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Let F be a local nonarchimedean field of characteristic 0, and let A be an
F -central division algebra of dimension d4 over F. In this paper, we first
develop some parts of the representation theory of GL(m, A), assuming the
conjecture that unitary parabolic induction is irreducible for GL(m, A)’s.
Among others, we obtain the formula for characters of irreducible unitary
representations of GL(m, A) in terms of standard characters. Then we
study the Jacquet-Langlands correspondence on the level of Grothendieck
groups of GL(pd,4, F) and GL(p, A). Using this character formula, we get
explicit formulas for the Jacquet-Langlands correspondence of irreducible
unitary representations of GL(n, F) (assuming the conjecture to hold). As
a consequence, we get that the Jacquet—Langlands correspondence sends
irreducible unitary representations of GL(n, F) either to zero or to irre-
ducible unitary representations, up to a sign.

Introduction

Functoriality is a key aspect of the Langlands program [1970]. One of the first ex-
amples of functoriality which were studied in the local case was the connection be-
tween representations of various inner forms of GL(#n) (see [Knapp and Rogawski
1997]). The first example, studied already in [Jacquet and Langlands 1970], was
the connection between irreducible representations of GL(2) over a local field F
and irreducible representations of the multiplicative group of the quaternion algebra
over F. (The L groups of these two groups are both GL(2, C) x Gal(F/F), and
the functoriality considered here corresponds to the identity mapping.)

Let F be a local nonarchimedean field of characteristic 0 and let A be an F-
central division algebra of rank d4 over F. For each positive integer p, P. Deligne,
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D. Kazhdan and M.-F. Vignéras established bijections
L,a,

between irreducible essentially square-integrable representations of GL(pda, F)
and GL(p, A) ([Rogawski 1983] takes care of the case p = 1). The crucial require-
ment which holds for these bijections, and which characterizes them uniquely, is
that the characters ®;s and @LJMA (5) of the representations § and LJ 4, (8) satisty
the character identity

(—1)P0O5(g) = (1)’ Oy, (")

whenever g and g’ have the same characteristic polynomials, and when this polyno-
mial is separable. These bijections are called Jacquet—Langlands correspondences.

A. 1. Badulescu observed that Jacquet-Langlands correspondences extend in a
very natural way to mappings between Grothendieck groups

L] 4, : Groth GL(pd4, F) — Groth GL(p, A),

such that the extensions are compatible with parabolic induction, i.e. that they
commute with parabolic induction. (Essentially, such extensions are unique if we
require that characters of GL(n, F)’s go to 0 if d4{n.) Moreover, these extensions
satisfy the character identity above on the level of formal characters (for a precise
description of the extensions, see §6.1). We shall call these mappings Jacquet—
Langlands correspondences on the level of Grothendieck groups.

For the group G of rational points of a reductive group defined over a local
nonarchimedean field, we denote by G the set of all the equivalence classes of
irreducible smooth representations of G. The unitary dual G of G consists of all
the unitarizable classes in G.

We consider GL(n, F)™ as a subset of Groth GL(n, F) in a natural way (it
forms a Z-basis). An interesting question is to understand what happens with
irreducible representations under the Jacquet-Langlands correspondence on the
level of Grothendieck groups, and in particular, what happens with irreducible
unitary representations. Already, very simple examples will show that LJ, will
carry some irreducible representations to zero. Further, it is not hard to see that
an irreducible (unitarizable) representation can go to the negative of an irreducible
representation.

In this paper we study what happens with irreducible unitary representations
under the Jacquet-Langlands correspondence, assuming the following conjecture
for general linear groups over division algebras, introduced in [Tadi¢ 1990]:

(Uo) unitary parabolic induction is irreducible for GL(m, A)’s.
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In other words, if r; and 7, are irreducible unitary representations of GL(m 1, A)
and GL(m,, A), the parabolically induced representation IndSL0"1 2.4 (7, @ 77,)
is irreducible.

Note that [Vogan 1986] implies that (U0O) holds in the archimedean case. Also,
J. Bernstein [1984] proved that (UO) holds if A = F (unfortunately his method
cannot be extended to the division algebra case).

Here we first develop some directions of the representation theory of GL(n)
over division algebras over a local nonarchimedean field, to be able to obtain the
formula for characters of irreducible unitary representations of GL(m, A) in terms
of standard characters. (Assuming (UO) to hold, [Tadi¢ 1990] and [Badulescu and
Renard 2004] imply a classification of the unitary duals GL(m, A)" of GL(m, A)
for all m > 1.) Using this character formula, we compute explicit formulas for
L), (), ® € GL(n, F)" (Propositions 7.3, 9.5 and Section 11). As a consequence:

Corollary. Assume that (UO) holds. Then
LJpa,(GL(pda, F)) < =+ GL(p, A)" U {O};

that is, Jacquet—Langlands correspondences send irreducible unitary representa-
tions of general linear groups over F either again to irreducible unitary represen-
tations of general linear groups over A, up to a sign, or to 0.

Remark. The following direct consequence may be of some interest. Let o be an
element of GL(p, A)™ (resp. of (Groth GL(p, A)) \ {0}). Suppose that (UO) holds
and suppose that there exists 7 € GL(pdy4, F)” such that the characters of o and 7
are equal up to (the same) sign on elements with same characteristic polynomials.
Then o is unitarizable (resp. 0 € + GL(p, A)).

There are very strong formal similarities between the Jacquet—Langlands cor-
respondences studied in this paper and the Kazhdan—Patterson lifting studied in
[Tadi¢ 1996].

We now give a description of the content of the paper according to sections.
Section 1 goes over notation and necessary basic results for general linear groups
over a local nonarchimedean field. Section 2 introduces notation and basic results
for general linear groups over division algebras. In Section 3 we show that the
canonical involution on irreducible representations of GL(m, A) (introduced by
A.-M. Aubert, and by P. Schneider and U. Stuhler) preserves unitarity. We also
obtain an explicit formula for the involution on irreducible unitary representations.
(We assume throughout that (UO) holds.) In Section 4 we describe irreducible
subquotients of ends of complementary series, obtaining in this way a character
identity, which enable us to compute in Section 5 characters of irreducible unitary
representations of GL(m, A) in terms of standard characters. In Section 6 we recall
the Jacquet-Langlands correspondence on the level of Grothendieck groups. In
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Section 7 we compute LI (;r) for one of four basic types of 7 € GL(n, F)", while the
unitarity of LJ(sr) is shown in Section 8. Sections 9 and 10 study the same problem
for the second basic type of r. In Section 11 we compute the Jacquet-Langlands
correspondence of the remaining two basic types of , using canonical involutions.

1. Some facts from the representation theory of GL(n, F)

We introduce the notation and basic results that we shall need for general linear
groups over a local nonarchimedean field.

1.1. We fix a local nonarchimedean field F. The modulus character of F will
be denoted by | | (it satisfies |x|g f p f(xa)da = f r f(a)da for any continuous
compactly supported complex-valued function f on F, where da denotes a Haar
measure of the additive group (F, +) of the field).

1.2. Let G be the group of rational points of a reductive group over F. The set of
equivalence classes of irreducible smooth representations of G will be denoted by

G.

The subset of unitarizable classes in G will be denoted by

A

G.
A representation 7 € G is called essentially square-integrable if there exists a char-

acter y of G such that 7 is square-integrable representation modulo the center.
All the essentially square-integrable classes in G will be denoted by

D(G).

The Grothendieck group of the category of all representations of G of finite length
will be denoted by
Groth G.

1.3. Now we introduce the Bernstein—Zelevinsky notation for the general linear
group GL(n, F) (for more on notation see [Zelevinsky 1980; Tadi¢ 1986]).

For two smooth representations 77; and w, of GL(ny, F) and GL(ny, F), we
consider | ® my as a representation of GL(n1, F) x GL(n,, F). Identifying in a
natural way GL(n{, F') x GL(n,, F) with the Levi factor of the parabolic subgroup

k .
{[gol g2:|;g,- e GL(n;, F) f0r1=1,2},

we denote by
T1 X T
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the smooth representation of GL(n; + nj, F') parabolically induced by 7; ® m5.
Then

(1 x M) X w3 = 711 X (712 X 703).

