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Let U/K be a compact Riemannian symmetric space with U simply con-
nected and K connected. Let G/K be the noncompact dual space, with G
and U analytic subgroups of the simply connected complexification G*. Let
G = K AN be an Iwasawa decomposition of G, and let M be the centralizer
of AinK.For§ el , let u be the highest restricted weight of §, and let o
be the M-type acting in the highest restricted weight subspace of H;. Fix a
K-type 7. Earlier we proved that if U/K has rank one, then §|x contains
T if and only if 7|5 contains o and p € py; + Agpn, Where Agyy, is the set
of highest restricted spherical weights and pu, . is a suitable element of a*
uniquely determined by ¢ and 7. In this paper we obtain an explicit for-
mula for this element in the case of U/K = S§", P"(C), P"(H). This gives
a generalization of the Cartan—-Helgason theorem to arbitrary K-types on
these rank one symmetric spaces.

1. Introduction

Let U be a compact semisimple simply connected Lie group, K the (necessarily
connected) fixed point group of an involutive automorphism of U, and U/K the
corresponding Riemannian symmetric space of the compact type.

Along with U/K consider the noncompact dual symmetric space G/K, where
we assume that both G and U are analytic subgroups of the (complex semisimple)
simply connected Lie group G® = U® whose Lie algebra is the complexification
gC of the Lie algebra g of G.

Let g = £ ® p be the Cartan decomposition of g, and let u = £ @ ip be the
corresponding decomposition of the Lie algebra u of U, where p is the orthogonal
complement of £ = Lie(K) in g with respect to the Killing form.

Let a be maximal abelian in p, let m be the centralizer of a in &, and let A, M,
be the analytic subgroups of G® with Lie algebras a and m respectively. The
centralizer M of A in K is not connected, in general, and is the product M = M, Fy
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of its identity component M, and the finite abelian subgroup Fj; =exp(ia)NK; see
[Kostant 2004, Lemma 2.4]. As is well known, F; is generated by the (order-two)
elements y, = exp(2miA,/ l|?), where a € = = 3 (g, a) is a restricted root, with
|| = (o, @), and A, € a is determined as usual by (H, Ay) =a(H) for H € q,
where (,) is the inner product on a, a* induced by the Killing form; see, e.g.,
[Helgason 1984, p. 536]. The most complete result is proved in [Kostant 2004,
Theorem 2.28], namely M is actually the direct product M, x Fy, where F; C Fyy
is a product of Z, factors, Fy = le.

Let b be maximal abelian in m; then h = b @ ia is a Cartan subalgebra of u.
We define roots and weights of u® with respect to h*. Roots and weights are real-
valued on hg = ih = a @ ib, and define members of by by restriction. We order
a* lexicographically, thereby determining a system T = (g, a) of positive
restricted roots. We extend this ordering to an ordering of by, by requiring that a*
come before (ib)*, and we call AT = ATuC, f)c) the resulting system of positive
roots. Then a restricted root « is in £ if and only if all of the roots B such that
Bla=a arein A™.

Let A be the set of dominant integral forms on h. Since U is simply connected
we have U ~{i ~ A for the unitary duals of U and u. For each A € A let §, be an
irreducible representation of U (U-type) with highest weight A, acting in H;. The
differential of this representation is also denoted §;.

Let Ay, be the set of dominant integral forms on b, and let Ay, be the subset
of all n € A, that are analytically integral for M,. In other words, Ay, is the set
of highest weights of the m-types which exponentiate to M,-types.

An element A € a* or (ib)* is considered as an element of hy by extending it
to zero on ib or a, respectively. We decompose each A € A C by, in terms of its
restrictions to a and ib as

A=p+mn, where u==~lq, n=~2%le.

Then p is the so-called highest restricted weight of §,, and 1 is in Ay, (as easily
seen). The meaning of 5 is that m, M,, act irreducibly on the highest restricted
weight subspace V), of H,, defined as

Vi={veH,:6,(Hyv=pu(H)v, VH € a},

and this irreducible representation 0, = §; (M,)|v, has highest weight 5. The group
M = M, Fy also acts irreducibly on V), by the M-type oy = 8, (M)|v,. This M-
type o, extends the M,-type o, and it is a scalar on Fy, since we have

0. (V) = 8,.(Ya) v, = exp(2rip(Ag) /) 1d, VYo € X.

The map A — o, from A >~ U to M is surjective, by [Kostant 2004, Theorem 2.33].
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The classical Cartan—Helgason theorem describes the set U (1) of (equivalence
classes of) irreducible spherical representations of U, that is, the U -types that con-
tain the trivial K -type 7y upon restriction to K. According to this theorem, if §; |x
contains 7p, then o, is equivalent to the trivial M-type oy, i.e., the group M acts
trivially on the highest weight vector v, of §,. Conversely, if v, is M-fixed, then
there is a K-fixed vector vg € H,, that is, §, |x contains the trivial K-type tg9. The
first characterization of the set U (o) of spherical U-types is then

U(tg) = {85, € U : 03 ~ 00).

It is well known that 7y occurs only once in each §; € U (10)-
An equivalent characterization of U (tp) in terms of the highest weight A of &,
is
U(ro) = {8, € U : Alip =0 and Alq € Agpn},

where the set Agpy of highest restricted spherical weights is given by

(e, o)
|a|?

Asphz{uea*: GZ+f0rozeE+}.
Conversely any linear form A on hg such that A|;, =0 and A|, € Agpp s the highest
weight of some § € ﬁ(ro); see [Helgason 1984, Theorem 4.1 p. 535].

Suppose we now replace the trivial K-type 79 by an arbitrary K-type 7, and
ask for a similar description of the set U (t) of the U-types 4 that contain T upon
restriction to K (with multiplicity m(z, §) > 0).

Evidently, to know explicitly U (t) and the multiplicity m(z, §) for any v and
any § € U (t) is tantamount to knowing the branching theorem for U D K. In
other words, the information contained in the branching law can be separated into
two parts: given T we first determine the set U (1), and then for each ¢ € U (7) we
compute m(z, §).

The multiplicity function m(z, §) is, in general, a complicated object. (See
[Kostant 2004, Theorem 2.3] for a recent result.) On the other hand, the results
in [Kostant 2004] make it possible to give a general description of the set U (1)
independently of the multiplicity function.

First, it is easy to prove that if §, |x contains 7 then 7|, contains o;, but the
multiplicities are not the same in general, namely we have m(z, §,) < m(oy, 7)
[Camporesi 2005, Proposition 2.2].

