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PROBLEMS OF DIRAC OPERATORS

PAUL LOYA AND JINSUNG PARK

We relate zeta determinants of Dirac operators with generalized APS boun-
dary conditions for compact manifolds with boundary and parallel b-zeta
determinants of perturbed Dirac operators on the corresponding complete
manifolds with cylindrical end. We also derive, without invertibility condi-
tions, corresponding relative formulze for the (b-) zeta determinants.

1. Introduction

Boundary problems of generalized APS type have special geometric and topolog-
ical importance, as can be seen in the Atiyah—Patodi—Singer index theorem (see
Section 1A). In [Atiyah et al. 1975], those authors found a connection between
their theorem and the index of the Dirac operator on a corresponding manifold
with cylindrical end. Melrose [1993] worked out this connection and developed
the b-calculus to give his “direct proof” of the APS index theorem. Recently, both
the index and the eta invariant of Dirac operators with generalized APS conditions
for manifolds with boundary were connected with parallel invariants of associated
perturbed Dirac operators on the corresponding manifolds with cylindrical end; see
[Melrose and Piazza 1997; Loya and Melrose 2003; Loya 2005]. Here we derive
a similar connection for the ¢-determinant. To motivate this connection, we begin
by reviewing the connection between the b-calculus and boundary value problems
for the index and the eta invariant.

1A. The b-calculus and the index theorem. We first state our assumptions. Let
P :C®(X, E) — C*®(X, F) be a compatible Dirac type operator associated to a
Z;-graded Hermitian Clifford module E @ F over a compact Riemannian manifold
X with boundary Y. We assume that all the geometric structures are of product
type on a collar [—1, 0], x Y of the boundary {# = 0} = 0X = Y. Therefore, on
this collar we assume that £ = E|,—o, F = F|,—9, and

% =G, + Dy),
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Figure 1. Creating a manifold with cylindrical end.

where G : E|,—90 —> F|,—o is a unitary isomorphism and Dy is a Dirac operator
onY. Let IT, IT_, and IT, denote the orthogonal projections of L>(Y, Ey), where
Ey := E|,—0, onto the positive, negative, and zero eigenspaces, respectively, of
Dy.

Let us assume for the moment that X is even-dimensional. Let 7 be a unitary
involution (that is, 72 = Id) on V := ker Dy. Then T has +1 eigenvalues. We
define @7 as the Dirac operator % with domain

(1-1) dom(@7) :={¢ € H'(X, E) | 1" ($lu=0) =0},

where I17 := I1_ 4+ I1_7 with [1; := %(Id + L)II for any involution L on V.
Such a boundary condition is called a generalized APS boundary condition.

Let X be the manifold formed by gluing the infinite cylinder [0, 00), X Y to the
end of the collar [—1, 0], x Y of X (see Figure 1):

X\Z=X|_|ax ([0, OO)M X Y)

All the geometric structures on X extend naturally to the manifold X. We use the
same notations for these extended objects on X as for the original objects on X,
except we denote the extended Dirac operator by %.

Given a self-adjoint involution 7 on V, following [Melrose and Piazza 1997],
we show in Section 2 how to construct a corresponding b-smoothing operator Te
Y, °°()? , E, F) such that the L? based operator

(1-2) B+T:H'(X,E)— L*(X, F)

is “linked” to the operator %1 on the compact manifold X. More precisely, in
[Melrose and Piazza 1997; Loya 2005], the index theoretic properties of X and X
were linked as follows. The operators 7} + T and 91 have the same index theoretic
properties:

(a) ker(D + T) = ker @7 and ker(D + T)* = ker(I7)*.

(b) +T: H'(X, E) — L*(X, F) and @7 : dom(@7) —> L%(X, F) are Fred-
holm with equal indices (by (a)).
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(c) The following index formula holds:
ind@+7T)=ind%7 = / AS+ 1(n(Dy) +signT),
X

where AS is the Atiyah-Singer index density and where #(Dy) is the eta
invariant of Dy (see Section 1B). Note that Y is a “right boundary”; this
accounts for the 4+ instead of — in front of the eta term.

