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Let K be any field and G be a finite group. Let G act on the rational function
field K (xg : g ∈ G) by K -automorphisms defined by g · xh = xgh for any
g, h ∈ G. Denote by K (G) the fixed field K (xg : g ∈ G)G . Noether’s problem
asks whether K (G) is rational (= purely transcendental) over K . A result of
Serre shows that Q(G) is not rational when G is the generalized quaternion
group of order 16. We shall prove that K (G) is rational over K if G is any
nonabelian group of order 16 except when G is the generalized quaternion
group of order 16. When G is the generalized quaternion group of order 16
and K (ζ8) is a cyclic extension of K , then K (G) is also rational over K .

1. Introduction

Let K be any field and G be a finite group. Let G act on the rational function field
K (xg : g ∈ G) by K -automorphisms such that g ·xh = xgh for any g, h ∈ G. Denote
by K (G) the fixed subfield

K (xg : g ∈ G)G
= { f ∈ K (xg : g ∈ G) : σ · f = f for any σ ∈ G}.

Noether’s problem asks whether K (G) is rational (that is, purely transcendental)
over K .

Noether’s problem for finite abelian groups has been studied by Swan, Endo
and Miyata, Voskresenskii, Lenstra, Colliot-Thélène and Sansuc, among others;
see [Swan 1983] and the references therein. But our knowledge about Noether’s
problem for nonabelian groups is rather incomplete. It is known that K (G) is
rational if G is a transitive solvable subgroup of the symmetric group Sp when p =

3, 5, 7, 11 [Furtwängler 1925], the quaternion group of order 8 [Grbner 1934], the
alternating group A5 [Maeda 1989; Kervaire and Vust 1989], P SL2(7), P Sp4(3)

(such that the base fields K contain suitable quadratic fields of Q) [Kemper 1996]
or finite reflection groups [Kemper and Malle 1999]. Noether’s problem for meta-
abelian groups and dihedral groups is discussed in [Haeuslein 1971; Hajja 1983;
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Kang 2004]. One striking result is Saltman’s Theorem [1984], which shows that
C(G) is never rational for a p-group of order p9. (See [Bogomolov 1987] for p-
groups of smaller orders.) If K is a field containing enough roots of unity, then
K (G) is rational for any nonabelian group of order p3 or p4 [Chu and Kang 2001].
A result of Serre [1995, 3.5] (see also [Garibaldi et al. 2003, Theorem 33.26 and
Example 33.27, pp. 89–90]) shows that Q(G) is not rational if G is the generalized
quaternion group of order 16 (see Theorem 1.3 for the definition of this group); in
fact, it is shown that, if G is a finite group whose 2-Sylow subgroup is isomorphic
to the generalized quaternion group, then Q(G) is not rational [Garibaldi et al.
2003, Theorem 34.7, p. 92]. Thus it would be interesting to investigate for which
fields K and 2-groups G the field K (G) will be rational, at least for groups of
small order. It turns out that, if G is a nonabelian group of order 8 or 16, Serre’s
counterexample is the only exceptional case. See Theorem 1.3.

One motivation to study Noether’s problem arises from the inverse Galois prob-
lem, in particular, the existence of a generic polynomial for G-extensions over K
(equivalently, the existence of a generic Galois G-extension over K ). If K is an
infinite field and K (G) is rational over K , there exists a generic polynomial for G-
extensions over K [Saltman 1982, Theorem 5.1; DeMeyer and McKenzie 2003].
(See also [Hashimoto and Miyake 1999] for the case of dihedral extensions.) For
most p-groups G, it is still unknown whether a generic Galois G-extension over
K exists [Saltman 1982]. We just mention some relevant results:

Theorem 1.1. Let K be any infinite field.

(1) [Black 1999] There exists a generic Galois G-extension over K if G = D4 or
D8, where D4 and D8 are the dihedral groups of order 8 and 16.

(2) [Ledet 2000; 2001] There exists a generic polynomial for G-extensions over
K , if G is

(i) a nonabelian group of order 8, or
(ii) a nonabelian group of order 16 defined by

G = 〈σ, τ : σ 8
= τ 2

= 1, τ−1στ = σ a
〉 with a = 3, 5, 7, or

G = 〈σ, τ, λ : σ 4
= τ 2

= λ2
= 1, τ−1στ = λ−1σλ = σ, λ−1τλ = σ 2τ 〉.

