand

Z Z ai(:li_.)uikyil”'yik ,

k=g+1 1<iy,...,ik<n

-y ¥ |an(l?..ik|bk=0((%)q“).

k=gq+1 1<iy,...,ik<n

X = Pqy1. ... yo) ||, =

The estimate of free entropy froRroposition 2.2mplies

b q+1
X(xl,...,xm)§C(m,n,a)+(m—n)log<§) +nlogg+ O(1)

and lettingq tend tooo, one obtaing (X, ..., Xm) = —oo, a contradiction. [

Let N be ax-algebra in aV*-probability spacé.t, ). Suppose that' is finitely
generated and ldixy, ..., Xn} be a system of self-adjoint generators. Let also
{y1, ..., Yn} be another set of self-adjoint elements that gene¥asdgebraically
as ax-algebra. In particular, there exist noncommutative polynoniiBl$;<j <m
such that, = P (y1,...,yn) fori =1,..., <m. In this contextCorollary 2.4is
an immediate consequenceTieorem 2.3

Corollary 2.4. If x (X1, ..., Xm) > —oco andx-alg{yi, ..., ¥n} ==-alg{Xs, ..., Xm}
then n> m, so any2 systems of self-adjoint elements with finite free entropy that
generateN algebraically as ax-algebra have the same cardinality
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Voiculescu 1999 proved that the modified free entropy dimensidbifulescu
1994 of a finite set of self-adjoint elements that generate algebraicaltglgebra
N is independent of the set of generators. It is still an open question whether the
free entropy dimension is a von Neumann algebra invariant. Voicule<gd[
also showed that sets of generators satisfying sequential commutation in certai
property T factors have modified free entropy dimensioh. L. Ge and J. Shen
([200Q) proved then that the estimatg< 1 is true for any set of generators, as long
as the factor has one set of generators satisfying sequential commutation. Rece
from [Voiculescu 199the definition of the modified free entropy dimension:

XX+ oSy, ..., X1+ ®Sm S, ..., Sm)

30(X1, ..., Xm) = M-+ Ilimsup
" 00 log o
where{s,, ..., Sn} is a semicircular system free frofry, . .., Xm}. In general one
hasdo(Xy, ..., Xm) <m, and also 0< do(Xq, ..., Xm) if {Xq, ..., Xm} C £(Fp) for
somep. Considering two set§xs, ..., Xm} and{ya, ..., yn} of self-adjoint ele-
ments that generate algebraically thalgebraN and noticing thafyi, ..., ya} C

{X1+wSs1, ..., X1 +®Sm, S1, ..., Sn}”, one has

: X1+ oSy, .. ., X SL, ety Sme Y-
50(X1,-..,Xm)=m+llmsupX( 11 @5 1T ®Sn S Sm, Y1 Yn)
w0 | logw]

. X1+ wSt, ..., X1+ Vi, ...,
§m+llmsupX( 1T O 1+ ®Sm:Y1 ... )
w—0 ||Oga)|

Also, [ +ws — P (Y1, ..., ¥n)| = llws || <wfori=1,..., m, and withPropo-
sition 2.2we obtain

. C(m,n,a m—n)lo nlogd
S0(X1, ..., Xm) < m+limsup ( )+ ( )ogo + 9
w—0 ||Oga)|
<m+n—-m=n,

wherea = max{|[xill2 + 1, ..., [Xmll2 + L Iyall2 + 1, ..., [IYall2 + 1} andd =
max{degP; | 1 <i < m}. In particular, if there exists a sé¥yi, ..., yn} with
do(Y1, . .., Yn) = n which generates algebraically, then

sup{So(X1, - .., Xm) | *#-alg{xa, ..., Xm} =N} =n.