1.4. The characters of F* will be identified with characters of GL(n, F') using
the determinant homomorphism. The character of GL(n, F') corresponding to | |g
will be denoted by

For any character xy of F*,
X (1 X w2) = (x701) X (X712).

1.5. Let
R, r = Groth GL(n, F).

Then GL(n, F) is a Z-basis of R, p.

We can lift x to a Z-bilinear mapping X : R,, r X Ry, F = Ry, 4, F since the
semisimplification of ] x 7, depends only on semisimplifications of 7| and 5.
Set

Rr=@,0 Ru.F-

One extends x to an operation X : Rr X R — Rp in an obvious way, and Ry
becomes an associative, commutative graded ring.

Fix a character x of F*. Lift the mappings 7 +— 7 : R, r — R, r to a Z-linear
map x : Rp — Rp. In this way we get an endomorphism of the graded ring Rf .

We have a natural partial ordering on R, r. (GL(n, F)~ generates the cone of
positive elements in R, r.) Then orderings on the R, r’s determine an ordering <
on R in a natural way. An additive homomorphism ¢ : Rr — Rp will be called
positive if x € Rp, x > 0 implies ¢ (x) > 0.

1.6. Set
Yp = J D(GL(n, F)).

n>1

For 6 € @ there exists a unique e(5) € R such that v~=¢®§ is unitarizable. The
representation v—¢®®§ will be denoted by §“. In this way,

§ =g,
where ¢(§) € R and §“ is unitarizable.

1.7.  We now describe the Langlands classification for general linear groups. Let
M (9 F) be the set of all finite multisets in 9z and d = (81, 62, ...,8;) € M(DF).
Let y be apermutationof {1, 2, ..., k} suchthat e(8,(1)) >e(8,2)) = -->e(8, k).
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The representation
Md) =8yy X By@) X - X 8y k)

has a unique irreducible quotient. Its class depends only on d (not on y as above).
This unique irreducible quotient will be denoted by L(d) or L(8y, 8, ..., k).
From §1.4 it follows that for a character xy of F*,

XL(81,682,...,8) = L(x01, x82, ..., x8).

To shorten the notation, we shall often denote the semisimplification of A(d)
simply by A(d) € Rr. This will produce no confusion. From the properties of the
Langlands classification it is well-known that the A(d) € Rr, d € M(9F), form a
basis of Rp.

Proposition [Zelevinsky 1980]. The ring RF is a polynomial ring over D . 0
1.8. One defines addition of elements of M (%) by
(819827 "'78k)+(8/v8§9 "'?8]/{/) - (811827 "'v8k7 19859 "'18]/(/)'

Proposition [Rodier 1982]. For di,d, € M(DF), L(d| + dy) is a subquotient of
L(dy) x L(d). The multiplicity is one. O

1.9. Let € be the set of all the equivalence classes of irreducible cuspidal repre-
sentations of all general linear groups GL(n, F),n>1. Forpe€randkeZ, k>0,
the set
[p, v p1={p,vo,v?p,.... 1" p}
is called a segment of irreducible cuspidal representations. A segment of the form
[v¥1p, V%2 p] (where k1, ko € R are such that k, —k; € Z and ky — k; > 0) will also
be denoted by
[k1, k217,

The set of all such segments will be denoted by ¥r. The set of all finite multisets
in ¥ will be denoted by M (¥F). We consider the partial ordering < on M ($r)
introduced in [Zelevinsky 1980, §7.1], defined by linking segments.

1.10. Let A=[p, v pl={p,vp,v?p,..., v p} € F£. The representation
pxvpxvipx--xvhp
has a unique irreducible quotient, denoted by

8([p, v¥pD),

and a unique irreducible subrepresentation, denoted by

8([p,vFpD)'.
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The representations ([ p, v*p]) are essentially square-integrable. Further, the rep-
resentations 8([p, v¥p])’ are called Zelevinsky’s segment representations.
By Bernstein—Zelevinsky theory, the mapping

§:Fr— Dp, A S(A),

is a bijection.
We can state this also in the following way. For n € N and p € €, set

8(p,n) =8([—(n—1)/2, (n—1)/21").

Then (p, n) — §(p, n) is a bijection of 6z x N onto D .
We lift A — §(A) naturally to a bijection

M@G): M(Fr) = MDr), (A1, ..., )= (8(A1),...,8(A)).

Using this bijection we get the Langlands classification in terms of M (¥F).
Fora € M(¥r) we set

L(a)=L(M5)(a)) and A(a)=1(M(5)(a)).

1.11. Note that §1.10 and the proposition in §1.7 imply that Rg is a polynomial
algebra over 6(A), A € . Therefore the mapping

S(A) > 8(A), Ae%r,

extends uniquely to a ring morphism ’ : Rp — Rp. This ring morphism is involu-
tive. A fundamental fact is that it carries irreducible representations into irreducible
ones; see [Aubert 1995; Schneider and Stuhler 1997].

Obviously, for a character x of F*, (x8(A))' = x(8(A)) for A € . There-
fore,” : Rp — Rp and x : RF — Ry commute, since they commute on generators.

1.12. For an irreducible representation 7 of a general linear group, there exists a
unique (o1, ..., px) € M(6F) such that

T —> p1 X...X Pg.
The multiset (o1, ..., px) is called the cuspidal support of = and it is denoted by
supp(7).

It is well-known (and one easily sees it) that ’ : Rr — Ry preserves the cuspidal
support of irreducible representations.

1.13. Denote the set of all unitarizable classes in %7 by 9% (so @' consists of
the square-integrable classes). For § € D" and a positive integer n denote

u(8,n) = L =D2s v(=I25  y=(1=D2g),
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The following theorem describes irreducible unitarizable representations.
Theorem [Tadi¢ 1986]. Let
Br={ul,n), vul@, n)xvu@d,n) | §cd%, neN, O<a < %}.

Q) Ifoy,...,0r €BF, then gy X ... X oy is an irreducible unitarizable represen-
tation of some general linear group over F.

(1) If m is an irreducible unitarizable representation of some general linear group
over F, there exist o1, ..., 0, € Br, unique up to a permutation, such that

TEopX...X 0. O

1.14. Let p € €. Fix positive integers d and n. Set
(1,d)? == @=D2p =D e g,
(. d) = ((1,d)""" (1, d)”

We take (formally) (0, d)” to be the empty multiset (then L({0, d)”) is the one-
dimensional representation of the trivial group GL(0, F), which is the identity of
RpF). Similarly, we also take (n, 0)” to be the empty multiset (so again L({n, 0)°)
is the identity in R). Observe that

1,(,,,1)/2'0’ o, (1, d>V(nil)/2p) c M(g)F)

plki+)/2

W0, vepl = [k kol = (1 ks — ki + 1) :
(1, d)"? =[—d—-1/2+a, d—1)/24a]’.
From §1.7 follows that for a character y of F*
xL((n,d)*) = L({n, d)*").
Further

u(@d(p,d),n) =L((n,d)").

1.15. There are two important distinguished bases of Rf, irreducible represen-
tations and standard modules A(d),d € M(9@F). The theorem in §1.13 implies
that the following theorem solves the problem of expressing irreducible unitary
representations in terms of standard modules, and irreducible unitary characters in
terms of standard characters. It is convenient to present it in the following form:

Theorem [Tadi¢ 1995]. Letn,d € Z,n,d > 1. Let W,, be the group of permutations
of the set {1,2, ..., n}. Set W,gd) ={weW,,w@i)+d=>iforalll <i<n}. Then

Lo, v'p). ..., "o v™ o) = 3 (=D [T s o, v @D p]

weW,fd) i=1

in Rp, where (—1)¥ denotes the sign of the permutation w. O
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1.16. From the following theorem one can get all the irreducible subquotients of
ends of complementary series. (This is crucial information for determining the
topology of the unitary dual.)