This result says that if §, is in l/]\(r) then o, is in M(‘C), the finite set of the
M -types that occur in t|3. Then U (7) is clearly the disjoint union
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Let A, (7) be the set of highest restricted weights of all U-types in U, (1), and let
no be the highest weight of o |57,. Then each 6, € U, (7) has highest weight A of the
form pu + n,, with u € A, (7), and we have an obvious parametrization for U (7):

U= | 6 eU:ren +Aa,(0).
UEM(I)

The problem is then to find an explicit description of the set A, (7), analogous to
the Cartan—Helgason theorem in the case T = 7.

Let %, be the set of all A € A such that o, ~ o. In other words %, is the
fiber over o € M of the map A — o, from A ~ Uto M. Then A = UUEM Fo
(disjoint union); see [Kostant 2004]. Obviously 1, + Ay (7) is a subset of %, for
each o € A?(r)—in fact n, + Ag (7) is just F, N ﬁ(t). Moreover, if o is fixed
and t varies over the K-types that contain o, we have clearly

(1-1) Fo =10+ | Ao (D).
00

Kostant [2004, Theorem 3.5] proves that %, is just a translate of Ay, namely there
exists a unique minimal element n, + ©, € %, (relative to the partial ordering of
A defined by A > A <= A" — 1 € A, or also relative to the partial ordering of
A defined just before Theorem 3.4 of [Kostant 2004] — the two being equivalent
within each fiber &, as a consequence of that theorem) such that (in our notation)

(1-2) Fo =No + to + Asph-

The element u, € a* can be computed explicitly [Kostant 2004, formula (194)].
Kostant refers to (1-2) as a generalization of the Cartan—Helgason theorem.

Now (1-1) suggests that we look for a similar description of the set A, (7). We
did so for U/K of rank one and t arbitrary, and using the results of [Kostant 2004]
we proved the following in an earlier article:

Theorem 1.1 [Camporesi 2005, Proposition 2.3 and Theorem 2.4]. Let U/K be a
compact Riemannian symmetric space of rank one with U simply connected and K
connected, and let T be any K -type. For each o € M(r) there is a unique minimal
element s € Ay (T) such that

(1-3) Ao (T) = to,r + Asph-
Thus we have
ﬁ(r) = {6, € U: o) ~ O for some o € M(r) and A|q € fo,r + Asph}
={6, € U: Alib = ng for some o € M(t) and Mg € o v + Agph}

= U {3, € ﬁi)ue No +M0,r+Asph}-
UEM(‘[)
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Moreover F, \ (ns + Ay (7)) is a finite set, consisting of the weights A = ns + 1
with iy < < o Conversely, any linear form ) on hr such that A|;p = No for
some o € M(t) and Mg € o,z + Asph is the highest weight of a U-type § € U(‘L’)
Finally,

(1-4) o = MiN Uy ¢.
700

At the time we did not give an explicit formula for p, . With such a formula the
theorem above yields a generalization of the Cartan—Helgason theorem (for U/K
of rank one) which holds for any K-type t and is more refined than (1-2).

Here we obtain an explicit formula for the minimal element i, , in the case of
U/K =S8", P"(C), P"(H) and for t arbitrary. Our method is based on a case-by-
case direct evaluation of p, ; by putting together the known branching theorems
forU DK and K D M.

For U/K = §", P"(C) we only need the so-called interlacing conditions on the
highest weights, which are necessary and sufficient for T € K tooccurin 8 € U.

In the quaternionic case the branching theorems for U D K and K D M are
more complicated. The first was given in [Lepowsky 1971]. The double interlacing
conditions on the highest weights of 7 € K and 8 € U stated in this theorem are still
necessary but no longer sufficient for § to contain t. To find the minimal element
Mo, r we shall also need the multiplicity formula of Lepowsky.

Finally, a remark about the higher rank case. For U/K of higher rank the set
A5 (7) has, in general, more than one minimal element. There can be at most a
finite number of such minimal elements, ,u((,J )f, j=1,..., ks .. We then have

Ay (T) = U (I“L(()']-)[ + Asph) >
J

where the union is not necessarily disjoint. It is an interesting open problem to find
a general formula for these Agpp-generators of A, (7).

2. The case of spheres

Let U/K = S% (d >2), with U = Spin(d + 1), K = Spin(d). The linear realization
of the spin groups is of course more complicated than that of the orthogonal groups
SO(d). However it is enough to work at the Lie algebra level, where we can use
the well known isomorphism spin(d) >~ so(d).

We can treat the even and odd cases in a unified way, up to some point, including
the definition of a and m, as follows. We start with the noncompact form g and
take £ embedded from below. Thus let g = so(1, d) = £ ® p, where

(0 0 N _ 0 X! d
_(Oso(a’))_so(d) and p_{(xﬂd),XeR}.
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The compact form of g is
, 0 X’ d
u=¢dip= {(iX . ) X e RY, Yeso(d)}.
The Lie algebra u is Lie isomorphic to v’ = so(d + 1) realized as

0 —-X'

u’=5o(d+1)={(X v

), X e RY, Yeso(d)}.

Indeed u and v are conjugate in SU(d + 1), i.e., there is an element g € SU(d + 1)

such that gu’g ™! = u. For example, let g be the element

_ a? 0
§=\o aly; )’

d+1

where a is any complex number such that a*™ =i. It is easily checked that

0 —-X"\ _;_ (0 iXx' J
2-1) g<X v >g _<iX Y), VX e R, Y € s0(d).

We fix the maximal abelian subspace of p given by

0 10---0
1

—Re;=R| O
a e1 Od

Then m is given by
m=Ze(a) = ( 0 so(d—1) ) ~so0(d—1).

We take the standard Cartan subalgebra )’ of u’ given by

0
0 im

—ihy 0
b= , , hj€iR

for d = 2n, and by
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0 i
—ihy O
h/= R hj ciR
0 ih,
—ih, O

for d =2n — 1. In both cases h’ = b; @ b, where b is the Cartan subalgebra of m
given for any n > 2 by

0
0 ih
—ihy O
b= X , //leiR

0 ih,
—ih, O

(here 0 = 03 for d = 2n and 0 = 0, for d = 2n — 1) and b, is the orthogonal
complement of b in " with respect to the Killing form; it consists of the elements
( B 0,_» ), where B is of the form

0 0 ih

0 ih ford =2n or (—ih1 0

) ford=2n-—1,
—ihy O

and i €iR. Ford =2 we have b’ =b;, m=b =03, and the group M ~ Spin(1) >~ 7,
is not connected.

