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MINIMAL CAPILLARY GRAPHS OVER REGULAR 2r-GONS
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This paper follows previous work by Huff and McCuan, who provided for
0 < y < m a geometric construction of minimal capillary graphs over a
square with constant contact angles on the edges alternating between y and
7 — y. Here the result is extended to regular 2n-gons. Regularity results
are obtained for these graphs, and explicit, conformal parametrizations are
given for the Jenkins—Serrin graphs corresponding to y € {0, x}.

Introduction

In this paper, we prove the following theorem, where the uniqueness statement
follows from [Finn and Lu 1998, Theorem 3.1].

Theorem 1. Let Q, be a regular 2n-gon and 0 < y < m. There is a unique (up

to vertical translation) minimal graph over Q, with constant contact angles on the

edges alternating between y and w — y. If

(n—Drm (n+Dm
2n 2n

then there is a finite jump discontinuity over each vertex. If y € {0, m}, then the

O<y< <y <m,

corresponding graph is a Jenkins—Serrin graph.

The case n =2 and 0 < y < & has previously been studied in [Huff and McCuan
2006], and by Concus, Finn, and McCuan in [Concus et al. 2001]. Existence was
proved in the latter paper, while regularity and existence of the jump discontinuity
was shown in the former. To prove existence here, we assume symmetries and
then determine the image under the Gauss map, which is conformal on a min-
imal surface, of our fundamental piece. Next, we determine the image of the
conformal map developing the (square root of) the complexified second funda-
mental form on the graph. As a result, we obtain conformal parametrizations of
the graphs, and those corresponding to y € {0, 7} (Jenkins—Serrin graphs [1966])
and (n—1)w/(2n) <y <(n+1)m/(2n) can be made explicit. Another consequence
of the construction is that Sobolev embedding theorems can be used to compute
appropriate regularity properties of the graphs.
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1. Background

The Weierstrass representation. Given a domain 2 C C, the Weierstrass represen-
tation theorem says that any orientation-preserving conformal minimal immersion

X=Xy, X2, X3): Q2> R

can be expressed, up to translation, in terms of a meromorphic function g and a
holomorphic one-form dh by the formula

m x@=Re [ (5 = @dh. S +o)dh. dh).

where g is the stereographic projection of the Gauss map and

is called the complex height differential (note that Re dh = d X3). Conversely, the
theorem states that if g is a meromorphic function and d4 a holomorphic one-form
on €2 such that dh has a zero of order n at z if and only if g has a zero or pole of
order n at z, then (1) gives an orientation-preserving conformal minimal immersion
on 2 that is well-defined, provided that

Re/(hg1 —g)dh, (g7 +g) dh, dh) —0
\2 2

for every simple closed curve ¢ C €2; this condition is satisfied automatically if <2
is simply connected.

Determining dh via the second fundamental form. For a minimal surface given
by Weierstrass data g and dh, we have, for tangent vectors v and w,

dg(v) dh(w)
g

=1 (v, w)—ill (v,iw),

where I1 is the second fundamental form on the surface (for details, see [Hoffman
and Karcher 1997]). It follows that

dg(@) dh(@) _

2) c is a principal curve <= R
8
and
dg(¢c)dh(c
3) ¢ is an asymptotic curve <= M ciR.

8
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We see from these two equivalences that the function ¢ given by

< Idedh
) ;(z>=/ ,/gT

maps principal curves into vertical or horizontal lines and asymptotic curves into
lines in one of the directions e*/7/4,

The map ¢ is called the developing map of the one-form /dg dh/g. It is alocal
isometry between the minimal surface equipped with the conformal cone metric
|dg dh/g| and R? equipped with the Euclidean metric.

Each surface considered in this paper will have boundary consisting of principal
and asymptotic curves, which will allow us to determine the function ¢. Once this
is done, we can use (4) to conclude that

_ g(dé)z'

(5) dh a3

Extremal length. To prove the existence of an appropriate ¢, we will need to show
the existence of a biholomorphic, edge-preserving map between two curvilinear
polygons (polygons whose edges are arcs of circles or Euclidean line segments).
To do this, we will need some properties of the conformal invariant extremal length.
We will restrict our attention to curvilinear polygons, although in general extremal
length is defined on arbitrary domains.
Given a curvilinear polygon A, a Borel measurable function p > 0 on A defines
a conformal metric p(dx? 4+ dy?). The length of a curve y C A with respect to
p is denoted £,(y) (with |y| denoting Euclidean length), and the p-area of A is
denoted by A,. With this notation, we define the extremal length between edges
A and B by
: 2
Exta (A, B) =sup M,
p Ap
where the infimum is taken over all curves y : [0, 1]— A such that y (0) € A, y (1) €
B,and y(t) C Aforte (0, 1). Extremal length is invariant under biholomorphisms
and has the following properties, which we record here (see [Ahlfors 1973] for
details).

