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CINDY DE VOLDER AND ANTONIO LAFACE

Consider a (nonempty) linear system of surfaces of degree d in P? through
at most 8 multiple points in general position and let £ denote the corre-
sponding complete linear system on the blowing-up X of P3 along those
general points. Then we determine the base locus of such linear systems &
on X.

1. Introduction

We work over an algebraically closed field of characteristic 0.

Let Py, ..., P. be general points of the n-dimensional projective space P" and
choose some nonnegative integers my, ..., m,. Consider the linear system &' of
hypersurfaces of degree d in P" having multiplicities at least m; at P;, for all
i =1,...,r. Let X denote the blowing-up of P" along Py, ..., P,, and let £
denote the complete linear system on X corresponding to &'

A point Q € X is called a basepoint of £ if Q € D for every divisor D € £. The
scheme-theoretical union of all basepoints of & is called the base locus of &£.

In the case n =2 (i.e., if X is a rational surface obtained by blowing-up P? along
r general points) the dimension, base locus and other properties of linear systems &
has been widely studied; see, for example, [Chauvin and De Volder 2002; Ciliberto
and Miranda 1998; 2001; d’ Almeida and Hirschowitz 1992; Gimigliano 1989].

In the case n = 3, i.e., if X is a rational threefold obtained by blowing-up P?
along r general points, very little is known.

In this paper, for n = 3 and r < 8, we will completely describe the base locus
of £ on X.

If n =3 and r < 8, the dimension of & can be determined using the results
from [De Volder and Laface 2003]. These results as well as the ones stated in
[Harbourne 1985] (concerning the dimension and base locus of linear systems on
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rational surfaces with irreducible reduced anticanonical divisor) will play a crucial
role in the main proofs of this paper.

In Sections 2 to 5 we state some preliminaries and notation. The main results
are formulated in Section 6, and the last three sections contain their proofs.

2. Preliminaries

Let Py, ..., Pg be general points on 3, let X denote the blowing-up of P3 along
these 8 points, denote the projection map by 7 : X — P3 and let E; be the excep-
tional divisor corresponding to P;.

By #3(d; my, ..., m,), with r <8, we denote the complete linear system on X
corresponding to the invertible sheaf 7*(Ops (d)) ® Ox (—mE1 —- - - —m, E}); i.e.
the complete linear system corresponding to the linear system of hypersurfaces of
degree d with multiplicities at least m; at P;. Similarly, by £3(d; m?, co.,my)
(with ry +- - - +7r; <8), we denote the complete linear system on X corresponding
to the linear system of hypersurfaces of degree d with r; points of multiplicities at
least m ;.

With (h, ey, ..., e) we denote a basis of AZ(X ), where & is the pullback of
a class of a general line in P> and ¢; is the class of a line on E;. The notation
0 =038, u1, ..., 1y indicates the set of the strict transforms of all curves in P>
of degree § through r points of multiplicity w1y, ..., i, or equivalently all curves
in }8h -y uie,-‘ on X.

For 1 <i < j <38, we denote the strict transform of the line through P; and P;
by Ei,j .

We say a class £3(d; my, ...,m,) is in standard form if m; > --- >m, >0 and
2d = my +my~+m3 + my.

Lemma 2.1 [De Volder and Laface 2003, Proposition 2.2]. A linear system ¥ =
F3(d;my, ..., m,) is in standard form if and only if £ = & + > i, ;¥ with
C; € Zzo, 9),' = $3(2; li) and S = $3(d — 2m4, mi| — mq, My — My, m3 — m4). ]

For all 1 <i <8, let Q; be a general element of ¥;(= $3(2; 1/)). Then Q;
is the blowing-up of Q;, a general quadric hypersurface in [P? through the points
Py, ..., P;, along those i points. Also Pic Q; = (f1, f2, e1, ..., ¢e;), with fj and f>
the pullbacks of the two rulings on Q; and ey, ..., ¢; the exceptional curves. By
£o,(a,b;my, ..., m;) we denote the complete linear system |af; +bf, —mie; —
.-+ —mje;|, and, as before, if some of the multiplicities are the same, we also use
the notation £, (a, b; my', ..., m).

Let B; be the blowing-up of P2 along j general points. Then

Pic B; = (h,ea,...,e;),
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with 7 the pullback of a line and ¢; the exceptional curves. By £5(d; my, ..., mj)
we denote the complete linear system |dh — me} — - — mje;.|. And again,
as before, if some of the multiplicities are the same, we also use the notation
Fo(d; mt, ., min).

On Bj, a system ¥5(d; my, ..., m}) is said to be in standard form if d > m; +
my+m3andm; >my > --->m; >0; and it is called standard it there exists a base
(]:l, el ..., EJ) OfPiCBj such that £,(d; mq, ..., mj) = |d~ﬁ—l’l~’llél — —I’T’ljéﬂ
is in standard form.