The connections (b) and (c) were first observed in [Melrose and Piazza 1997].
This theorem holds even when dim X is odd, but in this case f X AS vanishes. As
a trivial corollary, we get the following relative formula: for any two such maps T’
and S on V, we have

(1-3)  ind@+T)—ind@ +5) = ind @7 —indBs = 1 (sign T — sign S).

1B. The b-calculus and the eta invariant. We now review the connection be-
tween the eta invariants of % + 7 and %7 established in [Loya 2005; Loya and
Melrose 2003]. Henceforth we assume that £ = F and X can be of arbitrary
dimension. Then G is a unitary isomorphism on Ey only, since E = F. Moreover,
Clifford algebra and self-adjointness considerations impose the relations

G’=-1d, G*=-G, GDy=—-DyG.

The last of these equalities implies that G acts on V. We denote by £(V) the set
of unitary involutions 7 on V such that GT = —T G; for such a T, we denote the
+1 eigenspace of T by Ar. There is a distinguished subspace A, of V defined by

Ay i={TIo (Pluzo) | ¢ € H' (X, E), Bp =0, TI_(¢lu=o) = 0}.

If I1, is the orthogonal projection onto A,, then ¢ := 211, — Id, acting on V,
is in £(V) with associated +1 eigenspace A,. The unitary map o is called the
scattering matrix and A, is called the scattering Lagrangian.

We now recall the definition of the eta invariant of @7 for T € £(V); compare
[Douglas and Wojciechowski 1991; Grubb and Seeley 1996]. Since T € £(V), it
turns out that the operator %7 is self-adjoint and has real discrete spectrum. If {4}
are the eigenvalues of %7, then the eta function of @,

sign 4 ;
Nay ()= |/1'|SJ’
a#0

extends from Res > 0 to be a meromorphic function of s € C that is regular at
s = 0. The eta invariant is by definition #(%7) = 5q, (O)

The operator % + T over the noncompact manifold X has a correspondlng in-
variant, called the b-eta invariant, which we denote by 17(92) + T). In [Loya 2005;
Loya and Melrose 2003], the eta invariant theoretic properties of X and X were
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linked as follows (for odd-dimensional manifolds, but the even-dimensional case
is similar). For T € £(V), the perturbed operator & + T in (1-2) and the operator
97 with domain (1-1) have the same eta invariant theoretic properties:

@ '@ +T) = n(@r).
(b) The following formula holds:
@ +T) =n@r) = n@-5) +m(Ar, A,),
where o is the scattering matrix.

Here, the “m-function” was introduced in [Lesch and Wojciechowski 1996] (com-
pare [Bunke 1995]): For T, S € £(V),

1
m(Ar, Ag) i= —— > i0.
' e'? espec(—[(i+G) /21T S)
Oe(—r,m)

As a trivial corollary, we get the following relative formula:
(14 @ +T) =@ —~5) = n(@r) = 1(@D-g) = m(A1, Ay).

This formula is related to the gluing problem for the (b-)eta invariant, which has
been investigated by many authors; see for instance [Dai and Freed 1994; Bunke
1995; Mazzeo and Melrose 1995; Hassell et al. 1995; Wojciechowski 1995; Miiller
1996; Briining and Lesch 1999; Kirk and Lesch 2004; Loya and Park 2006; [2005]],
and see also the survey article [Mazzeo and Piazza 1998] for more on this topic.

1C. The b-calculus and the ¢-determinant. To paraphrase the previous two sec-
tions: @ + T and @7 have identical index and eta invariant theoretic properties;
moreover, we have exact (no integer ambiguities) relative invariant formulae (1-3)
and (1-4). The purpose of this paper is to investigate the {-determinant connection
of X and X, which we now explain. Recall that if {4} are the eigenvalues of 97,
then the zeta function of QDZT = (Dr)? is

o —2s
(1-5) G ()= D 477,
270
which is defined a priori for Res >> 0 and has an analytic continuation to the
whole complex plane with O as a regular point [Grubb and Seeley 1996]. Then the
¢ -determinant of QDZT is by definition

d
2 ._ _
(1-6) det, 97 :=exp ( = S:Ocj@zT (s)).

