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We show that any n-dimensional Stein space X with isolated singular points
admits a proper holomorphic injective map X — C?* which is regular on
Reg(X). The proof is based on the fact that the Whitney cones Cs(x, X) are
at most 2n-dimensional, which means that there exists a neighborhood of x
in X having a weakly regular embedding into C**. The homotopic principle
then enables us to obtain a weakly regular embedding of X into C>".

1. Introduction

The motivation for this paper was the following question: Let M be a smooth,
compact, strongly pseudoconvex, integrable CR-manifold of dimension 2n—1>5
and of CR-dimension n — 1 > 2. Find the smallest integer N = N (n) such that
M admits a CR embedding into CV. By the results of Rossi [1965] and Ohsawa
[1984a; 1984b], there exists a pure n-dimensional Stein space X with isolated
singular points and a relatively compact domain D C X such that 0D = M and
dDNSing(X)=. This leads to the following problem: Let X be an n-dimensional
Stein space with isolated singular points. Find the smallest integer N such that there
exists a proper holomorphic injective map f : X — CV which is regular on Reg(X).
It turns out that the dimension N can be expressed in terms of the Whitney cones
Cs5 (for the definition see Section 2 or [Chirka 1989]).

Theorem 1.1. Let X be an n-dimensional Stein space with isolated singular points.
Let N(X) =max{[n/2]4+n+1, 3, max{dim Cs5(x, X) : x € X}} . Then there exists
a proper holomorphic injective map f : X — CNX)_ which is regular on Reg(X).

Remark 1.2. Since we are not interested in regularity at singular points we may
(and will), with no loss of generality, assume that the space is reduced. By [Ac-
quistapace et al. 1975] there is a proper holomorphic injective map f : X — CV,
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where N > 2n + 1, which is regular on Reg(X). The dimension N (X) from Theo-
rem 1.1, however, is at most 2n, because dim C5(x, X) < 2n for all n-dimensional
Stein spaces X and all x € X. If X is a Stein manifold, it was proved by Schiirman
that N(X) =[n/2]+n+1 forn > 1.

Remark 1.3. In the case of normal Stein spaces any two weakly regular holomor-
phic embeddings are biholomorphically equivalent. Let us mention that this result
does not necessarily give a minimal N for CR-embedding.

The paper is organized as follows: the second section contains the definition
and some properties of Whitney cones and the third section consists of the proof
of the main theorem.

Definitions and notation. For y € C" let |y| :=sup{|y;|: 1 <i <n} denote the sup
norm and || y|| the euclidean norm. By B, () we denote the ball in C" with radius
r and center 0.

Let X be a complex space, K C X a compact subset, and f : X — C" a
continuous map. We will use the notation |f|x := max{|f(x)| : x € K} and
I fllx :=max{]| f(x)] : x € K}. By O(X) we denote the space of all holomorphic
functions on a complex space X equipped with the standard topology of uniform
convergence on compact sets. For an analytic set ¥ C X let I'(X, $(Y)) denote
the space of holomorphic functions on X which vanish on Y. By TX we denote
the complex tangent space of X and by 7, X the complex tangent space of X at the
point x.

A holomorphic map f : X — Y is almost proper if for each compact set K C Y
the connected components of f~!(K) are compact. A stratification of a complex
space X is a finite descending chain of analytic sets A, ;=X D A,;—1 D ---D Ap
such that A; \ A;_{ is a complex manifold, fori =1, ..., m.

2. Some properties of tangent cones

The Whitney tangent cones C3, C4 and Cs play an important role in our work.
Definition 2.1. Let X C C” be an analytic set, x € X. Then let
C3(x, X) :={v € C" : there exists a sequence x; € X such that x; — x,
and a sequence A ; € C such that A ;(x; — x) — v},
C4(x, X) :={v € C" : there exists a sequence z; € Reg(X) such that z; — x,
and a sequence v; € T;; X such that v; — v},
Cs(x, X) := {v € C™ : there exist sequences zj,w; € X with z;, w; — x,
and a sequence A; € C such that 1;(z; —w;) — v}.