As explained in [De Volder and Laface 2003, §6], the blowing-up Q; of the
quadric along i general points can also be seen as a blowing-up of the projective
plane along i 4+ 1 general points, and

Loa,bymy,....mj))=%ra+b—mi;a—my,b—my,my,...,m;).
In particular the anticanonical class —Kp, contains an irreducible reduced divisor

which we denote by Dy, .

3. Cubic Cremona transformation

The cubic Cremona transformation on P3, whose associated rational map is given
by
Cr: P’ - P3

(3-1) _ _ _ _
(X0:x1:x2:x3) —> (xollel:lezx3 1),

induces an action on Pic X and one on A?(X), as stated in the next two propositions
(see [Laface and Ugaglia 2003] for a proof of both results).

Proposition 3.1. Let the Cremona transformation (3—1) use the points Py, ..., Py.
Its induced action on £ = £3(d, my, ..., m,) is given by

(3-2) Cr(¥):=F3(d+k,m+k,...,mg+k,ms,...,m,),

where k =2d — Y }_, m;. O
Proposition 3.2. Let the Cremona transformation (3—1) use the points P, ..., Py.
Its induced action on £ =€3(8, w1, . .., ), with £ skew to the {; ; for 1 <i < j <4,
is given by

(3-3) Cr(0): =030 +2h, i1 +h, ..., ua+h, s, ..., i),

where h = 8—2?:1 Wi. Moreover, under the same assumption, for all 1 <i < j <4,
we have that Cr({; ;) = €y, with {i, j,u, v} ={1,2,3,4]. O
Remark 3.3. It follows immediately from the previous propositions that the Cre-
mona transformation fixes &; (for4 <i <8) and K g, (={3(4; 1%)),1.e.,Cr(¥) =9,
and Cr(K g,;) = Ko,. Moreover Cr(¥£).K g, = £.K ;.
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Remark 3.4. It can be proved (see [Laface and Ugaglia 2003]) that the cubic
Cremona transformation on X, is obtained by blowing-up the strict transforms of
the six edges of the tetrahedron through the four points used by the cubic Cre-
mona transformation, and blowing down along the other rulings of the exceptional
quadrics. This implies in particular that the cubic Cremona transformation is not
just a base change of Pic X.

Let Y denote the blowing-up of X along the /1 2,1 3, [1.4, 12,3, [2.4 and /3 4. Then
PicY = <H, E], ey Eg, E1’2, ey E374>

where H is the pullback of a plane in P?, E; is the pullback of E; on X (for
all 1 <i <8) and E; ; is the exceptional quadric corresponding to /; ; (for all
1<i<j<4).

On Y the Cremona transformation using the points Pj, ..., P4, is then nothing
else than a base change for Pic Y. In particular, in [Laface and Ugaglia 2003], it is
shown that

(3—4) PiCY=(H, El,...,Eg,El,Q,...,EgA)
=(H/’F]"“?F4?E5?“"E8’F1,27“'7F3,4>’

with

4
H'=Cr(H)=3H - 2E — Y  Ej
i=1

I<i<j<4
(3-5) Fe=Cr(E)=H-Y E;j— Y Ep
1<j<4 I<i<j<4
J#k ik

F; j=Cr(E; ;) =E;, with{i, j k,1[}=1{1,2,3,4}.

It follows immediately from these formulas that

(3-6) ‘dH —>_ miEi — ) mijEi,

1<i<4 I<i<j<4

d+)H' =" (mi+)F; =Y (d—mg—m +me)F;

1<i<4 I<i<j=<4
{i,j.k,}={1,2,3,4)

Similarly, for A%(Y), we have, by [Laface and Ugaglia 2003],

(3-7) A*(Y)=(h,e1,... ez, €12, ..., €34)
= (I, f1, ..\ far €5, ... 8, f1.2,---s f3.4),
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with £ the pullback of a line in P3, ¢; the class of a line in E;, e; j the vertical
ruling of E; ; and

4
h' = Cr(h) = 3h —Zei,
i=1

(3-8) | fi=Cren=2h-)_ e
1<j=4
j#k
fij=Crle;)=h+e —ex—e, with (i, j,k,[}=(1,2,3,4).

Henceforth, we will use sheaf notation (as in 7*(Op3(d)) Ox (—m E)) as well
as linear system notation (as in |d H —m E|) for both purposes. It should be clear
from the context which one is intended.

4. (—1)-curves on X

A curve C € £ = £3(8, U1, ..., ) is called a (—1)-curve if £ is obtained by
applying a finite set of cubic Cremona transformations on the system £3(1, 12).

For all a € Z>¢ and distinct b, c € {1, .. ., 8}, set
0 ifi¢{b,c},
‘Si;b,c = e
1 if i € {b,c};
and
b _ 33(20 +1; %a + 16,5 %a + 82,00 v s %a + 3g;b,c) if a is even,
a

GR2a+1;3@+1) —8ipe, 3(@+1) —8xpe, ... 5a+1) =g
if a is odd.

