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ON THE PRESCRIBED SCALAR CURVATURE PROBLEM ON
THE THREE-DIMENSIONAL HALF SPHERE

MOHAMED BEN AYED AND HICHEM CHTIOUI

We provide a variety of classes of functions that can be realized as the scalar
curvature of the standard three-dimensional half sphere with respect to
some metric whose boundary mean curvature is zero. Such a problem is
nontrivial, since we have to overcome topological obstructions.

1. Introduction and Results

In this paper we study some equations arising in differential geometry when the
metric of a Riemannian manifold is conformally deformed. More precisely, given
a manifold with boundary (M, g) of dimension n > 3, transforming the metric g
into g = u*"=? g, where u is a smooth positive function, the scalar curvatures R,
and Rz, and the mean curvatures h, and h; of the boundary, with respect to g and
g respectively, are related by the formulas

—cuAgut + Rgu = Rgu" /=2 in M,
nzzg—ﬁ—l-hgu:hgu”/(”_z) on oM,

where ¢, =4(n—1)/(n —2) and v denotes the outward normal vector with respect
to the metric g.

In view of (P), the following problem naturally arises: given two functions
K:M — Rand h:0M — R, does there exist a metric g conformally equivalent
to g such that R; = K and h; = h? From (P) the problem is equivalent to finding
a smooth positive solution u of the equation

(P1)

—CpAgu+ Rou = Ku"2/=2 in M,
nizg—z—l-hgu:hu”/(”_z) on IM.

The positivity requirement on u is necessary for the metric g to be Riemannian.
Such a problem was studied in [Ambrosetti et al. 2000; Ben Ayed et al. 2002, 2005;

(P2)
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Cherrier 1984; Chtioui and El Mehdi 2003; Djadli et al. 2003; Escobar 1996; Han
and Li 2000; Li 1995a].

It is well known that the positive case is the most interesting one, that is, when
the quadratic part of the associated Euler functional is positive definite. Another
interesting case is when a noncompact group of conformal transformations acts on
the equation, leading to topological obstructions. The half sphere represents the
simplest case where such noncompactness occurs, and in this case problem (P,) is
thus reduced to that of finding a positive solution of

—Agu+ gn(n—2)u=Ku®2/@=2 4 >0 inS",

ou
%=O on 95",

(1-2)

where S = {x eR"™ x| =1, xpyq > 0} and g is the standard metric of S'}.
Problem (1-2) is in some sense related to the well known scalar curvature prob-
lem on §"

(1-3) —Agu+ gn(n —2)u = Ku "2/ in §"

to which much work has been devoted. For details, see [Bahri 1996; Bahri and
Coron 1991; Ben Ayed et al. 1996; Chang et al. 1993; Chang and Yang 1991;
Hebey 1990; Li 1995b; Schoen and Zhang 1996] and the references therein. As
for (1-3), there are topological obstructions of Kazdan—Warner type to solving
(1-2) (see [Bianchi and Pan 1999]) and so a natural question arises: under which
conditions on K does (1-2) have a positive solution? In this paper we consider
the case of the standard three-dimensional half sphere under minimal boundary
conditions. Our goal is to look for conditions on K to ensure the existence of a
positive solution of the problem

—Agu—l—%u =Ku’, u>0 in Si,
1-4) 9u
—=0 on 953,
av
where K is a C3-function on S3.
We propose to study problem (1-4), using some topological and dynamical tools
of the theory of critical points at infinity, see [Bahri 1989; 1996]. Our approach
follows the ideas developed in [Aubin and Bahri 1997; Bahri 1996; Ben Ayed et al.
1996] where the problem of prescribing the scalar curvature on closed manifolds
was studied using some algebraic topological tools. The main idea is to use the
topological differences between the level sets of the function K to produce a critical
point of the Euler functional J associated to (1-4) and the main issue is under
which conditions on K, a topological accident between the level sets of K induces
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a topological accident between the level sets of J. Such an accident is sufficient
to prove the existence of a critical point when some compactness conditions are
satisfied. However our problem presents a lack of compactness due to the presence
of critical points at infinity, that is, noncompact orbits for the gradient of J along
which J is bounded and its gradient tends to zero. Therefore a careful study of such
noncompact orbits is necessary, in order to take into account their contribution to
the difference of topology between the level sets of J.

Note that Bahri [1989] observed that a new phenomenon appears for problem
(1-3) in dimension n > 5 due to the fact that the self-interaction of the functions
failing the Palais—Smale condition dominates the interaction of two of those func-
tions. In the three-dimensional case, the reverse happens [Bahri and Coron 1991].
In dimension 4, we have a balance phenomenon, that is, the self-interaction and
the interaction are of the same size [Ben Ayed et al. 1996].

For problem (1-2), [Djadli et al. 2003] showed that such a balance phenomenon
appears in Si. Such a result suggests that there is a dimension break between
problem (1-2) and problem (1-3). Ben Ayed, El Mehdi and Ould Ahmedou [2005],
proved that a dimension break is not always true. Precisely, they showed that Si
behaves like S* under some conditions on the behavior of the function K on the
boundary asi. In this paper, we prove that Si behaves like S and S* at the same
time.

We also note that Yanyan Li [1995a] and Djadli, Malchiodi and Ould Ahmedou
[2003] studied problem (1-4). Their approach involves a fine blow-up analysis of
some subcritical approximations and the topological degree tools. In their papers
they assumed that 2?,—Ilf(y) # 0 for each critical point y of K|, 5 In this work, we
will give some existence results without this assumption.

For our first result, we borrow some of the ideas developed in [Ben Ayed et al.
1996] where the problem of prescribing the scalar curvature on four closed mani-
folds was studied using an Euler—Poincaré characteristic argument.

In order to state our results, we need to introduce some notations and the as-
sumptions that we are using in this paper.

Let G| be defined by

Gi(x,y) = (1 —cosd(x, ) /%, forx#y.