Theorem [Tadi¢ 1987]. For positive integers n and d, and p € €, we have

v 2L((n, d)P) x v L((n, d)")
=L(n+1,d)")xL({n—1,d)°)+L{n,d+1)") x L({n,d — 1)"). O

1.17. The following theorem implies that the involution ’ carries class of irre-

ducible unitary representations to itself. Moreover, it implies an explicit formula
for the involution on irreducible unitary representations.

Theorem [Tadi¢ 1986]. For positive integers n and d, and p € €, we have
(L(n, d)"))" = L((d, n)").

2. Representations of GL(n) over a division algebra A

We now introduce necessary notation and basic results on general linear groups
over division algebras. Since the situation is very similar to the case of general
linear groups over a field, we only point out the differences between these two
cases. (More details can be found in [Tadi¢ 1990].)

We assume that the characteristic of F' is 0.

2.1. Let A be a finite dimensional division algebra over F whose center is F. Let
dimpA = d3.

Let Mat(n x n, A) be the algebra of all n x n matrices with entries in A. Then
GL(n, A) is the group of invertible matrices with the natural topology. The com-
mutator subgroup is denoted by SL(n, A). We denote by

det: GL(n, A) — GL(1, A)/SL(, A)

the determinant homomorphism, as defined by J. Dieudonné (for n = 1 this is just
the quotient map). The kernel is SL(n, A).

The reduced norm of Mat(n x n, A) will be denoted by RN. We identify char-
acters of GL(n, A) with characters of F* using RN. Let

v =|RN|g : GL(n, A) —> R*.

2.2. We now comment on modifications that need to be made to the material in
Sections 1.3 to 1.12 so it applies also to the case of general linear groups over
division algebras. (More details can be found in [Tadi¢ 1990].) Only small modi-
fications are required for §1.3—§1.8; we deal with them first.
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1.3: We define by the same formula as in §1.3 the multiplication x of smooth
representations of general linear groups over A. Again as in §1.3, we have
(1 x M) X w3 = 711 X (712 X 703).

1.4: In §2.1 we identified characters of GL(n, A) with characters of F* using the
reduced norm RN. The character identified with | |r was again denoted by
v. Again, for a character x of F*, we have x (7| X m2) = (xm1) X (x72)-

1.5: Define
R, 4 = Groth GL(n, A)

(recall that Rp = @nzo R, F). One defines on R4 the structure of an (asso-
ciative, commutative) ring in the same way as in §1.5 was done for the field
case. Also, characters of F'* lift to automorphisms of R4 (as in §1.5).

1.6: All essentially square-integrable classes in | J,.; GL(n, A)” are denoted by
9 4. One defines ¢(8) and §* for 6 € 94 as in §1.6.

1.7: For d € M(%94) we define A(d) and L(d) in the same way as in §1.7. The
Langlands classification for general linear groups over division algebras have
the same expression as in the field case. (The parameters are in M (% y4).)

Here R4 is a polynomial algebra over @ 4.

1.8: The proposition holds in the same form for general linear groups over division
algebras; see [Tadi¢ 1990, Proposition 2.3].

2.3. By [Deligne et al. 1984] there exists a bijection
JL, : 9(GL(p, A)) — D9(GL(pda, F)), § <4,
such that characters ®y and ®y satisfy
(—=DPOs(g) = (=)’ O5(g)

whenever g’ and g have same characteristic polynomials, and when this polynomial
is separable.

This bijection is uniquely determined by the character requirement above and
is called the Jacquet-Langlands correspondence between irreducible essentially
square-integrable representations of GL(p, A) and GL(pda, F).

This bijection commutes with twisting with characters (see [Badulescu 2002]).

Take 8’ € @(GL(p, A)) cuspidal and let §’ correspond to § € D(GL(pda, F))
by the correspondence above. We know that

d=468(p,q)

for some positive integer g which divides pds and for some irreducible cuspidal
representation p of GL((pda)/q, F). Further, it is known that g |d4 and that p is
relatively prime to g (pda is the lowest common multiple of d4 and (pda)/q).
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We define
s =d,
and a character
vy = R

of F*. As we noted in §2.1, we use RN to identify the characters of F* with
characters of GL(n, A). Therefore, we can view vy as a character of any GL(k, A).
(Note that in this definition, 8 is cuspidal; soon we shall give a definition also in
the case that &’ is essentially square-integrable.)

2.4. We continue with the modifications required so the material in §1.9 to §1.12
can apply to general linear groups over division algebras.

1.9: We denote by € 4 the set of equivalence classes of irreducible cuspidal repre-
sentation of all GL(n, A), n > 1. For o' € 64 and k € Z, k > 0, the set

[0/ vE o 1= 10" vpp' vip, ... vk p')

is called a segment of irreducible cuspidal representations of general lin-

ear groups over division algebras. In this case, we also denote the segment

(V5 0, vl o] (for ki, ky € R, ky — ki € Z and ky — ki > 0) by

k1, k2]”".

The set of all such segments will be denoted by ¥4. The set of all finite
multisets in ¥ 4 will be denoted by M (¥ ) and we consider the partial ordering
< on M(¥,4) introduced in [Tadi¢ 1990, Section 4] (defined again by linking
segments).

1.10: For A" = [p/, v];,p’] ={p,vpp/, vg,p’, e v’;,p’} € ¥4, the representation
p X vyp'x vlz), o X ... x v’;, 0’ has a unique irreducible quotient, denoted by
3([p, v’;, 0']), and it has a unique irreducible subrepresentation, denoted by
3(Lp', vi D"

The mapping
5:3{4—)@,4, A/I—>5(A/),
is a bijection. If we let

8(0',n)=8(1—(n—1)/2, (n = 1)/21"),

then we can restate this as follows: (o', n) — 8(p’, n) is a bijection of € 4 x N
onto Yy.
We define vs(, ») to be vy, i.e.

Vs(p',n) = Vp'-
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We lift A’ — §(A") naturally to a bijection M (8) : M(F 1) — M (%D ). This
gives the Langlands classification for general linear groups over a division
algebra A in terms of M (¥ 4). Fora € M (% 4) let L(a) = L(M(S)(a)) and
Ma) = A(M(8)(a)) as before.

1.11: Since R, is a polynomial algebra over §(A’), A" € ¥4, the mapping §(A”) —
S(A)', A e€ZPg4, extends uniquely to the ring morphism’: R4 — R4, which
carries irreducible representations into irreducible ones; see [Aubert 1995;
Schneider and Stuhler 1997]. This homomorphism of rings is an involution.
Again, for a character x of F*,": Ry — R and x : Ry — R4 commute.

1.12: One defines the cuspidal support of an irreducible representation in the same
way as before (it is an element of M(%4)). The involution ! preserves the
cuspidal support.

2.5. Let %' be the set of all the unitarizable classes in 9 4. Let
u(@®,n) =L\ VR 0TI o DR,

for 8’ € DY and a positive integer n.
We first recall a conjecture from [Tadi¢ 1990]:

(Uo) If 7 and 7y are irreducible unitarizable representations of
general linear groups over A, then 7y x 75 is irreducible.

Now [Tadi¢ 1990, Section 6] and [Badulescu and Renard 2004] imply:

Proposition. Assume that (UO) holds. Let
Ba={u(d, n), vgu@',n)xv;*u@,n)|8ed, neN, 0<a< %}.
Then

(i) Ifoyr,...,0r € Ba, then o1 X ... X oy is an irreducible unitarizable repre-
sentation of some general linear group over A.

(1) If m is an irreducible unitarizable representation of some general linear
group over A, then there exist o1, ..., 0y € B, unique up to a permutation,
such that

TEopX...X 0. O
2.6. For p’ € 64 and positive integers d, n, set
/ —d-1/2 d—1)/2
(1,d)" = [Up/( )/ 0, U;/ )/ o€ P,

—(n=1/2 vl—(n—l)/zp/

, v L=D/2
(n,d)’ =(1,d)" P,y s (Ld)Y Py e M(Sa).
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Further, (0, d)? and (n, 0)*" are empty multisets (so L({0, d)*") and L((n, 0)*)
are both the identity in R4). As before, we have

(k1+k2)/2pr

Wi, v"%p/] kr, kol = (1, ky —ky 1) :
a,d)" P = [—d-1D/24a,d-1)/24+a]’
For a character x of F* we have x L((n,d)”) = L({n,d)**"). Also

u(d(p', d), n) = L({n,d)").