3. Indecomposability over nonprime subfactors

In this section we prove that the free group fackf,) does not admit an asymp-
totic decomposition of the form

im 2 E W Opw O Gp@ | NP N\
C!)ILT]O _ _ leﬁf NJZ££ ‘Nltg ‘Nlt+1’
1<ji,....jtq1=f
1<t<d
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where (for eaclw) %« c £(F,) is a subset witlp self-adjoint elementsy?, ...,

N¢ are nonprime subfactors &f(Fn), the integed is at least 1, and > p+2f +1.

A nonprime Ih-factor is just a factor isomorphic to the tensor product of two factors
of type Il;. For free group subfactors one has the followingh # p+2f +2 and

P C L(Fp) is a subfactor of finite index, the® does not admit such an asymptotic
decomposition either. In particular, the hyperfinite dimensiof£@f,) is at least
[252] + 1 and that of? is at leas{ "53]+1. Forn = oo this settles a conjecture

of Ge and Popal[999: the hyperfinite dimension of free group factors is infinite.
The definitions of hyperfinite dimension and of asymptotic decomposition over
nonprime subfactors are given next.

Definition 3.1 [Ge and Popa 1998If Jl is a type l-factor, the hyperfinite di-
mension ofit, denoted’y, (M), is by definition the smallest positive integére N
with the property that there exist hyperfinite subalgelstas. .., ¢ C .l such
thatSp* R1R, - - - R = Jl. If there is no such positive integeh, (M) = +o0.

Definition 3.2. A type ll;-factor.it admits an asymptotic decomposition over non-

prime subfactors if, for anp > 1, anyxy, ..., X, € J, and anyw > 0, there exist
nonprime subfactors’y = N1(X1, ..., Xn; @), ..., N =Nt (X1, ..., Xn; @) of M
and also a se€f® =%(xq, ..., Xn; @) C M containingp self-adjoint elements, such
that

Jt+1

di3ﬂ|-||2<xj, Z NJEONGE? - NGEONS ) <w forj=1,...,n

1<ji, jtya1=f
1<t<d

In this situation we write

= lim 'z § W opw \W GPW | NOOPW N\
‘M_C!)Iino _ . Nllif legz thgg ‘NJt+1‘
1<ji,....jipa<f
1<t=<d

If £(F,) admitted an asymptotic decomposition over nonprime subfactors as in
this definition, the situation describedroposition 3.4with 4 = £([F,)) would
take place for arbitrarw > 0, since any H-factor is generated by its projections
of given trace § for example). The following is a result fronse 1998 p. 155]
(see alsoKadison and Ringrose 198&xercise 12.4.11]); we include a proof for
completeness.

Lemma 3.3.Any typdl ;-factor.it with separable predual is generated by a count-
able family of projections of given trace

Proof. Every ll;-factor with separable predual is generated by a countable family of
abelian subalgebras, so there exist abelian subalgehras,, . . . of .it generating

Jt as a von Neumann algebra. If necessary, one can replacedgda a maxi-

mal abelian subalgebra df containing it, henced, can assume to be a maximal
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abelian subalgebra ofl for 1 < n < co. Being a maximal abelian subalgebra of a
type ll;-factor, eachd,, has no atoms and thus it is generated by a countable subse
of projections of given trace. O

Proposition 3.4. Let z, .. ., z, be self-adjoint elements ofl& -factor .t and let
(N)1<v<¢ be afamily of subfactors ofl. Assume that', = %\ v &S ~ %" ®
R, where”, &Y are Il;-factors and assume thatyx. . . , x, are self-adjoint
generators ofil. Assume moreover that there exist projectioffd,p. ., p'” e "
and ¢”,...,ad" e ®{" of trace 1 and complex noncommutative polynomials
(@j)1<j<n of degree at most gwhere d> 1 is fixed in the variables(z,)1<u<p
such that

3)

<w forj=1,...,n,
2
wherew € (0, a] is a given positive numbgeand such that in all the monomials of
eachg; the projections §’, g and ", qi"’ are separated by somg if v # w.
Then

((IO. )1<|<rv ) (Q| )1§I§sv , (Zu)1<u< p)

