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It is shown that there exists an asymptotic expansion of the ascent of a lig-
uid on a circular needle if the radius of the cross section tends to zero. In
particular, a formula derived formally by Derjaguin in 1945 is confirmed.

1. Introduction

We consider the following nonparametric capillary problem in the presence of
gravity (see [Finn 1986, Chapter 1]). We seek a function U = U (x), x = (x1, x2),
defined over the base domain € := R? \m, where B, (0) is a disk with (small)
radius a and center at x = 0, and satisfying the nonlinear elliptic boundary value
problem

(D) divTU=xU inQ,
2) v-TU =cosf on 0€2,
where
vU
TU =

VI+IVUP
k and 0 are constants with 0 <6 <, and v is the exterior unit normal on €2 (equiv-
alently, the interior normal on d B,(0)). The graph of U describes the capillarity-
driven equilibrium interface in the exterior of a vertical cylinder (the needle) with
cross section B, (0), in the presence of a constant gravity field directed downward;
6 is the constant contact angle between the capillary surface and the tube and « is
the (positive) capillary constant, given by k = pg /o, where p is the density change
across the interface, g is the acceleration of gravity, and o is the surface tension.
No explicit solution of (1)—(2) is known. It was shown by Johnson and Perko
[1968] that there exists a radially symmetric solution. From a maximum principle
of Finn and Hwang [1989] for unbounded domains it follows that this symmetric
solution is the only one.
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Set

3) u(r)=U(x), r=/x}+x3.

We will prove that there is an asymptotic expansion for the ascent u(a) of the liquid
in this problem. More precisely:

Theorem 1.1. Set B = ka” and let y = 0.5772. .. be Euler’s constant. Then the
ascent u(a) of a liquid on a circular needle with radius a satisfies

u(a)
a

= —cosf (%lnB—i—y —21n2—i—1n(1—|—sin9)+O(Bl/51n2 B))

as B — 0, uniformly in 0 € [0, 7].

Uniformly means that the remainder satisfies |O(B'/3 In? B)| < ¢B'/? |1n2 B|
for all 0 < B < By, if By is sufficiently small, where the constant ¢ depends only
on By and not on the contact angle 6.

It is noteworthy that the special nonlinearity of the problem implies that the
expansion is uniform with respect to 6 € [0, 7] although | Du| tends to infinity as
6 — 0 or & — 7 and therefore the differential equation (1) will be singular on 9€2.
Moreover, as a further consequence of the strong nonlinearity of the problem, we
do not need any growth assumption at infinity.

In the case of complete wetting, that is, if 6 = 0, the formula

u(a)~—a(3nB—-0.809...)

as a — 0 was derived formally by Derjaguin [1946] by expansion matching. We
recall that B = ka®. Higher-order approximations where obtained formally by
James [1974] and Lo [1983], also by matching arguments.

(Matching means that some free constants which occur in two asymptotic ex-
pansions with an overlapping domain of their definition will be determined in an
appropriate way; see [Van Dyke 1964; Fraenkel 1969], for example.)

Turkington [1980] proved that u(a) ~ —% cosfaln B as a — 0 under an ad-
ditional growth assumption at infinity. This assumption is superfluous because of
the comparison principle of Finn and Hwang [1989].

The proof of the existence of the asymptotic expansion is based on a construction
of an upper and a lower C!-solution of (1)—(2) and on the maximum principle of
Finn and Hwang for unbounded domains. We obtain the lower and the upper
solution by gluing together a boundary layer expansion near the needle with a
second expansion far from the needle such that the resulting function is in C!.
This method of composing of functions on different annular domains was used in
[Miersemann 1996], where a numerical method for the circular tube was proposed.

Theorem 1.1 and the calculations of the appendix, together with those of [Lo
1983], suggest:
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Conjecture. For given N € NU {0} the ascent u(a) satisfies

u(a) N M)
= —cosf (Z > cu®)B (In B)' + o(BM)
k=0 [=0

as B — 0, uniformly in 6 € [0, 7 ].