Lemma 4.1. A curve C € £ on X is a (-1)-curve if and only if there exists a € Z>
andb,ce{l,...,8},b#c,suchthat { = C@Z’C.

Proof. First of all, note that ¢; ; = Cégj. So all (ng are classes of (—1)-curves. To
simplify notation, we now assume thati =1 and j =2, and by B we denote the set
of the four indices of the points used for the transformation (3—1). To determine
Cr(£; 2) we distinguish three cases:

(a) P; and P, € B. Without loss of generality we may assume that the trans-
formation (3—1) uses the points Py, ..., P4, i.e. that B ={l, 2, 3, 4}. So, by
Proposition 3.2 we obtain that Cr(¢; 2) = £3 4, i.e. Cr(€y?) = €>*.

(b) P, € B and P; ¢ B. Then we may assume that B = {2, 3,4, 5}. So, by
Proposition 3.2 we obtain that Cr(£;2) = €12, i.e. Cr(%(l)’z) = ‘6(1)’2.
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(c) Py nor P, is used for the transformation (3—1). Then we may assume that
B ={3,4,5,6}. So, by Proposition 3.2 we obtain that Cr(£;2) = £3(3; 19),
ie. Cr(ey?) =c€]®.

Since we can do this for any 7, j, we conclude that all (6111 are classes of (—1)-
curves. Similarly, one can see that, for a odd,

s if B={1,2,3,4),
(4-1) Cr(e;?) ={%l? if B={2,3,4,5},
€ if B={3,4,5,6});
and, for a even (and a > 0),

€ if B=1{1,2,3,4),

(4-2) Cr(6,?) =1%.2 if B=1{2,3,4,5),
€% if B=1{3,4,5,6}
So, we can obtain all classes of type C@;J , and no others. U

Remark 4.2. Lemma 4.1 implies that CGZ’C contains precisely one (irreducible)
curve, which we denote by C2¢. If a is even, C2¢ is the strict transform of a curve
of degree 2a + 1 with multiplicity %a at P; for i ¢ {b, ¢} and multiplicity %a +1 at
Pyand P.. If ais odd, C 2"‘ is the strict transform of a curve of degree 2a + 1 with
multiplicity 4(a + 1) at P; for i ¢ {b, c} and multiplicity $(a — 1) at P; and P.

5. Blowings-up of Hirzebruch surfaces along general points

Let [, be a Hirzebruch surface with n > 0, i.e. [, is the geometrically ruled surface
over P! determined by the vector bundle Op1 @ Opi1(n). Then PicF, = (f, h,) =
(f, cn) with f2 =0, ho.f =1, h% =n,c,=h,—nf and c,zl = —n; see, for example,
[Beauville 1996, Proposition IV.1].

Now let [Ff; be the blowing-up of F,, along j general points. By abuse of notation,
let f, h, and ¢, also denote the pullbacks of these curves on [F,’;, then Pic [Ff; =
(f,cn,e1,...,ej), where ey, ..., e; are the exceptional divisors.

Lemma 5.1. The surface [F}T, with n > 1, can also be seen as the blowing-up of
an F,_ along a general point of c¢,—. In particular Pic I]:,ll = (f, hy—1, €}) with
hy—1=h,—e; and e/] = f —ey the exceptional divisor corresponding to the blown-
up point on ¢,,_1. Moreover af + Bh, —me; = (¢ +B—m) f+Bh,—1 — (B —m)e/l.

Proof. The last equality follows immediately, using 1,1 =h, —e; and €] = f —ey,

so PicF! = (f, hy—1, e}) is true. Note that e/l2 =—1and h,%_l =n — 1. Consider
ot =hp_1 —(n—1)f=c,+¢),thenc | =—(n—1).
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Now, letb: ! — V denote the map obtained by blowing down e}, then Pic(V) =
(f, hu—1) = (f, ca—1), and b(e}) = Q; is a (general) point on c,_; which is an
irreducible curve on V of negative self-intersection. So V = [F,_; and [F,l1 is the

blowing-up of F,_; along the point Q| € ¢;—. ]
Corollary 5.2. The surface [FZ_1 can also be seen as the blowing-up of an F,
along n — 1 general points of c|. In particular Pic [FZ_1 = (f h, e}, ....e,_})
withh, =h, —e1 —---—e,_1 andel/. =f—eforalli=1,...,n—1. Moreover
af +Bhn—miey—---—mp_1ey_ 1 =(@+@n—DB—my—---—mu_1) f+Php_1 —
(B—mp)e| —--—(B—mu_1)e,_,.

Proof. This follows immediately by applying Lemma 5.1 n — 1 times. O

6. Base locus of linear systems on X

A point P of X is called a basepoint of a linear system &£ = $£3(d; my, ..., m,) if
PeDforall De .
A divisor F on X is called a fixed component of £ if F C D forall D € &.
The base locus of &, which we denote by Bs(¥), is defined as the scheme-
theoretical union of all basepoints.