Theorem 1.2 [Chu et al. 2004]. For any field K , K (G) is rational over K provided
that G is

(i) a nonabelian group of order 8, or

(ii) a nonabelian group of order 16 defined by

G = 〈σ, τ : σ 8
= τ 2

= 1, τ−1στ = σ a
〉 with a = 3, 5 or 7.
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What we will prove in this article completes our knowledge of Noether’s prob-
lem for groups of order 16:

Theorem 1.3. For any field K , K (G) is rational over K , if G is any nonabelian
group of order 16 except possibly the generalized quaternion group defined by

G = 〈σ, τ : σ 8
= τ 4

= 1, σ 4
= τ 2, τ−1στ = σ−1

〉.

For this “exceptional” group G, if K (ζ8) is cyclic over K where ζ8 is a primitive
8-th root of unity (in case char K 6= 2), then K (G) is rational also.

As mentioned before we cannot improve the “exceptional” group G in Theorem
1.3 if K = Q because of Serre’s Theorem. We will remark that the novelty of
Theorem 1.3. is that no “unnecessary” restriction on the field is assumed; it is
known that K (G) is always rational provided that G is any nonabelian p-group of
order p3 or p4 with exponent pe and K is a field containing a primitive pe-th root
of unity [Chu and Kang 2001, Theorem 1.6].

As an application of the above theorem we obtain the following theorem, thanks
to [Saltman 1982, Theorem 5.1].

Theorem 1.4. For any infinite field K , a generic Galois G-extension over K exists
for any nonabelian group G of order 16, except possibly the generalized quaternion
group of order 16 defined in Theorem 1.3. If G is the generalized quaternion group
of order 16 and K (ζ8) is cyclic over K (in case char K 6= 2), then a generic Galois
G-extension over K exists also.

We shall organize this paper as follows. We will recall some preliminaries in
Section 2. Theorem 1.3 will be proved in Section 3. We will remark that, since
the proof of this theorem is constructive, a transcendental basis of K (G) can be
exhibited explicitly. Thus a generic polynomial for G-extensions over K can be
found by applying [Kemper and Malle 1999, Proposition 3.1]. Since Noether’s
problem for finite abelian groups was completely solved by Lenstra [1974], we
will concentrate on nonabelian groups.

Notations and terminologies. A field extension L over K is rational if L is purely
transcendental over K ; L is called stably rational over K if there exist elements
y1, . . . , yN which are algebraically independent over L such that L(y1, . . . , yN ) is
rational over K . ζn will denote a primitive n-th root of unity in some extension
field of the field K when char K = 0 or char K = p > 0 with p - n. Finally, recall
the definition K (G) at the beginning of this section: K (G) = K (xg : g ∈ G)G .
The representation space of the regular representation of G over K is denoted by
W =

⊕
g∈G K · x(g) where G acts on W by g · x(h) = x(gh) for any g, h ∈ G.
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2. Generalities

We recall a variant of Hilbert’s Theorem 90 that has been used by many people
under different guises.

Theorem 2.1 [Hajja and Kang 1995, Theorem 1]. Let L be a field and G a finite
group acting on L(x1, . . . , xm), the rational function field of m variables over L .
Suppose that

(i) for any σ ∈ G, σ(L) ⊂ L;

(ii) the restriction of the action of G to L is faithful;

(iii) for any σ ∈ G, 
σ(x1)

.

.

.

σ (xm)

 = A(σ )


x1

.

.

.

xm

 + B(σ )

where A(σ ) ∈ GLm(L) and B(σ ) is an m × 1 matrix over L .

Then there exist z1, . . . , zm ∈ L(x1, . . . , xm) such that

L(x1, . . . , xm)G
= LG(z1, . . . , zm)

and σ(zi ) = zi for any σ ∈ G and any 1 ≤ i ≤ m.

Theorem 2.2 [Hajja and Kang 1994, Lemma (2.7)]. Let K be any field, a, b ∈

K \ {0} and σ : K (x, y) → K (x, y) the K -automorphism defined by σ(x) = a/x ,
σ(y) = b/y. Then K (x, y)〈σ 〉

= K (u, v) where

u =

x −
a
x

xy −
ab
xy

, v =

y −
b
y

xy −
ab
xy

.

Moreover, x + (a/x) = (−bu2
+ av2

+ 1)/v, y + (b/y) = (bu2
− av2

+ 1)/u,
xy + (ab/(xy)) = (−bu2

− av2
+ 1)/(uv).

Theorem 2.3 [Kuniyoshi 1955; Miyata 1971]. Let K be a field with char K =

p > 0 and G be a p-group. Then K (V )G is rational over K for any representation
ρ : G → GL(V ) where V is a finite-dimensional vector space over K .