3. Involution and unitarity on unitary duals of GL(n, A)
3.1. We call an irreducible representation & of a general linear group over A rigid if
e(p)/sy € 37
for all p’ in the cuspidal support of 7.

Lemma. Assume that (UO) holds. For d,n € N, p’ € €, we have

L({n, d)*)" = L({d, n)").

Proof. Since ' commutes with character automorphisms x : R4 — Ry, it is enough
to prove the equality for unitary p’ € € 4.

The proof goes in several steps.

First we prove that L({n, d)p/)’ is unitarizable. We prove it by induction with
respect to n. For n =1 we know L ({1, d)/’/)’ = L({d, 1)'0/), which is unitarizable
by the proposition in §2.5.

Let n > 1 and suppose that we have proved the unitarity of the representations
L((n, d)?")" for that n. The division algebra version of the proposition from §1.8
(see §2.2), together with (UO), implies that

-1/2 1/2

L(n+1,d)") x L(n = 1,d)*) < v "2 L((n, d)"") x v 2 L((n, d)"").

Applying the involution ’ : R4 — R4 to this relation, we get

1/2 1/2

L((n—l—l,d)p/)’xL((n—l,d) )’<v, L({n,d)” ) XV, L((n,d)’ )

First observe that L((n, d)*") is rigid (since ' preserves the cuspidal support).
This fact, the unitarity of L({n, d)?)" and The proposition in §2.5 imply that
L((n,d)?)" is a product of elements of the form L((n’,d')*"), where p” € €,
are unitarizable. The same proposition implies that all representations

v AL V) x V8L dY), 0<a <3,
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are unitarizable. This implies that the representations

v AL, d)P) x v L((n.d)*), O<a <3,

are also unitarizable. Recall that all the irreducible subquotients at the end of com-
plementary series are unitarizable ([Mili¢i¢ 1973], see also [Tadi¢ 1986] and [Tadié

1988]). This implies that all the irreducible subquotients of v "/*L((n, d)")" x
12

v, L({n, d)"’/)’ are unitarizable. In particular,

Liin+1,d)") x L((n—1,d)"")

is unitarizable (and irreducible, since ’ carries irreducible representations to the
irreducible ones).

For an irreducible representation 7 denote by 7 the Hermitian contragredient
of . Then 7 + 7t lifts to an automorphism of R,. Observe that ! carries the
class of irreducible Hermitian representations to itself, since the automorphisms ’
and 7 — 7" of R4 commute (one directly checks this on generators). Therefore,
L(n+1,d)"Y @ L({n —1,d)*")" is Hermitian. Now (d) in section 3 of [Tadi¢
1993] implies that L({n + 1, d)p,)’ ®L({n—1, d)p/)’ is (irreducible) unitarizable,
which implies that L({(n 4+ 1,d )*)! is unitarizable. Therefore, we have proved the
inductive step.

So, we have proved that representations L({n, d )p/)t for p’ € 64 unitarizable,
are unitarizable in general.

We will now get an explicit formula for L({n, d )y

First note that L((n,d)”") is not induced from a proper parabolic subgroup
by an irreducible unitarizable representation (see Proposition 2.5). Therefore,
L({n,d)*")" is also not induced in that way. The proposition in §2.5 implies that
(L({n,d)" ) =L((n',d")*") for some n’, d’ and p”. Since preserves the cuspidal
support, one gets directly p’ = p” and {n, d} = {n’, d’}. This implies the lemma if
n=d.

It remains to consider the case n # d. Actually, in this case it is enough to prove

L({n, d)*)" # L({n, d)"").

Since ! is an involution, our previous discussion implies that it is enough to prove
this relation in the case

d<n.

We do this by induction on d. Ford =1,

’

L({n, 1)) = L1, n)"),

which is different from L((n, 1)) since n > 1.
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Suppose d > 1 and that we have proved the claim ford’ <d. Letd+1 <n. We

have already observed that L((n +1,d)”) x L((n— 1, d)?) <v,">L((n, d)*') x

vy 2L((n d)”"). Applying ’ to this relation and using the inductive assumption, we
get

L((n+1,d)") x L({d,n — 1)*) < v 2L((d, n)*") x v}/>L((d, n)").

Suppose
L(n+1,d)") = L({n+1,d)").
Then

L(n+1,d)") x L({d,n— 1)) < v '2L((d, n)*") x v}*L((d, n)"").

Then by the definition of the ordering < on M (¥4), we can not have on the left
hand side more segments than on the right hand side (since ordering is generated
by linking segments). This implies n +1+4d < 2d, i.e., n + 1 < d which implies
n < d. This contradicts d + 1 < n. Thus L({n + 1, d)*')' # L((n + 1, d)*"), what
we needed to prove. O

3.2. Corollary. Assume that (UO) holds. Then ' carries the class of irreducible
unitary representations to itself .

4. On ends of complementary series of GL(n, A); character identities

4.1. The following proposition describes irreducible subquotients in the ends of
complementary series. Besides the fact that this is crucial information for deter-
mining the topology of the unitary dual, this result (essentially character identity)
will be crucial for us in obtaining formulas for (characters of) irreducible unitary
representations in terms of (characters of) standard modules.

Proposition. Assume that (U0) holds. Then forn,d € N, p’ € €4 we have in R

1/2 172

L((n,d)*) x v,/*L({n, d)"") =
L{n—1,d)" ) x L({n+1, d)"/) +L({n,d— 1)"/) x L({n,d+ 1)”/).

Proof. Tt is enough to prove the equality for p’ unitarizable. Further, by [Tadié¢
1990, Proposition 4.3], it is enough to prove the proposition for n > 2. Applying
involution /, we conclude that it is enough to consider only the case d > 2.

Let

7 =v2L((n. d)") x v,*L((n. ).

We know that L({(n — 1, d)"') x L({n+1, d)p ) is a subquotient of multiplicity
one in 7 (see §2.2).
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—1/2 1/2

Applying the same argument to 7’ = v o L{{d, n)p ) X v, L({d, n)p ), we get
that L((d — 1, n)p )x L({d+1, n)’O ) is a subquotient of 7’ of multiplicity one.

Applying ’ to ’, we get from the lemma in §3.1 that L((n, d — l)p/) x L({n,d+
1)) is a subquotient of & = (/)" of multiplicity one. Therefore, to complete the
proof, it is enough to prove that there are no additional irreducible subquotients
besides these two.

Let o be an irreducible subquotient of 7 different from the two subquotients
above. Since 7 is an end of complementary series, o must be unitarizable. Since
7 is rigid, o must be rigid. This easily implies that

o =L({n1,d))?) x ... x L({ng, di)”)
for some n;’s and d;’s. After renumbering, we can (and shall) assume that

ni+dy>ny+dy > >ng+dy.
Look at the cuspidal representation v p,(n+d)/ a=y 2,0’ =y (/22 p’. This
is the first representation (from the negative left hand side) in the cuspldal support

of m. Then the cuspidal support tells

ni+di=n+d+1.
— ) /24172 oy

(We must have ny 4+ d; > ny + d», since the multiplicity of v, in the
cuspidal support of 7 is one.)
The rules for linking segments imply
d<d.
(Since v p,("+d)/ 2+1/ 2,0/ is the left end of only one segment in 7, and there are no
segments which are more to the left, the segment starting with v, ~ntd)j2+1/2 o' must

be at least of length d.) Applying /, invoking the lemma in §3. 1 and repeating the
preceding argument, we get

n<nj.
The three relations above imply
(n,d))=m+1,d) or (n;,d)=m,d+1),
that is,
L((ny,d))*)=L((n+1,d)") or L({n1,d1)")=L((n,d+1)").