1<v<f

(4) X(X1, ..., %) <C(n, p,a,d, f)+(n—p—2f)logo,

where a= max{||xjll2+1| 1< j <n}and C(n, p,a,d, f) is a constant that
depends only on,m, a, d, f.
Proof. All variables involved are self-adjoint, so we can assume ¢hat ¢ for
j=1,...,n. Fixanintegeko > 1 and letR > O Supposelly,(C) = M c R
anduty, (C) = 5" c ®3”, and let{e]’};,, {f{"};, be matrix units fom/t(lv) and
MY respectlvely If

<(Aj)1§j§n, (Giv )1§i5rv s ( )1<I<sv {EJ| }] v, { j(lv)}j,l,va (Zu)15u5p>

1<v<f 1<v<f

is an arbitrary microstate in the set of matricial microstates

FR((X1)1<J<na(p| )1<|<r],(,,(CI| )1<I<s,L {e” b, v,{f” }itvs (Zw)1<u<p;s MK, 6)
and if m is large andt is small enough, then
H AJ ¢J ((G )l<| <I’L (H| )1<| <s, s (Zu)1<u<p> “ <w for j = 1, ..., N

1<v<f 1<v<f
Let§ > 0 and writek = kgt +w for some integers, t withO < w < k(z)— 1.1fm, e
are suitably chosen, there exig” = ity c Mk (C), MY = iy C My(C) (not
necessarily unital inclusions) and matrix urfigs}’}; ., C Al{”, {F(”)},J,U c.ity
such that

|E £ L, <5 and [F—Fl, <0 foril =1k,
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andJl” c ({L5”) N Mk(C). The relative commutants dl{” and.ity” in Mk (C)
satisfy

(M) N (C) = (M () @ 1@ M (©)) ® My, (C),

(M5”)" N M(C) = (1@ Miy(€) ® i (T)) B My (C).
Let

n® (x. {€l'}}1) = o Z ell’xq” e C (X1, ., Xig 1)
j,I=1

be the polynomial irkg + 1 indeterminates that gives the conditional expectation

Eynq AL = (U7 N, that s,

(V)
E(Miu)),m%(x) =W (X, {e”” }J,|).
ThenG{" := 1 (G{” {E{["}}1) € (l}”) Nt (C), and since

P = By (P =0 (P (€ )10):
it follows that
[ (GY)) —2((pi™))| <81 forall I=1,...,m;

for any givend;, mp, provided thate, § are small andn is large enough. For
suitablemy, 8, there exists a prolectloﬁ(” e (MS”) N Mk (C) of rank [Ketre]

such that| P"" — G{"V|, < 8. Then|G{” — P, < |G} — G|, +
HG(l”’l) — Pl(”’l) |, < 252, since||G(1”) — G(lv’l) |, < 82 for convenientm, ¢, 5. With
this procedure we can find projections

PV, POY e () nitk(©) and QY. ..., QWY e () Ntk (C),

all of rank [%%2], such thaf] G’ — P""V|,< 25, and | H” — Q{"V|, < 25,

for all indicesi, j, v. Moreover,

[A1=05 ((P"™)1cicr, . Q" 1c1zs, . Zudrzusp) | <@ forall j=1,....n
l<v<f 1<v<f 2

if we choose a sufficiently smafp > 0. Let4{" (k) < (L") Nit(C) and¥y” (k)

(") Nt (C) be two fixed copies of the Grassmann manifé(étot-+w, [<52])

of projections intly,+., (C) of rank ["0‘;“’]. There exists a unitaryd @ e (k)

such that
U@ prly® L y®peby®* e g k),

U@QPlu®= . u®QPPu®* e 5’ k).
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The previous inequality becomes
1 1
“ Aj — ¢ ((U (v) Pi(v )U (v)*) 1<i<r, , (U (v) Ql(v )U (v)*) 1<i<s, » (Zu)1<u<p:
1<v<f 1<v<f