2. Expansion near the needle

Since U (x) is rotationally symmetric, the boundary value problem (1)—(2) reads,
with the notation (3),

1(&)=/m(r) in a<r<oo,

FAVT+ W ()
) u'(r)
lim —————— = —cos0.

=t T4 (1)

Set

1
r=as, v(s)=-u(as), B= ka.
a

Then the problem becomes

1 sv'e) ) .
(4) E(m) —BU(S) in 1<s<oo,
5 lim A = —cos0.

s=>140 /1 4 (v/(5))?

For a fixed g, 1 < g < 00, by := —cos6, 0 € [0, 7] and by € [—1, 1] let
v1(s) =v1(B, q, by, b1; 5)

be the solution of

1 sv'(s) )’
6 - ———) =8B for 1 ,
(6) P < oor v(s) forl<s<g
7 fim —— 2 g lim ve)

s> 140 /T 4+ (v/(5))2 s=>q=0 /1 4+ (v/(s5))2

Set

div T 1 ( rv’ )’
WIV=—| —F—7—7—— .
r /1 +(v/)2
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It was shown in [Miersemann 1993; 1994] that for fixed g there exists a complete
asymptotic expansion of v; as B — 0, uniformly in by, b € [—1, 1]:

c u k +1
= +k2;¢k<s)3 +O(B™,

here @i (s) = @i (q, bo, by; s) and

2(gby — bo)

C=C(qg, by, b)) =
(g, bo, by) 71

The function ¢y is a solution of a boundary value problem for a nonlinear second
order ordinary differential equation and the ¢y, for k > 1, are solutions of linear
boundary value problems.

It turns out that we have to change ¢ if B — 0. More precisely, ¢ = B~7, for
7 > 0 small, will be an appropriate choice. Therefore, we need some information
about how the functions, for example ¢, depend on g.

Set

b
bii=2(1+e), 0<|e|<e<l,
q

B($) = 2@ bo. € 9) = (q. . %(1 +o):5)
and form >0

2¢ b()

®) vn(s) = vin(B.q.bo. €)= prs—o +Y u(s)B.,
k=0

Assume that

A:=Bg’Ing < Ao
for a sufficiently small positive 1g, independent of B and g. We will choose ¢ =
B T fort e (0, %)

Proposition 2.1. Suppose g > 3. For a given m € N U {0} there exist functions
ok () = @i (q, by, by; s) fork=0,1, ..., m, analyticin 1 < s < g and continuous
inl <s <gq, as well as functions ¢ (s) = ¢r(q, bo, €; 5), continuous in |€| < %,
such that for |e| < % and s € (1, q) we have

N
$i() =D (g, bo: s)e' + Ry 1€V,
=0

where

|bk,1(q, bos $)| < clbol Ang)*'g*,  [Ry11] < clbol (ng)* g
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and
©) |div Tvy n — Bvy | < clbo| (Ing)" > B™ 1,

here vy, is the sum (8). The constants ¢ depend only on Ay and on k, N, m, and
not on by € [—1, 1].
In particular,

$00(d, bos 1) = —bo(Ing +102— 4 ~In(1 +v1-5) + 04 Ing))
as g — oo.

The proof is given in Section A.1 of the Appendix.

3. Expansion far from the needle

Let vy(s) = v2(B, g, by; s) be the solution of

1 sv'e) Y .
(10) E(m) = Bv(s) m gqg<s<oQ,
. vis)
(an lim by.

s—>g+0 /l_i_v/(s)z*—

In contrast to the earlier expansion with respect to B near the needle, we expand
vy with respect to b, for fixed Bond number 0 < B < 1.
For small |b;| we have

by

© /1
v/(q)z =b12 ( ]€2> (_b%)k
J1-b2 k=0

We make the following ansatz for a solution of the differential equation (10), where
neNU{0}, p €eR, |p| small:

n
(12) V() =v20(B.q. pi8) =) Yi(B.q:5) p**!
k=0

with unknown functions ¥ (s) := ¥ (B, g; s) such that

_1
(13) AOE (—1)"( ,j)
Since

nos_1
0 (4) = p2< k) ()"
k
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it follows that v, , satisfies the boundary condition (11) at s =g if