Further, set C3(X) :={(x,v) : x € X, v € C3(x, X)} and define C4(X) and C5(X)
similarly. Clearly these are three subsets of 7X. Using the fact that every analytic
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set is locally biholomorphic to an analytic set in some C™, we can extend the above
definition of cones to an arbitrary complex space X. A more detailed discussion
on this subject can be found in [Chirka 1989; Stutz 1972]. We state some simple
properties of Whitney cones [Chirka 1989, Sections 8.4, 9.1 and 9.2]. If n =
dim(x, X), then:

(1) The cones C4(x, X) and Cs(x, X) are biholomorphically invariant, projective
algebraic sets with n < dim C;(x, X) < 2n, and the cone C3z(x, X) is an n-
dimensional algebraic set.

(i) Cz(x, X) C C4(x, X) C Cs(x, X).

(iii) C4(X) is the closure of TX |Reg(x)-

@iv) If x € Reg(X) then dim C4(x, X) =dim Cs5(x, X) =n.
(v) If dim Cs5(x, X) = n, then x € Reg(X).

Example 2.2. Let X = (C" x 0)U (0 x C") € C?". Then C3(0, X) = C4(0, X) =X
and C5(0, X) = C*".

Proposition 2.3 [Chirka 1989, Section 8.4]. Let X C C™ be an analytic set con-
taining 0, let L = C"* x 0 c C™, and suppose that C3(0, X) N L = {0}. Then
there exists an open set U C C" containing 0, such that the orthogonal projection
nr : UNX — Ckis proper.

Remark 2.4. The condition C3(0, X) N L = {0} implies that the neighborhood of 0
lies in some cone. The condition is fulfilled for almost every (m—k)-dimensional
linear subspace L C C™. Clearly, the projection along any L with dimL <m —n
and C3(0, X) N L = {0} is also proper.

Proposition 2.5 [Chirka 1989, Section 9.4]. Let X C C™ be a pure n-dimensional
analytic set containing 0, let L=C""" x0C C", and let 7y : UNX — C" be the
orthogonal projection. If C4(0, X) N L = {0} then there exists an open set U C C™
containing 0, such that br(mwp, X NU) = (X \Reg(X))NU.

Remark 2.6. In the case of a general n-dimensional analytic set such projection
is of course not a cover; it is, however, proper (because C3(0, X) C C4(0, X)) and
regular on Reg(X)NU.

Corollary 2.7. Let X be a complex space, let x € X and suppose dim C4(x, X) =k.
Then there exists an open neighborhood U of x, and a proper holomorphic map
f :U — C* which is regular on Reg(X)NU. Every holomorphic map f : X — C*
with Ker Df (x) N C4(x, X) = {0} is regular on Reg(X) N U for a suitable open
neighborhood U of x.
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Proof. We may assume that X C C", since the statement is local. For the first part,
notice that the condition dim C4(x, X) = k implies the existence of an (m—k)-
dimensional linear subspace L with L N C4(x, X) = {0}. The rest follows from
Proposition 2.5 and the remark below.

As for the second part, if the statement is false, there exist sequences x; €
Reg(X) with x; — x, and v; € Tx; X with [lv;|| = 1, such that

Df(xj)(vj) =0.

By passing to a subsequence we may assume that v; — v. But v is in C4(x, X) by
definition; therefore Df (x)(v) = 0, which is a contradiction. Il

Proposition 2.8 [Chirka 1989, Section 9.4]. Let X C C™ be a pure n-dimensional
analytic set containing 0, and let L = C""~1 x 0 c C". If C5(0, X) N L = {0}
then there exists an open set U C C™ such that the orthogonal projection tp : U —
C"*! is an almost one-sheeted cover over some analytic subset of C"T!, that is, a
homeomorphism of X N U onto some hypersurface in U N C*t1,

Remark 2.9. As before in the case of a general n-dimensional analytic set such a
projection is not a cover; it is proper (because C3(0, X) C Cs(0, X)), regular on
Reg(X) N U and injective.