Proof. Since char K = p > 0 and |G| = pm , any representation of G can be
triangulated. Apply [Hajja and Kang 1994, Theorem (2.2)]. �
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3. Proof of Theorem 1.3

Without loss of generality we will assume that K is any field with char K 6= 2
throughout this section, because Theorem 2.3 will take care of the case char K = 2.

Here is a list of nonabelian groups of order 16, which can be found in [Huppert
1967, p. 349] or in [Chu and Kang 2001, Theorem 3.4]:

(I) 〈σ, τ : σ 8
= τ 2

= 1, τ−1στ = σ−1
〉,

(II) 〈σ, τ : σ 8
= τ 4

= 1, σ 4
= τ 2, τ−1στ = σ−1

〉,

(III) 〈σ, τ : σ 8
= τ 2

= 1, τ−1στ = σ 5
〉,

(IV) 〈σ, τ : σ 8
= τ 2

= 1, τ−1στ = σ 3
〉,

(V) 〈σ, τ, λ : σ 4
= τ 2

= λ2
= 1, τ−1στ = λ−1σλ = σ, λ−1τλ = σ 2τ 〉,

(VI) 〈σ, τ, λ : σ 4
= τ 2

= λ2
= 1, τ−1στ = σ−1, λ−1σλ = σ, λ−1τλ = τ 〉,

(VII) 〈σ, τ, λ:σ 4
=τ 4

=λ2
=1, σ 2

=τ 2, τ−1στ =σ−1, λ−1σλ=σ, λ−1τλ=τ 〉,

(VIII) 〈σ, τ : σ 4
= τ 4

= 1, τ−1στ = σ−1
〉,

(IX) 〈σ, τ, λ : σ 4
= τ 2

= λ2
= 1, τ−1στ = σ, λ−1σλ = στ, λ−1τλ = τ 〉.

Because we have solved the rationality problem for the groups (I), (III), (IV) in
[Chu et al. 2004], we will consider the remaining six groups in this article.

Case 1. The group (V): G = 〈σ, τ, λ : σ 4
= τ 2

= λ2
= 1, τ−1στ = λ−1σλ =

σ, λ−1τλ = σ 2τ 〉.
If

√
−1 ∈ K , then K (G) is rational by [Chu and Kang 2001, Theorem 1.6].

Hence we shall assume that
√

−1 /∈ K from now on.
Let W =

⊕
g∈K K ·x(g) be the representation space of the regular representation

of G. Define

x1 = x(1) + x(τ ) − x(σ 2) − x(σ 2τ),

x2 = σ · x1, x3 = λ · x1, x4 = λσ · x1.

Then we find that

σ : x1 7→ x2 7→ −x1, x3 7→ x4 7→ −x3,

τ : x1 7→ x1, x2 7→ x2, x3 7→ −x3, x4 7→ −x4,

λ : x1 ↔ x3, x2 ↔ x4.

Moreover,
⊕

1≤i≤4 K · xi is a faithful G-subspace of W . Thus K (G) is rational
if K (x1, . . . , x4)

G is rational by Theorem 2.1.
Let Gal(K

√
−1/K ) = 〈ρ〉 and ρ :

√
−1 7→ −

√
−1. We extend the actions of

σ , τ , λ, ρ to K (
√

−1)(x1, . . . , x4) by requiring σ(
√

−1) = τ(
√

−1) = λ(
√

−1) =
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√
−1, ρ(xi ) = xi for 1 ≤ i ≤ 4. Then

K (x1, . . . , x4)
〈σ,τ,λ〉

= {K (
√

−1)(x1, . . . , x4)
〈ρ〉

}
〈σ,τ,λ〉

= K (
√

−1)(x1, . . . , x4)
〈σ,τ,λ,ρ〉.

Define

y1 =
√

−1x1 + x2, y2 = −
√

−1x1 + x2,

y3 =
√

−1x3 + x4, y4 = −
√

−1x3 + x4.

Then we get

σ : y1 7→
√

−1 y1, y2 7→ −
√

−1 y2, y3 7→
√

−1 y3, y4 7→ −
√

−1 y4,

τ : y1 7→ y1, y2 7→ y2, y3 7→ −y3, y4 7→ −y4,

λ : y1 ↔ y3, y2 ↔ y4,

ρ : y1 ↔ y2, y3 ↔ y4.

Define
z1 = y1 y2, z2 = y3 y4, z3 = y3/y1, z4 = y4

1 .