1
b
(14) 2}1%( )2“1 —.
S
Thus, since by = bo(1 +€)/q,

b, 2n+3
p=bi+0@®p"H =2 +e—°+0<(@) )
q

q
as by/q — O.
Definition 3.1. We write w(§) = P (8, In§), where 0 < § < §y, if for given N € N
we have
N M)
w@) =) ) capd®(In8)’ + Ry(8).
a=1 =0

where cog € R, Ry (8) is continuous in 0 < § < &, limy_. oo Ry (8) =0 for fixed §
and Ry (8) =o0(8V) as § — 0.

Proposition 3.2. Assume that0 < B <1,g=B"",t€0,71],0 <1 < % and

lp| < po, for po sufficiently small. For a given n € N U {0} there exist functions

Y (s) =Yn(B,q;5), k=0,...,n,analytic on g <s < 00, such that the sum v; ,
of (12) satisfies
(15) |div Tvy 5 — Buyal < clp*"*?

on s € [q, 00), where the constant ¢ depends only on t{, po and n. Further, for
S:= «/Eq there are functions wi(6) = P (8, In§) such that

1
16 B,g;q)=— 5).
(16) Vi (B, q;q) \/Ewk()
In particular,
Yo(B.g: g) = —= )
U= TR KG)

where Ky(8) is a modified Bessel function of second kind and of order zero.

The proof is given in Section A.2 of the Appendix.

Siegel [1980] observed that the function g := cKo(v/Bs), where c is a positive
constant, defines for a fixed ¢ > 1 a supersolution of the differential equation (10)
on (g, 00). We will show that there is a positive constant A such that vp , = A
defines a supersolution and a subsolution, respectively, on (g, 0o) if ¢ := B~* for
appropriate 7 satisfying 0 <t <1y < % and if p is defined by (14). In particular,

Woz_ﬁﬁﬁﬁLw
" VBK|(WBg)'
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4. Composing of the inner and outer solutions

By the inner solution we mean the expansion v; , near the needle and the outer
solution is v, ,, the expansion far from the needle.
We glue together these two expansions at s = ¢ in such a way that the composite
function is in C'(1, 00).
Set
vim(B, g, bo,€;5) forl<s=gq,
Uc,m,n(s) = ’
v.(B,q, p;s) for g < s < 0.
This composite function is in C'(1, o0) if and only if p satisfies (14) and vy ;,, V2.,
coincide at s = ¢, that is, if

(17) vi.m(B, q, bo, €, q) = v2,(B, q, p; q),
where p = p(by, g, €) is defined by (14). Now set
8= «/Eq.

We choose ¢ = B~ F for a fixed T € (O, %), then § — 0if B — 0.

1

Proposition 4.1. Assume that ¢ = B™" for a fixed © € (0, 5

solution € of equation (17). In particular, we have

). Then there is a

€e=18"In8+3(y —In2—1)8%+ R(bo, B, B~7)8>
with

R(by, B, B~") = O(B¥(In B)'"*")+ 0(B'~?" 1n’ B)
uniformly in by € [—1, 1] as B — 0, where | € NU {0} and

m

_ 1
y ':mILmOO<Z . —lnm) =0.5772...

k=1
is Euler’s constant.

The proof is given in Section A.3 of the Appendix.
Assume thatg := B " forO <t <71 < % Then, since

b= (1+0(B'"*InB)),
q

it follows from the three propositions above that the C!(1, oo) function Ve.m,n Sat-
isfies, for 0 < B < By < 1 with By sufficiently small,

c|bo| (—In By"t1 BU=20m+l  for | <5 <g,

|d1V Tvc,m,n - Bvc,m,n| f
c|bo| BT forg <s < oo.