(ReU®,ImU®),_, )| <o

forall j =1,...,n. The euclidean norm ont;? induces &ll(kot + w)-invariant
metric on the manifoléﬂ(kot+w, [@]) and if{ Pa}acak) iS @ minimalb-netin
the manifold with respect to this metric, it follows frof8arek 198Rthat | A(k)| <
(Chi/6)%, whereC is a universal constangy = 2[5 . (kot +w—[ 52 ]) is the
dimension of¢(kot + w, [%4]) andhy < +/2k is the diameter of the Grassmann

manifold §(kot + w, [42]) in MR There exiser := @)", ..., &”)1<,<¢ and
Bi=0", ..., b )1<,<1 with entries fromA(k) such that

P —UWR™PUC | <6 and [P -

e u® Q|(U'1)U (v)* ”e <0

forl<i<r, 1<l<s, 1<v < f.Inparticular, the polynomial&p;)i<j<n
are Lipschitz functions; hence there exists a consiaat D ((¢j)1§j§n, R) >0
(note thatjo| =r1+---+r¢ and|B| = s1 + - - - + S¢) such that

|#; (Va, ..., Viaj4igr-pr2f) — @ (W, ..., Wla\+|/3|+p+2f)He
<D|(V1, ..., Vigripi+ps2f) — (W, ..., Vv|a\+|/3\+p+2f)He
foralll1<j <nandall
Vi, Vigigiapr2ts Wi, oo Wiggggps2t € {V € Ml VI < R}
We then have
“ Aj — ¢j (( Pa)acas (Po)beg, (Zu)1<u<p, (ReU(U), Im U(v))1<v<f> ”

<wvkLD “((U ) Pi(v,l)U(v)*)l |<r (U(U)Q(U 1)U(v)*)1 s,

1<v< 1<v<f

(Zwizuzp, (REUW,IMUW), )
~((Padaca: (Polocp (Zo)izuzp, (ReU®, ImMU™), )

< ovKk+ D0 |a| + |B]
=2a)\/E,

if we choose

e

o k
la| + 18]
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DefineFg g : (MUEHPH2T — (UEH" by

Fa,,s ((Wu)lsus p» (Wl(v)’ WZ(U))lgvg f )

= (91 ((P)aca: (Po)bes, (Wad1cusp, (WL, W )12 1))

15j5n’

and note that dis{(Aj)1<j<n, Rangé z) < 2w+/nk. Note also that all the com-
ponents ofF, g are polynomial functions of degrees at most-82. Now use
Lemma 2.1as in the proof oProposition 2.20 obtain the estimates

vol kZFR((XJ)1<j<n (p. )1<|<rL7(CI| )l<l<s,) {e“ }le»{f” }ids (Zu)1<u<ps

1<v<f
m, k, e)

(TP (o F200e) ©@

. VO|(p+2f)k2 B(O, (a+ 2w)~ nk) : VOlnkZ—(p+2f)k2 B(O, 2wV nk)
CDh (|G 2
_ k [lorl+18] A nk 2),C(d)
w k (p+2f)k
(nnk)(p+2f)k2/2(2w+a)(p+2f)k2 (nnk)(nkz—(p+2f)k2)/2(2a))nk2—(p+2f)k2

r(1+M2f)k2) ' r(1+ nk2—(p2+2f)k2)

This estimate, inequalit§2) on page373 and the inequalitielsy < +/2k, O<w<a,

o =245 s +u-[552)

Kot +w kot+w\ _ (kot+w)? _ (k+kow—w)?

together withC(d) < (3d + 2)(P+20K* imply

VOInk2FR((XJ)1<J<n (p. )1<|<rL ) (CI| )l<l<s,) {e“ i {fJI }idvs (Zu)1<u<ps

1<v<f 1<v<
m, K, e)
+kow—w)?
_ (COVEETFIADY g (e
o w
onk?2 K)NK72 (3q)(P+20)K? (9, (N—p—2)K? 2
L = <(pf|2(f>kz)(3d+2)<p+2”k2.