Since (@ + f)Z has discrete and continuous spectrum, it does not have a ¢-function
as in (1-5). However, there is a natural generalization called the b-zeta function
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bcj @+T)? (s) (see Section 2) and then the b-zeta determinant dets, (@ + f)z can be
defined in terms of bcj@ +7)2(s) by the formula (1-6).
Now the question arises: Given T € £(V), what is the “defect” of

On L T2
dethc(@—l-T) :

det, @2

One may conjecture that there is no defect (that is, the ratio is unity) in view of the
fact that there are no “defects” for the index and the eta invariant. The first main
result of this paper shows that this is not the case. To detail this theorem, recall that
ker(@ + ’T\)| x = ker@7. On the finite-dimensional vector space yq ker(@ + ?) =
yo ker @, where vy is the restriction map from X to {u = 0}, we define

Fri=> 70h®vode.  Lri= D vobk ® y0hi,

where {:ﬁk} and {¢} are orthonormal bases for the kernels of %+ T and 9Dr,
respectively. We can now state our first result.

Theorem 1.1. For any T € $(V), the perturbed Dirac operator %+ T and the
operator Dt have the following relation:

deto, (@ +T)? _ L n© (det?eT )—2 ( (dets; Ag)(dets; A,) )’W/2

1-7
(=7 det, 7. det £7 4

where hy = dimker Dy, CDIZ/ (s) is the ¢-function of D)z,, and where Ay and A,
are perturbed one-dimensional Dirichlet and Neumann Laplacians (defined inde-

pendently of T € £(V)), respectively, acting on scalar functions over the half-line
[0, 00); see (3-2).

We remark that the value of the right-hand side of (1-7) varies with 7" and is
maximized when T = ¢. To see this, by Proposition 4.1, we have

-~ _ dim ker(@-i— ?) -2
det<Lr 2 ~ 5
1-8 = d .
(1-8) (deth) ( kf:[l /X|¢k| g)

By Theorem 2.2, dim ker(@ + ?) = dim(Ar N Ay;) +dimker%_,, so the value
of (1-8) can be changed by varying T so that the number of elements of the inter-
section A7 N A, increases or decreases. In particular, (1-8) has a maximum when
T =0 since [ |gx|2dg < 1 (because I3 |px|2dg = 1). Therefore, the right-hand
02

side of (1-7) can vary with 7" and is maximized when T = o, since 2
detbg Ag- detbéw A, are independent of T'.

We now extend the relative formule (1-3) and (1-4) to the ¢ -determinant. For a
linear operator L over a finite-dimensional vector space, set det” L :=det L | (ke 1) -
Our second main result is the following relative formula.
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ind@ +T) =ind D7
@ +T) = n@r)

detr, @ +T)* S 3m O (detir )_2((detbCAd)(detbCAU))hY/z
det, %7, det L7 4

Table 1. b-calculus and BVP relative formula (no integer ambiguities).

Theorem 1.2. Given T € £(V), the following formulas hold:

detb((éi—i-?)2 ( det P )_zd t$(21d—0'+T_—T+O'_)
— = = e >
dety (2 —7)? det¥_, 4
det, 92, det £ —2d t*(21(1—0+T— — T+a_)
= € .
det, %%, \det£_, 4

In the case that ker %97 = ker@_, = 0, the second formula in Theorem 1.2 can
be derived from [Scott 2002; Scott and Wojciechowski 2000]. We emphasize that
the term (det £_)?/(det £7)? in this formula is new, and this factor is nontrivial
in general. For reference we summarize the relationships between the b-calculus
and BVPs in Table 1.