For d = 2n we have ranku’ = rank € and )’ C € C u, so b’ is also a Cartan
subalgebra of £ and u.

For d =2n—1 we have rank 1’ > rank £ =rank m, so b is also a Cartan subalgebra
of &, while §’ is no longer contained in u.

In both cases we take as Cartan subalgebra of u

h=ia®b.

For d = 2n — 1 the element g given above conjugates b’ with h, and the map
Ad(g) =g(-)g~!isactually the identity on b, and exchanges b; with i a bijectively;
see (2-1).

For d = 2n the element g cannot of course conjugate h’ with b since it fixes €,
so it fixes h’ C €. However b’ and b are two Cartan subalgebras of the compact Lie
algebra u, thus there exists ug € U such that Ad(u#g)h’ = h. The transformation
Ad(ug) is essentially a Cayley transform. Moreover we can always choose ug so
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that Ad(ug) acts as the identity on b and sends b bijectively onto ia. To unify the
notation, we shall denote this u( by g.

In both cases we then have an isomorphism Ad(g) (of u into itself for d = 2n,
of v into u for d = 2n — 1) such that

Ad()h'=bh, Ad(g)le=1d, Ad(g)b=ia.
Moreover if B is the basis of by given by the element ( B 0211—2)’ where

0
B = 0 —1 ford =2n and B=(
1 O

0 -1

1 0> ford =2n—1,

we can always arrange that

Ad(g)B| =iey.

The point is now as follows. Let the choice of Cartan subalgebras be h’ for v/,
b for m, and by = b’ (d = 2n) or hy = b (d = 2n — 1) for €. Then the branching
rules for 1’ D € and for £ D m are classical and well known (see below).

Our aim is to find the branching rule for u O € using for u the Cartan subalgebra
h = ia @ b. This branching rule will involve the branching rule for £ > m plus
a condition characterizing the highest restricted weights w. More precisely, we
shall find that a U-type § with highest weight A = © 4 n contains a K -type T with
highest weight v if and only if T contains the M-type o with highest weight 5, and
moreover the highest restricted weight p is of the form 1 + 140, with 119 a highest
spherical weight and . ; a suitable element of a* (to be determined below).

Lete; (j=1,...,n)be the linear form on b’ which equals A ; when acting on
the elements of h’ given above. We denote the restriction of ¢; to b still by &;.
Then we have the following systems of positive roots:

AL =AW Y = At )
Af=ATE b)) =A% )

AL =ATm Y =A%, ),
where

Aoy =leitej, 1<i<j=njU{e, 1 <k <n},
Adoony =leitej, 1<i<j<n),

and similar expressions hold for A:U(anl) and A:O(anz) with the indices running
from 2 to n. For d = 2n, A$ is also the set of roots of u® with respect to f’C.
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The standard parametrization of W , £ and m is as follows. The dominant integral
forms for u’ are the linear functionals
n
X' =Y ajej, with 2a; €Z, a;—a; €Z, Vi, j, and
Jj=1
{m >ay>--->a,>0 ford=2n,

ay=ay>--->la,| >0 ford=2n-—1.

For d = 2n these are also the dominant integral forms for u with respect to b'.
The dominant integral forms for £ are the linear functionals
'bje; ford="2n,
b= Z}l i€ " with 2b; € Z, b; —b; € Z, Vi, j, and
Y hbjej ford =2n—1,
by >by>--->|b,| >0 ford=2n,
by>by>--->b, >0 ford=2n-—1.

The dominant integral forms for m are the linear functionals (for all n > 2)

n
r]:ZCjé‘j, with ZCJ' e, Ci —Cj ez, Vi, js and
j=2

For d = 2 we have M = {00, 01}, where op and o are the trivial and nontrivial
representations of M >~ 7.
The branching theorem for 1’ D £ says that (with obvious notations)

ay>by>ay>by>--->b,_1 >a, > |b,| ford=2n,

Nov &=
ay=by>a>b3>--->a,_1 2 b, > |a,| ford=2n—1,

and a; —b; € Z,V j. Moreover the multiplicity is always one.
The branching theorem for € D m says that (Vn > 2)

by>cy>by>c3>--->by_1 >c, > |b,| ford=2n,

VRN {b22022b32032“'zcn—1an2|cn| ford =2n -1,

and b; — c; € Z, Vj. The multiplicity is again always one. For d = 2 the repre-
sentation of K = Spin(2) with weight v = b, &; (Where 2b| € Z) contains oy (resp.
o1) if and only if by € Z (resp. by € Z+ ).

Now the map Ad(g) : h’ — b induces a map A" — g - A’ from the linear forms
2" on b’C to those on h* given by

(2-2) (g-2)(H)=1'(Ad(g"" H), VH ep®.
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Since Ad(g) is the identity on b and since Ad(g~')e; = —i B;, we get in both cases
g.8j=8j, VZSJSn’ g€ =q,

where « € a* is the (unique) positive restricted root defined by a(e;) = 1, and as
linear forms on h©, «|, =0, €jla=0. Let us order hy = (ih)* by requiring that a*
comes before (ib)*. Then the system of positive roots of u® with respect to h® is
given by

At =AW pY =g- AL = AL uAT,
where

{fatej, 2<j=<n}U{a} ford=2n,

+ _ + . — —
Aa—{ﬂEA "Bla_a}_{{(x:l:é‘j,zfjfn} ford =2n—1.

The dominant weights of u® with respect to h* are obtained by applying g to
the dominant weights of W' © with respect to h’C. Note that each A’ € v can be

decomposed as
n

A= Zajsj =a& +1,
1

where n = Zg ajej isin m (Vn > 2), as immediately seen. Then each A € i has
the form

r=g-N=pu+n,
where ;= aj« is the highest restricted weight and n = Zg aje;j € m, with a; > a,
anda; —a €Z,ie.,a; =ar+k, k€ Z. Ford =2 we have A = u = a«, where
ay is in Z* (resp. Z* + %) if and only if o; ~ o (resp. o). It follows that 11 is the
disjoint union

U~ A= U Fe,

where for o fixed in M, with highest weight n = Y 5 a;j&;, we have for any d > 2
(M ~ Spin(d — 1) being connected in this case)

Fo={reA:5 M)y, ~o}
={AeA:rlip=n}
=h=p+n:pu=(@+ka, keZ"
=0+ to + Asph,

where

Mo =axa, Agph={ka, k€ Z+}
(ay the first component of 1). For d = 2 we still have A = F,, U %, , with n =0
and g, =0, e, = %a. This is just Kostant’s result (1-2); see [Kostant 2004,
Theorem 3.5].
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Comparing the two branching rules for u’ D € and for £ D m, and using the above
parametrization of {i, we obtain the following branching rule for u D ¢ (Vd > 2):
by+k, d="2n,

Z+
bytk d=2n—1, K€L

A=u+nDv < vDn and u=aq, alz{
where again by (for d = 2n) or by (for d = 2n — 1) is the first component of
V= ijej. Ford =2 we get . = aja D v = bye; if and only if a; = |b1| + &,
keZt.