(s 7g)
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Therefore

1
WR((xmi j<n () a<izr, - (@) 1=1=s, (€5 o (117}

1<v<f 1<v<f

(Zu)1<u<p: M, K, 6) + g logk
lo| + | B] (1+ kow—w)zlog CDV2(|a| + IB])
2kc2) k w

1 nkZ 1 nk2
+(n—p-2f)logo— 5 10T (1+ 5 ) + Z100( (51 )

<C(n, p,a,d, f)+nlogk+

Use the asymptotics
1 nk?

ﬁ'°g<(p+2f)k2)

=nlogn— (p+2f)log(p+2f)—(n—p—2f)log(n— p—2f)+0o(1)

and Stirling’s formula

1

2 2
2 IogF<1+ %) _n log L +0(1)

2 2 7 2
to conclude that

(5) XR((Xj)lgjsn : (pi(v))%sisrv ) (Gh(v)) 1<l<s, » {eﬂ))}j,l,v’ {fj(|v)}j,l,u,

<v<f 1<v<f

(Zu)1<u<p: M, 6)
log(C Dy/2(la| +18)) +C(n, p,a,d, f)
lee| + | B

The last inequality shows that the free entropy{xf, ..., x,} does not exceed
C(n, p,a,d, f)+ (n—p—2f)logw, sincekg is an arbitrary integelR is an arbi-
trary positive number ang, ..., X, generateM. O

_lal+18

=%

3.1. Hyperfinite dimension of free group factors.

Theorem 3.5.1f n > p+ 2f + 1, the free group factof£([F,) cannot be asymptot-
ically decomposed as
im -l
lim e D 0 NREONGE NREONS
1<ji e jrya = f
1<t<d
where(for eachw) 2 C £(Fpn) contains p self-adjoint elementsy, ..., N¢ are
nonprime subfactors df(F,), and d> 1is an integer
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Proof. Suppose first thato > n > p+2f + 1 and consider a semicircular sys-
tem{xy, ..., Xy} that generate&([F,,) as a von Neumann algebra. If there were a
decomposition as in the theorem, one could find for ewery 0 noncommutative
polynomials and projections as RProposition 3.4satisfying the inequalitie§3).
But then the estimate of the free entrdgywould imply thaty (X1, ..., Xp) = —o0
asw tends to 0, a contradiction.

If n= o0 then%(F) is generated by an infinite semicircular systeq}i>1. If
we fix an integek > p+2f + 1, we can approximate, .. ., Xx by polynomials
(¢j)1<j<k as in(3), getting the estimate of the modified free entr@py with k
instead ofn. Takingm, 1/¢, R, ko — oo andw — 0 in this estimate, one obtains

X((Xj)lgjgk : (pi(v))lfisrU ; (q( )) 1<l<s, » {e“)}J I {f“ Yid,vs (Zu)1<u<p>

l<v<f l<v<f
< x (X1, ..., Xk),
Wy, . (v)
where(p;™)1<i<r,,1<v<f» (CI| )1<l<s, l<v<f> {e“ Fidvs {f“ }ilv, @and(zy)1<u<p
are as inProposition 3.4 If #; denotes the von Neumann algelira, . . ., x;}”

and E; the conditional expectation onto it, then
(=i 2ke BB 151z, - (Ee@ ) 1<, (EnCeff))

1<v<f 1<v<f
(Be(F)) 0 (Be@Dizusp)
converges in distribution &s— oo to -

((Xj)lgjgk, (pi(v))lgisrv ) ( )1<I<sU {e“ il {f“ Yid,vs (Zu)1<u<p)

1<v<f 1<v<f
Therefore
1 (i BB 1t or B@ ) 121 - (B
{Et(fj(|v )il (Et(Zu))lgugp)
< X (X, ...\ %)

for some large integdr> k. But this leads to a contradiction:

X(Xl,---,Xt)=X<(Xj)1gjgtI(Et(p. ))1<|<rL (Et(q| ))1<I<sL {Et(e“ Vil

<v< <v<

{Et(f(v))}j,l,v’ (Et(Zu))lsusp)