Now the first remaining representation in the cuspidal support is

l)';/(rhud)/2+1/2+1,0 _ U;(n+d)/2+3/2p.
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(As above, looking at the cuspidal support of &, we can conclude that n, + dr >
n3 +ds if k > 3.) This implies

n+dy=n+d-—1.
Now looking at the rules for linking segments, one gets directly

d—1<d,.

(Note that v;("er)/ 243/ 2,0’ must be the beginning of a segment in (ny, dz)p/, and

the shortest segment that can have this beginning is of length d — 1, which one

gets by intersecting the most left segment in 7 with the segment in 7 starting at
—(n+d)/2+1/2

vy o).
Repeating the preceding argument in the case of 7 and using the lemma in §3.1

we get

n—1<ns;.
The three relations above imply
(n2,dp) =(m—1,d) or (ny,do)=(n,d—1),

that is,
L((n2,d2)*)=L((n—1,d)*) or L((ny,d2)*)=L((n,d—1)").

We now have four possibilities for the first two factors of o. We shall analyze
two possibilities. Let

o =

, {L(<n3,d3>ﬂ’>x---xL(<nk,dk>p’> if k>3,

1 otherwise.
Suppose that ¢ is isomorphic to
L(in+1,d)")Yx L({n,d—1)*yxo’ or L(n,d+1)")xL((n—1,d)")xo’.

The first representation cannot be a subquotient of 7 since it corresponds to at least
2n+1 segments, while 7 is defined by 2n segments. For the second representation,
observe that

(L(n,d+ 1)) x L((n—1,d)* ) x0) = L{{d+1,n)") x L{d,n—1)"") x (¢’

12

is a subquotient of 7! = vx;l/zL((d, n)?") x v, L((d,n)*"). This is impossible,
for the same reason as in the first case.

Therefore, the only two remaining possibilities for o are

Liin—1,d)"yxL((n+1,d)*)xo’ and L({n,d—1)")xL({n,d+1)*)x0o’.
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But since both
Liin—1,d)")x L(n+1,d)”) and L({n,d—1)")x L({n,d + 1)*")

have in their cuspidal supports 2nd representations (counted with multiplicities),
which is exactly the number of representations in the cuspidal support of 7 (counted
with multiplicities), we conclude that 0’ = 1, as needed. |

5. On characters of irreducible unitary representations of GL(r, A)

5.1. The set of nonnegative integers is denoted by Z.. Fix p € €y and p’ € 6 4.
Let Rr(p) be the subalgebra of Rr generated by

(8" 0,50 | ki ky €37, ko —ki €2, )}
and R4 (p’) the subalgebra of R4 generated by
B p Vo) | kika€ 3Z, ko —ki €24 ).

Clearly, both algebras are polynomial over these sets of generators. Define an
algebra isomorphism W, , : Rp(p) — R/ (p’) by

W, 8005 p, V2 p]) > 8(Iv o', v ')
forall ki, kr € 32,k —ky € Z.

Lemma. If we assume (UQ0), then
. Uk, ’
W, 0t (L(n,d)"?) = L((n, d)"»")
foralln,d e Nandk € 7.

Proof. We work by induction on n. For n = 1 (and all d) the lemma holds by
definition of W, , (see §1.14 and §2.6). Fix n > 1 and assume that the formula of
the lemma holds for all n’ < n. Applying ¥, , to the formula of the theorem in
§1.15 (with v¥p instead of p) and using the inductive assumption we get

!

L({n, d)""")

=W, »(L((n+1, d)””))xL((n 1,d)" ’p)+L((n d+1) /k/p)xL((n d—1)" ’p)

2 L(n, d)" ’p/)xv 12

Subtracting this from the formula of the proposition in §4.1 (with v];, o’ instead
of p’ in the formula) and using the faclzct that R4 is an integral domain, one gets
W, (L((n+1,d)"P) = L((n+1,d)""), as needed. O

5.2. From the preceding lemma and the theorem in §1.15, we immediately get:
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Proposition. Assume that (UQ) holds. Let p' €65 andn,d€Z,n,d > 1. Let W,, be
the group of permutations of the set {1,2, ..., n}. Set W,id) ={weW,;w@i@)+d=>i
forall 1 <i <n}. Then we have in R4

rod o7 2 1 _d+1 7 n ./ d+n—1 1
L(([vp s vyp' ] [vpps, vy o), oo vyt v, ™ p0])
n
i i)+(d—1
= > DY [T spe vty O

wew” i=1

6. Jacquet—-Langlands correspondence

6.1. A.I Badulescu [2002] studied very natural extensions of Jacquet-Langlands
correspondences. We recall here some of his considerations (in a slightly different
notation).

In §2.3 we recalled the Jacquet-Langlands correspondences

JL, : D(GL(p, A)) = D(GL(pda, F)),
which are uniquely determined by the requirement that the characters ®y and
®JL,,(5’) satisfy
(=DPOs(g) = (=D Oy, (9)
whenever g’ and g have the same characteristic polynomials, and when this poly-
nomial is separable.
The correspondences above are bijections, so instead of the correspondences

JL,, we could consider their inverses JL;I.
The mappings JL,, p > 1, define in a natural way an injective mapping

JL: %4 —> 9F.

Since the algebras R4 and Rp are polynomial over %4 and 9 respectively, JL,
can be uniquely extended to a ring homomorphism of R4 into Rp, which will be
again denoted by

JL: RA — RF.

Clearly, the extension is also injective.
The homomorphism JL carries Groth GL(p, A) to Groth GL(pdy4, F), and we
denote this restriction again by

JL, : Groth GL(p, A) — Groth GL(pd4, F).
Then this extended JL, again satisfies the relation
(=DPOr () = (=D Oy, () (8)
for any w € GL(p, A)".
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Let
@' = | B(GL(pda, F)).
p>1

Then JL defines a bijection of % 4 onto ngfl"). Denote the inverse mapping by
L9\ > g,

There exists a unique ring homomorphism Ry — R4 which extends LJ and which
sends all the elements from 9% \@Sﬁl*‘) to 0 € R4. This extension will be denoted
again by

LJ: Rr — R4.

If d4 | m, we denote by LJ,, the restriction
LJ,, : Groth GL(m, F) — Groth GL(m/d4, A).

Otherwise, we take (formally) LJ,, = 0 (as a mapping from Groth GL(m, F) into
Ry).

Let Ir 4 be the ideal in Ry generated by @ ¢ \ngfl*‘) (clearly, this ideal is graded).
This is just the kernel of LJ. Therefore,

RAs=Rp/IF 4.

Further, suppose that ¢ € Groth GL(m, F)isin Ir 4 and d4 | m. Then for regular
semisimple g € GL(m, F) we have O,(g) = 0, where ®, denotes the formal
character of ¢. Therefore,

(=D)™Oy(g) = (= 1) 4By, (g)

whenever g and g’ have the same characteristic polynomials, and when this poly-
nomial is separable. Clearly,

LIoJL =idg,.

The correspondence JL: R4 — Rp, which we considered first, does not behave
well with respect to irreducibility. Namely, one sees easily (as in the comments
after [Badulescu 2002, Theorem 3.1]) that JL. does not in general carry irreducible
representations to irreducible ones (up to a sign). A similar situation happens with
unitarity. In general even irreducible unitary representations are carried neither
to irreducible unitary representations (up to a sign), nor to linear combinations of
irreducible unitary representations.

Assuming (UO) holds, we shall see in the rest of the paper that the correspon-
dence LJ: Rr — R4 behave well with respect to irreducible unitary representations,
i.e., that it carries such representations either again to the irreducible unitary rep-
resentations (up to a sign) or to 0.
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6.2. Letp’ €%4. Suppose that §([p, v ~!p]) € DF corresponds to p’ under the
Jacquet-Langlands correspondence (here p € €¢). Then §([p, vsﬂ’k_l,o]) corre-
sponds to 8([0/, vi,_lp’]).

6.3. Fix an irreducible cuspidal representation p of GL(m, F). Let s'm be the
smallest common multiple of m and d,. The fact s'm |dam implies

S,|dA.