Throughout this paper, we assume that K1 := K|, s has only nondegenerate critical
points yo, y1, ..., ys such that yy is the absolute maximum of K;. We set

Iy ={y:VK(y)=0 and (0K /dv) (y) > 0},
I ={y:VKi(») =0, (0K/0v) (y) =0, and — AK(y) > 0},
Fn=1{(q1,....qn) € )" : q; #q; fori # j}, with N e N*.
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To each (q1, ..., qgn) € Fn, we associate an N x N symmetric matrix

MZM(L]I,...,QN)

defined by
(1-5) M= E;_K(Cli);“, M = — W26 9D fori# ).
v K@Y (K (@)K (g))"
We assume that, for N <card I, and (q1, ..., gn) € Fn,
(AD) M(qy, ..., qn) is nondegenerate.
Let p=p(q1, ..., gn) be the smallest eigenvalue of M. It has been first pointed out

by Bahri [1989] (see also [Ben Ayed et al. 1996]) that when the interaction between
the different bubbles is of the same order as the self-interaction, the function p plays
a fundamental role in the theory of the critical points at infinity. For problem (1-2),
such a kind of phenomenon may appear when n = 3. In addition, we assume that

AK (y) # 0 for each critical point y where 0 K /dv vanishes, and there

(A2)
exists 7 > 0 such that —AK(y)%f)a)

Theorem 1.1. Under assumptions (A1) and (A»), if

>0 forall ae B(y,7)Nas3.

card 14

Z (_1)1.(}') + Z Z (—1)3N—1_ZII<V:1 i) £ 1,

yelf N=1 =), Yjy)EFN
p(tn)>0

then problem (1-4) has a solution. Here, i (y) denotes the Morse index of K at y.

If we assume that (0K /9v) (y) # O for each critical point y of K, we obtain
[Djadli et al. 2003, Theorem 1.2] and therefore Si behaves like S*. However, if
we assume that

0K
(A3) B—(y) <0 for each critical point y of K1,
v

we observe that Si behaves like S°. Indeed:

Corollary 1.2. Under assumptions (A;) and (A3), if
DD L
yely

then problem (1-4) has a solution.

Now, we will give another kind of existence result based on the behavior of K
on the boundary. For this purpose, Let Z be a pseudogradient of K; = K|, $3 of
Morse—Smale type (that is the intersections of the stable and the unstable manifolds
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of the critical points of K are transverse). We assume that
i(y)>1 forye I, UL,

(As) i
W) NWy(yj)=2 fory; ¢1,.Ul.

Set X| = Uyehw(;r W, (y). We assume that
(As) X is not contractible

and denote by m the dimension of its first nontrivial reduced homology group.
Theorem 1.3. Then, under assumptions (A;), (A4) and (As), there exists a constant
co independent of K such that if

|K1 - 1|L°°(3Si) = co,
then problem (1-4) has a solution of an augmented Morse index > m, where m is
defined in (As).

Now we will focus our attention on the critical point yg (recall that K (yp) =
max K1). Djadli, Malchiodi and Ould Ahmedou [Djadli et al. 2003] proved that
problem (1-4) has a solution if yg satisfies (0K /9v) (yo) < 0. Therefore, in the
remainder of this paper, we will assume that yq satisfies (d K /dv) (yg) > 0. Our
first result in this direction is the following.

Theorem 1.4. Assume that yg satisfies

0K
8_(y0)=0 and —AK(y) <0.
v

Then, under the assumption (A,) (the assumption is needed only to be satisfied on
Y0), problem (1-4) has a solution w under the level 2*2/31(()20)*1/3 S, where S is
the best Sobolev constant for the embedding of HO1 (Q) into L5(Q).

Now, to obtain another existence result, we will give some assumptions on a
critical point y;, which satisfies

Vi € L+ UL and K (yiy) = max{K(y)/y € I+ ULy — {yo} }.
We let k := 2 —i(y;,) and we assume that
(Ag) k > 1 and W;(y;,) N W,(y) = @ for each critical point y ¢ I, U} .
Then we have the following existence results:

Theorem 1.5. Under assumptions (A,) and (Ag), if

1) yo,yi, € I+ U 10+ and at least one of them belongs to 1", and
(i) K() V> K(yo) "2+ K (yi) "V forany y € L UL —{yo, yio}»
then (1-4) has a solution of an augmented Morse index k or k + 1.
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Theorem 1.6. Under assumption (Ag), if

1) Yo, Yip € I+, M(yo, yi,) is nondegenerate and p(yo, yi,) <0, and
(i) K™ > K(yo)™">+ K (yiy) "/ for any y € Iy U I = {y0, yiy}»
then (1-4) has a solution of an augmented Morse index k or k + 1.

Remark 1.7. Theorems 1.5 and 1.6 also hold if we replace the respective assump-
tions (ii) by the following assumption:
(iii) For each y € I, U I — {y;,} such that K (y)™'/? < K (y0) ™'/? + K (i) "/%,
we have i(y) ¢ (2 —k,2—(k+1)}.
In contrast to Theorem 1.6, we now give a result (Theorem 1.8) based on a cer-
tain topological invariant for Yamabe type problems, introduced by Bahri [1996].
First we need to introduce some notation and assumptions. Assume p (Yo, yi,) > 0

and define
X = Ws‘ (yi0)~

X is a manifold of dimension k without boundary. Let §, be the Dirac mass at x.
We denote by Cy,(X) the set

Cyo(X) ={ady, + (1 —a)éx :a €0, 1], x € X}.
For 2 large enough, we introduce a map f; : C,,(X) — X7, defined by

aK (y0) 48y + (1 — ) K (x) 748 )
oK (vo) =48 3,5 + (1 — ) K (x) =148y |

(adyy + (1 —a)dy) —

where T and S(a, ») are defined in the next section. Then Cy (X) and f5(C,, (X))
are manifolds in dimension k + 1, that is, their singularities arise in dimension
k—1 and lower [Bahri 1996]. Observe that Cy (X) and f; (C,,(X)) are contractible
while X is not. For A large enough, we also define the intersection number (mod 2)

of f}»(cyo(X)) with Ws(y07 yio)oo
w(y0, Yig) = f1(Cy(X)).Ws(y0, Yig)oos

where Ws(yo, ¥i,)oo 15 the stable manifold of the critical point at infinity (yo, yiy)oo
(see Corollary 3.2 below) for a decreasing pseudogradient V for J which is trans-
verse to f;(Cy,(X)). Thus this number is well defined (see [Milnor 1965]).