((XJ)1<]<|( (Et(p| ))1<|<r1,(Et(Q| ))1<|<s, {Et(e“ Wil

<v< <U<

{Et(f(v))}j,l,v’ (Et(zu))lfuip)
+ X XK1y -« -5 Xt)

< X (XL oo X))+ X ks - X)) = X (X, - X O
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Corollary 3.6. If % c £(Fy) is a subfactor of finite index and ifn p+2f + 2,
then% cannot be asymptotically decomposed as

lim 1 3" NN R NOEONY

Jt+1?

w—0 . -
1<jp,os jra = f
1<t<d
where(for eachw) % contains p self-adjoint elements®f the N7, ..., N'¢ are

nonprime subfactors @, and d> 1is an integer

Proof. Since® c ¥([Fy) is a subfactor of finite index£(F,) can be obtained from
% with the basic constructionlpnes 1983Jones and Sunder 1997here exists

a subfacto® c % such that®(Fn) = (P, &), wheree, is the Jones projection
associated to the inclusianc %. But (?, &y) = P?e,% [Jones and Sunder 1997
hence%(F,) can be decomposed @&,%. Now applyTheorem 3.5 O

Corollary 3.7. If n > p+-2f +1, the free group factof£ (F,,) cannot be decomposed
as
SBY ) NRENRZE NN,

1<ji,....jt41=f
1<t<d

whereZ c £(F,) contains p self-adjoint elements;, ..., Nt are nonprime sub-
factors of£(F,), and d> 1is an integer Moreovet if ? c £([F,) is a subfactor of
finite index and if = p+ 2f 4 2, then?® also cannot be decomposed as

sp* Z N ZEN L - NG EN

1<j1,...,jt41=f
1<t=<d

for any subseff containing p self-adjoint elements @f, any Ny, ..., N non-
prime subfactors of?, and any integer ¢ 1.

Proof. This follows fromTheorem 3.@andCorollary 3.6 with % =%, N¥ = Ny,
- ,N‘}) =N¢. O

Corollary 3.8settles a conjecture fronGe and Popa 199 the casen = cc.
Recall that for a type {Hactor .l one defines

(M) = min{f € N | 3 hyperfiniteRq, ..., Rt C M S.t.Sp’R1R2 - - - Rt = JM}.

Note that the definition of hyperfinite dimension is given in terms of hyperfinite
subalgebras. If one defined the hyperfinite dimension in terms of hyperfinite sub-
factors instead of hyperfinite subalgebras, the prod€ofollary 3.8would have
followed immediately fromCorollary 3.7 But with Definition 3.1, we need the
asymptotic indecomposability result fronmeorem 3.5

Corollary 3.8. ¢n(£(Fn)) > [%52] +1for 4 < n < oo.
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Proof. If ¢h(£(Fn) < [%52], thenL(Fn) = SPP PRz - -- R for some hyperfi-
nite subalgebra®,, ..., %+ and some integef with n > 2f +2. Letm > 1,

Y1, ..., Ym € £(F,) andw > 0 be fixed. There exist finite dimensional subalgebras
B =By(Y1, ..., Ym; ) C Ry, for 1 <v < f, such that

disty., (yj, BLBY - BY) <w for 1<j<m.

Each finite dimensional subalgeb#f’ is contained in a copy of the hyperfinite
[I1-factor, sayBy C RY = RL(Y1, ..., Ym; ) C £(Fn). Consequently,

disnl-llz(Yj ,RYRG - - 97%‘?) <o forl<j<m;
hence%([F,) admits an asymptotic decomposition of the form

contradictingTheorem 3.5inceRy, ..., R¢ are nonprime and > 2f +2. [0

Corollary 3.9. If ? c £(F,) is a subfactor of finite index anl < n < oo, then
(@) > [%53]+1.