Note that 8([p, v* ~!p]) is an irreducible essentially square-integrable represen-
tation of GL(s'm, F). Therefore, it lifts under the Jacquet-Langlands correspon-
dence to an irreducible essentially square-integrable representation p’ in R4. A
short discussion implies that p’ is cuspidal, and then s, = s’

Now p’ is a representation of GL(p, A), where p = ms,/d4. Since s'm is
the smallest common multiple of m and d,, this implies (p, s,/) = 1 (if k were
the greatest common divisor, then kds and km would divide s'm). Further, the
smallest common multiple of d4 and pda /s, =m is sym = pda.

6.4. Assuming (UO) we shall compute LJ(;r) for irreducible unitary representa-
tions of general linear groups over the field. Since LJ is a ring homomorphism, for
this it will be enough to compute

LI(L({r,d)?) € R4, r,deN.

Suppose that we are in the situation of §6.3, and suppose that s,, = 1 (which
means that p corresponds to p’ under the Jacquet-Langlands correspondence).
Then the theorem in §1.15 and the proposition in §5.2 directly imply

LI(L((r, d))) = L({r, d)"").
It remains therefore to consider the case
Spr > 2.

We shall assume this in the rest of the paper.
If r = 1, then we know LI(L ({1, d)”)) by §6.2, so we can assume also r > 2.
To simplify the notation, we shall often denote below s, by n:

Sy =n.
7. Calculation of the Jacquet-Langlands correspondence in the unitary case

I: the case r <d and s, |d

7.1. In this section, we assume r < d and s, |d (i.e., n|d).
We shall use below the following technical lemma, identical to [Tadi¢ 1996,
Lemma 3.1], whose statement we repeat here for convenience.
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Denote by W, the group of permutations of {0, 1,...,r — 1}. The sign of a
permutation w will be denoted by (—1)".

Lemma. Writer =an + b, witha,b € 7Z such that0 <b <n —1.
(1) Let
Wr/(n) ={we Wr' ; n|(w@)—1i) forall 0 <i <r—1}.
For0 < ¢ <min(n,r)—1, set
W/ (n; €) ={we W.(n); wi)=iif nt(i —£)}.

Then W/(n) is a subgroup of W/, W/(n; ) are subgroups of W/(n) and
W/ (n) is a direct product of W/(n; £), for £ =0,1,2, ..., min(n,r) — 1.
(ii) Let0<€<b—1 (resp. b <€ <min(n,r)—1). Forw e W, (resp.w € W)
define w* € W/ by
: J ifnt@i —90),
w*(j) = L .* .
L+nw@) ifj=4~L+ni.

Then w — w* is an isomorphism of W, | (resp. W,,) onto W/(n; £). Further,
(=D =(=D"". O
7.2. Let
M= L((lo. v ol vp, vipl .. v p ™)),
We now start the computation of
LI = LI(L((Lp, v*~ ', vp, vipl, oo v o, v =14 p]y))

r—1

= > DY [T L@@ p v @+e=Dp))

weW/ i=0
r—1

=) DY [T L@@ o, v @+e=Dpp),
weW! (n) i=0

where we have used the fact that n|d and r < d.
Write r =an+b witha,b e Z and 0 <b <n— 1. We use the preceding lemma
to modify the sum:

r—1

LJ(H) — Z (_1)w 1_[ LJ(S([Ulp, vw(i)-i—(d—l)p]))

weW)/(n) i=0
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= Z Z 1_[( l)wZHLJ((S( €+nz Ii+nw4(i)+(d_1)p]))

wo, W1 s---s Wh,Wh4] -, g 0
wp-1€W, a+1  Wmin(n,r)— IEW

min(n,r)—1 a—1
X 1_[ (=D 1_[ LJ(a([vﬁ—Fnip, pitn wl(l).l,_(d_l)p]))
t=b i=0
_1_[ Z (— l)wel_[LJ(S([v””’ Pl +@=1 51y
=0 w/eW
min(n,r)—1

x 1_[ Z (=™ ]_[LJ(a( iy e D+HE=1) )y

t=b w/eW’

Now assume that §([p, V"' p]) and p’ correspond under the Jacquet-Langlands
correspondence as in §6.2. Then

LJ(H)_(H Z (— 1)“’@ 1_[(3( Z+nz / €+nz we(l) i+(d/n— ]),0/])

=0 w(EW
min(n,r)—1
X l_[ Z( 1)we l_[(S( +ni 0, pltni wz(,) i+(d/n—1) o)
UJgGW’
_(1_[ (/ﬂ Z ( 1)w(/1_[5( /,O vwg(L)—',-(d/n 1) /])
szW
min(n,r)—1 a1
) ] )+(d/n—1
x 1_[ vp,/n Z (_l)we l_[(s([v;)/p/, UZJ//(I) ( /n )p/])‘
t=b weeW, i=0

Note that r < d implies r — b < d, which implies a < d/n.
If b > 1, then r —b < d, which implies @ < d/n and further a + 1 < d/n (since
n|d). Therefore

LJ(H)—H v L' vy " 01 e v ' e T )
=0
min(n,r)—1

¢ d/n—1 d -1 —14d/n—1
X l—[ vp,/"L(([p/’ vp/n ,0/]7 [Up/,O/, Vp//n,O/], o [Uz/ /O/, U,Z/ /n ,0/])).
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4

7.3. Now suppose that p is unitary and that §(p, s,/) =6(p, n) corresponds to p
under the Jacquet-Langlands correspondence. Then p” is unitary. Further

p" =LI(p, n)) =LIw™ D250, v" " p])) = v D2LIG([p, v p])

_ ,—m=1/2n)
=v, 0.

Note that v, = v,
Now we compute (for r <d and n|d)

LICL((r, d)))

_r+d _ _ l4d—
=LI(v™ 2 Lo, v ol oo, vipl, . v o, v )
b—1

rtd 3 a+1+d/n
r+d £ 0
2 ]_[ i, L({a+1,d/n)")
=0
min(n,r)—1 ¢ atd/n_
X 1_[ V/:l/ v)O/ 2 L(<aad/n)p)
t=b
Since
7@ —r2d+2 —an 2b —d+2
v 2 =V, =V, ,
we have
LI(L((r, d)"))
—b42420—n , miner=1 o _pio400-—2n ,
=[lv, ™ LGa+tam®y [ v, >  La.d/n)")
t=b
b=1  _pi2420-n ol

=TTy, > Lla+lam'" ")

P
£=0
min(n,r)=1 _p 44002y a=l
< T] vy »  Lad/m)' ")
{=b
b=l _pii420 [ minG )=l _pyi400—n ,
=[] v, * LUa+1.d/m) 1 v, 7 La,d/n)")
=0 L=h
b—1 .
2 ¢ , minG )=l pong 1)/ ,
= [] vitGa+td/myy ] v, © L({a,d/n)"")
b—1 =b

For an irreducible representation w of GL(/, A), positive integer [ and a non-
negative integer k, define the string

stry , (k,1,m)
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as

—(k—=1)/2 —(k=1)/2+1 —(k=1)/242 k=1)/2
(vp, R (vp, ! T) X (vp/ ! T) X ++» X (vp, Eoom.

If k = 0, we take the string to be the identity of R4 (i.e., the trivial representation
of the trivial group GL(0, A)).
The next result follows directly from this:

Proposition. Suppose that (U0) holds. Assume that 8(p, n) corresponds to p” € 6
under the Jacquet—Langlands correspondence. Let

r<d, nld, 1<n.

Write
r=an+b, abe”Z, 0<b<n-—1.

Then
LI(L((r,d)")) =str, , (b, n, L({a+1,d/n)""))
x str, , (min(n, r) — b, n, L({a,d/n)"")). O

Remark. Our definition of stry, , (k, 1, ) is more general than we need here. In this
paper, whenever we use stry, , (k,l,m), we have [ = s, =n. Then stry , (k,n, ),
which equals str, (k, 1, ) in this case, will be denoted simply by

str(k, ),
and we have
str(k, m) = (v_(k_l)/zn) X (U_(k_l)/2+17T) X (l)_(k_l)/2+271') X - X (v(k—l)/Zn)’

with neither v, nor n = s,/ showing up on the right-hand side.
We shall use both notations, str(k, 77) and stry , (k, n, ). The later will be con-
venient when we study unitarity.