Example 6.1. Bs(¥3(2; 2%)) =2H, with H the unique element of ¥3(1; 13).

Since an empty system obviously has no base locus, we only consider nonempty
linear systems on X (the results from [De Volder and Laface 2003] can be used to
determine whether or not a system is empty).

The main results of this paper are the following:

Theorem 6.2. Let ¥ = FL3(d;mq, ..., m,)=F + 2;24 ¢i¥i, r <8, be (nonempty
and) in standard form on X .
(1) ifd>m+my and £ ¢ {£32m; m3), £32m; m’, m—1)} then & is basepoint-
free;
Q) if £ =%32m; md) (m > 1) then Bs(L) = mDgg;
Q) if L =%32m;m’,m—1) (m > 1) then Bs(£) = mP where P is the unique
basepoint of | g, (Which is a point on Dgy);
(@) ifd <my+my, then Bs() =3, _otijlij, withtij=mi+mj—d(i#))
and {; ; the strict transform of the line through P; and P;.

Remark 6.3. Theorem 6.2 implies in particular that a class in standard form does
not have fixed components.

Theorem 6.4. Consider the (nonempty) linear system £ = £3(d; my, ..., m;),
r <8, on X, then one can obtain the fixed components of & as follows:

(1) Renumber the multiplicities such that m; > my > - -+ > m,.
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2) If2d < my 4+ my + ms + my then apply the cubic Cremona transformation to
these 4 multiplicities and goto (1); otherwise goto (3).

(3) If mi < O then —m; E] is a fixed component, and you can apply the cubic
Cremona transforms in the opposite direction to obtain the class F; that cor-

responds to E! in the original situation; —m;F; then belongs to the fixed
components of £. Moreover, in this way you obtain all fixed components

of £.

Theorem 6.5. Let ¥ = $3(d; my, ..., m;) be a (nonempty) linear system on X
withmy > --- > m,. Assume that £ has no fixed components and that & is not in
standard form. Define t2¢ .= —%.%6b-<.

(1) Ifd4d = >";_,m; # 1 then

Bs(%) = Y theche.

theso0

(2) If4d—=Y"_, mi(=%.Do,) = 1 then & can be transformed, by a finite number
of Cremona transformations, into £3(2m; m’, m— 1) for some m > 0, and

Bs($)= > thech +mp,

b0

with P the unique basepoint of £ on D g.

Remark 6.6. Using Theorems 6.2, 6.4 and 6.5, we can completely determine
the base locus of any linear system & on X. Indeed, using Theorem 6.4, you
can write £ as F + &/, with F the fixed components of £ and &’ without fixed
components. Then, using either Theorem 6.2 or 6.5, depending on whether or not
¥’ is in standard form, you can obtain Bs(¥’). But since Bs(¥) = F +Bs(¥'), you
then also know the base locus of &£.

Example 6.7. Consider the linear system & = ¥3(15; 13, 10,9, 7, 6, 32, 2) on X.

First, we apply the algorithm of Theorem 6.4 to determine the fixed components
of £. We use the following diagram (where Step 1 consists of marking the four
biggest multiplicities):

15@!6 3.3 2
6[4] 1 —2@2
2@0 2] =1 -1 [2]

1 00—21—1—11

So, after applying the cubic Cremona transform 3 times, we obtain that E| +2FE; +
E¢ + E’ is the fixed part. In order to go back to the original situation, we now
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apply the three cubic Cremona transforms in opposite order. For instance, for E|
we obtain

4,3 3 2 2 2 1

Proceeding in the same way for the other E, we deduce that the fixed components
of £ are F = F) +2F, + F3 + F4, with Fi € $3(4;32,23,13), F» € $5(1; 1),
F3 € $3(2;2,14,0,1,0) and Fy € $3(2; 2, 1°).

Now consider &' := % — F. Then ¥’ = %3(5; 4, 3, 2, 1) is a system without
fixed components and not in standard form, so we can apply Theorem 6.5 to obtain

Bs(£) =Y 2Cy" + ¢y + Y ¢l + > ¢y
2<i<4 2<i<j<4 6<i<j<8

and
Bs(¥) = F1 +2F, + F3 + F4 + Bs(¥).

7. Proof of Theorem 6.2
Without loss of generality, we may assume that m, > 0.
(1) In case r > 4, we consider the exact sequence
(7-1) 0 —4%-9% — L —LR0g — 0.
We then have
PR0p, =%o,(d, d;my,...,m,)=L(2d —my; (d —mi)*, my, ... ,m,).

Also, using [De Volder and Laface 2003, Theorem 5.3], we know that W(E-9,)=
h'(£)=0,so Flo, =£®0g,; that is,

Llo, = $22d —my; (d —m)?, ma, ..., m,).