If § € U has highest weight A = u + 7, if T € K has highest weight v, and if
o € M has highest weight 7, then we get the following rule for branching from U
to K in terms of branching from K to M:

(2-3) Sk D7 <= tlu Do and 4 € for+ A,

where
| bia, d =2n,
Hor = { boor, d=2n—1.
(Ford =2, 1y, =|b1|a.) This agrees with the general rank-one result (1-3). Note
that in this case [y, ; is the same for all o in M (t) and depends on 7 only. Finally,
since by > ap (for d = 2n) and b, > a; (for d = 2n — 1), we see that for o fixed
and t varying over the K-types that contain o we have, in agreement with (1-4),

min fly ; = a2t = o
00

3. The case of complex projective spaces
LetU/K = P"(C) (n>2),with U =SU(n+1) and K =S(U(n) x U(1)) embedded
as

K:{(lg 2), B eUMm), beU(1), bdetB:l}.

The group K is isomorphic to U(n).
At the Lie algebra level, consider the noncompact form g = su(n, 1) = €@ p,
where

E:{(Y O), Y eumn), y eu(l) =iR, y+trY=O},

0y
0, Z .
r={(20) 7=}

Then the compact form u = € @ ip coincides, in this case, with the Lie algebra
su(n + 1) of (n+1) x (n+1) antihermitian traceless matrices:

u:{<_YZt i) ZeC", Yeumn), yeu(l), y+trY:O}.
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We fix the maximal abelian subspace of p given by

1
0
0, .
a=R€1=R .
0
10---0 O
The group A is then
cht 0 sht
A=expa= 0 1,_; O ,teRy,
sht 0 cht
and the centralizer of A in K is
b 0O
M = 0BO]|,BeUmn-—1), beu(), b*det B=1 ,
0005b
with Lie algebra
y 00
m= 0Y O], Yeumn—-1), yeu(l), 2y+trY =0
00y

The group M is connected and isomorphic to a double cover of U(n — 1).

As in the case of §?" we have rank u = rank £. Let b be the Cartan subalgebra
of u which is contained in £ and consists of the diagonal matrices. Let b C he be
the Cartan subalgebra of m consisting of the diagonal elements. Then hy =b; @b,
where b; consists of the matrices of the form diag(%, 0, ..., 0, —h) with h € iR.

The classical branching rule for U D K with respect to the Cartan subalgebra
b is well known (see below). We will find the branching rule for U D K using for

u the Cartan subalgebra

ho 0 ix

h=iadb= 0 0 |, xeR, h;€iR, 2ho+ho+---+h, =0

hy
ix 0 ho

Again this branching rule will involve the branching rule for K D M, which is
known, plus a condition on the highest restricted weights. In order to relate the
roots and weights of U in the two different Cartan subalgebras, we need an element
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that conjugates he with fj. It is easy to check that the element

V2o, V2
2 2
(3-1) g=| 0 1,., O elU
V2o, V2
2 2
satisfies
(3-2) Ad(g)he=Db, Ad(g)lp=1Id, Ad(g)b;=ia.

Moreover if Bj is the basis of by given by By = diag(i, 0, ..., 0, —i), we verify
that Ad(g)B| =iej.

Let ¢; be the linear functional on hf defined by ¢;(diag(hy, ..., hyy1)) = hj,
for1 <j<n+1. Thene; +---+¢&,41 =0, and each linear form 1" € (ihe)* can
be written in a unique way as

n+1 n+1

(3-3) N=Y aje;, with Y a;=0.
j=1 1

The positive roots (in the standard ordering) of the pairs (u®, hg), (€C, f)g), and

(mc, bC), are the linear forms ¢; —¢;, with 1 <i < j <n+1 for Aj, 1<i<j<n

for A;, and 2 <i < j <n for Aa (The restriction of ¢; to b€ is still denoted & i)
We have the following parametrizations of U, K, and M:

n+1 7
U~ A’:Zajsj:ajem, Cl[—ajGZ,Vi,j, CllZaZZ"‘ZanZan—H}’
j=1
n+1 7
K:v=;¥ﬁﬁ%€EIJﬁ%€ZVLLMZ@ZWZM}
n
= . VA .
M ~ n=00(81+8n+1)+ZCj8j.Cj€m, Ci—CjEZ,VZSI,Jfl’l,

j=2

ZCOEL, 20co—cj)€Z,V2<j=<n, ca>c3 Z"'ch}-
n+1
In all cases it is understood that the sum of the components of the weights is zero;
compare (3-3). For M we have 2co+cy+---+c¢, =0.
Given these parametrizations, we have the following simple branching rules.
For U O K we have (with obvious notations)

aj—bjEZ, Vi<j<n+l,

AMNDOv =
a>br>a>by>--->a, >b, > apy.
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For K D M we have

bj—c;jeZ, V2<j<n,

VO —
7 {b12022b2zc32"'20n2bn-

In both cases the multiplicity is one. (For the first see [Ikeda and Taniguchi 1978,
Proposition 5.1], for example. For the second see [Baldoni Silva 1979, Theorem
4.4] and note that the additional condition required there is automatically satisfied
in our parametrization, in view of (3-3).)

We now proceed as in the case of spheres. If g is the element (3—1), we define
amap A" — g-1/ from the linear forms A" on b“g to those on h* given by (2-2). By
(3-2) we find

(34) g-ej=¢;,V2=<j=<n, g-(e1+ent1) =¢1+&uy1, &-(€1—Eny1) =2a,

where now X (g, a) = {£o, +2«}, the shorter root « being defined again by «(e) =
1, and as linear forms on f)C, alp =0, (61 +€441)a =0, gj|q = 0. With the usual
ordering, we get the following system of positive roots of u® with respect to h¢:
AT =ATWE Y =g AT b)) = Af U0} UAT,
where
AY =t{a—¢gj+5(e1+enn), atej—5(e1+ear1), 2<j <n).