Now introduce the assumption

(A7) 4K (yiy) < K (yo)
Theorem 1.8. Under assumptions (Ag) and (A7), if yo, yi, € I+ are such that
P()’O, yio) >09 and lu(yo’ yio):07

then (1-4) has a solution of an augmented Morse index k or k + 1.



SCALAR CURVATURE PROBLEM ON THE 3D HALF SPHERE 207

The remainder of the paper is organized as follows. Section 2 sets up the vari-
ational structure and gives some useful results, while in Section 3 we characterize
the critical points at infinity of the Euler functional associated to (1-4). Finally,
Section 4 is devoted to the proofs of our results.

2. Variational Structure and Preliminaries

In this section we recall the functional setting, the variational structure of the
problem and its main features. Problem (1-2) has a variational structure. The
corresponding functional is

lae?

J(M)—
2n/(n—2)

)(1172)/11

defined on H'(S", R) \ {0} equipped with the norm
ul? = [ 1vuP 4 dnn-2) [ 2
st s
We denote by X the unit sphere of H'(S”, R) and set
St={ueX:u=>0}

The functional J does not satisfy the Palais—Smale condition on ¥7. Its failure
has been studied by various authors [Brezis and Coron 1985; Lions 1985; Struwe
1984]. In order to characterize the sequences failing the Palais—Smale condition,
we need to introduce some notations. For a € S_ﬁ’r and A > 0, let

1 (1=2)/2

2-1) 800 (x) = co 573
(A2 + 1+ (1—22) cosd(a, x)) """

where d is the geodesic distance on (S}, g) and ¢y is chosen so that
—ASa,)L + %n(n — Z)Sa’)h = S;r’l;z)/(nfz) in Sf:_,

Observe that BSQ,A/M =0forae 8S§r. However, aSM/av #0fora ¢ 8S§r. Thus,
we need to introduce another function ¢, ; which satisfies

42/ (n-2) .
=A@+ %n(n = 2P, = (Sfl"’k =2 S,

9¢(a,2)
a—f) =0 on 9S”.

For ¢ > 0 and p € N*, define
V(p,e)
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as the set of u € = such that there exist ay, . . ., ap € ﬂ, Aty ...y Ap >0, and
ai, ..., a, > 0 with the following property: if we set 8 = 8a; 0> di = d(a;, dS7),
and

2—n)/2
gij = (A.l'/)\.j +)\.j/)\.i + %)\.i)\.j(l —Cosd(a,-,aj)))( n/ ,

then A; > ¢~ 1, gij <&, and A;d; ¢ [e, e 1,

]

The failure of the Palais—Smale condition can be described as follows:

o " K@) |,
——— — 1| <e&.

<& and
aj/(nfz)l((aj)

Proposition 2.1 [Brezis and Coron 1985; Lions 1985; Struwe 1984]. Suppose that
J has no critical point in $7 and let (uy) € LT be a sequence such that J (uy) is
bounded and V J (uy) — 0. Then there is an integer p € N*, a sequence g > 0
(with ¢, — 0) and an extracted subsequence of uy, again denoted (uy), such that

ug € V(p, &).

If a function u belongs to V(p, &), we assume, for simplicity, that A;d; < ¢ for
i <q,and A;d; > ¢! for i > q. We consider the following minimization problem
for u € V(p, ) with ¢ small:

(2—2) rnin{ Hu — Z?:l aig(ai,)\,,') _Zf:q-i-lai(p(bi,)w) H Lo > 0, )»,' > 0,
a €93, by e 51|,

The next proposition defines a parametrization of the set V (p, €), and follows
from corresponding statements in [Bahri 1989; Bahri and Coron 1988; Rey 1997].

Proposition 2.2. For any p € N*, there exists €, > 0 such that if ¢ < &, and u €
V(p, €), the minimization problem (2-2) has a unique solution (up to permutation).
In particular, we can write u € V(p, €) as

q p
u= Zaia(ﬁiﬁ') + Z a"(p(ﬁi,xi) +v,
i=1 i=g+1

where (&1, e Qp, Ay, .., Ay, A, . .,Xp) is the solution of (2-2) and v € Hl(Si)
is such that
Vo) ol <o, o) =0: e (5,00 0 ) D0 Dos g o gl
- oA; da; / akj aaj -
To proof of the next proposition follows, with minor modification, its analogues
in [Bahri 1989] (see also [Rey 1997]).



SCALAR CURVATURE PROBLEM ON THE 3D HALF SPHERE 209

Proposition 2.3. There exists a C' map which, to each
(@i, ...,ap,ag, ..., adp, Ay ..oy hp)

such that
Zalal + Z a;p; € V(p,e)
i=q+1

with small g, associates a function v = Vg, 4, »,) Satisfying

q p
(2%5 + Z alfpl-l-v) vsatisrfr;}rlllg(vo)‘](zai&-i_ Z ai¢i+v).

i=q+1 i=1 i=q+1
Moreover, there exists ¢ > 0 such that

||ﬁ||§c<Z WK@’)I +Z—+Zskr(loge )”2)

i<q i>q di k#r

Here (-, -) denotes the inner scalar product defined on H! (8 by
(u,v) = / VuVv+ }ln(n —-2)
s s
Now, we consider the subset of V (p, ¢) given by

Vo(p,e) ={ueV(p,e):rid; <eforalli}.

The next propositions are devoted to an useful expansion of J and its gradient
near a potential boundary critical point at infinity consisting of p masses. In the
sequel, we will write §; instead of §,, j,

Proposition 2.4 [Ben Ayed et al. 2002]. For & > 0 small enough and

p

u= Zaiga,-,k; +veVi(p,e),
i=1

we have the expansion

(S /2)(2/n) ZP

( lplo[Zn/(n 2)K( ))(n 2)/n

J(u) = (1+o0(1)),

where

S,,:/ (1+x]?) " dx
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Proposition 2.5. Let n =3 and u = Zf:l w8 €V (p,€). Then

38 de
(VJ(M),)\,-E)—)LZ> —cll(u)Zaj l]

J#i
4 s 20K
+2Jw)'ed | — = (a )+ JAK@) ) o Dew+5),
A Ov PE = 22
136\ VrK(a VrK(a; D*K (a;
vy, L8 VK@) s (o VK@) DK @)
Ai da; ) |V K ()] Ai AZ
1 1 381']'
tol 5+ e )+ 0( D —|77])
Ao i

and

(VJI), §) = J (e Sz (1= J )i K (@) + ( (a, +5 +Zs,,)
A Jj#i
where
2
-1
1 =08/ ;wdx=4x/§n, cz=c8/ x3(|x| 4) dx = «/§n’
R (1+ |x[?) R (1+x]?) 4
2 2_1 2
C3=%cg/ de, c4=%cg/ L
R (1+1x?) ® (1 + |x]?)
2
1
c =06/ de, S =f ——dx,
Y S NTINEE P e (14 k)

and cy is defined in (2-1).