Since d > m| + m,, we see that d — m; > my(> m3 > --- > m,). On the other
hand 2d —m| > 2(d —m1)+my and £|p, . Kg, = —4d +m1+---+m, < —1 (the
inequality is true because £ ¢ {£3(2m; m®), £3(2m; m’, m —1)}). This means that
we can apply [Harbourne 1985, Theorem 3.1 and Corollary 3.4] to conclude that
¥, is basepoint-free or thus that & has no basepoints on Q,.

Proceed using the exact sequence (7-1), replacing &£ by ¥ — ¥, then by £ -2,
and so on, until the residue class becomes &£ — ¢, ¥,

Now, let b be max{i < r :c; > 0}, and, if b > 4, again use the same arguments,
now using Q) in stead of Q,.
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Continuing in this way, we reduce the proof of the basepoint-freeness of & to
proving it for the case r < 3; that is, to proving the basepoint-freeness of &.

In order to see that & is basepoint-free, let H be the unique element of £3(1; 1°)
and consider the exact sequence

(7-2) 0—»9’—5&(1;13)—»9’—»9@@11—»0.
Using [De Volder and Laface 2003, Theorem 5.3], we know that
W' (S = L3(1;: 1) =h'($) =0,

SO g =FR0y. But ¥Q0y = Lo (d —2my; m| —my, my —mgy, mz —my), which
is basepoint-free (since d > m| + my).

We can use this procedure to see that if £3(d — m3 — ma; m; — ms, mp —ms),
is basepoint-free then & is basepoint-free.

Then proceed in the same way, but use a general H' € $3(1; 12) until the residue
class is £3(d — my — myg; my — my); and after this, use a general H” € ¥3(1; 1)
until the residue class is £3(d — m — my).

So we actually only need to prove that £3(d —m — my) is basepoint-free, but
this is obviously true since d —m| —m4 > 0.

(2) We use induction on m to prove that Bs(£) =mD,.
Incase m =1, Qg € £ = ¥ and we can consider the exact sequence

O;»@X—»H’S—»ng(g)@Qg;»O,

Since h!'(¥5) = h'(Ox) = 0, we have F5|p, = F5s ® O, S0 Fslos = £2(3; 1°) =
—K g4, and Dg, the unique element of —K o, is the fixed locus of ¥g| ¢, and thus
also of &.

Now assume that m > 1 and that the statement is true for all m" <m—1. Consider
the exact sequence

0—>§£—9)8—>$—>§£®@Q8—>0.

Since £ =L32m:; m®) and —Fs = L32(m—1); (m—1)%), we see that d > m |+
mo for £ and £—Fg. So, because of [De Volder and Laface 2003, Theorem 5.3], we
know that A (£ — ¥g) = h' (£) = 0. Thus we obtain £|p, = L ® O, = —mK g,.
The only element of —mK g, is mDg,; thus Bs(¥) = Dy, + Bs(£ — ¥g) and
L —Fg =L3(2(m — 1); (m — 1)). By induction we obtain Bs(¥) = mDg,.

(3) The same procedure as in (2) can be used. The only difference being that &£| o, =
$>(3m; m®, m — 1), which has exactly one basepoint P on Dgg; see [Harbourne
1985, Corollary 3.4].
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(4) Since obviously Zli.j>0 ti, ji,j C Bs(¥), it is sufficient to show that Bs(£) C
Z&PO ti,j4i, j. To do this, we have to distinguish between ¥ # & and ¥ = .

e In the case ¥ # &, d > m| + my, and thus also 7; ; < 0 for all i > 1 and
j = 4. Now consider the exact sequence (7—1). Using [De Volder and Laface 2003,
Theorem 5.3], we see that 11 (£ — %,) = h! (L) (£ 0), and, because of Lemma 5.2
of the same reference, 1! (£ ® 0p,) =0, so

lo, =L®0g, =L22d —my; (d —m)* ma, ..., m).

On the other hand, ¥|p,.Kg, = —4d +m1 + --- +m, < —1 (the inequality is
true because £ ¢ {L3(2m; m¥), L32m;m’, m — 1)}) and £ g, is standard (see
the proof of [De Volder and Laface 2003, Lemma 5.2]). This means that we can
apply [Harbourne 1985, Theorem 3.1 and Corollary 3.4] to conclude that £, is
basepoint-free or thus that & has no basepoints on Q,.

Continuing this procedure as in (1), we see that Bs(¥f) C Bs(Y).

Now consider the exact sequence (7-2). Using [De Volder and Laface 2003],
Theorem 5.3, we obtain

fij+1 ti
hl g) — ls.] 1 _ 1. 13 — lv] .
() Z<3 and B'(F =L (1) = ) (]
1i,j=2 ti,;>2
So h'(P) — h'(F — L3(1; 1)) = h' (P ® O), which implies that |y = ¥ @ Op.
Since Bs(¥ @ 0y) = Zt,-jzl t; jli j, we see that

Bs(¥) = Z ti il i +Bs(F — L3(1; 13)).

ti,jil

Again continuing as in (1), we finally get Bs(¥) = Bs(¥) = Zz,-jzl ti il

eInthecase ¥ =9,d <m+my,ie. t; 2>t 3>114> 0 (and thus also r > 4).
Moreover 2d > my + my + m3 +my, so d > my + m3, and thus #; ; < 0 for all
2<i<j.