The element g then relates the dominant weights of u® with respect to h“g to the
dominant weights of u® with respect to h®. Note that any A’ € U can be written as

(3-5) A=Y aje; = Lar — ani1) (1 — eng1) + 1,
(3-6) n= 3@ +an1)(E1+ ) + Y5 a8

It is easy to check that n is in Ay, =~ M. Applying g we find that any highest
weight A of U with respect to h can be written as

(3-7) A=g- M =p+n,

where u = (a; — an+1) o is the highest restricted weight and n € M as above.
To fully parametrize the weights as A = u + n, we need a condition relating the
quantity a; — a,y to the components a; of n (2 < j <n).

From the first parametrization of U we have a 1 >ap and a; — ap € Z, whence
ai=ax+k',k' € Z". On the other hand we also have a, > a,+i anda,+1=—) | a;j,
whence k' > —a, —a, — Y ) a;. Putting together the two conditions we see that kK’
must satisfy

kK > max(O, —ay —ay, —Zaj).

2
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With this condition we get

a)—apy1 =a)+(ay+ax+---+ay)
=2a1+ax+---+a, (using aj =ax+k")
=2a,+2k' +a,+---+a, (with k' as above)

n
=ay—ay+|ay+an+ Y aj|+2k, keZ,
2
as immediately checked. This gives a condition on a; — a,+; as a function of
a, ..., ay, in order for A’ to be in U. Thus we get Kostant’s result that
U~A= U Fo
oceM

where for o fixed in M, with highest weight n =ag(e; +&,41) + Zg’ aje;j, we have

Fo={r e A:rlip=n}
={A=p+n: p=pu,+2ka, keZt)
:77+Ma+Asph,

where u, = (az —ay + }az +a, + Zg a‘,-|)a = (ap —a, + |ar + a, — 2ap|)a and
Asph = {2kat, k € 7).

Next, comparmg the branchmg rules for U D K and K > M, we see that if
A=u+nce U contains v € K, then v must contain ne M. We need now a
condition relating p with v and 7.

By going over the same steps as in the computation of the element ., we find
that the highest restricted weights of the U-types in %, that contain the K -type t
with highest weight v = >"*' b;e; must have the form U= por+2ka, keZ,
where

Ma,t:(bl —b,+ b1 +b,+ar+---+ayl) a.

This agrees with (1-3), and we again get the rule (2-3). In this case i, depends
explicitly on both ¢ and .

It is easy to see that uy; > [y, With equality holding only for a, = b; and
a, = b,, which are, respectively, the highest possible value of a; and the lowest of
a, (regarding t as fixed and o as varying over M (1)).

If we instead fix o € M and let 7 vary over the K-types that contain o, then
b1 = ay is the lowest possible value of b, and b,, = a,, the highest of b,,. Comparing
the formulas for 1, and s we get then (1-4).
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4. The case of quaternionic projective spaces

Let U/K = P"(H) (n > 2), with U =Sp(n+1), K = Sp(n) x Sp(1). We adopt the
notations of [Baldoni Silva 1979], which the reader should consult for background;
see especially pp. 240-241 there for the definition of €, p, m, and H.

The noncompact form is g = sp(n, 1) = €D p. We fix a = RH, so that m =~
sp(n — 1) ®sp(1). The group M >~ Sp(n — 1) x Sp(1) is connected.

Let h¢ be the Cartan subalgebra of u=£®ip that is contained in £ and consists of
the diagonal matrices. We fix the basis {X j}';i{ of bg as in [Baldoni Silva 1979],
and let {8]-}’}:} be the dual basis. '

Let b C b be the Cartan subalgebra of m consisting of the diagonal matrices.
Then he = b; & b, where b; = RBy, By the 2(n + 1) x 2(n + 1) matrix given by

By =diag(i,0,...,0,—i,—i,0,...,0,i) =i(X1 — X,41)-

We denote by the same symbol ¢; the restriction of ¢; to bC.

Consider the other Cartan subalgebra h =ia @ b of u. Let g € U be an element
such that (3-2) holds with Ad(g)B; = i H. Transporting g to the linear forms as
usual, we find again (3—4), where o(H) = 1 defines again the shorter restricted
positive root «.

The root systems of the pairs (uC, f)%), (¢C, h‘g), and (m®, b©), are
Ay = AWE b)) =(Feitej, 1<i<j<n+1}U{£2e;, 1 <j<n+1},

Ap = AFC,by) ={Fe +ej, 1<i<j<njU{x2e;, 1<j<n+1},
Am =AM, b%) = {£(e1+e,11) U{ZLei Le;, 2<i < j<n}U{£2e;, 2<j<n)}.

We make the following choice of positive roots for m:

A;;:{El—{—En_,_]}U{si:l:&‘j, 2<i<j=njU{2,, 2<j<n}

In the usual ordering of hy = (a @ ib)* in which a* comes before (ib)*, we have
the following system of positive roots of the pair (u®, h©):

C C
AT=ATWh g =afuat ual,
where
AT ={Be At :Bla=2a}={2a, 20+ &1 +&nt1, 200 — (61 + Ent1)}s
Af={BeA":Bla=a)={a+3(e1+enp1) &), @ —3(e1+8011) &,

2<j<n}

(Note that may = |AS, | =3, mg = |Af| = 4(n — 1), and moq +my + 1 =4n =
dimP"(H).)
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For the positive roots Ay and A of £© and u® with respect to b“g we make the
choice

Af ={eite;, 1 <i<j<n}U{2e;, 1 <j<n}U{-2ep41},
Aj = A; U A;r, where A; ={e1 e} U{—gpp1£e;, 2= j<n}
It is easily checked using (3—4) that with this choice one has
g AT =A".

The notion of dominance is then preserved by g, and g relates the dominant weights
of u® in the two different Cartan subalgebras.
We have the following parametrizations of U, K, and M:

n+1

ﬁ:{k’:Zajsj:ajEZ,Vj, ay > —api1 >ay > -+ >a, >0},
j=1
n+1

K~{v=Y bjej:bj€Z.Vj, bi=by> - >b, >0, by <0},
j=1

n
M~{n=colei+es)+ ) cjgjic; €L, ¥2<j<n, 2€L,
j=2
! c=c3=->cy, 20, co=0}
By proceeding as in the complex case, we decompose any A" € U as in (3-9),
with  given by (3—6). Then n € M, as easily seen. Applying g and using (3—4), we
find that any highest weight A of U with respect to h* can be written as in (3-7),
where again p = (a; — an+1) o is the highest restricted weight and n € M.
Let o be a fixed M-type with highest weight

n
e =ao(e1 +ent1) + ) ajej.
j=2
LetA=g -} =n, 4 pbein Fy, then X' = Y1 aje; with ay +a,41 = 2ap (fixed
with o). To find the minimal element of the restricted weights u = (a1 — ap+1) o
(for A € &) write

4-1) ay —aps1 = a1 +apy1 — 20,41,

and observe that since a; +a, is fixed and —a, 41 > ay, the minimum of a; —a, 4+
is attained when —a, 1| = a;. Thus we get

(4-2) minF, =n, + o, where po = (a1 +apt1 +2a2)a =2(ap +az) a.