Proposition. (i) If A and B are adjacent, then Exta(A, B) = 0.
(i1) If B is degenerate (a point) and dist(A, B) > 0, then Exta(A, B) = oo.

(iii) If A1 C Ay are such that edges Ay, By C Ay, k = 1,2, satisfy Ay C A, and
B C B>, then
Exta, (A2, By) < Exta, (A1, By),

where the inequality is strict if Ay # Ay or B # Bs.
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2. Construction

Determining the image of the Gauss map. Given 0 < y < m and a regular 2n-
gon Q, centered at the origin, let’s assume the existence of a minimal graph M, ,
over , with constant contact angles on the edges alternating between y and w —
y. Such a graph, should it exist, is unique up to vertical translation, and so we
normalize so that 0 € M,, .

By the symmetry of the contact angle condition, it is sufficient to consider only
0 <y <m/2 (Note that M > , = Q,), and we can simplify the problem further if
we assume the following additional symmetries:

(S1) M, , is symmetric with respect to reflection through any vertical plane con-
taining a bisector of two opposite edges of Q,,.

(S2) M, , is symmetric with respect to 180 degree rotation around any line con-
necting two opposite vertices of Q,,.

If we take the quotient by the symmetries (S1) and (S2), we are left with a
fundamental piece A;Iy,,, that is a graph over a triangle 7, (see Figure 1) which
is the quotient of Q, by its symmetry group. For computational purposes, we
rotate Q, if necessary so that the edge s; of 7, connecting the center of Q, to the
midpoint of one of its edges lies on the positive x-axis (again, see Figure 1).

X2

51

Ty
52 Qn

v

Figure 1. The fundamental triangle 7,,.

We now wish to determine the image of the (downward pointing) Gauss map N
on 81\;1},, » under the stereographic projection o that takes the south pole (0, 0, —1)
of 82 to 0 € C, the north pole to 0o, and the equator to the unit circle. Beginning
with 51, we assume the corresponding curve of 8]\31%,1 given by f(x1) is such that
f” > 0. Then it follows from the symmetries (S1) that the image of o o N along
this curve is contained in the positive x-axis. Continuing, from the symmetries
(S2) we have

2 C 31\2},,”,

and hence it follows that o o N (s;) is contained in the line

L, = Reie",
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where
(n—Dm

2n
For s3, we have from the contact angle condition that o o N is contained in the

0, =

circle
C, = 0B(secy,tany),

where B(sec y, tany) is the disk centered at sec y with radius tan . Note that if
y =0, then C, is just a point. In this case, as we will see below, the (Jenkins—
Serrin) graph My , is infinite over the edges of Q.

To conclude our analysis of N on 81\;[,,,,1, we consider the behavior of the graph
at the vertex v labeled in Figure 1. This behavior, which depends on the relation of
the contact angle y to the wedge angle 20, falls into one of the three cases below,
as illustrated by Figure 2. (In the first two cases, we denote both the vertex and the
jump discontinuity over the vertex by v.)

(C1) y = 0: We assume there is an infinite jump discontinuity at v. That is, the
vertical line in R? passing through v is contained in dMy,. Since o o N
along a vertical line is contained in the unit circle S ! we conclude Qo 1s the
curvilinear triangle shown in Figure 2 bounded by a segment of the positive
real axis, a segment of L,, and an arc of S L

(C2) 0 < y < 6,: We assume there is a finite jump discontinuity at v. That is, a
vertical line segment passing through v is contained in dM,, ,. Here @, , is a
curvilinear quadrilateral, as shown in Figure 2, bounded by a segment of the
positive real axis, a segment of L,, an arc of C,,, and an arc of § L

(C3) 6, <y < m/2: In this case, Concus and Finn [Concus and Finn 1996] have
shown u,, , must be continuous at v if y # 6,, where Graph(u, ,) = M, p,
and we assume continuity for the case y = 6,. Thus, we conclude 2, , is a
curvilinear triangle as shown in Figure 2 bounded by a segment of the positive
real axis, a segment of L,,, and an arc of C,,.