Let W, be a general element of £3(2; 2, 1*) with x = min{r — 1, 5}, i.e. W,
corresponds in 3 with an irreducible cone with vertex P; and through the points
P>, ..., Peyy1. Then (in X) W, is the blowing-up of a Hirzebruch surface [, along
x general points, and Pic(W,)) = (f, ho, e2, ..., exy1) ={(f, c2, €2, ..., €x41), With
Cy) = h2 —2f, 33(1)|Wr :hz, E1|Wr = and EilW, =¢; forall i = 2, x+ 1

Now consider the exact sequence

0 —FL—-%12;2,1") — L —> 2ROy, — 0.

Because of [De Volder and Laface 2003, Theorem 5.3], we know that 1! (¥£) =
i+1
Zt1,j>0 (tl.j3 )
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t N
Claim7.1. 7' (£®0y,)= Y _ <”) and Bs(E®0w,)= Y _ 1 jl1;.

2
11,;>0 11,;>0
J=<x+1 J<x+1

Claim 7.2. The linear system & — £3(2; 2, 1) is in standard form unless & =
L3(m+m' +1t;m' +2t, m’, m%) for somem’ >m >t > 0. Moreover

1 _ . X . tl,j tl,]+1
WL —F32:2, 1) = Y <3)+ > ( 3 )

l‘]yj>0 tlyj>0
Jj=<x+1 x+l<j<r

Using these two claims, we obtain

$|Wr :££®@Wr and BS($|W,_): Z l‘l,jzl,j.
tl,j>0
Jj=x
Thus
Bs($) CBS(£—F3(2:2, 1)+ > 1.

l1_j>0
J<x+1

hfr > 6, let H be a general element of £3(1; 1, 0%, 1779), denote £—£3(2; 2, 1°)
by & and consider the exact sequence

0—F—%3:3,1""H) — P+ FR0y; — 0.

. = 1,j —
Claim7.3. h'(2®0) = ) _ (21) and Bs(E®0p)= Y ;1.

111j>0 l1_j>0
6<j<r 6<j<r

Claim 7.4. The linear system & — £5(3; 3, 1" —1Y is in standard form and

r— 1.
W (L= £3(3:3, 1)) = > (3J>.

l‘|,j>0

Using Claims 7.2 and 7.4, we obtain §_E|H =¢® Oy and
Bs(Elw)= Y b1

l|,_,'>0
6<j<r
Now define
L —%32;2,1%) if r <6,

¥ =%3d;ml,....m):=
3 my ) {513—533(3;3,1r—‘) ifr>6

andti’j:=m;+m’j—d’. Thend' =d—3,m\=m =3, m;=m; —1for2<i <r;
t{’j =tn,;—lfor2<j<r; andtl.”j =t;j+1for2 <i < j <r. In particular,
i <thy=b3+1<—-ts+1=<0for2<i<j<r.
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If ti 4 > 0 (so t14 > 2), then, since &’ is in standard form (by Claims 7.2 and
7.4), we can start our procedure again, and we can do this until t{ 4 =0 for some <.
Thus we obtain

%
Bs($) CBs(E) + Y ajly;
1, >0
in any case, with
. 1 A
o — 1, if m; =0,
min{m —m/j, 1} 1fm/j > 0.

Because of Claims 7.2 and 7.4, we also know that &’ is in standard form, which
means that we are in one of the previously treated cases of our theorem (since
1 ,=0).

If we are in case (1) or in case (4) with & # &, then we immediately obtain

BS(ﬁE) C Z l‘1,j£1,j.

t1,j>0

In case (2), we obtain &' = £3(2m; m®), for some m > 1, Bs(¥') = mDg, and
P = L32m;m®) + y$3(3;3,17) (y > 0). Sor; =y forall 2 <i < 8 and
Bs(¥) CmDg, + Z?:l v€1,; and, as Do, C Qg, it is sufficient to prove that & is
basepoint-free on Qsg.

Consider the exact sequence (7-1). Then, because of [De Volder and Laface
2003, Theorem 5.3] we know that k! (£ — %) = h!'($) = S(y;rl). On the other
hand, /' (£ ® 0 0s) = 0 by [De Volder and Laface 2003, Lemma 5.2], so £|g, =
F® 09y = £2(3m + 3y; m?, (m + y)7), which is basepoint-free, since it is in
standard form and &£|g,.K o, = —2y < —2 (see [Harbourne 1985, Corollary 3.4]).