Though the eta invariant and ¢-determinant are nonlocal quantities, the ¢ -deter-
minant is more nonlocal in the following variational sense (see [Atiyah et al. 1976,
Propositions (2.9) and (2.10)]): the variation of the eta is “local” in that it only
involves finitely many terms of the local symbol expansions of the original oper-
ator while the variation of the ¢-determinant is “nonlocal” because the variation
involves the inverse of the operator. With this in mind, we remark that the first
two lines of Table 1 hold, basically, because the index and the variation of the eta
invariant are “local” objects so these invariants are not able to distinguish between
X and X. Because the ¢ -determinant and its variation are “nonlocal”, the last line
of Table 1 shows that the ¢-determinant is able to distinguish between X and X.

This paper is organized as follows. In Section 2 we explicitly construct the b-
smoothing perturbation T corresponding to the matrix T € (V). In Section 3 we
derive gluing formulz for the ¢ -determinants on X and X from the gluing theorems
proved in [Loya and Park 2006; 2005]. Lastly, in Section 4 we use these gluing
theorems to prove Theorems 1.1 and 1.2.
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2. Perturbed Dirac operators and the b-zeta function

Let us henceforth fix 7 € £(V). In this section, we construct the perturbation T
in Theorem 1.1 and we review the b-trace and the b-zeta determinant.

2A. Perturbations of Dirac operators. We first define an auxiliary b-smoothing
operator acting on scalar functions on the half-line [0, c0). Let y € C*°(R) be a
cut-off function, where y (u) = 1 foru > 2 and y(u) =0 foru < 1. Let o > 0
be a smooth compactly supported even function on R with g(0) > 0. Then p(z) is
an even entire function — throughout the rest of this paper, the functions y and p
shall remain fixed. Define an operator Q acting on Schwartz functions over [0, 00)
by setting

1 .
-1 0w =5 [ a0 Tu .
where ﬁ is the Fourier transform of y y:

1y (@) =/Re_”” x W) w(u)du.

Since p is compactly supported, p(z) vanishes to infinite order as |z| — oo for
| Im 7| within any fixed bound and therefore, Q is by definition a b-pseudodiffer-
ential operator of order —oo (a “b-smoothing operator”). Moreover, since p is
even, p(7) is also even, so Ko (u, u") = K o (u’, u), which implies that Q is formally
self-adjoint. Here is another of the main properties of Q:

Lemma 2.1 [Loya 2005; Loya and Melrose 2003]. If W is a subspace of the kernel
V of Dy and w € W is arbitrary, the boundary value problem

ve H'([0,00),V), (8u+0Q*T)o=0, vlumo=uw,

has a nontrivial solution if and only if w € Ar N W, in which case the solution is
unique and also takes values in At NW.

As in [Melrose and Piazza 1997], we define T : Lz(ff\, E) — Hoo(ff\, E),
which is completely supported on the cylindrical end [0, 00), x ¥, by

T:=GOQ?T,

where Q is in (2-1). Note that T is a finite rank smoothing operator acting over the
cross section Y while Q acts over the half-line [0, 00),. Then T e ¥, & (5(\ , E),
the space of b-pseudodifferential operator of order —oo, by definition of this space
[Loya 2005; Melrose 1993]. The following theorem, a consequence of Lemma 2.1,
gives one of the main properties of the perturbation T.
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Theorem 2.2 [Loya 2005; Loya and Melrose 2003]. The operator
$+T:H'(X,E)— L*(X,E)

is Fredholm, and ker(@—i—?) is canonically isomorphic to ker D1 by ker(@-ﬁ— ?) |x =
ker @7. Moreover, these are canonically isomorphic to (A7 N Ay) ®kerD_,;.

We remark that the operator & is Fredholm if and only if V =0 [Melrose 1993],
so 9 alone is almost never Fredholm. As this theorem shows, the main impetus
for introducing perturbations is to achieve the Fredholm property.