Then K (
√

−1)(y1, . . . , y4)
<σ>

= K (
√

−1)(z1, . . . , z4); moreover,

τ : z1 7→ z1, z2 7→ z2, z3 7→ −z3, z4 7→ z4,

λ : z1 ↔ z2, z3 7→ 1/z3, z4 7→ z4
3z4,

ρ : z1 7→ z1, z2 7→ z2, z3 7→ z2/(z1z3), z4 7→ z4
1/z4.

Thus K (
√

−1)(z1, . . . , z4)
〈τ 〉

= K (
√

−1)(z1, z2, z2
3, z4).

Define

u1 = z1z2, u2 = z2
3z4/(z1z2), x = z1, y = z1z2

3/z2.

Then we find that

λ : u1 7→ u1, u2 7→ u2, x 7→ a/x, y 7→ b/y,

ρ : u1 7→ u1, u2 7→ 1/u2, x 7→ x, y 7→ 1/y.

where a = u1, b = 1.
Define

u =

x −
a
x

xy −
ab
xy

, v =

y −
b
y

xy −
ab
xy

.

By Theorem 2.2, K (
√

−1)(u1, u2, x, y)〈λ〉
= K (

√
−1)(u1, u2, u, v).
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It is routine to check that

ρ : u 7→

x −
a
x

bx
y

−
ay
x

, v 7→ −

y −
b
y

bx
y

−
ay
x

.

Define w = u/v. Then ρ(w) = −w. It is not difficult to verify that

(3–1)
x −

a
x

bx
y

−
ay
x

=
u

bu2 − av2 .

In fact, using Theorem 2.2, the right-hand side of (3–1) is equal to (y + (b/y)−

(1/u))−1. It is very easy to check that the left-hand side of (3–1) is equal to the
same quantity.

It follows that ρ(u) = u/(bu2
− av2) = c/u where c = w2/(bw2

− a).
Define

t = u1, s =
√

−1w, q = w(1 + u2)/(1 − u2).

Then

ρ :
√

−1 7→ −
√

−1, t 7→ t, s 7→ s, q 7→ q, u 7→ c/u

where c = w2/(bw2
− a) = s2/(s2

+ t).
Define p = (s2

+ t)u/s. Then ρ(p) = A/p where A = s2
+ t .

It follows that K (
√

−1)(u1, u2, u, v)〈ρ〉
= K (

√
−1)(t, s, p, q)〈ρ〉

= K (
√

−1)

(t, s, p)〈ρ〉(q) = K (t, s, X, Y, q) where X = p + (A/p), Y =
√

−1(p − (A/p)).
Note that a relation of X and Y is

X2
+ Y 2

= 4A = 4(s2
+ t).

Hence t ∈ K (s, X, Y ). It follows that K (t, s, X, Y, q)= K (s, X, Y, q) is rational
over K .

Case 2. The group (VI): G =〈σ, τ, λ :σ 4
= τ 2

=λ2
= 1, τ−1στ =σ−1, λ−1σλ=

σ, λ−1τλ = τ 〉.
As before, let W =

⊕
g∈G K · x(g) be the regular representation of G. Define

x1 = x(1) + x(τ ) − x(σ 2) − x(σ 2τ),

x2 = σ · x1, x3 = λ · x1, x4 = λσ · x1.
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Then we find that

σ : x1 7→ x2 7→ −x1, x3 7→ x4 7→ −x3,

τ : x1 7→ x1, x2 7→ −x2, x3 7→ x3, x4 7→ −x4,

λ : x1 ↔ x3, x2 ↔ x4.

As in Case 1, it suffices to consider the case
√

−1 /∈ K . Let Gal(K (
√

−1/K )

= 〈ρ〉 with ρ(
√

−1) = −
√

−1.
Define yi and zi , for 1 ≤ i ≤ 4, the same way as in Case 1. We find

K (
√

−1)(x1, . . . , x4)
〈σ 〉

= K (
√

−1)(z1, . . . , z4).

The actions of λ and ρ on z1, . . . , z4 are the same as in Case 1, while τρ(
√

−1) =

−
√

−1, τρ(zi ) = zi for 1 ≤ i ≤ 4. Thus

K (
√

−1)(z1, . . . , z4)
〈τ,λ,ρ〉

= K (
√

−1)(z1, . . . , z4)
〈τρ,λ,ρ〉

= K (z1, . . . , z4)
〈λ,ρ〉.

Define

u1 = z1z2, u2 = z1, x = z3/z2, y = z2
3z4/(z1z2).