(Note that 1, is not necessarily in Agp, since ag can be half-odd-integer.)
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The decomposition (4—1) can then be written as
ai — ant1 = (a1 + an+1 +2a2) + 2(—an41 — a2),
and since k = —a, 1 —ay € 71, we get
M=o +2ka € s + Asph,

which is Kostant’s result (1-2).

To find the minimal element 1, of A, (7) we need the branching theorems for
U DK and K D M. The first is given in [Lepowsky 1971, Theorem 2], the second
in [Baldoni Silva 1979, Theorem 5.5]. By adapting these theorems to our case (in
particular to our choice of ordering) we obtain the following statements.

Theorem 4.1 (Lepowsky branching theorem for Sp(n + 1) D Sp(n) x Sp(1)). Let
N=Y""aie; €eUandv=3""bje; € K. Define

Ay = a; —max(—ay41, by),

Az = min(—dap41, b1) —max(az, by),

A3 = min(ay, by) — max(as, b3),

A, =min(a,_1, by,—1) — max(ay,, b,),

An-‘rl = min(anv bn)

Then the multiplicity m(v, ") vanishes unless

n+1
(4-3) —bpy1 + Z Aje2z
1

(or, equivalently, —an 1 — byy1+ Y 1 (aj +b;) € 2Z) and

(Ap+1 = 0 automatically). Under these conditions we have
(4-5)
m, )=

’

n—1

1 +1
5 (_l)lLl(n—1—|L|+§(n+1+Z” Aj) - Z.,GLAJ)
Lc{1,2,...n+1}

where the binomial coefficient ( ) is defined to be zero if x < y.

Keeping in mind the conditions of dominance on A’ and v, it is easy to see that
(4-4) is equivalent to the following double interlacing conditions on the highest
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weights:

b,_1 > a, if n is even,

ar>bi>ay>bs>a4>---> e
a,—1 > b, if n is odd,

(4-6)

a,—1 > b, if n is even,
—ap1 >=by>az>by>as>--->1 " "

= { bu_1 > ay if n is odd.

What makes the quaternionic case more complicated is that these conditions are
only necessary but not sufficient, in general, for A’ to contain v. This is due to the
alternating sum formula (4-5), which involves a great deal of cancellation and may
give zero even if A’ satisfies (4-6).

Theorem 4.2 (Baldoni Silva branching theorem for Sp(n)xSp(1)>Sp(n—1)xSp(1)).
Letv=Y"""bje; € K andn=a(e| +€,41) + Y 3 aje; € M. Define

A/l = b1 — max(az, bz),
A}, = min(ay, by) — max(as, b3),

A% = min(as, b3) —max(as, ba),

A;l_] =min(a,_1, b,—1) —max(ay, b,),

Al = min(ay, by).
Then the multiplicity m(n, v) vanishes unless

(4-7) A1>0, A5>0, ..., A,_,>0

n—1 =
(A}, > 0 automatically) and
(4-8) 2a9 = —bp41+c1 — 21 forsome 1=0,1,..., min(—b,41, c1),

where c satisfies ¢ € 7+ and

(4-9) ci+) Ajeaz
1

(or, equivalently, ¢y + by +Y_5(a;j +bj) € 2Z). Under these conditions we have
(4-10)

mom=Y) ¥ (P - Ea k)
}

n—2
c1 Lc{l,2,...n

where the outer sum is over all values of c| satisfying (4-8).
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Again (4-7) is equivalent to the following double interlacing conditions:

b,_1 > ay, if n is even,

bi>a>bs>a4>---> .
=M= =t ~ | a,—1 = b, if nis odd,

4-11) )
a,—1 > b, if n is even,

by>ay>by>as>---> e
=== ~ | b,—1 > a, if n is odd.

To better understand the condition (4—8), note first that it is equivalent to
2a0 = —bpp1+c1, —bup1+a1 =2, | = bpp1 — il
that is,
(4-12) | = bny1 —c1l <2a9 < —byt1 +ci,

with 2ag changing by steps of 2 and having the same parity as —b, 4| + c;. By
(4-12) we get similar inequalities involving —b, | and c;, namely

(4-13) [2a0 — c1]| < —bp11=< 2a0 +cy,
(4-14) 12a0 +bpr1l < 1 <2ap—bpi1,

with —b, 11 and ¢; changing by steps of 2 and having the same parity as 2ag + ¢
and 2ag — b+ 1, respectively.
The value of ¢; may also be required to satisfy the additional condition

n
_Cl + Z A/‘ Z 07
1
for otherwise the sum over L in (4—10) gives zero. Thus the integer c¢; must satisfy
n n
(4-15) 0<c1 <Y A} =b —max(ay, by) + Y _ A =ko,
1 2

and must have the same parity as the integer kg, by (4-9).
By (4-14) and (4-15) we see that the allowed values of ¢; must satisfy

(4-16) |2a0 + byy1| < c1 <min(2ag — b1, ko).

For example, suppose v € K is fixed and we want to compute the M-types of
v. By (4-11) we determine the possible values of (a3, as, ..., a,) (a finite number
of (n — 1)-tuples). For each such (n — 1)-tuple we find the allowed values of 2ag
using (4-12) with c; subject to (4-9) and (4-15). A given value of 2ag will be
obtained for different values of cj, namely those satisfying (4—16). The sum over
c1 in the multiplicity formula (4-10) will then be over these values. On the other
hand if n € M is fixed, we use instead (4—13) to find the allowed values of —b, 4,
again with c; subject to (4-9) and (4-15).
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For later use note the following. From (4—16) we get the inequality

(4-17) 12a0 + by+11 < ko.
If we let
n
(4-18) 2k =2ap+ b1 —ko+2)_ A},
2

then (4-17) implies that k is an integer and that
n
(4-19) —(b1 —max(az, b)) <k < ) A},
2

We are now ready to prove the following result, which gives the minimal element
of A, (7) explicitly in most (though not all) of the cases.