Proof. The proof is the same as in [Ben Ayed et al. 2002], but here we need to
improve some estimates. Observe that

a5
/ (K (x) — K(a))8; i —
B(a;, DNRS. OA

/VK( )( )8 Ai 8S + 5 DZK( )( )55)» 85,- + ( ! )
= ; — X —a;)0 A — +ol —
a;)(x —a; o a;)(x —a; LY ,8)” )‘;2

_ VK@) [ ox(1=xP) | (AK@) [P 1xP) o(h)
20k eyt T2 e )t
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For j =1, 2, we denote by (a;); the jth component of a;.

/ (K@) - K@))5 -2 =fv1<<ai)<x a5t 05,
B(a;,)NR3. " A 0(a); Ai 0(a;);j
. 195 |
—|—§/D K(a)(x —aj, x a,)S, A_B(a,)] —l—O(A—iZ).

Observe that

1 85
’f D?K (a;)(x —a;, x —a;)8) — ——

< |D*k@)| | 1x—a;?88
3]

"Ai 0(ai)
and
5 85 e x —ap);
VK (ai)(x —aj)— = | VK(a)(x —a;) 7
B(a;, )NR} Ai 9(a;); (14220x —a;?)
(VK(ai))j f ch2
Y BN (1+ |x[2)"
Following [Ben Ayed et al. 2002], the result is proved. O

Let G be the Green’s function on Si and H its regular part defined by

G(-x’ y) = (1 - COSd(X, y))_1/2 - H(X, }’)s
—_oins3 96 _ 3
AH =0in S, 8_v_00n85+'
The following proposition will be as the Proposition 2.5 but the concentration point

will be in the interior of Si. We have

Proposition 2.6. Lern =3. Foru=73_,_, o;8; + Z?:q—i—l ajp; € V(p,e), there
exist two positive constants ¢ and ¢, such that the following expansion holds:

p

B dejk  _ H(a;,ay)
(i) =sw(-a Bewgli-a 2 wgion)

k=q+1,k#j

Now we consider the case where we only have one mass, and we recall the Morse
lemma at infinity for J, which completely gets rid of the v contribution and shows
that the functional behaves, at 1nﬁn1ty, as J (oaSa i+ |V|?, where V is a variable
completely independent of & and A.
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Proposition 2.7 [Ben Ayed et al. 2002]. For ¢ > 0 small enough, there is a diffeo-
morphism
ozga,x + v (agﬁ’i, V)
such that
J(@bas+v)=J(@d;5)+|V[

where a € 38", and V belongs to a neighborhood of zero in a suitable Hilbert
space.

The Morse Lemma above can be improved when the concentration point is near
a critical point y of K = K|ss» with y € 1, U I(;r , leading to the following normal
form, the proof of which (up to minor modification) is contained in [Ben Ayed
et al. 2002].

Proposition 2.8. For u = 055&,;“ e Vp(1, ) such that a € V(y,y), y € LU I(T is
a critical point of K, and y > 0, there is another change of variable (Zz, k) such
that,if y € 1,

=2 (S c oK
J(u) =1 (a, i) -=W<1+(1—n)§a—v(y)>,

and, if y e I},

z = (Sp/2)%" coK - _AK(a
J(u)zl/fz(a,)»)iz:/— 1+g—(a)—(1—77)c :()

K (a)n—2/n 3 ov 72
where 1 is a small positive real and ¢, ¢ are positive constants. Here and in the
sequel, V' (y, y) denotes a neighborhood of y.

3. Characterization of the critical points at infinity

This section is devoted to the characterization of the critical points at infinity of
the associated variational problem. We recall that the critical points at infinity of
J are the orbits of the gradient flow of J which remain in V (p, €(s)), where &(s)
is a given function such that e(s) goes to zero when s goes to infinity (see [Bahri
1989]).

First, we are going to construct a global pseudogradient for the functional J.
Along its flow lines there can be only finitely many isolated blow-up points. Out-
side | pV(p, €/2) we use —VJ, which satisfies the Palais—Smale condition in
this set. In V(p, €), we use the vector field W constructed below. Such a flow is
defined by combining two basic facts. On one hand, the Morse Lemma at infinity
moves points and concentrations as follows: points move according to Vr K, and
concentrations move so as to decrease the functional J. On the other hand, there is
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another pseudogradient when the ¢;’s are not in their maximum values. We need
to convex-combine both flows to keep the pseudogradient property, to avoid the
creation of new asymptotes.

Proposition 3.1. Let n = 3. For p > 1, there exist a pseudogradient W and a
constant ¢ > 0 independent of u =Y 1 ;8 + Zf’:qﬂ oj@j, € V(p,e) such
that the following properties hold:

14
@ (Vi@ W)z . - —l—chkr

i=q+1 ]l .]t k#r

/1 0K(a;) |VTK(aj,)|
+CZ(Z) dv Aj,
i=1 ! !
p
(i) (VIO W+ G W) = Y ke Y e

i=q+1 b kr
0K (a;
Z( ) ( j)

n IVr K (aj,)|
(iii) |W| is bounded.

+ort 1— J(u)3oe4K(a]l)|)
]1

1
+)L—2+ ’1 —J(u)306?,.K(“ji){)‘

i

Aji

Furthermore, the only cases where the maximum of the ; is not bounded along the
flow lines of W are when:

e p = 1 and the concentration point a is near a critical point y of K| with
(0K /3v) (y) =0and —AK(y) > 0.

e p > 1 and each point a; is close to a critical point y;, of Ky with j; # ji
Jor i # k, and the smallest eigenvalue p(yi,, ..., yi,) of M(yi,, ..., yi,) is
positive.

Before giving the proof, we state a corollary of Proposition 3.1.