We find that

λ; u1 7→ u1, u2 7→ u1/u2, x 7→ a/x, y 7→ y,

ρ : u1 7→ u1, u2 7→ u2, x 7→ a/x, y 7→ b/y,

where a = 1/u1 and b = 1.
Define u, v, and w = u/v the same way as in Case 1. Then K (u1, u2, x, y)〈ρ〉

=

K (u1, u2, w, u) and we find that

λ : u1 7→ u1, u2 7→ u1/u2, w 7→ −w, u 7→ c/u,

where c = w2/(bw2
− a).

Define

w1 = −1/(u1w
2), w2 = ww1u2, w3 = u/c.

Then K (u1, u2, w, u) = K (w1, w2, w3, w) and

λ : w1 7→ w1, w2 7→ w1/w2, w3 7→ (w1 + 1)/w3.

By Theorem 2.1, it suffices to show that K (w1, w2, w3)
〈λ〉 is rational over K .

But this is easy because it is even rational over K (w1) by Theorem 2.2.

Case 3. The group (VII): G = 〈σ, τ, λ : σ 4
= τ 4

= λ2
= 1, σ 2

= τ 2, τ−1στ =

σ−1, λ−1σλ = σ, λ−1τλ = τ 〉.
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Define a faithful G-subspace
⊕

1≤i≤5 K · xi in the representation space W =⊕
g∈G K · x(g) of the regular representation by

x1 = x(1) + x(λ) − x(σ 2) − x(σ 2λ),

x2 = σ · x1, x3 = τ · x1, x4 = τσ · x1,

x5 =

∑
h∈H

x(h) −

∑
h∈H

x(hλ)

where H is the subgroup generated by σ and τ .
We find that

σ : x1 7→ x2 7→ −x1, x3 7→ −x4, x4 7→ x3, x5 7→ x5,

τ : x1 7→ x3, x2 7→ x4, x3 7→ −x1, x4 7→ −x2, x5 7→ x5,

λ : x1 7→ x1, x2 7→ x2, x3 7→ x3, x4 7→ x4, x5 7→ −x5.

Thus

K(x1, . . . , x5)
〈λ〉

= K(x1, . . . , x2
5), K(x1, . . . , x5)

〈σ,τ,λ〉
= K(x1, . . . , x4)

〈σ,τ 〉(x2
5).

However, the fixed field K (x1, . . . , x4)
〈σ,τ 〉 is exactly the same as in the proof of

[Chu et al. 2004, Theorem 2.6]. (The subgroup H = 〈σ, τ 〉 is the quaternion group
of order 8.) Hence the result.

Case 4. The group (VIII): G = 〈σ, τ : σ 4
= τ 4

= 1, τ−1στ = σ−1
〉.

Define a faithful G-subspace
⊕

1≤i≤4 K · xi in W =
⊕

g∈G K · x(g) by

x1 = x(1) + x(τ ) − x(σ 2) − x(σ 2τ), x2 = σ · x1,

x3 =

∑
0≤i≤3

x(σ i ) −

∑
0≤i≤3

x(σ iτ 2), x4 = τ · x3.

Then we find

σ : x1 7→ x2 7→ −x1, x3 7→ x3, x4 7→ x4,

τ : x1 7→ x1, x2 7→ −x2, x3 7→ x4 7→ −x3.

It is clear that K (x1, . . . , x4)
〈σ 2,τ 2

〉
= K (y1, . . . , y4) where y1 = x1x2, y2 =

x2
1 , y3 = x3x4, y4 = x2

3 .
Note that

σ : y1 7→ −y1, y2 7→ y2
1/y2, y3 7→ y3, y4 7→ y4,

τ : y1 7→ −y1, y2 7→ y2, y3 7→ −y3, y4 7→ y2
3/y4.

Define u1 = y2 + (y2
1/y2), u2 = (y1/y2)− (y2/y1), u3 = y3, u4 = y3/y4. Since

[K (u1, u2)(y1) : K (u1, u2)] ≤ 2, it follows that K (y1, . . . , y4)
〈σ 〉

= K (u1, . . . , u4).
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Note that

τ : u1 7→ u1, u2 7→ −u2, u3 7→ −u3, u4 7→ −1/u4.

Hence K (u1, . . . , u4)
〈τ 〉

= K (u1, u2u3, u3u4 + (u3/u4), u4 − (1/u4)) is rational
over K .

Case 5. The group (IX): G = 〈σ, τ, λ : σ 4
= τ 2

= λ2
= 1, τ−1στ = σ, λ−1σλ =

στ, λ−1τλ = τ 〉.

Define a faithful G-subspace
⊕

1≤i≤4 K · xi in W =
⊕

g∈G K · x(g) by

x1 = x(1) − x(σ 2) − x(λ) + x(σ 2λ),

x2 = σ · x1, x3 = τ · x1, x4 = τσ · x1.