Proof. Follows fromCorollary 3.6 O

4. Indecomposability over abelian subalgebras

Another estimate of free entropy is used to prove that the free group fa¢tq)
does not admit an asymptotic decomposition of the form
im Il
lim Ve N7 A E AR EO,

1<ji,...,jtq1<f
1<t=<d

where (for eaclw) the 7, ..., ¢ are abelian subalgebras${F,), %2 C £(Fn)

is a subset withp self-adjoint elementsj > 1 is an arbitrary integer, and >

p+ 2f 4+ 1. Similarly, for free group subfactors one has the followingn i
p+2f+2and®? c £(F,) is a subfactor of finite index, the#® does not admit
such an asymptotic decomposition either. In particular, the abelian dimension o
L(Fn) is > [252]+1 and the abelian dimension®fis > [ "53]+ 1. Forn= oo this
proves the second part of Ge and Popa'’s conjec@iesgnd Popa 1998the abelian
dimension of free group factors is infinite. The definitions of abelian dimension
and asymptotic decomposition over abelian subalgebras are given next.

Definition 4.1[Ge and Popa 1998If .t is a ll;-factor, the abelian dimension &f,
denoted’;(Jl), is defined as the smallest positive intedee N with the property
that there exist abelian subalgebsés . .., ¢ C M such thaBp A1y - - - A =
. If there is no such positive integel, () = +o0.
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Definition 4.2. A type ll;-factor M admits an asymptotic decomposition over

abelian subalgebras if, for amy> 1, anyxu, ..., X, € M, and anyw > 0, there
exist abeliank-subalgebrasl{ = sd1(Xy, ..., Xn; ®), ..., A = b5 (X1, ..., Xn; @)
of Ml and also a set” =%(xy, ..., Xn; w) C JAl containingp self-adjoint elements,
such that

Jtr1

diSfu-lz(Xj, Y AEOAYE A )<w fori<j=<n.
1<ji,e jraa=<f

1<t<d

In this situation we write

— lim I e .
A= lim V2 7 A FOAGAL - AREOAS
1<ji s jroa=f
1<t<d
Proposition 4.3gives an estimate of the free entropy of a (finite) system of
generators of a {Hactor.i that can be asymptotically decomposed as
im Il
lim W2y T AGEOATE - AGEOAT,
1<ji,...jig1<f
1<t<d
As in the statement dProposition 3.4the approximations in thg- ||2-norm (6)
hold for everyw > 0 if the Il;-factor can be decomposed as above.

Proposition 4.3. Let z, ..., z, be self-adjoint elements oflb-factor .t and let
(Ay)1<v<f be afamily of abelian subalgebras f. Let X, ..., X, be self-adjoint
generators of(l and assume that there exist projectiond'p .., i € i, and

complex noncommutative polynomiédg )1« <n of degree at most @where d> 1

is fixed in the variables(z,)1<y<p such that

i —Qj _(v) <i< <u< j =
(6) HXJ P ((p. )%g.v_sr? : (Zu)l_u_p) HZ <w forj=1...n,
wherew € (0, a] is a given positive numbgand such that in all monomials of
everye; the projections 8’ and [’ are separated by someg i v # w. Then

(7) X(Xl,---,xn)fc(n, p7aad7 f)+(n_p_2f)|0gw’

where a= max{l|xjll2 + 1|1 < j < n} and C(n, p,a,d, f) is a constant that
depends only on,m, a, d, f.

Proof. As in the proof ofProposition 3.4ve can assume tha :¢}‘< forl<j=<n,
and fix R > 0. Consider an arbitrary element

((Bj )1§j§n, (Pi(v)) %sisrv s (Zu)lsus p)

<v<f
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of

FR((Xj)lgjgn, (pi(v))%sigrv ) (Zu)1§u5p§ m, Kk, 6)

<v<f

for some large integems), k and smalle > 0. Possibly after further restricting
m ande, we can find mutually orthogonal projectio@s”, ..., Q" e M52 with
rankQ” = [z(p")k] fori =1,...,r,, such that

H Bj — ] ((Qi(”’)lfifrv , (Zu)1§u§p> “2 <w foralll<j<n.