Corollary 3.2. Let n = 3. Assume that J has no critical point in £ 7. Then, the
only critical points at infinity of J correspond to:

° S(y’oo), where y is a critical point of K, satisfying (0K /dv) (y) = 0 and
—AK(y) > 0.

° Zf’zl K(y)_l/“g(yji,oo), where p > 1 and the y;, satisfy (0K /dv) (y;,) > 0
and p(yj, ..., yjp) > 0.

Proof of Proposition 3.1. Without loss of generality, we assume that A} <--- <A,,.
For M and C; large positive constants, and 7 a small positive constant such that
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nM is large, we define
D={1}U{i: Ay < My, forall 2 <k <i},
E ={i:d(a;, y) > 3n for all y such that V7 K (y) = 0},
F, = {i 2d(ai, ) < 77}, where yy is a critical point of K,
Ci /10K
:{i:dizo, _1(‘ (al
A

av
For u € Vj,(p, ¢), seven cases may occur. We will define a vector field in each case
and W will be a convex combination of all cases. In the following, we set

JW) oK (a)| =

+|VrK (@) + — )}

No = {i : there is y such that V7 K (y) =0, (0K /0v) (y) =0 and d(a;, y) < n},
N_ = {i : there is y such that V7K (y) =0, (3K /dv) (y) <0 and d(a;, y) < n},
Ny = {i : there is y such that V7 K (y) =0, (9K /dv) (y) > 0 and d(a;, y) < n}.

Case 1. u € V,(p, €) and there exist i, j € D such that d(a;, a;) < 4n.

Let io be the least index in D such that there exists jo < ig satistying d(a;,, aj,) <4n
(it follows that A, < A;, and, for any i, j < ip, we have d(a;,a;) > 4n). In this
case, we define

Zy ==Y dan—. Za=-) sign(1—Jw)’eK(a))$;.
: k .
k=ig ielL

Using Proposition 2.5, we derive that

(—VIW), Zo) = ¢ Y [1-J@e 4K<al>|+2 ()V Ok, ng,»).

ieL k#i

Furthermore, an easy computation shows that

88,J

3-1) —A—~
-1 o

)\ 2 k
el,(l—zA ) and kzl] 2Aka—>el](1+o(1))

Thus, also using Proposition 2.5, we obtain
(32 (V@ Zze Z(Zek, +o(s )) +o(Zerl).
k=i “r#k r#l

Observe that 1/4;, = o(g;,,); indeed, since A, < A;;,

’0 (1 —cosd(aiy, ajy)) < o(1) +4n* = o(1).

(33) (N
o 2,

A2e2. Ai A

i0“i0jo io% jo
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Thus, since for k > ip we have A; > 4;,, (3-2) becomes
c
34 —-VJ), Zy) > +— ..
(3-4) (=VIw,Zze ek+ki0+o(281)
k>io,r#£k I#r

Since iy € D, we can make 1/X; appear in the lower bound of (3—4), and hence
also all the other 1/A;. Furthermore, for i, j < iy, we have d(a;, a;) > 47, then
from 1/A; and 1/A; we can make ¢;; appear in the lower bound. Thus, we derive

0K (ai)

P
(-5 (VI zl)>zk.(\ |+ VK @)|+5 )+chkr

i=1

Now, by defining W) = M| Z|+ Z,, for some large positive constant M, we obtain
the desired inequality in (i) by replacing W with Wj.

Case 2. u € Vj,(p, ¢),d(a;,a;) > 4n foreach i, j € D, and DN E # <. Define

1 88 VrK(a) ZZ, 1

Zy =
)L aal |VTK(az)|

ieDNE

where y is a large positive constant. Using Proposition 2.5, (3—1) and the fact that
V7K (a;)| = cn fori € E, we obtain

(3-6) (~VJW).Z)=c Y. (%+0(Z%
iepnE N jen ™!
+yc Z 8ij+0<z%)+0(281’)'

i¢D, j#i kgD "k I#r

Observe that, fork ¢ D and i € D, if we choose y so that y /(nM) is small, we derive
that y /A <y /(MX;) = o(n/A;). Furthermore, for i, j € D, since d(a;, a;) > 4n,
we see that

1 88,1
da;

<chijd(a; ')83<;_ ©
cAjalai, aj ij—)\3/2)hl/2n2_0 A/’
i %

Thus (3-6) becomes
c
VI, 20z 3 Ste Y .eij+o(zsl,>.
ieDNE i¢D,j#i l#r

As in Case 1, we obtain (3-5) with Z, instead of Z; and define W, = M| Z, + Z,,,
thus deriving the desired inequality in (i) by replacing W with W,.
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Case 3. u € Vy(p, ¢), foreach i, j € D we have d(a;,a;) > 4n,and DNN_ # @.

Define B
Z k ZZ’O:,, i.

ieDNN_

Using Proposition 2.5 and (3-1), we derive

(=VJu), Z3) = Z C(%"‘Zgij)'i‘c Z 8kj+0(2%>+0<281,>.
ieDNN_

i jep kD, j £k kgD "k 1£r

As in Case 1, we obtain (3-5) with Z3 instead of Z, and define W3 = M Z3+ Z,,,
thus deriving the desired inequality in (i) by replacing W with W3.

Cased. ucVy(p,e), DNE=DNN_=# DNNy, {1} & D, and d(a;, a;) > 4n for
eachi, j€D. Then D C|J, Fx, since DNE =@. Furthermore, sinced(a;,a;)>4n
for each i, j € D, we conclude that d(a;, a;) > 3 min{d(yx, y,) : k # r}. In this

case, we define
Z4:— )\.__E ZlOl,l l.
i€ DNNy

Using Proposition 2.5 and (3—1), we derive

G-T) (~VJW),Zy=zc Y <Zs,,+0<—)a (@)

1
)»r
ieDNNy “jeD !

re X (o)) vo( Ter)

k¢;j;ﬁk j he ;
Since D # {1}, for any i € D N Ny, either i —1 or i+1 belongs to D. As in (3-3),
it is easy to see that 1/A; < cmeij where j =i—1ifi—1 € D, ifnot j =i+ 1.
Thus, choosing 1 small enough, we derive that |(8K /ov) (a,-)| is small with respect
to 1/(cv/M) if #n>M is small. Furthermore, for k ¢ D and i € D N Np, we have
1/k < 1/(MA;) = o(g;;). Therefore, (3—7) becomes

(—=VJ), Z4)>cZ ( +Zsl])+c Z 8k]+0(281r).

ie DNNy jeD kgD, j#k I#r

l

We conclude as in the second and the third cases, defining Wy = M Z4 + Z,.