Then we find that

σ : x1 7→ x2 7→ −x1, x3 7→ x4 7→ −x3,

τ : x1 ↔ x3, x2 ↔ x4,

λ : x1 7→ −x1, x2 7→ −x4, x3 7→ −x3, x4 7→ −x2.

Define

y1 = x1 − x3, y2 = x2 − x4, y3 = x1 + x3, y4 = x2 + x4.

It follows that

σ : y1 7→ y2 7→ −y1, y3 7→ y4 7→ −y3,

τ : y1 7→ −y1, y2 7→ −y2, y3 7→ y3, y4 7→ y4,

λ : y1 7→ −y1, y2 7→ y2, y3 7→ −y3, y4 7→ −y4.

Hence K (x1, . . . , x4)
〈τ 〉

= K (y1, . . . , y4)
〈τ 〉

= K (z1, . . . , z4) where z1 = y2
1 ,

z2 = y1 y2, z3 = y3, z4 = y4. Moreover, it can be verified that

σ : z1 7→ z2
2/z1, z2 7→ −z2, z3 7→ z4 7→ −z3,

λ : z1 7→ z1, z2 7→ −z2, z3 7→ −z3, z4 7→ −z4.

Define u1 = z1, u2 = z2
2, u3 = z2z3, u4 = z3z4. Then K (z1, . . . , z4)

〈λ〉
=

K (u1, . . . , u4) and we find

σ : u1 7→ u2/u1, u2 7→ u2, u3 7→ −u2u4/u3, u4 7→ −u4.

It is easy to check that K (u1, . . . , u4)
〈σ 2

〉
= K (u1, u2, u2

3, u4).
Define

v1 = u2, v2 = (u1 − (u2/u1))u4, x = u1, y = u2
3/u4.
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We find that

σ : v1 7→ v1, v2 7→ v2, x 7→ v1/x, y 7→ −v1/y.

By Theorem 2.2, K (v1, v2, v3, v4)
〈σ 〉 is rational over K .

Case 6. The group (II): G = 〈σ, τ : σ 8
= τ 4

= 1, σ 4
= τ 2, τ−1στ = σ−1

〉 and
assume that K (ζ8) is cyclic over K .

If ζ8 ∈ K , then K (G) is rational over K by [Chu and Kang 2001, Theorem 1.6].
Hence we shall assume that ζ8 /∈ K from now on.

Because K (ζ8) is cyclic over K , it follows that Gal(K (ζ8)/K ) = 〈ρ〉 where
ρ(ζ8) = ζ a

8 with a = 3, 5 or 7.
We will find a faithful G-subspace

⊕
1≤i≤8 K · xi of W =

⊕
g∈G K · x(g) by

x1 = x(1) − x(σ 4), xi = σ i−1x1 for 2 ≤ i ≤ 4,

x j = τσ j−5x1 for 5 ≤ j ≤ 8.

We find that

σ : x1 7→ x2 7→ x3 7→ x4 7→ −x1, x8 7→ x7 7→ x6 7→ x5 7→ −x8,

τ : x1 7→ x5, x2 7→ x6, x3 7→ x7, x4 7→ x8, x5 7→ −x1, x6 7→ −x2,

x7 7→ −x3, x8 7→ −x4.

We shall write ζ for ζ8 in the sequel and remember ρ(ζ ) = ζ a with a = 3, 5
or 7. We shall extend the actions of σ, τ, ρ to K (ζ )(x1, . . . , x8) by requiring
σ(ζ ) = τ(ζ ) = ζ and ρ(xi ) = xi for 1 ≤ i ≤ 8. It follows that

K (x1, . . . , x8)
〈σ,τ 〉

= {K (ζ )(x1, . . . , x8)
〈ρ〉

}
〈σ,τ 〉

= K (ζ )(x1, . . . , x8)
〈σ,τ,ρ〉.

Define y1, y3, y5, y7, z1, z3, z5, z7 by

y1 = (σ − ζ 3)(σ − ζ 5)(σ − ζ 7) · x1, y3 = (σ − ζ )(σ − ζ 5)(σ − ζ 7) · x1

y5 = (σ − ζ )(σ − ζ 3)(σ − ζ 7) · x1, y7 = (σ − ζ )(σ − ζ 3)(σ − ζ 5) · x1

z1 = (σ − ζ 3)(σ − ζ 5)(σ − ζ 7) · x8, z3 = (σ − ζ )(σ − ζ 5)(σ − ζ 7) · x8

z5 = (σ − ζ )(σ − ζ 3)(σ − ζ 7) · x8, z7 = (σ − ζ )(σ − ζ 3)(σ − ζ 5) · x8.