The constant ¢ depends only on m, n, By and 7.
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5. Asymptotic expansion
Let A be a positive constant. Set

vl = Ve + A

c,m,n

This function v isin C'(1, co) and satisfies the boundary condition (5) at s =1.

c,m,n
From the above estimate it follows

diVTv:fm’n — Bvimﬂ =div Tvempn — Bvewn —AB
c|bol (—In BY"t1BU=20m _ A for1 <5 <gq,
c|bo|B® Il _ 4 forg < s < oo.
The constant ¢ depends only on m, n, By and 7.
For t € (O, %) and m, n € NU {0}, set

pm,n; t) :=min{(1 —2t)m, 2n+3)t — 1}

and let tg = 79(m, n) be the solution of (1 —27)m = 2n + 3)t — 1, that is,
_ m+1
S 2mA+1D)+2n+ 1

To

Thus 1y is the solution of

max p(m,n; 7).
O<r<1/2

Set pg = po(m, n) ;= p(m, n; 19); that is,

2mn +m
Po= 2m+2n+3
Choose
(18) A :=c|bo|(—In B)" ! BPo;
then the preceding inequality implies
div Tv;fm’n - Bv:fm’n <0

for all B such that 0 < B < By and for all s in (1, g] U (¢, 00). The maximum
principle of Finn and Hwang [1989] yields

v(s) < v, ()
on (1, co0). By the same reasoning it follows that

vc,m,n =UVemn — A’

satisfies v(s) > v.,, ,

(s) on (1, 0o), where A is given by (18).
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Summarizing, we have shown that [v(s) — Ve m.n(s)| < clbo|(—In B)"tipro,
We can choose pg arbitrarily large provided m and n are large enough; see the
definition of py above.

In particular, the height rise at s = 1 satisfies

[v(1) — v1,m ()] < elbo| (—In B)" ' BP.
Thus
C(q,bo, b

m
_ 1) . k +1
vm——jr—+gw@%MJw+0%W%mBL

where by = bo(1 +€)/q, ¢ = B~™ and € is the solution of (17); see Proposition
4.1.
Thus, we consider

C(q. bo, b1)

m
. k
5 T2 ¢(g.bo.bis DB

k=0

vim (L) i=

as an approximation of order pg of the value v(1).
Then, since B = ka? and u(a) = av(1), we have

u(a)
a

(19) = v (1) + O(bgB” In" ! B)

as B =«a* — 0.

Proof of Theorem 1.1. Setm =1 and n =0. Then 1o = % po= é g=B =B

and § = +/Bg = B'/10. We obtain from Proposition 4.1
€=18"Ins+1(y —In2— )82+ O(8’B'/°In’ B)
and Proposition 2.1 yields
do(1) = —b0<lnq +In2— L —In(14+v1- bg)) + 0byB51n® B)

and ¢ (1)B = O(byB'/° 1n® B).

Thus
vi1(1) = ————+¢o(1) +¢1(1) B+ O(byB' In® B)
B(g=—1) 1
I\
=bo(Ind—In2—3+y+ O(B'°In* B)) (1 — —2)
q

—bo(Ing+In2 =3 —In(1+ 1= b2) + O(boB' In? B)
= bo(% InB—-2In2+y +In(1 —{—@)) + O(byB'° In® B).



300 ERICH MIERSEMANN

The theorem follows from formula (19) for u(a)/a. Il

Appendix: Proof of the propositions

Here we prove the propositions of the previous sections. The argument concerns
mainly expansions of nonlinear expressions with respect to appropriate parameters.
In the expansion near the needle the special nonlinearity of the problem is exploited.
The expansion far from the needle ensues by linearization of the problem with
respect to the zero solution.

A.1. Expansion near the needle. Set for 0 < B < By

C m
vn =5+ P B,
k=0

where C is a constant and ¢ are functions in C2(1,¢q), 1 < g < oo.
The sum v, is said to be an approximate solution of (6)—(7) if v,, satisfies the
boundary conditions (7) and if

|div Tv,, — Buy| < ¢cB™*!

on (1, g), where ¢ = c(m, g) and c is independent on by, b; € [—1, 1].