Corollary 2.10. Let X be a complex space, let x € X, and let dim Cs(x, X) = k.
Then there exists an open neighborhood U of x, and a proper, injective holomor-
phic map f : U — C*, which is regular on Reg(X) N U. Every holomorphic map
f: X — CF satisfying Ker Df (x)NCs(x, X) = {0} is injective, proper and regular
on Reg(X) NU for some neighborhood U of x.

Proof. The first part follows by a similar argument to that used in Corollary 2.7.
We may assume that X C C". Because C4(x, X) C Cs5(x, X), the regularity of the
map on Reg(X)NU, for some small neighborhood U of x, follows from Corollary
2.7. If the map were not injective in any neighborhood of x then there would exist
sequences x;, y; € X with x;, y; — x and x; # y;, such that f(x;) — f(y;) =0.
The Taylor series expansion gives us

f&x)—f)=Df(x))(x; —y;)+o(x; —y;}) =0,
which means that
Xi—Yj

Df(xj)(|xj —

By passing to a subsequence we may assume that (x;—y;)/|x;—y;| — v, which
lies in Cs5(x, X). But then Df (x)(v) = 0, which contradicts the assumption.  [J

)0,

Definition 2.11. Let X be a complex space, let x € X, and let f : X — C" be a
holomorphic map. The map f is weakly regular at x if Cs(x, X)NKer Df (x) = {0}
and weakly regular if Cs(X) N Ker Df = 0, where 0 is the zero section in TX.
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On a complex manifold the notions of regular and weakly regular coincide. One
of the key features of weakly regular maps that will be used in the sequel is local
injectivity. Let us state two more lemmas describing properties of injective weakly
regular maps.

Lemma 2.12. Let X be a complex space, let K C X be a compact set and let
f : X — C™ be a holomorphic map which is weakly regular and injective on K .
Then there exists an open neighborhood U C X of K such that f is injective and
weakly regular on U.

Proof. Weak regularity is obviously an open condition. Assume that the map is not
injective. Then there are sequences x;, y; € X, with x; # y;, such that x; — x € K,
y;—>y€Kand f(x;)= f(y;). Injectivity of f on K implies that x = y and since
f is weakly regular on K it is injective in a neighborhood of x, which contradicts
the existence of the sequences x; and y;. ([l

Lemma 2.13. Let X be a complex space, let K C X be a compact set, and let
f : X — C™ be a holomorphic map which is weakly regular and injective on K.
Then there exists an € > 0 such that any holomorphic map g : X — C™ satisfying
g — flk < € is injective and weakly regular on K .

Proof. Every map g close enough to f on K is weakly regular on K and therefore
locally injective. The next step is to prove a local result:

Claim. Take x € X and assume that the map f is weakly regular (and therefore
injective) in a small compact neighborhood U of x. Then there exists an ¢ > 0
such that if |g — f|y < &, then g is injective and weakly regular on U.

Proof of the claim. Note that any map close to f is weakly regular at x and therefore
injective in some neighborhood of x. We need to prove that the map is injective
on U. Assume the converse. Then there exists a sequence ¢; — 0, a sequence
gj : X — C™, and sequences x;, y; € U, such that |g; — f| < &; and such that
gj(xj) —gj(y;) = 0. We may assume that x; — x and y; — y, and also that
(xj—y;)/|xj—yj|— v. Injectivity of f implies x =y. The Taylor series expansion
gives
Dgj(xj)(xj—yj)=o0;(x;—y;D.