CaseS. u € Vy(p,¢),d(a;,a;) >4n foreachi, je D, DNE=DNN_ =@ and
D = {1} C Ny. Then ay is near a critical point y;, of K satisfying (A,). Define

081 @4 881 VrK(a) —22’ 1-

5 = sign( ) Yorr | a day [VrK(an)|
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where ¢4 is a small positive constant. Using Proposition 2.5, (3—1) and assumption
(A,), we derive that

¢ |0K V2K ()|
-VJu), Z >—‘ ‘ —_— r+0
(V. 29) 2 ||+ 55 e T e gek +0(55):

As in (3-3), since 2 ¢ D, it is easy to see that 1/A; = o(e12). Thus, we can make
1/X, appear in the lower bound. Now, define W5 = M| Z5 + Z, and we conclude
as in the preceding cases.

Case 6. u € V), (p, ¢), foreach i, j € D, we have d(a;,aj) >4nand D C N,.

In this case, for each k, B(yx, n) contains at most one of the a;. Let us denote

by yi, ..., yi, the critical points such that a; € B(y;;, ), where ¢ = card D. The
vector field will depend on the sign of the smallest eigenvalue p of the matrix
My, ..., yi,), defined in (1-5). Two subcases may occur.

Case 6(a). If p > 0, we define
Zi=) a x Z Digyag 00
ieD

For i, k € D, we have d(a;, ay) =d(yj;, yj,) +o(1). Thus, (3-1) implies
(3-8)

0eik V2 V2G1(jis yi)
—Ai = to(eix) = —F—F—— + o).
i 2/ AT —cosd(yj, yj)) NI

Using Proposition 2.5, (3-1), (3-8) and the fact that J (u)3c} K (a;) = 1+0(1), we
obtain

(3-9) (—VJ(u) zg)

Z((BK/B\)) (y,,)_Z 4V2G (v, v;) )
2«/_J(u MK S (KK )

0< Zsik-i-z %)+C Z 8kr+0<zl>

. N i )\'k
i,keD ieD k¢ D, k#r k¢ D
n\@ 1
> AIM(y~,...,y~)A+o< &ik + —)
YNAID) ! Ja l,’kZeD ! ; A
1
to Y et 0(2 Ak)
k¢ D k#r k¢D
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where A = (ki_ll/z, e, Ai_ql/z)’. Since p > 0,

(3-10) (—VH@V%)Z§:§fH?z:8h+0(§:%).

ieD " keD.k#r kgD "k

We define W6l = M, Zé + Z, and proceed as in the preceding cases.

Case 6(b). If p < 0, denote by e the eigenvector associated to p, chosen so that
llell =1 and all of its components are positive. Now, as in [Ben Ayed et al. 1996],
we introduce a small neighborhood of e as follows. For y’ > 0 small,

Be,y)={xe ST x—e| <vy'},
Ti(e,y") = {x e RY — {0} : ||Ix]|"'x € B(e, ¥)}.

We will choose y’ so that x’ Mx < p/2 for each x € B(e, y’). There are two cases
to consider:

o If A € Ti(e, y’'), we decrease the A; by defining
38
Y=—Y aii—.
Za, Ty
ieD

e Otherwise, we define ¥ by moving the vector A to the vector e on the sphere
of radius ||A] (see the vector field X3 in [Ben Ayed et al. 1996]).

Now, define Zg =Y -—-vM Zi@ 2fa,-xiaS,~/aAi. By [Ben Ayed et al. 1996] and
Proposition 2.5, we obtain

(—VJw), 72) = CX:(/\i + 0(2«%1‘)) +~v/Mc Z(Zsu + 0(%))

1

ieD k¢D i¢D N j£i
LN

>c Z )\—l +c Z Ekr-
i=1 k#r

We conclude as in the preceding cases by defining W62 = M Zé +Zy.

Case7.uecV(p,e)—Vy(p,e). Letiy, ..., i, be such that d,-j =0andig41,...,10p
be such that ;. d;, > e~ We denote by u, the function ZZ:I o, S,-k , which belongs
to Vi (g, €), and define the vector field
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Using Proposition 2.6, we derive that

(3-11) (=VJ@), Z7)

€ ; H(a;,a;)
=70 Y a2 <_clza, i _ zza, i i )
k>q k J#ik k iy v A jhiy
+o & .
(Z ’ kz)\'lkdlk)

I#r >q

Using the fact that H(a, ) < —c/d, and 8 )\, i/hip = o(1) for j € {iy, ..., i},
(3-1) and (3-11) imply that

p
(3-12) (=VIw). zZy)zc > (

k=q+1

+Zej,k>+o<281,>.

Ai
ixdiy J#ix I#r
There are two subcases to consider.

Case 7(a). D N{ig41,...,ip} = . Here we use the previous construction of
up € Vp(q, ¢), that is, we apply the construction only to the indices iy, ..., iy,
forgetting the other indices. Let Z7(u) be the vector field thus defined. From the
previous estimates, we have

(=VJIw), Z3)

;( ‘aK(a,,)) |VTI§(61J,)|

+ +]1- J(u)3a§iK(aj,.)|)
Ji Ji
+c) 8kr+0< > Skr).
k#r<q k<q.,r>q

Thus, by setting W71 = MZZ71 + Z5(u1) and choosing M> large enough, we derive
the desired estimate in claim (i) of Proposition 3.1.