Theorem 4.3. Let t be a fixed K-type with highest weight v = Z’f“ bjej, and
let o be a fixed M-type with highest weight 0, = ag(&1 + €,41) + Y 5 aj€; such
that 0 C t|y. For each ) in F, write A = g - A with \' = 'IIH ajej, so that
ay + ap+1 = 2ay is fixed with o, and the highest restricted weight of A is u =

(a1 — an41) @. Define the elements

n+1
o,c = b1 —bpy1 +max(az, b)) — Z Aj, Ao =no + 1o,
Sor = 2a0 +2 max(az, by), 3 A =16 + 5o,
to.r = 2b1 —2ay, A2 =15 +1t5 0.
Then
(4-20) a1 — apsy > Max(ro.z, Sz lo), VA € Fo NU(T).

If max(ro. 1, So.1» to.r) = V', then the minimal element of Ay (T) is
(4-21) Wo,t =To 0, With m(t,8,) = 1.

If max(ro.1, So.1» lo.x) = So.z then g = (So.r +2p)a, where p is the first integer
with 0 < p < by —max(ay, by) such that the element . = 1, + (So. +2p) a satisfies

m(f, Sk): Z (_1)|L<7’l 1 |L|+2(So‘,‘[ ro,‘[)"‘p Z]ELAJ)#O‘

n—1
Lc{1,2,...n+1}

(In most cases p = 0, but there are some special cases where p > 0; see below.)
A similar conclusion holds if max(re. 1, So.z, to.r) = tg,¢, With S, ¢ replaced by t4 ¢
and 0 < p <2ay.

Proof. We first observe that for all A € F,, A; = A/j_l, Vi=3,...,n+1 (in

the notations of Theorems 4.1 and 4.2). Therefore the quantities A;, j > 3, are
the same for all A in &, since they depend on o and t only (not on the highest
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restricted weight of A). The interlacing conditions A; > 0 (j > 3), as well as the
condition by > max(ay, b;), then follow immediately from the branching law for
K D M and the fact that o C 7]|). The other conditions A > 0 and A, > 0O for
reF; N U (7) give (compare (4-6)):

ay = by, —apq1 = max(az, b),
whence
a) — apy1 = 2a0 — 2a,41 > 2a9 +2max(az, by) = oz,
and
a) —ap+1 = 2a1 —2a0 > 2by —2ap =t5¢-
Thus
(4-22) a) — ap1 = Max(So.7, lor), VA€ Fo NU(T).

Secondly, from the Lepowsky multiplicity formula (4-5), we see that m(v, ")
vanishes unless

n+1

(4-23) bari+ Y Aj=0.
1

This condition may be regarded as an additional interlacing condition necessary
for m(v, A’) > 0. Unlike (4-6), (4-23) involves the parameter b, 1, which is the
highest weight of the representation 7 |yxsp(1). Using (4-3) we rewrite (4-23) as

n+1
(4-24) bupi+ Y Aj€2Z%, VaeF,nU(T).
1

To gain more information from (4-23)—(4-24), we divide the elements of %,
into two classes, namely we say A € %, is in class 1 if —a,+; > by, in class 2 if
—ap+1 < by. These two classes are separated by the element A3z with —a,+1 = by,
i.e., A3 =1y +2(ap+ b1) . Class 1 is certainly nonempty and actually infinite. (If
we had —a, 11 < by for all A € &, then &, would be bounded by X3, whereas we
know that %, =1, + s + Agph by Kostant’s result.)

For A in class 1 or for A = A3 we have A| = a; + a,+1 = 2a9 and A; =
by — max(ay, by), and the double interlacing conditions (4—4) are automatically
satisfied. Since A and A (like A, j > 3) depend on o and 7 only, all A in class 1
have the same A; as A3, Vj. The same holds for the quantity

n+1 n+l
(4-25) bus1+ ) Aj=busi +2a0+ by —max(az, by) + ) A;
1 3

=2(ap+b1) — re,t =So,t — Vo, +2(b; —max(az, b2)).
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It then follows from (4-5) that all §;, with A in class 1 must contain T with the
same multiplicity as 8,,. This multiplicity cannot be zero, for otherwise F, N U (1)
would be finite (class 2 being finite, see below), whereas we know that %, N U ()=
No + Me,r + Agph by Theorem 1.1. In conclusion, we have

m(t,8;) =m(t,8,) >0, VA inclassl,

and the minimal element n, + 14, must be < A3. Moreover the quantity b, | +
'f+1 Aj in (4-25) must be > 0 and actually in 27" by (4-24). This can easily
be checked independently using the branching rule for K D M. In fact the right
hand side of (4-25) equals 2ag + b, 11 + ko (Where kg is defined in (4-15)), and
our claim follows easily from (4-17).
Formula (4-25) then implies

(4-26) ay — apy1 > (A1 — apy1)a=r, =200 +2b1 >rsr, VAiinclass 1.
Class 2 consists of those A € &, such that u, < u <2(ag+b1)a, i.e.,
2(ao +az) < ay —apy1 < 2(ao+by).

For A in class 2 we have A| =a; — b; and A; = —a,4+1 — max(az, by), so that

n+1 n+1

(427)  busr+ ) Aj=bupi+ar—anpn — by —max(az, b)) + ) A,
1 3
= (a1 _an-‘rl) —ro,1-

Still for A in class 2, if m(z, §,) is positive, (4-23) and (4-27) yield
ay —ap+1 Zroz-
Now this and (4-26) imply
ar—an41 > tor, YAEFSN U(x),

which, together with (4-22), proves (4-20).

Note that the quantity s, ; — 75, must be in 2Z since the right hand side of
(4-25) is in 2Z". In fact sy ; — ry.; is just the right hand side of (4-18), so that
Sg.r — Fo.r = 2k € 27, with k satisfying (4—-19). Thus s, ; can be greater, equal or
less than r, ., in general.

Now let us suppose that max(rs.r, S¢.7, to.r) = r's,z- Then the element Ao =
No +7s -0 is in &, and it is in class 2, by (4-26). Moreover A satisfies all of the
interlacing conditions (4-6). Indeed if we solve for a; and —a,+; from the two
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relations a; + a,+1 = 2a9, a1 — ay+1 = ro,r, W€ get

a1 = §(ro.c +2a0) = § (b1 — byy1 +max(az, by) — Y4 A+ 2a),

—apt1 = %(Fa,z —2ap) = %(bl — by +max(az, by) — ’3’“ Aj —2ag).