In the following we will define C and ¢ so that v, is an approximate solution. It
turns out that C is given explicitely, ¢ is the solution of a nonlinear boundary value
problem for a second order differential equation and ¢, for k > 1, are solutions of
linear boundary value problems of second order, defined iteratively. The main idea
here is to preserve the properties of the special nonlinearity also in the expansions.

In

© | =

sv! '
div Tv,, = (—m/2
V14,
there appears the quotient v/, /,/1 4 v/,2. We now derive some expansions in B
related to this quotient.

Definition of C and ¢i. Since

m 2
=14 (L)
[=0

m / m / 2
@) % i (4] i
=(1+<p62)(1+2 > B+<§ —B) )
Vit 15 V14¢y 1= V149
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it follows that

/

U

V1tv,?
y o Iy no o\ —1/2
=—m (14220 L B’+<Z—’Bl)) .
v 1+<P62< v 1+‘P62 =1V 1+‘P62 =1V 1+‘P62

Set,forl=1,...,m,
/
d1 = —(,0[
VAER"'S
and assume that
(A-1) sup [dj] < ¢ (g) < 0.

se(l,q)

Then for M € N, provided 0 < B < By(g) with By sufficiently small, we have

M
v ©) -
(A-2) g e ) k@ 0B fun1 BT

\/1+v1/112 \/I‘HD() k=1
where f, x and fm,MH are defined as follows. Set g,,(B) :==v,, /{/1 + v;nz, then

fuk=8% ) /k! and f,p=g®B)/k! forO<t<1.

From assumption (A—1) on ¢; we obtain

| fnkl <cmi(q) <00 and | f mi1l < Emmi1(q) < 00.

We have, from (A-2), fo.x =0 and fo,k =0 forall k e N.
This argument exploits the special nonlinearity of the problem. More precisely,
we have used that
oo
ey
remains bounded even if |<p(’)(s)| —ooifs—>1lors—gq.
We obtain from (A-2) the expansion

M
: 1/ sep \ 1 1, z
(A-3)  div Tv, =~ (—0) + 2 < () B+ (s fnaanr) BV,

We next need some information on how the derivatives (f, x)’ and (f,.;)" de-
pend on by, b; and q.
Since v}, = >")", B’ and

(Ad) div Tv = %v/(l F U2 (1 0?2
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it follows under assumption (A—1) that for 0 < B < By = By(gq), with By sufficiently
small,

div T,
5\ —1/2
v, ( — 9 z)
S — B
Sv1+<ﬂ62< \/1+<p/2Z +€00 z; 1+¢)2

4

Um

m / —-3/2
% !
TR - ~ % B :
(s (S k) )

Thus

M

. 1 S0 / kK, & M+1

(A-5) div Tv, = —(—) + 3 Fua B + Fy 1 B,
S \v 1+‘/’62 k=1

where F, x and Fm, m+1 are defined as follows. Set

/
1 Um 4

Wi + oy, (1+,°)

Then Fyx = h& (0)/k! and F = h'Y (tB)/k! for 0 <t < 1. We have Fy; =0
and Fyx =0 for all k e N.

By (B) := =32,

Setforl=1,...,m
Vi
€= wiz 3/2
(I4+¢y=)-
and assume
(A-6) sup e/ < c?(q) < o0.
se(l,q)

Then the functions F,, ; and Fm M+1 are bounded.
Since

1 1, = ~
;(Sfm,k)/ = Foux, ;(Sfm,k)/ = Fuk,

it follows, under assumptions (A—1) and (A—6), that the derivatives ( f,, k), ( fm, )
are bounded.

In the following considerations we derive boundary value problems which de-
fine the functions ¢g, ¢1, ..., ¢,. Then we prove that these functions ¢; satisfy
inequalities (A—1) and (A-6) uniformly in ¢ > 3 and in by € [—1, 1], where
b1 =bo(1 +€)/q, with |e| < 1.

The following lemma is useful in order to iteratively find the appropriate bound-
ary value problem which defines ¢,, 1 for given ¢y, ..., @n-
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Lemma A.1.1. Let assumption (A-1) on ¢y, for [ = 1,...,m + 1, be satisfied.
Then

!/ /7 /
Un+1 _ Ui Pm+1 Bm+1 +R

= +
\/1 + U,/n+12 \/l—i-v;,,Z (1+ %2)3/2
where |R| < c(q)Bm+2, 0 < B < By(q), By sufficiently small.