Now the proposition above can be rewritten:
Proposition’. With the same assumptions as in the preceding proposition, we have
LI(L((r, d)*)) = str(b, L({a + 1, d/n)*")) str(min(n, r) — b, L({a, d/n)"")). O
We can rewrite this formula as

LI(L({r, d)")) = ste(r — [r/n]n, L([r/n]+1,d/n)""))
x str(min(n, r) — r + [r/nln, L({[r/n], d/n)"")),

where [x] denotes the greatest integer which does not exceed x.
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8. Unitarity of the Jacquet-Langlands correspondence of irreducible unitary
representations, I

8.1. 'We now show that LJ(L({r, d)”)), which we have computed in the previous
section, is irreducible and unitary if p € € is unitary. After this, we shall show
that LI(w? (L({r, d)*)) x v=P(L((r, d)*))) is unitary for 0 < g < 1.

If =0, then stry , (b,n, L{a+1,d/ n)p”)) is irreducible unitary since it equals
1. Suppose b > 1. Then 0 < (b —1)/(2n) < n/(2n) = %, and we conclude that
stry , (b,n, L{a+1,d/ n)pﬂ)) is again irreducible unitary.

If » <n, then stry, (min(n,r)—b,n, L({a,d/ n)p”)) is irreducible unitary since
it equals 1. Suppose r > n. Then

strvp,/(min(n,r) b,n,L({a,d/n)” )—Stl‘v ,(n—>b,n,L({a,d/n)”

Sincenow 0<(n—b—1)/2n) <(n—1)/(2n) < %, this implies that, once more,
stry,, (min(n, r) — b, n, L({a, d/n)”") is irreducible unitary. Thus LI(L((r, d)”))
is irreducible unitary.

For0 < B < %,set
T (L((r, d)"), B) = vPL((r,d)") x v P L((r, d)").
We show that LJ(w (L ({r, d)*), B)) is irreducible unitary. Observe that

LI (L((r,d)"), B))
= vﬂLJ(L«r d)*)vPLI(L((r, d)?))
V" str, , (b,n, La+1,d/m)?" ) x v P/ stry (b, 0, L(ta +1,d/n)*"))

X vﬁ,{ stry , (min(n, r) — b, n, L({a, d/n)p”))

x v, str, , (min(n, r) = b, n, L((a,d/n)""))

This implies that it is enough to show unitarity (and irreducibility, which follows
from unitarity) for

VB str, , (b, L(ta +1,d/n)?")) x v /" str, (b, n, L(a +1,d/n)?"

if b > 1, and for

P

vhI" stry, (n—b.n, L((a. d/n)*")) x v " sty (n—b.n, L((a. d/n)"))

if r > n. For the first representation, we need to show that 0 < (b—1)/(2n)+8/n < %
if b > 1; for the second, that 0 < (n—b—1)/(2n)+B/n < % if » > n. This obviously
holds since g8 < %
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9. Calculation of the Jacquet-Langlands correspondence in the unitary case
II: the case r < d and s, not dividing d

9.1. In this section we assume that r <d and s, {d (i.e., ntd).
If n{rd, then one sees directly that

LI (L((p, v/~ ol Top, v¥pl, . v o, v o)) = 0.

Therefore, we need only to consider the case n | rd. Soon we shall see that a stronger
assumption needs to be imposed to get a nonzero result.

Write r =an+ b, witha, b€ Zand 0 < b <n — 1. Now n|rd implies n | bd.
We continue to assume

n>2.

If r =1, then LY(L(([p, v?*~!p]))) = O since ntd. Therefore, we shall assume
in the sequel that
r>2.

9.2. The next result is a modification of [Tadi¢ 1996, Lemma 4.1].
Lemma. Suppose nid. If the set

X,(n,d)={weW); n|(d+w@i)—i)forall0<i<r—1}
={weW; n|(d+i—w_l(i))fora110§i§r—1}

re
is nonempty, then n |r.

Proof. Suppose X, (n, d) # . Clearly, the identity is not in X, (n, d) since n{d.

Take some w € X, (n,d). Note that for 0 <i <r —2,n|(d +w() —i) and
n|(d4+w(@+1)—i—1)imply n|(w(@)—w(i+1)+1) Suppose w(@)—w(@+1)+1=0
for all i as above. This implies w(1) = w(0)+1, wR2) =wO)+2, ..., w(Fr —2) =
w(0) + r — 2, which implies w(0) = 1 (since w cannot be identity). This implies
wr—1)=0.

Since w € X, (n,d),wegetn|(d+1)andn|(d+w(r—1)—(r—1)=(d+1-r).
These two relations imply 7 | r.

Therefore it remains to consider the case when

wi@)—wi@+1)+1#£0

forsome 0 <i <r—2. If w(i) —w(i+1)+1 is negative, then w(i) —w(i+1)+1 <
—n, which implies w(i) +n+ 1 < w(i 4+ 1). This impliesn +1 <r — 1. If
w(@)—w(@ +1)+1is positive, then n < w(i) —w (@ + 1) + 1, which implies n <r.
Thus we have proved (up to now) that

n<r.
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We have written r =an+b witha,b € Zand 0 < b <n — 1. We know that
a > 1. Write

d=cn+d, withce,d eZandl<d <n—1<r—1,

which is possible since ntd.
Since the elements of X, (n, d) € W/ are bijections, for eachi € {0, 1, ..., n—1}
we must have

card({i +kn; k € Z) N[0, r —1]) = card({i —d +kn: k € Z} N[0, r —1])
=card({i —d'+kn; ke Z}N[0,r —1])

=card({i +kn; ke Z}N[d',d +r —1]).
From this we get

card({i + kn; k € Z}N[0,d" — 1]) +card({i +kn; k € ZYN[d',r —1])
=card({i +kn; k e Z}N[d',r — 1]) +card({i +kn; k € Z}YN[r,d +r —1]).

Thus for each i € {0, 1, ...,n — 1} we have

card({i + kn; k e ZYN[0,d" —1]) =card({i + kn; k e ZYN[r,d +r —1]).
The last relation can be written as
card({i +kn; ke ZYN[0,d' —1]) =card({i +kn; k e Z}N[an+b, an+b+d —1]).
Therefore, foreachi € {0, 1,...,n — 1}

card({i + kn; k e ZYN[0,d" —1]) =card({i + kn; k e ZYN[b,b+d —1]),

1.€.,
card({i}N[0,d" —1]) =card({i + kn; k € ZYN[b,b+d —1]).

Suppose b > 1. The preceding relation for i =d’ — 1 implies b < d’ — 1, and further
b < d'. The case i = d’ implies d’ < b. This is a contradiction. The proof is now
complete. g

9.3. We also need the following result, a slight modification of [Tadi¢ 1996,
Lemma 4.2]. The proof is almost the same. Therefore, we omit it here.

Lemma. Suppose r =an (a € Z,a > 1) and ntd.
i) W )X, (n, d)W/(n) = X, (n, d).
(ii) X,(n,d) normalizes W/ (n).
(iii) For any w € X,(n,d) we have X, (n,d) = wW/(n) = W/(n) w.
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@iv) Foreachi € {0,1,2,...,r — 1} writei = s(i)n+t(i) where s(i),t(i) € Z
and0<t(i)<n—1.Letd=cn+d ,wherec,d' €Z,1 <d' <n—1(<r—1)
(d' # 0 since n{d). Define w, q) € W, by

N RO O IR
W.ay (i) =
oD i—d if 1) >d.