2B. The b-zeta function. Recall that the heat operator e’ @+1)* §3 p-trace class
[Melrose 1993, Chapter 4] with a long time expansion [Loya 2005; Loya and Mel-
rose 2003; Melrose and Piazza 1997]:

(2-2) byt @+ bo+bre ast — 0o,

where by = dim ker(@—i— T) and where ¢ > 0. The reason for the exponential decay
is that @ + T is Fredholm so has discrete spectrum near 0. Also, there is the usual
short time asymptotic expansion [Loya 2005; Loya and Melrose 2003; Melrose
and Piazza 1997]:

0 o0
~ .
by =1 @H+T)” E ai 14 E a,/(tk ast — 0,
k=0 k=1

where 1 = dim X. Using this and (2-2), a straightforward computation shows that

1 1 o )
be o 0y — s—1bmy. 1 @G+T)
Carme(s) = 1ﬂ(s)(/o +/1 )tY Tre dt,

where the first integral is defined a priori for Re s > 0 and the second one a priori
for Re s « 0, extend to be meromorphic functions on C that are regular at s = 0.
In particular, the b-zeta determinant

~ o~ d
dets (D + T)2 ‘=exp (— gbC@Jrf)z(s) |s:0)

is well-defined.

3. Gluing formulz for the ¢-determinant

In this section, applying the gluing formulae of the (-determinant in [Loya and
Park 2006; 2005], we prove two propositions which will be used in the proof of
Theorems 1.1 and 1.2.
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X~ [-1,0], xY
X
ANy el %l
1 a 1

Figure 2. Cutting X into two pieces.
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3A. Gluing formule for X. Let —1 < a < 0. We shall apply the gluing formula
in [Loya and Park 2006, Theorem 1.1] to the operator %7 over the manifold X,
which we decompose at u = a:

X=M,UN,, M,, N,= the left, right half of {u = a} in X;

see Figure 2. Let €y, and 6y, denote the Calderén projectors of %@ r|y, and
%rln,, respectively, at the hypersurface {# = a}. Since %7 has the boundary
condition 17 =T1_ + %(Id — T)IIj at {u = 0}, one can check that €y, = H:LT =
I + %(Id + T')Io, which is independent of a. Thus, %, is just the operator
G (8, + Dy) over [a, 0] x Y with boundary conditions H;T at {u =a) and 117 at
{u = 0}. By [Loya and Park 2004, Theorem 1.1], we have

0)+/
(3_1) det(@?@}va — e—Ca 2([)%,( )+1Y,

where C = —(2/7)~! (F(s)_IF(s — %)(Df (s — %))/(O). Now we recall that the

Calder6n projectors 6y, , HIT have the forms

1 (1d «;! r 1(Id «x;!
Cy = — a ' == T
M 2(xa Id)’ + T2 \er Wd
with respect to L?(Y, Eg) = L?>(Y, EY)@® L?(Y, E~) where E* are the subbundles
of E consisting of the (&i)-eigensections of G. Let Ur 4 1= —kuk 1, which is a

unitary operator on L*(Y,E 7), and let l/]\T,a denote the restriction of Ur, to the
orthogonal complement of its (—1)-eigenspace. Finally let £7 4 =2 7k @ Yok
with vy, the restriction map from X to {# = a} and {¢;} an orthonormal basis for
ker %7. Then by [Loya and Park 2006, Theorem 1.1] and (3—1), we obtain:

Proposition 3.1.
detgébz
det(QI)(gM

21d+ Urq + ﬁ;},)
; :

= ¢ C (detLr )2 detp(

3B. Gluing formulc for X. Agam assume that —1 < a < 0. We now apply the
preceding argument to D+ T over X separated at u = a:

X=M,UN,, M,, N,= the left, right half of {u = a} in X.
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Figure 3. Cutting the cylinder.