It follows that

σ :yi 7→ ζ i yi , zi 7→ ζ i zi for i = 1, 3, 5, 7,

τ :y1 7→ −ζ 7z7, y3 7→ −ζ 5z5, y5 7→ −ζ 3z3, y7 7→ −ζ z1,

z1 7→ ζ 7 y7, z3 7→ ζ 5 y5, z5 7→ ζ 3 y3, z7 7→ ζ y1.
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If ρ(ζ ) = ζ a , then ρ(yi ) = yai and ρ(zi ) = zai for i = 1, 3, 5, 7. (The index
ai is understood to be modulo 8.)

Apply Theorem 2.1. Then

K (ζ )(x1, . . . , x8)
〈σ,τ,ρ〉

= K (ζ )(y1, y3, y5, y7, z1, z3, z5, z7)
〈σ,τ,ρ〉

is rational provided that K (ζ ) (y1, y3, z5, z7)
〈σ,τ,ρ〉 be rational when ρ(ζ )=ζ 3, that

K (ζ )(y1, y5, z3, z7)
〈σ,τ,ρ〉 be rational when ρ(ζ )=ζ 5, and K (ζ )(y1, y7, z1, z7)

〈σ,τ,ρ〉

be rational when ρ(ζ ) = ζ 7.

Subcase 6.1. ρ(ζ ) = ζ 3.
Define

u1 = y1z7, u2 = y3z5, u3 = y3/y3
1 , u4 = y8

1 .

Then K (ζ )(y1, y3, z5, z7)
〈σ 〉

= K (ζ )(u1, . . . , u4) and the actions of τ and ρ are
given by

τ : u1 7→ −u1, u2 7→ −u2, u3 7→ u2/u3
1u3, u4 7→ u8

1/u4,

ρ : u1 7→ u2, u2 7→ u1, u3 7→ 1/(u3
3u4), u4 7→ u8

3u3
4.

Define

r = u1, s = u2/u1, x = u1u3, y = u2
3u4/(u1u2), t = r(y − (1/y)).

Then

τ : r 7→ −r, s 7→ s, x 7→ −s/x, y 7→ 1/y, t 7→ t,

ρ : r 7→ rs, s 7→ 1/s, x 7→ 1/xy, y 7→ y, t 7→ st.

Note that K (ζ )(u1, . . . , u4) = K (ζ )(r, s, x, y) = K (ζ )(s, t, x, y).
By Theorem 2.2, K (ζ )(s, t, x, y)〈τ 〉

= K (ζ )(s, t, u, v) where

u =

x +
s
x

xy +
s

xy

, v =

y −
1
y

xy +
s

xy

.

It is routine to check that ρ(u) = 1/u, ρ(v) = sv/u.
Define

s ′
= (ζ − ρ(ζ ))(1 + s)(1 − s)−1, t ′

= (1 + s)t,

u′
= (ζ − ρ(ζ ))(1 + u)(1 − u)−1, v′

= (1 + (s/u))v.

We find that K (ζ )(s, t, u, v) = K (ζ )(s ′, t ′, u′, v′) and ρ(s ′) = s ′, ρ(t ′) = t ′,
ρ(u′) = u′, ρ(v′) = v′. Thus K (ζ )(s, t, u, v)〈ρ〉

= K (s ′, t ′, u′, v′) is rational.

Subcase 6.2. ρ(ζ ) = ζ 5.
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Define
u1 = y1z7, u2 = y5z3, u3 = y5/y5

1 , u4 = y8
1 .

Then K (ζ )(y1, y5, z3, z7)
〈σ 〉

= K (ζ )(u1, . . . , u4) and the actions of τ and ρ are
given by

τ : u1 7→ −u1, u2 7→ −u2, u3 7→ u2/u5
1u3, u4 7→ u8

1/u4,

ρ : u1 7→ u2, u2 7→ u1, u3 7→ 1/(u5
3u3

4), u4 7→ u8
3u5

4.

Define

r = u1, s = u2/u1, x = u2
2/(u

3
3u2

4), y = u1u2
3u4/u2, t = r(y − (1/y)).

Then

τ : r 7→ −r, s 7→ s, x 7→ s/x, y 7→ 1/y, t 7→ t,

ρ : r 7→ rs, s 7→ 1/s, x 7→ xy/s, y 7→ 1/y, t 7→ −st.