In case (3), we obtain &' = £3(2m; m’, m — 1), for some m > 1, Bs(¥') = mP
and £ =L32m;m’,m — 1)+ y%3(3;3,17) (y > 0) or

P =P32; 1) +y'L3(3; 3,19 + y£3(3; 3, 17)

(v, y'>0and y+y’ > 0). Proceeding as above, we can prove that £| o, is basepoint-
free, and thus that

Bs(£) C Y 11t O
tl,j>0
Proof of Claim 7.1. We know that £Q0y, = |[dhy—mco—maer—- - -—Myi1€x41],

and, because of Corollary 5.2, we obtain
L& 0w, =|@2d —ma)hy — (d +my —ma)cy + 11 265 —mzes — -+ —myy1€xi1).
So R0y, =t12¢12+ M and dim(£ ® Oy, ) = dim(JL), with

M= §£2(2d —may; d+m1 —myp,nmsz, ..., mx+1).
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Using the results of [Harbourne 1985], it can be checked that

(7-3) Wy= > (“;) and Bs()= Y 1,61,

3<j<x+1 3<j<x+1
1, >0 1, >0
Let us illustrate how this is done for the case x =5, #1 ¢ > 1 (the other cases are
easier). First, we apply twice the (plane) Cremona transformation on Jl as shown
in the table:

2d —my ‘ d+my—my msz mg4 ms Mg
4
3d—2i=1m,~ ‘Zd—mz—m3—m4 —l14 —113 m;s meg
6 6
4d —=2my =0, mi| 3d—=Y0 mi  —ha —tiy —he —lis
So, with respect to the new base hi, ¢, e, ..., we see that t 4€3 + 1 364 +

11 665 +t1.5¢6 C Bs(Jl). Going back to the original base, we obtain M = #; 3/1 3 +
tralia+t15l1s + 1 6l1.6 + M, with M basepoint-free and nonspecial (see [Har-
bourne 1985]). Thus we get Bs(M) =t 3l1.3 +t1.4l1.4 + 15015 +t1.6l1.6. BO(M) =
ROy and h' (M) = h>(M') = 0. A simple calculation then shows that h°(M) =
L) + Y05 (7). that is, () = 35_; ().

Using (7-3) we may conclude that

h1($®@wr): Z <t12vj) and Bs(£®O0y,) = Z tl,jﬁl,j. O
j<x+1 j<x+1
t1,;>0 t1,;>0
Proof of Claim 7.2. If £ — %3(2;2,1%) is in standard form, then the equality
for h' (£ — £3(2; 2, 1¥)) follows immediately from [De Volder and Laface 2003],
Theorem 5.3.

Sinced =m|+ma4—t; 4 and 2d > m| +my+m3+my, we get m| > mo+2t 4+
m3 —my4 > my + 2. Using this, it is easy to see that 2d —4 is bigger or equal to the
sum of the bigger four multiplicities unless £ = £3(m +m’ +t; m’ +2t, m’, m®)
for some m' > m >t > 0. O

Proof of Claim 7.3. This follows directly from §_B®©H =%(d—-2;m—2, m7, mg)
(or =%(d—2;m; —2,m7) if r =7). Il

Proof of Claim 7.4. If £ — £3(3; 3, 1"~1) is in standard form, then the equality for
WP — £3(3; 3, 1771)) follows immediately from [De Volder and Laface 2003],
Theorem 5.3.

So we only need to show that £ — ¥£3(3; 3, 1” _1) 1s in standard form; in other
words, that m|; —2 > my. Usingd =m| +m4 —t1 4 and 2d > my +my +m3 + ma,
we get my > mo + 2t 4 +m3 —myg > my + 2. O
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8. Proof of Theorem 6.4

Since the Cremona transformation on X is nothing else than blowing-up the lines of
the tetrahedron (formed by the four points used for the transformation) and blowing
down the other rulings of the quadrics obtained in this way (see remark 3.4), we
cannot eliminate nor construct a fixed part of dimension 2 when applying such a
cubic Cremona transformation.

Since we stop applying the Cremona transformation only when we obtain some-
thing of type M+ ) mE, where m; > 0 and .IL is a class in standard form (that is,
a class without fixed components — see Remark 6.3), we obtain precisely all fixed
components of &£.

9. Proof of Theorem 6.5

Proceeding as in the proof of [De Volder and Laface 2003, Proposition 4.3], it is
easy to see that F := " pe_10°CL¢ CBs(). So, if 4d —my —---—m, # 1 itis
enough to prove that there are no basepoints outside F; and if4d—m|—---—m, =1

it is enough to prove that Bs(¥) — F =mP.

Lemma9.1. Let £ =%3(d; my, ..., m,) be a (nonempty) class on X which has no
fixed components. Then 4d —m|—- - -—m, =1 if and only if & can be transformed,
7

by a finite number of Cremona transformations, into £32m; m', m — 1) for some

m > 0.

Proof. Since the Cremona transformation fixes Do, and since Cr(¥).Do,=%.D g,

it is clear that 4d — my — - - - — m, = 1 if, after a finite number of Cremona trans-
formations, & transforms into £3(2m; m’, m — 1).