Let €y, (just as before) and €5 denote the Calderén projectors of (@ + ?) M, =
9D|m, (since T vanishes on X ) and (D + f)l n, at {u = a}, respectively. Splitting
H'([a, o0) x Y, E) into its projections onto V = ker Dy and V', it follows that
G (0, + Q*T) over TgH'([a,00) x Y, E),

@+T) 5, = Lyl
G (6, + Dy) over Iy H" ([a,o0) x Y, E).

Lemma 3.2. We have €5 = H;T, which equals €y,.

Proof. Lemma 2.1 immediately implies that €5 = H;T when @ = 0. To see
that this holds even for the nonzero a, we recall that the statement of Lemma 2.1 is
independent of the choice of y, p, which define the operator Q in (2—-1). Therefore,
we can show that the same statement is true for nonzero a by shifting y, o. Hence,
the Calderdn projector at {a} x Y is also given by H;T even for nonzero a. (]

In the next proposition we compute dets; (@ + f)?gﬁa.
Proposition 3.3. Over H' ([0, o0)), define
Ag :=— (8, — 0*) (8, + Q?) with Dirichlet condition at u = 0
G2 Ay :=— (6, + 0*)(8, — Q%) with Neumann condition at u = 0.

These are one-dimensional “perturbed Laplace-type operators”. Then
9+T hy/2 | —Ca 2653 ©)
detbc @+ T)%I\A/a = ((detb(Ad)(detb(Av)) v/2 e Ca 2240% .

Proof. We apply [Loya and Park 2005, Theorem 1.1] to dets, (@ + /T\)?@ﬁ with the
decomposition

[a,00) x Y = ([a,0] x Y) U ([0, 00) x Y).

(see Figure 3). By Lemmas 2.1 and 3.2, it follows that the Calderdén projectors
at the left and right side of the dividing hypersurface {0} x Y are I1” and H;T,
respectively. In particular, the induced operator on [a, 0] x Y is just the operator
G (6, + Dy) over [a, 0] x Y with boundary conditions H;T at {u =a} and 11 at
{u = 0}, which has ¢-determinant equal to

0)+h
e~ Ca 242)%( )+ Y;
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see (3—1). Combining this value and [Loya and Park 2005, Theorem 1.1], one can
derive
dets, (3 + T)?@ﬁa = e €4 dety, (@ + T)?

;"

It remains to compute det, (@ + ’f)%,T on [0, o0) x Y. To do so, we observe that
+

dety, (@ + /T\)?HT = detb(A2 : detb{Bz,

where
A:=G(6,+ Q°T)n, over Iy H'([0, 00) x Y, E),

B:=G(,+Dy)u, over Iy H'([0,0) x Y, E).

%g,zy ©)

By [Loya and Park 2005, Lemma 2.2], we have detb(B2 =2 , SO it now

remains to compute detb{Az. To this end, we recall that

dom(A) = {¢ € H'([0, 00), V) | TI1 ($lu—o) = 0},
SO

dom(A?) = {¢ € H*([0,00), V) | II7(¢luzo) =0, 17 (Agb|umo) = 0}.

Now the heat operator ¢~'A” takes an initial condition w to a function ¢, that
satisfies

O +Ap =0 3 o=y , Hr(Plumo) =0 TI7(Adluzo) =0.
Nearu =0, Q =0,soatu =0 we have [17A =117Go, = GII1_70,. Thus,
(©; + A2)¢t =0 ; ¢do=vy , HT(¢[|M=O) =0, H—T(6u¢t|u:0) =0.

Since Il7 is the orthogonal projection onto A7 and II_7 is the one onto A%, we
have Dirichlet conditions on A7 and Neumann conditions on A%. Moreover,

A? =G0+ Q°T)G(0u+ Q’T) = —(0, — Q°T)(8u + Q°T)
—(0u = 0*)(2u+ Q%) over Ar
- [—(au + Qz)(au — Q2) over A%.
Thus, by definition of Ay and A,
.efZA2 = ¢ 1A IIr + Pl In_7.

Since Tr [1r = dim Ay = hy /2 with the same for Tr [1_7, we obtain

h
" () = S (6a, () + "0, (5)).