Proof.

/
v
"t = (v), 4+ @ B (140, 420, 0) 0 B" 40, 2 B2 )

VIt
= (U + @ B") (1+0,%)

2 —1/2

v,’n (P,/n+1 m+1 ((pl/n—i-l) 2m—+2 /

142 B" + ——=B
V1Fv 2 /140, 2 1+,

v/ (/’,/114.1 m+1 m(pm-i-l m+1
:< "+ =" ) (1= B Ry
ViFv 2 140, + vy,
I /2 I ’
:U—m+<_ (pm—H + (pm-i-l m+])+R2

V1402 I+, 22 1402

_ Uy n Pt B" 4 R,

Vitu2 (v,

The remainders above satisfy |R;|, |R2| < c(q)Bz’"*z. Since

—1/2

—-1/2

Pt
(140,232

! m m / —3/2
— > (L)
(149522 W \/1+¢52 = \/1+¢
Pt
SRS/ S— - 2
(rgppr
where |R3| < c(q)B, the expansion of the lemma is shown. O

Lemma A.1.2. Suppose assumptions (A—1) and (A-6) are satisfied. Then

. . L 5Pt \ ot m+2
_ L 29mn1 \ pmi1y o(p
div Tv,41 =div Tv, + . <(1+‘P62)3/2 + O( )

as B — 0, uniformly in s € (1, q).
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Proof. We conclude from (A—4) and Lemma A.1.1 that

/ 4
1 Vg U1

div Tv == +
m+1 P /T i U’/nz (14 %2)3/2
1 v, 1 (P,/n_,_l m+1 vr/;1+1 m+2
== + = +——s=5+0(B").

s N _|_U;n2 s (1+(p62)3/2 (1 +v;n+12)3/2

Since

Vi1 _ Upn Pt . 30000 Pm+1 B4 0(B™?)
(v, D72 A+, ()2 (+¢gp)7? ’

which follows by similar calculations as in the proof of Lemma A.1.1, we obtain

div T 1 v, n vy, n 1 ( 5@y )/ B!+ 0(B"™?)

1V 1V, = — -\ .
m+1 < /71 T U,/nz (1 + v;n2)3/2 s (1+(p62)3/2

O

Lemma A.1.2 implies
div Tvp41 — Bugy1

T 1 SOt ) m1 m+1 m+2
_d1VTUm+s<(1+¢62)3/2 B"™' —(C+ B+ + B" g, + O(B™?).

Then from expansion (A-3) for div T'v,,, with M :=m + 1, and from the condition
div Tvms1 — Buysr = O(B™?) as B— 0,

there follows for m > 0 the differential equation

’
1( € 1 .
(A-T) E ((1+(p62)3/2> + ;(Sfm,m-i-l) = Om

onl <s <gq. Werecall that fy ms1 = g2 P(0)/(m + 1)!, where gn(B) =

U/ vV 1+ 0,%

We conclude from div Tvg — Bvg = O (B) that

(A-8) div Tgp = %(&> —C

onl <s<gqg.
From the assumptions

v v

lim —2— =by, lim m

= —:b
s—140 ’1"‘%2 s—>q—0 /]_|_v;nz
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for fixed ¢ and 0 < B < By(q), and from the expansion (A-2), we get

. ) : %0
A-9 lim ———— = by, lim ——— =2b;.
( ) s— 140 1+(,062 0 s—>q—0 /1_|_(p(/)2 !
Further, we obtain from Lemma A.1.1 that for m > 1
. Dot . Pt

A-10 1 — =0, 1 — . —,
(A-10) =130 (I+@)2)372 s~q-0 (I+- {27
and (A-2) implies the boundary conditions
(A-11) im  for(@gs - 9,) =0, lim f (@), ..., 0,) =0

s—140 s—>q—0

fork>1and m > 0.
After integration of the differential equation from 1 to ¢ it follows from the
boundary conditions (A—11) and (A—12) that, for m > 0,