Because of the Cauchy estimates there is o(|x; — y;|) such that
|oj(Ix; = y;D| < [o(lx; — v,

for all j. Dividing the above equation by |x; — y;| and passing to the limit we get
Df (x)(v) = 0 which contradicts the fact that f is weakly regular. ]

We have proved that there exists an open neighborhood V' of the diagonal A C
K x K such that if g is close enough to f, the map g(x) —g(y): X x X — C"
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will have no zeroes in V except the diagonal A. Injectivity of f implies that
min{| f(x) — f(y)|: (x,y) € K x K\ V} > 0. The same holds for each map g
close enough to f on K, which means that any such g is injective on K. (|

3. Proof of the main theorem

Let X be a n-dimensional Stein space with § = {s;} = X \ Reg(X) discrete and
let N = N(X) =max{[n/2] +n+1, 3, max{dim Cs(x, X) : x € X}}. We seek a
proper, holomorphic, weakly regular, injective map F = (H, G): X — C"* xCN ",
We first construct an almost proper holomorphic map H : X — C" having certain
additional properties (a generic almost proper map) and then construct the map
G : X — CN7" such that F = (H, G) has the desired properties.

By the definition of N there exist injective weakly regular holomorphic maps
®;:U; — C" defined on small neighborhoods U ; of s;. For simplicity let us
assume that ®; y(s;) = j. Since X is Stein there is a holomorphic map ®: X — cN
which coincides with the ®; to second order on S. Define ¢ = (®y, ..., ®,). The
following theorem gives a generic almost proper map H which coincides with ¢
on S to second order.

Proposition 3.1 (Generic almost proper maps) [Schiirmann 1997; Prezelj 2003].
Let X be a n-dimensional Stein space, let Y C X be a discrete set, let Sing(X) C Y,
let ¢ : X — C" be a holomorphic map, and let q' = [%] For each y € Y
let a number m, € N be given. The set of all almost proper holomorphic maps

H : X — C" satisfying
(i) (H—¢)y € $(Y)" foreachy € Y, and
(i) dim{x € X\ Y :rank,H <n—i} <2(¢'—i+1),fori=1,...,n

is residual in the set G of all holomorphic maps G satisfying (G — ¢), € $(¥Y)"/
foreachyeY.

Remark 3.2. The first theorem of this sort was proved in [Schiirmann 1997, Propo-
sition 4.1]; see [Prezelj 2003, Proposition 2.4] for modifications. In our case m ; =2
for each j. The maps H and ¢ will be fixed through the rest of the section.

The construction of the map G requires more work. We follow the proof of
the embedding theorem in [Schiirmann 1992]. The full proof is quite long and
complicated, so we will only explain how to modify the theorems so that they hold
for weakly regular maps. The main tool in the proof is the h-principle:

Definition 3.3 [Gromov 1989]. Let Z and X be complex spaces, let h : Z — X be
a surjective submersion, and let U C X be an open set. Then 4 admits a spray over
U if, for some m € N, there exists a holomorphic map s : R (U)xC" - h~1(U)
such that
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(i) s(z,0) =z for each z € h~1(U),
(i) s(z, C™) c h~'(h(2)) for each z € h~'(U), and
(iii) (9/0¢) s(z, t)|;=0 : C™ — Ker D_h is surjective.

Theorem 3.4 (The h-principle for Stein spaces) [Gromov 1989; Forstneri¢ and
Prezelj 2001]. Let X be a Stein space, Z a complex space and h : Z — X a
holomorphic submersion (with constant corank) onto X. Assume that each x € X
has a neighborhood U C X such that h admits a spray over U. Let d be a metric
on Z compatible with the complex space topology. Then:

(i) Each continuous section fo: X — Z can be deformed to a holomorphic section
f1: X — Z through a continuous one-parameter family of continuous sections
(a homotopy) f; : X — Z, fort € [0, 1].

(i) If K C X is a compact holomorphically convex set and the initial section fy
is holomorphic in a neighborhood of K, then for each ¢ > 0O there exists a
homotopy f; : X — Z, fort € [0, 1], such that d(f;(x), fo(x)) < & for each
x € K andt € [0, 1], each f; is holomorphic in a neighborhood of K and f;
is holomorphic on X. In this case it suffices to assume that the submersion
h: Z — X has a spray over small open subsets of X \ K.

For R > 0, let XX be an arbitrary union of finitely many connected components
of the set H~!(B,(R)) C X, and let ZR = H(X®) = B,(R). Note that the map
H : X® — B(R) is proper. Let {X*} be a normal exhaustion of X and let the set Uy
be an open Stein neighborhood of X* contained in X**!, for each k. By the above
definition the set X* is Runge in X**!. We may assume that SN (dX*UdU,) = @.
By ¥ (z) = ||z||*> we denote the square of euclidean norm on C”.