Determining the developed image of \/dg dh/g. We wish to parametrize M%n
on 2, , by finding the appropriate Weierstrass data g and dh. Since 2, , is the
image of I\;I,/,n under stereographic projection of the Gauss map, we take

g(@)=z

for our first piece of data. For the second piece of data, we determine the conformal
map { ={, , on 2, , given by (4). Then we solve for dh in terms of ¢, , and obtain
equation (5).

To determine ¢, ,, we first note that each curve in aM y.n 18 €ither an asymptotic
curve or a principal curve. Indeed, since s, and v are straight lines or straight
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Figure 2. The image 2, , corresponding to cases (C1)—(C3).

segments, it follows immediately that they are asymptotic. For s; and s3, we have
that each is a planar curve along which the surface meets the plane of the curve
at a constant angle. By Joachimstahl’s theorem, such curves are principal. Thus,
by (3), the curves s, and v are mapped by ¢ into lines in one of the directions
eT7/4 while s; and 53 are mapped into horizontal or vertical lines. Based on this
information, we conclude the image of ¢ is a Euclidean polygon P, , with edges
oriented and labeled as in Figure 3, where the number of edges and the labeling of
the edges depend on the cases (C1), (C2), and (C3). Now, scaling P, , by a real
number A > O results in scaling dh, and thus My, ns DY A2. Therefore, we can select
one graph from each homothety class by normalizing P, , so that [s;| = 1. Note
that with this normalization, there is only one P, ,, corresponding to case (C1) and
only one P, , corresponding to case (C3). In case (C2), the space {P, ,} is one-
dimensional. This space can be parametrized by the length of the edge s3, where
0<|s3] < 1.
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v
v 52 52 s
P, P, :
y’ y’ S3
S1 S1 $1
(Ch) (C2) (C3)

Figure 3. The developed image of { corresponding to cases (C1)—(C3).

Therefore, the map ¢, , is an edge-preserving biholomorphism between £2,, ,
and some P, ,. Since each of the two domains is simply connected and bounded
by a simple closed curve, it follows that there exists a biholomorphism between
them. Furthermore, we are allowed to specify the images of three points on the
boundary. Thus, if in cases (C1) and (C3) we specify that the vertices of 2, , are
mapped to the corresponding vertices of P, ,, then the edge-preserving property
follows immediately.

For case (C2), the two domains are quadrilaterals, and so the result is not im-
mediate. Here we normalize by specifying the images of three vertices of €2, , so
that the edges s, and s, are preserved. What remains is a one-parameter family of
biholomorphisms, and we aim to show there exists a map within this family that
preserves all four edges. To prove this, we consider the quantity

Extp, , (52, 53).
First of all, it follows from part (i) of the Proposition (page 265) that
Extp,,(s2,53) = 0 as [s3] > 1.
Then, by part (ii), it follows that
Extp,, ($2,53) > o0 as |s3] — 0.

Hence, it follows by continuity that there is some intermediate |$3| and correspond-
ing P, , such that

EXto L(52,83) = Extlg (52, 53).
: n

Using part (iii) of the Proposition and the conformal invariance of extremal length,
we see that the fourth vertex v M s3 must also be preserved. Thus, the normalized
conformal biholomorphism

Cyn iRy — Py
12 12 Y

is the desired edge-preserving map.
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3. Verification of parametrizations

Let X, , on 2, , have the form (1), where

g(dgyn)°
dz
Here we choose the base point of integration to be 0 = s; N s, so that

g(z)=z and dh=

X, 1 (0) =0.

We seek to verify that the image of X, ,, gives a surface in R3 that can be extended
by symmetry to the desired capillary graph over a regular 2n-gon Q,. By con-
struction, we know X, , is a minimal immersion. What remains is to verify its
image is also a graph over 7,, that has the desired properties. To accomplish this,
we investigate X, , along d€2, ,, and we separate this investigation into the three
cases (C1)—(C3).