Using the definition of the b-zeta determinant finishes the proof. ]
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Again applying [Loya and Park 2005, Theorem 1.1] together with Proposition
3.3, we have:

Proposition 3.4.
det; (B 4 T)> _ Cay 5RO ((deth(Ad)(detbCAU))’W2
det, 2% 4
_ 20d+ Ury + Uy !
(et Pra) - detp( Tf I.a )

where QT,a => Vaak ® yagk with {(Zk} an orthonormal basis for ker(@ + 7"\).

4. Proof of main theorems

In this final section we put together the results obtained in the previous section to
prove Theorems 1.1 and 1.2.

First of all, Theorem 1.1 is easy to prove: dividing the formulas in Propositions
3.1 and 3.4, we obtain

deto- @+T)* S © (de@m)z (dets; Ag)(detr; A,) "2
det, @2 det L7, 4 '

It follows that the ratio det EET,a / det£r , does not depend on a. In particular, we
can take a — 0 in this equality, which completes the proof of Theorem 1.1.

Theorem 1.2 takes a little more work. By Theorem 1.1, we can derive the ratio
of dets (3 + T)? with dets, (3 — G)? from the ratio of det, %2 with det;@2, so
we shall focus on the latter ratio. Applying Proposition 3.1 to T and —o, then
dividing the resulting formulas, we obtain

rr—1

det, @2 det L7 *2d t 20d+Ur o +Up b\ (2d+U—p o+ U=\
= c .
det, @2, \det®_,, " 4 4

We can find the right-hand determinant as follows. First, we can write

LAY, E)=V @V,

where (V)™ = %VL; this allows us to consider the above determinant over
V~ and (V)™ separately. Second, we notice that
Id+o
P over V. = ky,=oc" over VT

“ 2
because the intersection of the Cauchy data space with V does not change with
respect to a by the description of the dynamics of the Cauchy data space in [Nico-
laescu 1995]. Hence, by the definition of Ur , and U_, ,, we have

Urgy=-0"T", U,4,=—0(—0c7)=1d over V7.
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Third, since H;T = I1% (which is equal to 1) over v+, it follows that
Ura=U_;, over (VL)_.

Hence,

2Ad+Ura+Up b\ (2440 40 +0-0, " (2[d—c+T—T+0~
detp 2 : 1 : =det n ]

since (67T7)"! = T*o~. Thus,

det, D2 (detng,a )—2 q t*(ZId—a+T = T+a)
—_— = _— -de .
det, @2, det¥_; 4 4

It follows that the ratio det £,/ det£_, , does not depend on a. In particular, we
can take a — 0 in this equality, which completes our proof of Theorem 1.2. ]

Finally, we end our paper with a proof of the following “explicit” formula for
the ratio of the kernel determinants.

Proposition 4.1. We have

= dlmker(Eb—',-T)
det¥

e H / el dg.
det$r

Proof. Recall from Theorem 2.2 that ker(QDT) ker(QD—l— T) |x; in particular, {ak Zsk}
is an orthonormal basis for ker @7, where {¢k} an orthonormal basis for ker(QZ) + T)
and aq; 1= 1/||¢k |lx with ||¢k 1% = fX |g15k|2 dg. Therefore, setting vy := yogbk, we
have

hT hT
5 ~
Pr = E ai vk @ v, Sy = E Ok ® Vg,
k=1 k=1

where hp = dim ker(@ + 7"\) = dim ker @ 7. Now with respect to the basis {v}, we
can write

at(vi,v1)  at(va,v1) - ai{op,,v1)
. ar(vi,v2)  a3(va,v2) --- a3{op,v2)
T pr
a}ZlT (Dla th) aiT <025 D/’lr) ot a}le (D/’lra Dhr)

where (, ) denotes the L? inner product on Y. It follows that

ht -1
det®r =a}---aj, -detPr = (H ||$k||§() detPr,

and this formula implies our result. (I
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