Case 7(b). DN {iy41,...,i,} # @. Here we can make the 1/, for k < g, appear
in the lower bound of (3—12). Furthermore, define

. 0Q;
Z% = — Z2’a,-)»,-ﬂ

(observe that ¢; = §; if a; € BSi). Using Propositions 2.5 and 2.6, we derive that

(=VJ ), 23) >cZekr+cZ (Z%)

k#r hiediy k=q

Thus, by setting W2 M>)Z; I+ 72, we get claim (i) of Proposition 3.1.
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The vector field W will be a convex combination of the above vector fields
Wi, ..., Ws, Wi, Wi, and will claim (i). Claim (ii) relies on the estimates of
IVJ@~+v)|% |9]|> and J” ()W, which are very small with respect to the lower
bound of (i) (see [Ben Ayed et al. 1996, Lemma B.4]). Hence claim (ii) follows,
and it only remains to prove claim (iii). Observe that, in cases 1, 2, 3, 4, and 7,
the maximum of the A; is a decreasing function along the flow lines. In Case 5,
the maximum of the A; increases only if p =1 and a; is near a critical point y of
K, with (0K /0v) (y) =0 and —AK(y) > 0. But in Case 6, the maximum of the
A; increases only if D¢ = @ and p > 0. The proof of Proposition 3.1 is thereby
completed. O

4. Proofs of the Theorems

Proof of Theorem 1.1. For n; > 0 small enough, we introduce the following neigh-
borhood of X :

Vi EH ={ues: /DIl 36 <m},

where u~ = max(0, —u).

Recall that in Proposition 3.1 we constructed a vector field W defined in V (p, ¢)
for p > 1. Outside Up21 V(p, e/2), we will use —V J and our global vector field Z
will be built using a convex combination of W and —V J. Observe that V,, (1) is
invariant under the flow line generated by Z (we can repeat the proof of [Ben Ayed
et al. 1996, Lemma 4.1] in this case). Since V), (X71) is contractible, we have
x (Vi (2%)) =1, where x is the Euler—Poincare characteristic.

We will compute this number using the level sets of J. Arguing by contradiction,
we suppose that J has no critical points in V,, (£7). It follows from Corollary 3.2
that the only critical points at infinity of J in V,, (%) correspond to:

° S(y,oo), where y is a critical point of K; such that (dK/dv) (y) = 0 and
—AK(y) > 0. Such a critical point at infinity has a Morse index equal to
2 —i(y), where i (y) denotes the Morse index of K at y.

o« >0 K(yij)—l/“S(yij,oo), with p e N* and p(y;,, ..., yi,) > 0. Such a critical
point at infinity has a Morse index equal to 3p — 1 — 5’: L Ei;)-

Using the vector field Z, we have that V,, (£7) retracts by deformation onto

(U Wi (wso) (see [Bahri and Rabinowitz 1991, Sections 7 and 8]), where W, (wso)
is the unstable manifold at infinity of the critical point at infinity w,. Then

card /4

L= x(Vp (S =Y (=>4 3 3 (RO,

yely p=1 1,=(i1,.ip)€F,
p(Tp)>0



SCALAR CURVATURE PROBLEM ON THE 3D HALF SPHERE 221

which contradicts the assumption of our theorem. Thus there exists a critical point
of J in V,,(E£1). Arguing as in [Ben Ayed et al. 1996], we prove that this critical
point is a positive function and hence our result follows. O

Proof of Corollary 1.2. Using the assumption (A3), we derive that %, is empty for
each p, and the result follows from Theorem 1.1. ]

Proof of Theorem 1.3. We argue by contradiction. Suppose that (1-4) has no
solution. Let ¢; = (3/2)(S3/2)%3. Using the expansion of J (see Proposition 2.4),
it follows that there exists a constant ¢y independent of K such that if

|K1 - 1|L°°(3Si) =< co,

then J (1) < c; foreachu € V,(1, ¢), and J (1) > c; foreach u € Vi, (p, &) with p>2,
where ¢ is a small positive constant. Then it follows from Corollary 3.2 that the
critical points at infinity of J under the level ¢ are in one to one correspondence
with the critical points y; of K such that y; € I, U I(;r . The unstable manifold
at infinity of such critical points at infinity, W, (;)oo, for y; € I, U If, can be
described using Proposition 2.8 as the product of W;(y;) (for a pseudogradient of
K1) with [A, +o0o[, the domain of the variable A, for some suitably large positive
number A.

Since J has no critical points in £, it follows that Jo, = {u € =% : J(u) < ¢}
retracts by deformation onto X oo = J el Ul W, (¥i) o (see [Bahri and Rabinowitz
1991, Sections 7 and 8]) which can be parametrized by X; x [A, +o0[, as noted.

At the same time, X, is contractible in J,, for the following reason. From
(Ay4), we deduce that X| # 8S§r = §2, then X, is contractible in S2. It follows
that there exists a continuous contraction 4 : [0, 1] x X — S2 such that, for any
a€ Xy, h(0,a) =a and h(1, a) = ap, a point of S2. Such a contraction gives rise
to a contraction /1 : [0, 1] X Xo — T defined by

(l,a1,k1)Hg(h(z,al),xl)+5, ar € X1, A=A

For t =0, we have S(h(o apn) TU= (Sal 2 +V € Xoo. Furthermore, h is continuous
and h(l a, A) = 840 », + v. In addition, using Proposition 2.4, we deduce that

T (Bnte.an o +0) ~ (83/22 (K (h(t, )™ (14 0(A7).

For ¢y small enough, such a contraction is performed under the level ¢, for A large
enough. So X is contractible in J.,, which retracts by deformation onto X ; thus
X~ 1s contractible, and so is X, which contradicts assumption (As). Hence (1-4)
has a solution.

Arguing by contradiction, we may assume that the Morse index of the solution
provided by Theorem 1.3 is less than or equal to m—1. Perturbing J if necessary,
we may assume that all the critical points of J are nondegenerate, have Morse index
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less than or equal to m—1, and hence do not change the m-dimensional homology
group of the level sets of J. Since X, defines a nontrivial homology class in
dimension m but a trivial one in J,, our result follows. O

Proof of Theorem 1.4. Under the assumption of the theorem, (yp) is not a critical
point at infinity. Furthermore, for i large enough,

/ K80, = K(30)(83/2) + / VK (50 (F =308y,
R

3
o o6 1
+5 [ DK (o) (x—yo, x=Y0)8(y, ) + 0 —

w
- c K ~AK (y0) 1
=K00)(S3/2 =25 00 +e—73 +o<?),

where ¢ and ¢ are positive constants. Expanding J, we obtain
s (53/2)2/3( 287! (5 K :AK(yo)) 1
JOoo) == 1+ —— (o) —c¢ +0(—) .
Coni) = i ' T 3K o) \ e o w? w
Using the fact that —A K (yg) < 0 and (0K /dv) (y9) = 0, we derive that

(83/2)*7

KoolB = min {coo(y) : VK1 (y) =0}.