Case (C3). The first observation is that
(6) X, is continuous on S_Zy,n.

To see this, let ¢; denote the angle between any two adjacent edges ey and e, on
2, and let ¥; denote the angle between the corresponding edges on P, ,. Then
we have

¢y n(2) = &ynlerNes) + (z — e1Nex) V' ¢y (z2)
in an 2, ,-neighborhood of e; Ne;, where ¢y is holomorphic and nonzero at e; Ne,.
Hence, it follows that

¢, ()7 = (2 —e1Nex)* VD5 (2),

where £ is holomorphic and nonzero at e; Ne,. Clearly, from the geometry of
Q2 , and P, , we have ¥ /¢; > %, SO

Y >
2(=L —1) > —1.
(3
Thus, it follows that
d 2
dg

is integrable on S_Z,,,n, proving (6).
Beginning our analysis on d€2, ,, we parametrize s; from O to sec y— tany by

z1(t)=t, O<t<secy —tany.

Then
dz(z1) =1,
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and from the geometry of ¢, ,, it follows that
dgyn(21)* > 0.
Using this information, we compute
d(Xyn), G =Re(3(1 =1} dt, . (21)%) > 0
) d (Xyn), (21) =Re(5(1+12)dgya(21)?) =
d (Xyn), G1) =Re(tdgy (1)) > 0.
Thus, the computations above show that

) X, n(s1) C {x2 =0} is a curve of mirror symmetry,

where the statement about mirror symmetry follows from the fact that g(z) = z.
Moreover, the equations (7) yield

(X},,,,)1 and (Xy,,,)3 increase as t increases,
so that
) X, n(s1) is a graph over it projection into the xx-plane.

Continuing, we parametrize s, from 0 to e!% by

22(t) = e, 0<t< o, Wwhere p < 1.
Hence, it follows that
dz(zy) = €'
and since
1 .
Ay n(22)" >0,
we have
: I 126, A8y n(22)?
d (Xyn), (22) =Re (—(1—r2e =
d n n
_ L@ Re(i(e % —1?ei)) = dtynta)” P2 (144%) sin 6, > 0,
2i 2i
2
d (Xy.n), (2) =Re < (1+£22 >§V"—(ZZ))
d¢y , , . d¢yn
= 9’2—@Re(—<e*’9"+r2e’9n)) 92—(“)(1% )cos 6, <0,
l

d (Xy.n); (22) =Re(tdgy 4 (22)*) =0
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It follows that )
d(Xy,n)Z(ZZ) .

d(Xyah(G2)
and since d (X,.n), (22) =0,

—cotb,,

(10) X, , maps s, monotonically onto a straight segment contained
in the ray Rg, = {(x1, x2,0) | x; > 0 and x, = —(cot6,)x1}.

Finally, we parametrize the contact curve s3 from s, N s3 to s; N s3 by
z3(t) =secy +tany e, T,,<t<m.

Now, the value T), , is greatest in the borderline case y = 6,. Here the circle C,
intersects the line L, tangentially at z = ¢'%, and a simple calculation yields

TQ,,,n =Y.

Thus, we have

so that

(11 cosT,, <—siny, 6,<y <.

Continuing, we have dz(Z3) =i tany €'’ and a’g,,n(i3)2 < 0, so that

d : 1 2 it 2 i2t d(y,n(@)z
(Xy.n), @3) =Re( 5(1—sec’y —2secy tany €'’ —tan’ y &'*')
: 1tany elt
- %dg%”(z.3)2 Re(ie '(tany +2secy €'’ +tany ¢/*)) =0,
J . . d . 2
d (Xy.n), (Z3) =Re L1 4sec?y +2secy tany e +tan® y eth)M
: 1tany elt
d >2)2 ) | |
= é;’#:f;j)l{e (eflt(l + S602 y =+ 2 secy tan 14 elt + tan2 Y 6121‘))

. dé‘y,n (23)2
~ sinycosy

(12) (cost+siny) >0

— the inequality being due to (11)—and

dey 1 (23)?
d (Xy’n)f} (23) =Re ((SCC )/ +tan y e”)%)

d ° \2 ) i d © N2
I 1V Re(ie "'(secy+tany ') = ——g”_n (¢s)
tan y sy

sint > 0.
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Therefore, from our computations on s3 and the fact that g(z) = z, we conclude
that

(13) X, , maps s3 onto a contact curve of angle y
contained in a plane parallel to the x;x3-plane.