(A-12) /q s@m(s)ds =0.
1

Applying the differential equation (A-S8) for ¢y and the boundary conditions (A-9),
we find

2(gby — b
(A-13) C = M.
q-—1
Set
(A-14) f ()= f(q,bo, b1; s) := bo fo+ b1 f1,
where
P i Eel Gt S [V
YT s@-n T T sy
Then it follows from (A-8) and the formula (A-13) for C that
!/
(A-15) A0 gy
V1 (@(5))?
or, equivalently,
, (s)
(A-16) Po(s) = /

Setfor1l <s <gq

(A-17) Go(s) 1= SO
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then @o(s) = @o(s) + K, where the constant K will be determined by the side
condition (A—12). That is, ¢o(s) = @o(q, bo, b1; 5) is given by

q
/ T@o(t)dr.
L Ji

Then we obtain ¢;(s) = ¢;(q, by, by; s) for [ > 1, by the iterative application of
(A-T), (A-9), (A-10) and (A-11). That is,

2
(A-18) @o(s) = @o(s) — e

(A-19) @r+1(s) = @r1(s) — qzz_ 1 /lq t¢141(7) dr,
where
(A-20) G (s) = /1 gl dr
and
(A-21) Bl (9) = (+ph)*? <—fz,z+1 +! /1 S wz(f)dr> :
Set for the unknown b
(A-22) by = @(1 + ),
q
where
(A-23) le] <1 and ¢ >3.

We will determine € in Section A.3 by gluing together two expansions at s = ¢,
where ¢ = B~ for T > 0 small.

Expansions with respect to €. In this section we expand related functions with
respect to €.

Definition. Let 2 =h(q, by, €; s), where 1 <s <g,q >3, |e| < i and by e[—1, 1].
We will write h = O(e; K) if for any fixed M € NU {0}

M
h = Z hie' + hpgyr e
1=0

where i = y(q. bo; 5), ha+1 = hars1(q. bo. €; 5), and |y, |hy41] < eyl K|. The
constant ¢y is independent on ¢, by, s, € and K, it can depend on ¢, by and s but
not on €.

From formula (A-14) for f and from (A-22) it follows thaton 1 <s <g¢g

bo s2—1
(A-24) f=—(14+e= .
s g —1
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Then
2 bo\? 2
(A-25) |- 2= 1—(?) (14 Cre + C2é?),
where
Ci=Ciqg.bo: s) = —2b2—1 3 it
3 8) = — N A
Ca=Ca(q, by s) = b2—1 —(s _1)2
2= 2(617 Ovs)__ Oq2—1 SZ_b(Z) .

Using (A-23), it follows that |C1e + C2€?| < 1.
Set

81() = dr(q. bo. €:5) == (. bo. 21 +)cs).

Then we obtain from formula (A-16) for (p(’)

by s2—1 RV ANE ~
— —— _ (%o 2y—1/2
(A-26) 0N . <1+6q2_1)(1 (s)) (14 Cie+ Cre?)

— D (1406 ).

Formula (A-17) implies

$o(s) = Po.0(s) +€0(e; by lns),
where

$0.0(s) = bo(ln(s +vs2=b%)—In(1+ @))

Finally, it follows from (A-18) that

Bo(s) = ¢o.0(s) +€0(e; by Ing),
where
$0,0(s) = bo<ln(s ++vs2—b3) —In(1+ M))
bo (C—I b2+ Oln(q+m)— \/?

g*—1\2

Nlowt\;

1n(1+ﬂ))

1
2
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Using (A-24), (A-25) and (A-26), we immediately obtain

2

(A-27) T+¢)>=(1— )7 = 53— (1 +e0(e: 1),
st—b
/ b -1
(A-28) L T O(1+es )
V1+¢)? s q*—1
(]5(/)/ ’ b() N +]
A-29 I S Y (S
(A=29) arop =) = a2\l
Lemma A.1.3. The functions ¢;, | > 1 are continuous in €, €| < %, and satisfy
(A-30) ¢1(s) =0 (e; bo(Ing)'q*),
/
(A-31) d=—1_ i =0(e; bo(Ing)'g* 1),
V1492
d)//
(A-32) o = l 0 (€; bo(Ing)'q*~?).