1<v<f

If S\”, ..., 8 e.M?are fixed, mutually orthogonal projections with ragk’ =
[(p")k] for every 1<i <r,, then there exists a unitaty® e QU(k) such that
QY =U®*gU® for every 1<i <r,. The previous inequality becomes

“ Bj — ¢j (@w)) Lsi<rys (Zw)1zuzp, (REU™, Im U(U))lfvff) H2< w,

=v=

and all the components ¢f are polynomials of degrees3d+2 in the lastp+4-2 f
variables. Reasoning as in the last part of the pro@froposition 3.4ve can easily
obtain now the estimatg(xy, ..., X)) <C(n, p,a,d, f)+(n—p—-2f)logw. O

Abelian dimension of free group factors.

Theorem 4.4.1f n > p+ 2f + 1, the free group factof£(F,) does not admit an
asymptotic decomposition of the form

lim 1o N A gAY E AR A

Jt+1?

w—0 . -
1<ji,...jta=<f
1<t<d
where each subsét” contains p self-adjoint elements?, ..., 4% C £(F,) are

abelianx-subalgebras and & 1 is an integer

Proof. Apply Proposition 4.3n the same manner thRroposition 3.4vas used in
the proof ofTheorem 3.5 O

Corollary 4.5. If % c £(Fy,) is a subfactor of finite index and ifn p+2f + 2,
then® cannot be asymptotically decomposed as

lim Mo N g0 AFe AV A A

Jt+1°

w—0 . -
1<ji,....jtya<f
1<t<d
where each subsét” contains p self-adjoint elements®f thesd?, ..., 47 C P

are abelianx-subalgebrasand d> 1is an integer

Proof. This is a direct consequence™fieorem 4.4nd of decompositiofe(F,) =
Pey P (see the proof o€orollary 3.6. O
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Corollary 4.6. If n> p+2f +1, the free group factof?(FF,,) cannot be decomposed
as
sp* Z A EAE - - Esly, g,

1<ji, jry1=f
1<t<d

where% c £(F,) contains p self-adjoint elements!y, ..., s are abelianx-
subalgebras off(F,), and d > 1 is an integer Moreover if ? ¢ L(Fp) is a
subfactor of finite index and if r p+2f + 2, then® also cannot be decomposed
as

5p” Z Aj A, A EA G,

1<ji,e.jry1=f
1<t<d

for any subseif containing p self-adjoint elements ®f any s, ..., ¢ abelian
x-subalgebras of?, and any integer d> 1.

Proof. Apply Theorem 4.4andCorollary 4.5for * =%, s = A, ..., A7 =sls.
O

Corollary 4.7settles the second part of the conjecture of Ge and Pogeg]
in the casen = oo. As a reminderfa () is defined as

min{ f € N | 3 abelian«-algebrasdy, ..., s C M S.t.5p d1slp - - ot = M}
for every type lj-factor ..
Corollary 4.7. £a(£(Fn)) > [%5%] +1for 4 < n < oo.
Proof. This follows from the first part o€orollary 4.6with % = {1}. d

Corollary 4.8. If ? c £(Fy) is a subfactor of finite index anl < n < oo, then
(@) = [F3] + 1.

Proof. Apply the second part dEorollary 4.6 a
Remark 4.9. One can combine both indecomposability propertie€@f,) into a

single statement: ifi > p+2f 4 1, the free group facta?(F,) does not admit an
asymptotic decomposition of the form

lim I-ll2 Z J‘/szg)lgzwﬂ/tcjuzgzw L M?:gzw./(/lq)

Jt+1°

w—0 . -
1<j1,....jtya<f
1<t<d
where each subsgt’ containsp self-adjoint elements, eactt, ..., MY C L(Fn)

is either a nonprime subfactor or an abeliasubalgebra and > 1 is an integer.
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