J By < Coo(y0) 1=

Using Proposition 2.4, we see that

J(u) = coo(@) — c& = coo(yo) — c€
for each u = ag(a,x) 4+ v € Vj(1, €). Thus, for a fixed u, we can choose ¢ so that
(4-1) J@) > J(8(yp)) foreachu € V,(1, ¢).

Let u(s) be the solution of

ou <
0= =VJw), u0)="¥yu-

Observe that (4-1) implies u(s) ¢ Vp(p, €) for p > 1. Arguing by contradiction,
we suppose (1-4) has no solution under the level coo(y9). Thus |VJ (u(s))| > ¢

for s > 0 (where ¢ depends only on ¢). Hence aa—sj(u(s)) = —|VJu@s))|> < —c2
for s > 0. This implies that J(u(s)) tends to —oo as s tends to 400, which is a
contradiction, and so the result follows. O

Before providing the proof of Theorem 1.5, we state the following Lemma, the
proof of which is very similar to that of [Bahri and Coron 1988, Corollary B.3];
see also [Bahri 1996].
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Lemma 4.1. Let ay, ar € 853, let a1, an > 0 and choose A sufficiently large. Let
u= 0[15((“,)\) + a25(a27k). Then

J()<(§< N ))2/3<1+<1>>-— (@, @)1 +o(1))
W=\ U@ T VK@ T SR

Proof of Theorem 1.5. We argue by contradiction. Suppose that J has no critical
pointin £, and let

oo ~>—(§( L, 1 ))2/3
N = 2\ VKRG | VRO /)

Under assumption (i) of the theorem, using Corollary 3.2, (yo, y;,) is not a critical

point at infinity. By Corollary 3.2, assumption (ii) implies that S(YOaOO) and S(yio,oo)
are the only critical points at infinity of J under the level ¢ = ¢ (Y0, ¥i,) + ¥, for
y small enough. The unstable manifolds W, (yo)e and W, (yi,)c of these critical
points can be described, by Proposition 2.8, as the product of Ws(yo) and W (yi,)
(for a pseudogradient of K) with [A, co) (the domain of the variable A) for some
sufficiently large positive number A. Let

X2 = W (yip)-

Under assumption (Ag), X2 = Wi (yi,) U Wi(y0) is a compact manifold without
boundary, of dimension k£ > 1, in asi. Since J has no critical point in £, it
follows that J,, = {u et J) < cl} retracts by deformation onto X, =
Wi, (30) oo U Wy, (3iy)oo (see [Bahri and Rabinowitz 1991, Sections 7 and §]) which
can be parametrized by X, x [A, 00), as already said.

At the same time, X, is contractible in J,,. Indeed, let

tg(x,x) + (1 — I)S(yo,)\)

hi[0,11%x Xoo = =, (t,x, 1) > — _ )
> Hl‘fs(x,/\) + (1 =18y, ) H

By Lemma 4.1 and the fact that K (x) > K (y;,) for each x € X», it follows that the
contraction /4 is performed under the level ¢, so X is contractible in J., which
retracts by deformation onto X . Therefore X, is contractible, which implies that
X, is too, which is a contradiction, since X; is a compact manifold in dimension
k without boundary. Hence (1-4) has a solution.

It remains to compute the Morse index of this solution. Using a dimension
argument, since i ([0, 1] x X) is a manifold in dimension k + 1, then the Morse
index of the solution provided by Theorem 1.5 is less or equal than k 4 1.

Using the same arguments as those used in the proof of Theorem 1.3, we deduce
that the Morse index of the solution provided in Theorem 1.5 is either k or k+1. [J
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Proof of Theorem 1.6. Using Corollary 3.2 and assumption (i) of the theorem, we
derive that (yo, y;,) is not a critical point at infinity. Therefore, we can repeat the
proof of Theorem 1.5 without any change, and the result follows. (|

Proof of Remark 1.7. If we replace assumption (ii) of either of the two preceding
theorems by assumption (iii), under the level c¢{, we can find other critical points
at infinity but with index not in {k, k4 1}. Using the same arguments as those used
in the proofs of Theorems 1.3 and 1.5, Remark 1.7 follows. U

Proof of Theorem 1.8. First we notice that p(yo, y;,) > 0 implies that (yo, ¥i;)oo
is a critical point at infinity. Assume that (1-4) has no solution, we claim that
fa(Cyy (X)) retracts onto X U W, (30, ¥ip)oo- Indeed, let

aK ()48 5 + (1= ) K (y0) ™48y 29

4= ° _ € fi(Cy(X)).
oK () 17485 + (1 — ) K (y0) ™48 (300 | HG(0)

The action of the flow of the pseudogradient is essentially on «. If o < %, it brings
« to zero and thus u approaches W, (y0)oo = {¥o}. If & > %, the flow brings « to 1
and thus u approaches W, (yi))oo = Xo0o- If ¢ = % then since only x can move,
yo remains one of the concentration points of # and x approaches W, (y;) where y;
is either y;, or yop (and only those two cases may occur). If y; = y;,, then u goes
to W, (y0, ¥iy)oo» and if y; = yo, then there exists so such that x(sg) is close to yy.
Thus, using Lemma 4.1, we have the estimate

J(u(s0)) < Coo(y0, yo) + ¥,

for y small enough. Observe that (A7) implies that ¢, (Vo, Yo) < coo(y) foreach y €
I,y I(;’ \ {yo0}. Thus, using Corollary 3.2, we derive that J._ (y,.y,)+, retracts onto
W.(¥0)oo = {yo} and thus u goes to W, (yo)oo. Therefore f; (Cy,(X)) retracts onto
XooUW, (30, Yiy)oo- Since p(yo, yi,) =0, it follows that this strong retract does not
intersect W, (yo, ¥i,)oo and thus is contained in X . Hence X is contractible, and
it follows that X is contractible. This yields a contradiction since X is a compact
manifold in dimension k& without boundary. Hence (1-4) has a solution which,
by an argument similar to that in the proof of Theorem 1.3 has index either k or
k+1. O
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