Conversely, assume 4d —m; — --- —m, = 1. Then & transforms into a class
M=£3(d"; m}, ..., mg) in standard form with mg > 0 and M.Dg, = 4d" —m’ —
---—mé: 1, which implies that Ml = L32m; m”, m — 1). O
Lemma 9.2. Let N := ¥3(d; my, ..., mg) be a class in standard form on X, then

N.‘@Z*CZOforalla > Qand forallb,ce{l,...,8}.

Proof. If a is even, then N.€2¢ > N. €12 for all b, c € {1, ..., 8}, and N.6}? =
—Lay? + 15" +1% — Qa— D) ® — (15> +14°®). Since N is in standard form,
0>t >0 >4  and 0> 107 + 10 = 152 +1°°, so N. €12 > 0.

If a is odd, N. €5 > N. €73 for all b, c € {1, ..., 8}, and

NES=—La—Dy? + + 0 +10H - @+ +100 0. O

To simplify the notation, assume we want to apply the Cremona transformation
using Py, ..., Ps.
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Let Y be the blowing-up of X along the ¢; ;, 1 <i < j <4, p:Y — X the
projection map, let E;, F;, E; j and F; ; be as in (3-4) and (3-5) and let &, /', e;,
fj»eijand f; ; be asin (3-7) and (3-8).

Let p’: Y — X’ be the map obtained by blowing down the F; ;.

Now, analogously to C2, define D¢ in A%(X'); for example, we have D] =
I3h' — fi — -+ — fa—es — eg|. Also define s2¢ := —Cr(£).Db.

By abuse of notation, if a > O orif a =0 and {b, ¢} Z {1, 2, 3, 4}, we also denote
the pullbacks of C2¢ and D2¢ by C2¢ and D%, respectively.

Let F* denote the pullback on Y of F, and write F* as F M+ F@ | with

F® = Z t(l;,ch’C‘

1<b<c=<4
t(’;’C>0

Similarly, let G* denote the pullback of G = Zsf;*‘&o sg’CDZ’C on Y, and write
G* as GV 4+ G?, with
G(Z) — Z S(I;,ch’C.

1<b<c<4
b,c
5o >0

Define M := p*(£) @ Oy (—FP) @ I ra.
Proposition 9.3.
M= p*(Cr(£) @Oy (—GP)® 0. O
Proof. First of all, by abuse of notation, let us write .l as M — M1, with
JI/L(Z) =dH — Zm,‘Ei — Zté’jEi,j and J(/L(l) = Z ZLI;’CCS’C.

1<i<8 I<i<j<4 a>0ora=0and 4<c
920 thes0
Using the formulas (3-5) and the fact that s(')’J =d—my —m; = —tg’l with

{i, j, k, 1} ={1, 2, 3, 4}, it can easily be checked that, if s =2d — Z?:l m;,

MO =@+ H = Y mi+5)F— Y miEi— Y g Fij.
l<i<4 S<i<r l=si<j=4

sé’J >0
Moreover, using the formulas (3-8), a simple calculation shows that

M= heppe

a>0ora=0and 4<c
5,¢>0

Combining these two results, we obtain

M= p"™*(Cr(£) @Oy (—G?) @ F50. 0
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Corollary 9.4. Bs(¥) — F # @ if and only if Bs(Cr(¥)) — G # @.

Proof. Since the Cremona transformation is an involution, it is sufficient to prove
just one implication. If P € Bs(¥) — F then p~!'(P) C Bs(M) — F* = Bs(M) — G*,
which implies that p’(p~'(P)) C Bs(Cr(£)) — G (and p'(p~'(P)) # 2). O

(1) If4d —my —--- —m, # 1, we apply Cremona until we obtain a class &’ in
standard form. Because of Corollary 9.4, it is enough to prove that Bs(¥')—F' =&,
with F' = Z,/Z.c>0 t’z’CC’z’c. But, because of Lemma 9.2, we have t’Z’C <0ifa>0,
thatis, F' =, sc_o#'0“C’g. On the other hand, 4d —m; —-- - —m, # 1 implies
that &’ is of type (1) or (4) of Theorem 6.2 (£’ is not of type (2) since this is a class
which is invariant under Cremona, and it is not of type (3) because of Lemma 9.1).
So it follows from Theorem 6.2 that Bs(¥’) = F’, and thus Bs(¥)) — F' = @.

2)If4d —my; — --- —m, = 1, we apply Cremona until we obtain the class
¥ =%32m;m’, m —1) (see Lemma 9.1). Reasoning as before, we get

’ 1b,c ~1b,c

t’g'c>0

but now t/g’c is equal to either 0 or —1, so F’ = &. On the other hand, because
of Theorem 6.2, Bs(¥') = mP’, and, since P’ is never on a strict transform of an
edge of the tetrahedron used for the Cremona transformation, proceeding as in the
proof of Corollary 9.4, we conclude that, on X, P’ corresponds to the basepoint P
of #3(2; 17) on Dg,. Thus Bs(¥) — F =mP.
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