By Theorem 2.2, K (ζ )(u1, . . . , u4)
〈τ 〉

= K (ζ )(s, t, x, y)〈τ 〉
= K (ζ )(s, t, u, v),

where

u =

x −
s
x

xy −
s

xy

, v =

y −
1
y

xy −
s

xy

.

It is routine to check that ρ(u) = 1/u, ρ(v) = −sv/u.
Define

s ′
= (ζ − ρ(ζ ))(1 + s)(1 − s)−1, t ′

= (1 − s)t,

u′
= (ζ − ρ(ζ ))(1 + u)(1 − u)−1, v′

= (1 − (s/u))v.

We find that K (ζ )(s, t, u, v)〈ρ〉
= K (s ′, t ′, u′, v′) is rational.

Subcase 6.3. ρ(ζ ) = ζ 7.
Define

u1 = y1z7, u2 = y7z1, u3 = y7/y7
1 , u4 = y8

1 .

Then K (ζ )(y1, y7, z1, z7)
〈σ 〉

= K (ζ )(u1, . . . , u4) and the actions of τ and ρ are
given by

τ : u1 7→ −u1, u2 7→ −u2, u3 7→ u2/u7
1u3, u4 7→ u8

1/u4,

ρ : u1 7→ u2, u2 7→ u1, u3 7→ 1/(u7
3u6

4), u4 7→ u8
3u7

4.

Define

r = u1, s = u2/u1, x = u3u4/u1, y = u2
2/(u

2
1u4

3u3
4), t = r(y − (1/y)).
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Then

τ : r 7→ −r, s 7→ s, x 7→ −s/x, y 7→ 1/y, t 7→ t,

ρ : r 7→ rs, s 7→ 1/s, x 7→ x/s, y 7→ 1/y, t 7→ −st.

By Theorem 2.2, K (ζ )(u1, . . . , u4)
〈τ 〉

= K (ζ )(s, t, x, y)〈τ 〉
= K (ζ )(s, t, u, v),

where

u =

x −
A
x

xy −
AB
xy

, v =

y −
B
y

xy −
AB
xy

with A = −s, B = 1.
It is routine to check that

ρ : u 7→

x −
A
x

Bx
y

−
Ay
x

, v 7→

−s
(

y −
B
y

)
Bx
y

−
Ay
x

.

Define w = u/v. Then ρ(w) = −w/s. Note that

x −
A
x

Bx
y

−
Ay
x

=
u

bu2 − Av2 ,

because this is the same identity as the identity (3–1) we encountered in Case 1.
It follows that ρ(u) = u/(Bu2

− Av2) = C/u where C = w2/(w2
+ s).

Define
p = (1 − (1/s))w, q = (1 − s)t.

Then C = p2/(s + (1/s) + p2
− 2).

It follows that K (ζ )(s, t, u, v)〈ρ〉
= K (ζ )(s, q, p, u)〈ρ〉, where

ρ : s 7→ 1/s, q 7→ q, p 7→ p, u 7→ C/u.

Define

X = s + (1/s), Y = (ζ − ρ(ζ ))(s − (1/s)),

Z = u + (C/u), W = (ζ − ρ(ζ ))(u − (C/u)).

Then K (ζ )(s, q, p, u)〈ρ〉
= K (ζ )(s, p, u)〈ρ〉(q) = K (X, Y, Z , W, p, q) because

[K (X, Y, Z , W, p)(ζ ) : K (X, Y, Z , W, p)] ≤ 2. The relations of X, Y, Z , W, p
are given by

(3–2) 1X2
− (Y/(ζ − ρ(ζ )))2

= 4
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and

(3–3) Z2
−(W/(ζ−ρ(ζ )))2

= 4C = 4p2/(s+(1/s)+p−2) = 4p2/(X+p2
−2).

Define η = 1/(ζ − ρ(ζ ))2
∈ K . Then we find, from (3–2), that (X − 2)/Y =

ηY/(X + 2). From this we find that (X − 2)/Y , X and Y all lie in K ((X + 2)/Y ).

Simplify (3–3). We get

(3–4) (Z(X − p2
− 2)/(2p))2

− η(W (X − p2
− 2)/(2p))2

= X + p2
− 2.

Let Z1 = Z(X − p2
− 2)/(2p)− p, Z2 = Z(X − p2

− 2)/(2p)+ p, and W1 =

W (X − p2
−2)/(2p). Thus (3–4) becomes Z1 Z2 −ηW 2

1 = X −2 ∈ K((X +2)/Y ).
Thus Z2, p ∈ K((X +2)/Y, Z1,W1); hence K (X, Y, Z , W, p, q) = K ((X +2)/Y,

Z1, W1, q) is rational over K .
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