The condition a; > b is then equivalent to r, > #, -, while the condition —a,,+| >
max(az, by) is equivalent to 74 ; > S5 7.
For A = A¢ we have by (4-27)

n+1
bn—H +ZA] =rrr,r —I‘g’t = 0,
1
and Ag satisfies (4-3), being equal to —b, 1 + Z’f“ Aj = —=2b,; € 27%. By
applying the multiplicity formula (4-5) to A¢p we see that only L = & contributes
to the sum over L in this case, and we get

m(z, 8,) = 1.

In view of (4-20), this proves (4-21).

Now let max(ry. r, So.rs to.r) = So.z, With S5 ¢ > 15 . Then the element A} =
Ne + S0,z (which is always in class 2) satisfies the double interlacing conditions.
Indeed for A = A we have a; = 2a¢ + max(as, b)) and —a,+| = max(az, b>), so
that

A] =2a0+max(a2,b2)—b1, A2=O.
The condition A; > 0 is then equivalent to s5 ; > f,. ;. For A = A; we have by
4-27)
n+1

(4-28) busi+ Y Aj=Sor—For,
1

which is greater than zero in this case. Actually we have s, ; — ry.; = 2k € 27,
with 0 <k < Zg“ Aj; compare (4-19). By (4-5) we have

n—l—lLl—{—k—ZjeLAj
n—1 ’

4-29)  m(t.&)= Y. (—1)“(

Lc(1,2,....n+1)
with a subset L contributing to the sum if and only if
(4-30) k>I|LI+) Aj.

jeL

For example, L = @ and L = {2} always contribute to the sum. One would expect
m(t, 8,,) to be always nonzero, yielding s, -« as the minimal element p .. This
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is true in most of the cases but not always. For some special values of ag, b1 and
Aj (j = 3) we actually get zero from the formula above.

Let, e.g., k =1, that is, s — 75 = 2. By (4-30) the subsets with |L| > 2 do
not contribute to the sum. Besides L = &, {2}, the subset L = {j} contributes if
and only if A; =0. The numbers Ay, Az, ..., A, cannot all be zero since (4-28)
would give then b, | = 2, while b, < 0. Similarly, the numbers Az, ..., A,4+1
cannot all be zero since this would conflict with (4-19) (k being 1). If ¢ is the
number of vanishing A;, j # 2, then (4-29) gives

m(t,8,,)=n—1—gq.

This is zero if ¢ = n — 1, that is, when A and n — 2 of the n — 1 numbers A},
J = 3, vanish. The nonvanishing one, A, will satisfy A, > 2 since b, +Aj, =2
by (4-28). We conclude that for s, ; — rs,; = 2 the minimal element of A, (7) is
Uo.r = So.r &, except when the following condition holds:

Aj=0,Vj=3, j#j, Aj, =2,
by =2ay + max(a, by).

In this case we compute
m(t,8,) =1 for A =ns+ (o, +2)c,

so that (s = (So.r +2)a. If kK > 2 we can reason in a similar way, but we get
more cases in which (s > S5 r¢¢. In general we have then

So70 < o < 2(ap+by)a,

i.e., Uor = (So.r +2p)a, where p is the first integer such that 0 < p < b; —
max(az, bp) and m(t, §,) > 0 for A =05 + (5o, +2p) cx.

Finally, let max(rs. 1, So.7, to.r) = ts.r With #5; > rs ;. Then the element A, =
Ne + 15 ra is in F4, it is in class 2, and satisfies the double interlacing conditions.
Indeed for A = X, we get a; = by and —a, 11 = b; — 2ay, so that

A1 =0, A2 =b1 —2a0—max(a2,b2).

The condition A, > 0 is equivalent to 75 ; > 55 ;. For A = A, we have

n+1
bn+1 +ZAJ =l —Tor = 2k,
1
with k a positive integer. The multiplicity m(z, §,,) is given by the same formula
(4-29), and we can repeat similar considerations as in the previous case. We get
Uo.r = (ty,r+2p)a, where p is the first integer such that 0 < p <2ag and m(z, §,) >
0 for A = s + (5, +2p)«. This finishes the proof of the theorem. O



26 ROBERTO CAMPORESI

Example 1. Consider the spinor K-types 7;, with highest weights

J
V=) & —(—earr  (O=j=n).
k=1

(It is understood that 22: .=0ifb<a.) Leto;, oj/. be the M-types with respective
highest weights
Jj+1 n—j
n.,-=;ek+ Soertes)  O<jsa-1),

j .
n—j—1 }
U;=;8k+T(81+8n+1) (I<j<n-1.

Theorem 4.2 gives the following M-decompositions of the K-types 7;, all with
multiplicity one:

oly =00, Ty =01 @0 B oy,
Tilu=0;®0;®0;1@©0;_; Q2=<j<n-1),
Tnlm = On-1 @U,/,_l-
(See [Camporesi and Pedon 2002, Lemma 4.1]; note the misprint in the decompo-
sition of t, |, where o, should read o,,_1.)
It is an easy matter to compute the minimal element p, . for each pair (o, 7)

witho € M (7). The result is as follows.
For (0, 7) = (0{, T1) We get

Mot =To 0 =NA > So 00 = (N —2)a,

and A9 = A3 > A;. The element A| = n, + s, -« satisfies the double interlacing
conditions (4—6) for any n > 3, but it does not contain 7 (formula (4-5) gives zero
since by, 11 +Z’f+l Aj =—2<0). This shows that the double interlacing conditions
(4-6) are not sufficient, in general, for v to occur in A’

For (0,7) = (0j-1,7j) 2 < j <n) we get

Mor=Se0=Mm+3—jla>r;,a=n+1—-j)a,
and A; = A3 > A¢. For all remaining cases we get
Mo,z = So,t¥ =T5 O,

and A9 = A = A3, except for (o, T) = (00, T1) Where Ag = A1 < A3.
In all cases we have Ay < Ag and A, < A1, except for (o, 7) = (G]’, 1) and n =2,
where 0 = )\.1 < )»2 = )\0.
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Example 2. Let t be the K-type with highest weight v = 2¢; + &, and ¢ the
M -type with highest weight 1, = &,. Theorem 4.2 implies easily that o occurs in
7|y with multiplicity m (o, ) = 1. One computes

WHor =l 00 = 4o > Sg, 1 =Fg 00 = 2o,

and A» = A3 > A1 = Ag. This shows that ¢, ; can be greater than s, ; and 7, ;.
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