We will construct a sequence of maps Gy : Uy — CV~" and a decreasing se-
quence ¢; — 0 such that

() (H, Gy) : Uy — CV is weakly regular and injective,

(iD) IGk = Gr—tllxi—1 <2 &1,

(iii) if G’ : Uy — CN~" satisfies |G’ — Gillxx < & then (H,G') : X — CV is
weakly regular and injective,

({v) inf{|Gr ()|l : x € (H~'(By(k— 1)\ X*"HNnX*} > k-1,

(v) DGi(sj) = D(®y41, ..., Pn)(s;) for all j and k, whenever the expression
makes sense.

Note that the sequence Gy converges uniformly on compact sets to a map G
such that the map (H, G) : X — C" is weakly regular and injective by (i), (ii) and
(iii), and proper by (iv). Condition (v) could be omitted since weak regularity is

stable under small perturbations; in fact the construction ensures that we get (v)
for free.
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Before proceeding to the construction of maps the G, we define stratifications
of X and C" which we will need in the sequel.

Lemma 3.5 [Schiirmann 1992; Prezelj 2003]. There exist stratifications X, :=
XRoX, 1D---DXoDX 1=@and Z,:=7Z8>27, \D---DZyDZ 1=2,
with Xo, Zo # 9, such that

() XoD> XBNSand Zy > HSNXK),
(i) X;=H ' (Z)nXxXk,
(iii) the sets X ; and Z; have dimension at most j and the sets X;‘ =X;\ X
and Z;f = Z;\ Zj_ are either complex j-dimensional manifolds or empty,
@iv) ifXjf is not empty, the map H : X’; — Z}f is an immersion for j € {0, ..., n},

(V) the rank of H is constant on each connected component of the set X ;‘ for each
jefo,...,n}.

We quote some more results from [Schiirmann 1992] (the almost proper map H
is fixed). The original theorems deal with immersions and injective immersions;
in our case the term “immersion” will be replaced with the term “weakly regular”.
Let g = N —n, fix some R > 0 and let {X;} and {Z;} be the stratifications from
Lemma 3.5.

Theorem 3.6. Choose j € {1,...,n}andr, ry,ry € R\ {0} such that ro > 0 and

rp<rp<r <R. Let rl2 and ;’22 be regular values for 1//|Z>; and suppose that

(Xj_l ﬂﬁ) U (Xj ﬂ)?) is not empty. Let f : X" — C4 be a }Elomorphi(/’ﬁap

such that the map (H, f): X" — CV is weakly regular on (Xj,lﬂXr )U(XJﬂX’l )

Then:

(1) Ifr1 <0, there is a holomorphic map f': X"> — C4 such that ' — f|x» is in

rxn, }(Xj_l)z NF(X;)? and (H, ') is weakly regular on X ; N X",

(i) Ifry > Othen f can be approximated arbitrarily well on X" by a holomorphic
map f': X" — C4 such that f' — f|xn isin T(X"2, $(X;-1)*NF(X;))4 and
(H, f') is weakly regular on X ; N X"

Proof. Since the sheaf $(X j—1)2 N$(X ;) is coherent, there are finitely many holo-

morphic sections 5
Sfrooo fu eTX, $(X;-D) " NP(X)))?

which generate I"(X"2, }(Xj,l)2 N$(X;))9. We seek a map f’ of the form
f'=r+> aif

where o = (¢, ..., ay) is regarded as a section of the trivial bundle X" x cM,
Denote by K =Ker DH C TX the kernel of D H and note that the definition of X j
implies that K| X3 is a vector bundle. Let ¥ C (X;NX") x CM =: V be the set of all