Moreover, from (12) we get that
(14) X, 1 (s3) is a graph over its projection into the x1x-plane.

So, from (6), (8), (9), (10), (13) and (14) it follows that Xy,n(ﬁy,n) 1S com-
pact and X, ,(0€2, ) projects into the xjx;-plane in a one-to-one fashion onto
the boundary of 7,,. Using a theorem of Rado, it then follows that X (€2, ,) is a
projection over 7,.

Case (C2). This case differs from case (C3) by the addition of the edge v into
Q, , and P, ,. Clearly, statements (6), (8), (9), (10) and (13) still hold. To show
(14) is also true, we write

T
Ty,nZE_V, O<y<8b,.

Thus, inequality (11) holds, and this implies (14). So, it remains to check X, ,
along v.
Parameterizing v from s3 N v to s, Nv by
it

w=e', y<t<by,

we have
dz(zy) =ie"
and >
d(y,n(zv)
— <
i

0.

Computing, we obtain

Re(e " —el') =0,

> 1 i d¢ ,n(.v)2 dt ,n(.v)2
d(Xy,n)l(Zv):Re <§(1_621) yi iZ ): v .z

e'l 2i
. i o Qyn @)\ dgya G
d(Xy,n)z(zv)=Re<§(1+e2f) Vieit” = Vzl_ “Re(i(e™"" +¢") =0,

ie”

s \2
d (Xyn); (2) =Re (eM) N

Thus, it follows that X, , maps v monotonically onto a vertical line segment.
Fortunately, the theorem of Radé used in case (C3) can be generalized to allow
for vertical line segments in the boundary. Hence, it follows that in case (C2)
X, (82, ) is also a graph over T,.
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Case (C1). If y =0, we cannot use Radé’s theorem to show X , (€2 ) is a graph
over some 7, because Xo,n(S_Zo,n) may no longer be compact. In particular, we
can argue as above to show that X , is continuous on S_Zovn\{sl N v}, so that only
neighborhoods of s; N v may fail to be compact.

To show the surface Xo ,(£20,,) is a graph over some 7,, we consider it as
a limit of graphs X, ,(£2, ,) corresponding to (C2). Indeed, in S_ly’n it follows
immediately that

(15) s1Ns3, s3sNv—>s;Nuvasy — 0.
Furthermore, we have

Extq, , (s2,83) > oc0asy — 0,
which implies
(16) |s3] > 0asy — 0.

At this point, we consider the map 2X,, , obtained by extending the parametriza-
tion through reflection across s;. From (15) and (16) it follows that the domains
282, , and 2ﬁy’n converge to 282y, and 2P ,, respectively, as y approaches O.
Thus, we can use results from [Pommerenke 1992] to conclude that

(2§y,n) o (2fy,n) - 2é‘O,n asy — 0,

where f, , maps €2, conformally onto €2, , in such a way that
fyn(0) =0, f,a(s2Nv)=sNv and f, ,(s1Nv) =151 Ns3.
Moreover, the convergence is uniform on compact subsets of
2Q0.\{s1 N},

and so we have that on this set (2X, ,) o (2f,,,) converges to 2Xg ,.
Because of the convergence we can compute
Xon(s2Nv) = Xon(52N0) . Xy als2Nv) — X, 4 (52N0)
[ X0,n(s2NV) — XO,n(S:Z Nv)|  y—0 |Xy,n(32 Nv) — Xy,n(§2 No)|

=(0,1,0),

where, for example, the notation s, refers to the image of s, under reflection across
s1. Therefore, we know the projection of 2X¢ ,(2€2 ) into the xjx;-plane is con-
tained in some triangle 27;,. To show that this surface is actually a graph over 27,,,
assume the contrary. That is, suppose there is a vertical line L, over some point
x € 2T, such that L, intersects 2X ,(2€2 ,) more than once or not at all. Then
there must be some point y € 27, such that L, is tangent to the surface. At such
a point, the Gauss map must be horizontal, and this is a contradiction since no
interior points of 2§ , lie in the unit circle S'.
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4. Explicit parametrizations and regularity

The parametrizations of the Jenkins—Serrin graphs of case (C1) can be made ex-
plicit. To see this, we first conformally change coordinates to the upper half-plane
H via the conformal map
S=0,:H—> Q,,,
normalized so that
P(-1)=0, ®0)=1, d(c0)=¢"",

Then the Weierstrass data on H is given by

O (dW)?
17 =& dh= ,
(I7) 8 1o
where
U:H-—> ﬁ%n

is the conformal map normalized so that

1 in/4
U(-1)=0, vO0) =1, WY(oo)=—=e""".