Then w.q) € X, (n, d) and (—1)Ped = (—1)0/m (=d)d — (_1)0/m (n=d)d

9.4. As before, let IT=L(([p, v 'p], [vp, vipl, ..., [V " p, v~ 1Hd=1p])).
Recall that we assume in this section that r <d and s,y =ntd. To get a nontrivial
LJ(IT), we have seen that one needs to consider only the case s, = n|rd. The
lemma in §9.2 gives further reduction to the case s,, = n|r (see the calculation
bellow). This is the reason why we shall assume it in the sequel.
Now we compute in this case

LI =LI(L((Lp, v~ ol [vo, v pl. ... v o, v =41 p]y))

r—1
= >, D" [T L@ p. v+ p))
weW, i=0

r—1

= >, DY [T L@@ o v @+ =Dp))
weX,(n,d) i=0

r—1

— Z (_l)w HLJ(a([Vl,O, vw(i)-i—(d—])p]))

WEW(y,q) W) (n) i=0

r—1
=(=Dreo Y (DU LI o, vrea @D o))
weW/ (n) i=0

n—1a—1

— (_l)a(nfd)d Z (_l)w 1_[ l_[ LJ(S([\)EJrnj,O, vw(,l,d)w(€+nj)+(d71)p]))‘

weW/(n) =0 j=0
Thus

n—1 a—1

Z 1_[(_1)102 l_[ LJ(S([VZ-H’!]IO, Uw(”’d)w‘/f([+nj)+(d_1),0]))

wheW, (n;0), ..., =0 Jj=0
w,_ €W/ (n;n—1)

a—1

n—1
= Z l—[(_l)wzl_[LJ((?([vZJr”jp’vw(n.d)(e+nwz(j))+(d71) o))

WO, .ees w,,,1€W’ £=0 j=0
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d'—1
— Z 1_[( 1w l_[ L] 8([v£+njp PP (Enwe(j)+(d— 1),0]))
wo,...,wy—1 €W, £=0 j=0
n—1 a—1
% 1_[ (—1) 1_[ LJ((S([UK+”J/), vw(n,d)(Z+"w€(]))+(d*1)p]))
=d’ j=0
d'—1
— Z 1_[( ])wg 1_[ LI 8([v£+njp ve-‘rnwl(J)-‘r(n d")+(d— 1),0]))
wo,...,wy—1 €W, £=0 j=0
n—1 a—1
x 1_[ (_l)wg 1_[ LJ(S([V6+’1JP, v£+nwg(j)7d +(dfl)p]))
=d’ j=0
d'—1
— 1_[ Z ( l)wg HLJ 8([ve+nj @-‘ran(j)—}-(n—d )-‘r(d—l)p]))
=0 weeW,

X 1—[ Z (=D l_[LJ 8([v(+njp ptnwe (- d'+(d— 1)[0]))

b=d weeW,

We assume in the sequel that 6([p, v lo]) corresponds to p’ under the Jacquet—
Langlands correspondence as in §6.2. Then the previous expression becomes

d'—1
- 1_[ Z( 1)”1_[8([1)””1,0 U‘“rn/vwe(f) i+ )
=0 weeW,
X 1_[ Z (—=1)™e 1—[5([U€+njp v€+njvwg(J) jte— 1)0/])
L= d’ngW/
d'—1

_ 1—[ Z/n Z (—1)we 1_[3([1) /,0 , U;Jz(J)nLclo/])

w/eW’
xH%”Z<DWHwaWM“%m

L=d’ weeW,
d-1

—Hﬁﬁﬂpvw] Lo v )

« 1—[ Z/HL(([,O vc 1 /] [Ua 1 / v I4c—1 /]))

L=d’

since a < ¢, and then clearly ¢ < ¢ + 1. (Note that we assume r < d, hence
an < cn+d’, hence an < cn, hence a < ¢; in particular, a < ¢.)
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We have proved

LI(M) = LI(L((p, v* ' o1, ..., V" p, v H4 T p]))
d' -1

= (= 1)1 HVﬁ//"L(([p/, ve 'l e e o))
=0

« HVK/ML(([IO vc 1 /] [va 1 / P I4c—1 /]))

t=d’

9.5. Now suppose that p is unitary and that p” corresponds to §(p, s,/) =8(p, n)
under the Jacquet-Langlands correspondence (as at the beginning of §7.3). Then
©” is unitary and

P =LIG(p, m) = LI~ ""DP5([p, v" o)) = v "7V,

that is,

,0” — 1)/;(n—l)/(ln)p/’ p/ — v;l?—l)/(Zn)p//’ Dy = V.
Now (for ntd)
LI(L((r,d)"))

LI Lo v s s v )

d'—1
_( l)a(n d)d _T'H 1_[1) L(([,O Y /p] [va 1 / a 1+c /]))
=0
n—1
Xl_[UL((p vcl/] [Ual/ al+cl/]))
{=d’

atetd/n 1d—1 ¢ a+c+1

= (~1)* Dy 1‘[ v, L((a,c+ 1))
Loy ate ,
n P
x l—[vp,vp, L({a,c)”)
=d'
"y d'=1 o =1 20—n—d'+2 ool 2@—23—d’+2 )
= (=1 Hv o Lae+ D) [T, 7 L@ o))
t=d'
d—1 2p_ =1 d/+2 n—l 20 on—d'+2 2=l
_( 1)a(n d)yd 1_[\) 2n <a C—‘rl V/ ﬂ ) l_[v 2n L(<a’c>l)p/ P )
t=d'
=1 20—g'+1 n=l 24—p—d'+1

— ( 1)‘1(” d)d 1_[ v 2n L( a C+ ) 1_[ v O (<av C>p”)

=0 l=d'
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d'—1
) Ll (cn—d' 12+ ,
— (= )n—dd ]_[ vl L((a, c+1)") 1_[ vy " L({a,c)”).
v d =1 t=d’
2
Therefore, we have proved:
Proposition. Suppose that (U0) holds. Assume nid, n|r, and r < d. Write d =
en+d,withe,deZand1 <d <n—1. Then
LI(L((r, d)"))
= (=)D, (d',n, L((r/n, c+ 1)P))str, , (n—d',n, L((r/n, ¢)?"))
= (=) =D gtr(d", L((r/n, c + 1)P"))ste(n — d’, L({r/n, c)*")). O

This expression can be also written as

(=)D str(d — [d/nln, L((r/n, [d/n]+1)*"))
x str(([d/n] + Dn —d, L({r/n, [d/n])"")).

10. Unitarity of Jacquet-Langlands correspondence of irreducible unitary
representations, II

Under the assumptions of the previous section, we first show in this section that
LI(L({r, d)")) is unitary (we assume p to be unitary). Then we show that

LI (L((r, d)?)) x v (L((r,d)")))

is unitary for 0 < 8 < % (under the same assumptions).
For the unitarity of LI(L({(r, d)*)), it is enough to show that

d—1 1 n—d —1 1
— P R — —
= 2n <2 and 0 2n <2'

Both obviously hold (recall 1 <d’ <n —1).
For the complementary series, we need to see that

d-1 B 1 n—d-1 8 1
0= 2n +n<2 and 0= 2n +n<2

for0 < g < % (see Section 9). This holds since 1 <d’ <n—1and B8 < %

0

11. Jacquet—Langlands correspondence in the unitary case:
the remaining cases

It remains to compute LI(L({d, r)”)) in the case d > r. Since LJ and ' commute
up to a sign (see [Badulescu 2002, Theorem 3.17]), we have

LI(L((d, r)")) = LI(L({r,d)")") = £LI(L((r, d)"))".
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Therefore, we can apply our previous calculations. We have two cases.
olfr<d, n|d, r=an+b, a,beZ, 0<b<n-—1, 1 <n, then
LI(L({d, r)")) = £LI(L({r, d)"))’
=+str(b, L({d/n,a+ 1)*")) str(min(n, r) — b, L((d/n, a)"")).
elfntd, nlr, r<d, d=cn+d', c,deZ, 1<d <n-—1, then

LI(L({d,r)?)) = £LI(L((r, d)"))’
= (=D str(d, L((e+1, r/n))) str—d', L({e, r/m))).

Here too unitarity is preserved, by the results in Sections 8 and 10, since the
involution preserves unitarity. (We assume as before that (UO) holds.)

One can compute the sign in the two preceding formulas using [Badulescu 2002,
Theorem 3.17]. (Our involutions differ by a sign from the ones used there.)
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