WEAKLY REGULAR EMBEDDINGS OF STEIN SPACES 149

(x,ai, ...,apm) such that the map (H, f+)_a; f;) is not weakly regular in x. Let
p:V — (X;NX") be the trivial projection. Then because (H, f) is weakly regular
on X;_1NX" and the maps f; vanish to second order on X ;_1, the set X is a subset
of X* CM. Since le* is a vector bundle, X is the set of all (x,ay,...,ay) in
*x CM such that the map K, — c? given by v — Df(x)v + ZalDf,(x)v
is not injective, so X is analytic in X * x CM. But we want X to be analytic in
V which means we have to prove that Y is closed in V. Now, since (H, f) is
weakly regular on X;_; N X" any map of the form (H, f+Y a; fj) is weakly
regular on the same set and because weak regularity is an open condition, the map
(H, f+)_ a; fj) is also weakly regular in some neighborhood of X j_; N X" which
means that ¥ is a closed in V. Asin [Schiirmann 1992] we prove that the projection
p:VNE— (X *MN X") is a locally trivial fibration which admits a spray.
Our goal is to find a holomorphic section  of (X" x CM)\ ¥ — X”. The zero
section on (Xj_l N )7) U (Xj N }F) is a section of

(X'NX)xCMH\ T - (X'NX))

because the map (H, f) is weakly regular on (Xj_l nxr ) U (Xj nxr ) And since
weak regularity is an open condition, the zero section defined in a neighborhood of
the set (Xj,lﬂﬁ)U(Xjﬂﬁ) is asectionof((X’ﬂXj)xCM)\E — (X"NX;)as
well. As in [Schiirmann 1992] this section can be extended to a continuous section
of (X"NX;) x CM)\ T - (X"'N X ;). Then the h-principle applies (if r; < 0 we
use the existence version and if r; > 0 the approximation version) which yields a
holomorphic section o’ of (X" N X;) x CM\x - (X' N X ;). This section can
be trivially extended to a holomorphic section o of (X" x C¥)\ ¥ — X". g

Remark 3.7. The maps f; used in Theorem 3.6 vanished to the first order on X;,
which means that if the initial map f is such that (H, f) is injective on X; N X"
then the map (H, f) is also injective on X; N X".

Theorem 3.8. Choose j € {1 n} and r,r1,rp € R\ {0} such that r, > 0
andry <rp <r < R. Let r1 and r2 be regular values for | z: and suppose
that ( j—1N X’2) (X N X’) is not empty. Let f : X" — C? be a holomorphic
map such that the map (H, f) : X" — CV is injective and weakly regular on
(Xj,lﬂ)?)U(Xjﬂﬁ). Then:

(1) Ifr1 <O there is a holomorphic map f': X™ — CY such that ' — f|x» is in
r(xn, }(Xj,l)z)" and such that (H, ) is injective and weakly regular on
X;nXxr.

@i1) If ry > O the map f can be approximated arbitrarily well on the set X" by a
holomorphic map f': X" — C such that f' — f|xn € T(X"2, $(Xj-1)*)?
and (H, f') is injective and weakly regular on X ; N X",
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Proof. Since the sheaves % = H,0(X®) and $(Z j_1)29? are coherent, there exist
finitely many holomorphic sections vy, ... ¥y € I'(Z, }(Zj_l)zg?)‘/ generating
rzn-, }(Zj_l)z?i')q. Let f; € I'(X", 0(X))? be liftings of the sections ;. We
are looking for the map f’ of the form

f'=f+> (ajoH)-f

where o = (a1, ..., a,,) is regarded as a section of the trivial bundle B(r) x CM.
Let ¥ C (Z; N B(r)) x CM =: V be the set of all (z,ai, ..., ay), such that the
map H~!(z) > C", given by x > f(x)+>_a, f;(x), is not injective. Let the map
p:V — (Z; N B(r)) be the trivial projection. Then because (H, f) is injective
on (X‘,-_l N )7) U (Xj N ﬁ) and the maps f; vanish to the second order on
Xj_1, the set X is an analytic subset of Z}‘ x CM. As above we want ¥ to be an
analytic subset of V, that is, closed in V. Since (H, f) is injective and weakly
regular on X; 1 N X" and the maps f; vanish to the second order on X;_ i, any
map of the form (H ,f+Y (@joH)-f j) is injective and weakly regular on the
same set and, because being injective and weakly regular is an open condition,
such map is also injective and weakly regular in some neighborhood of X ; ;N X".
This means that the set X is closed in V. As in [Schiirmann 1992] we prove that
p:V\X— (Z;.‘ N B(r)) is a locally trivial fibration which admits a spray.