2

To determine & explicitly, we map H to the first quadrant by the map ,/z, where
we assume here and in what follows that any map z¢ for ¢ € R is defined for

0<6 <2m by

re'? s riet1?,

Then we compose with the Mobius transformation
—z+i
24i’

taking the first quadrant onto the upper hemisphere of the unit disk. Finally, we
map this upper hemisphere onto 2, ,, via the map z%/™ = z("=1/C@"_ Thus

—ﬁ-i—i (n—1)/(2n)
Viti ) '

For W, we can use the Schwarz—Christoffel formula to conclude that

>

(18) g2)=P(2) = <

Z
U(z) = / (w+ D) *w34dz,
-1

where € is determined by the fact that W (0) = 1. In particular, we have
B 1
10w+ 1)=34w=34dz

@
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and if we parametrize the interval (—1, 0) by w = ¢ — 1, this expression takes the
form

o G/4)
= A N
where
L |
A= | ————dt.
=
Thus

@V)? =@z + 1) 247 = _%(Z +1)73257302,
and from (18) we can compute
g _ i2n
do n—1
Therefore, it follows from (17) that

2n 1
dh:—( ) .
AN(n—1)) z/7+1

Similarly, one can find explicit parametrizations for the graphs of case (C3).
Here the map W is a Schwarz—Christoffel map to the triangle P, , corresponding
to (C3), and the Gauss map & = ®,, , is given in terms of hypergeometric func-
tions. The procedure for finding the parametrization is similar for each n, and the
interested reader is referred to [Huff and McCuan 2006] to see the result when
n =2. Also, the reference [Carathéodory 1954] will prove useful in calculating the
constants appearing in the hypergeometric functions. For the case (C2), the map
W =V, , is again a Schwarz—Christoffel map onto the quadrilateral 13% n, and the
Gauss map ®,, , is given in terms of hypergeometric functions. However, we can
not determine W explicitly as the exact locations of the vertices s3 N v and s, N v
are unknown. Additionally, the fact that €2, , is four-sided makes it difficult to
determine the coefficients of & explicitly.

We can investigate the regularity of the graphs in the cases (C2) and (C3). The
proofs are similar for each n; for the case n = 2, see [Huff and McCuan 2006]
(where the notation for our Q5 is 2). To begin with, we have a statement about the
subcase of (C3) defined by 6, < y < m /2. The dependency of the Holder exponent
on y and n comes from the changing value of the angle between s, and s3 of 2, ,

(z+ 1)/z.

and the fact that ¢, , always maps this angle to an angle of 7/4 on 13),7”.

Theorem 2. For 6, <y < /2, the graphing function u,, , satisfies

iy, € CP=E(QI\CTPH(0,)

for small €, where 0 < B < 1 depends on y and n.
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In the boundary case y = 0,, the unit normal is horizontal at v, and so u,, ,
cannot be C!. However, we can measure the continuity of u,, , as recorded in the
following theorem. In the conformal category, this case is distinguished by the fact
that €2, , has an outward pointing cusp at s, N s3. This means ¢, , vanishes to all
orders at this vertex, and it is this property that determines the range of the Holder
exponent.

Theorem 3. If y = 6, then u,, , € C*P(Q,,) forany 0 <p < 1.

Functions u, , corresponding to (C2) are discontinuous at the vertices of Q,,
but we can investigate the regularity of the trace of u, , over an edge of Q,. The
crucial property from which the theorem below follows is that the function ¢, ,, can
be expressed in a neighborhood AU of the vertex v, =vNs3 of 2, , by the formula

Eyn(@) = G (V2) + (2 = 127?40 (2),
where ¢ is holomorphic and nonzero on AU.

Theorem 4. If 0 < y < 0,, and f, , is the restriction of u, , to the interior of an
edge S of Q,, then

Fym € C?3(S)\ CPFF(S).
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