We seek a holomorphic section « of the submersion (B(r) x C¥)\ ¥ — B(r).
The zero section defined on (Z j—1N E(r)) U (Z in E(rl)) is a section of the map
((B(r) NZj)x (CM) \ X — (B(r)NZ;) because the map (H, f) is weakly regular
and injective on (X j—1N Xr ) U (X in X ) And since being injective and weakly
regular is an open condition, the zero section defined in a neighborhood of the set
(Z;—1NB(r))U(Z;NB(ry)) is asection of ((B(r)NZ;) x C¥)\ = — (B(r)NZ;) as
well. As in [Schiirmann 1992] this section can be extended to a continuous section
of ((B(r) NZj)x (EM) \ ¥ — (B(r) N Z;). Then the h-principle applies (if 7| <0
we use the existence version and if r; > 0 the approximation version) and yields a
holomorphic section &’ of ((B(r) NZj) x CM) \ ¥ — (B(r)NZj), which can be
trivially extended to a holomorphic section & of (B(r) x C¥)\ & — B(r). O

At the beginning of this section we defined the map ®. Now we define

f:(q>n+1?"'aq)N)-

The map (H, f) clearly is weakly regular on S and injective in a small neighbor-
hood of §, since ®y(s;) = j. Using in turn Theorem 3.8 and Theorem 3.6 we can
proceed by induction over the strata starting with X (as in [Schiirmann 1992]),
and using the fact that being weakly regular or injective and weakly regular is an
open condition, to obtain the following results:
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Theorem 3.9 (Existence). Let R > 0 and let XR be the union of a finite num-
ber of connected components of the set H'(B,(R)). Forr € (0, R) let X" :=
XBN HY(B,(r)). There exists a holomorphic map G : X" — C4 satisfying the
conditions

a(r) : the map (H, G) : X" — CV is injective and weakly regular, and
B(r) : (H, G) coincides with ® to the second order SN X"

Theorem 3.10 (Approximation). Let R,r > 0, X® and X" be as in Theorem 3.9
Choose r| € (r, R) and set X" := XR N H=Y(B,(r))). If a holomorphic map
G : X" — (1 satisfies conditions o(r) and B(r) from Theorem 3.9, it can be
approximated arbitrarily well on the set X" by a map G’ : X" — C4 satisfying
a(ry) and B(ry) from Theorem 3.9.

Remark 3.11. Note that the induction preserves the derivatives of ® at the points
in § since they are contained in X( and the maps f; in Theorem 3.6 and Theorem
3.8 vanish to second order on Xj.

Proof of the main theorem. Now we can construct the maps G; and the sequence
¢; — 0 with the required properties (i)—(v). First we consider the case k = 1.
By the existence Theorem 3.9 there is a map G; : X! — C9 with properties (i)
and (v). By Lemma 2.13 there is an &1 > 0 such that (iii) holds. Now we prove
the induction step. Assume that Gy, ..., G and €y, ..., & have already been
constructed. Let X* := Xk n (H™'(By) \ X%), that is, X*" is the union of those
connected components of H —1(B(k)) which lie in X**! but not in X*. By Theorem
3.9 there is a map G/, satisfying (i). By adding a sufficiently large positive constant
we may assume that || G'|| y« > 2k and that the map G’ : X*U X*' — C4, defined by
G'|xt = Gy, G, = G} is such that (H, G') : X*UX* — CV is injective. Now the
assumptions of Theorem 3.9 are fulfilled so there exists a map Gy : X' — CV
satisfying (i), (ii), (iv) and (v). As above, there exists ;11 € (0, &) such that (ii)
holds as well. ([l
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