(L+¢)%2 ~

We will prove this lemma by induction based on formulas (A-15)—(A-17) and
on the next lemma.

Lemma A.1.4. Assume that equations (A—30)—(A-32) hold for 1 <1 < m. Then
Finm+1 =0 (€ bo(Ing)"*'q*")

and, if . := Bq*Ingq < Ag, for Ay > O sufficiently small, then

| Fyms1] < cmlbol (Ing)™ g™,

where ¢, = ¢, (Mo) is independent on by and q.

Proof. Set
h,,(B) = %(do + P)F(dy, P) + (eo + Q)G(co, P).

where F = (1 +2doP + P12, G = (1+2dyP + P32, P =37 4B
Q=% aB

From assumption (A—1) on d; it follows [2dyP + P?| < 1 provided A is suffi-
ciently small. Since

hin " (0) - hn (B
Fm’m+1 = m and Fm,m—i—l = W, for0 <t < 1,

the lemma is a consequence of the Leibniz rule and the chain rule. We find from
these rules for o = (a1, ...,ay), ¢y € Nand t = (¢, ...,t,), 1 € NU {0} and
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0 <k <m that
(A-33) h,s1m+l)(B) = Z %Cm,a,t(P(al))tl o (P(am))tm
Z;n:lol[tjzm-i-l

+ Z Dm,k,a,tQ(k)(P(al))tl o (P(am))tm’
k+271:10t/t1=m+1

where
Cm,oz,t = Cm,a,t(dOa €0, P)v Dm,k,a,t = Dk,a,t(dO» P)

and

A A

Cm,ot,t = Cm,a,l(sa dOa eo,0) = O(f; 1), Dm,a,t = Dm,k,a,t(dOa 0) = G(E; 1).

We recall that dy = O(e; bg/s) and eg = O(e; by/ s2). From (A-33) it follows that

1A
O = Y Cuai(da)" . (de, )"
YLy uty=m+1 .
+ Z Dm,k,a,tek(dal)tl cee (dotm)tm .

k+z;n=| atj=m+1
Using the assumptions on d; and ¢; (Lemma A.1.3), we have
hinm—kl)(o)
— @ (6, bo(lnq)z;n aitiq27(2a1t171)> +© (G, bo(lnq)kJrZ;n aitiq2k7227(2a1t171)> ,

where in the first term on the right we have Y )", oyt =m+1,and k+ > /., oyt; =
m + 1 in the second term. Hence, since in the first term Z;": 1 1 = 2 holds because
of Y /L, aut; > 2, 0 > 1 and #; > 0, it follows that

hy "V (0) = 0(e; bo(Ing)™*'g™™).
The estimate of h,(nm+1)(tB), 0 <t < 1, is a consequence of (A-33) since
|POL < (Jdi| + |dig1 1B+ -+ |dm—y| B" ') . m
We recall that A := Bg?Ing < Ag.
Corollary A.1.5. £, uy1 = O(e; bo(Ing)"T1g®™ (s — 1)).

Proof. Since Fj = (1/5)(sfi.x)’, it follows from the boundary condition f; 4 (1) =0
(see (A—11)) that

1
(A-34) fm,m-H = E /15 TFm,m-‘rl(T) dr. O
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Proof. Proof of Lemma A.1.3 Assume that the lemma holds for 1 </ <m. Then

(A-35) %/1 T (1) dT = 0(e; (Ing)"g*" (s — 1)).

Using formula (A-21) for ¢, 41> Corollary A.1.5, (A-35) and the formula (A-27)
for 1+ ¢? we conclude that

/
¢m+1

V1+e?

= 0(e: bo(Ing)" "' g>"*1)
and
/ m+1 2m+1 s3/2
b1 =0 (6; bo(Ing)™ "¢ m) :
Thus, it follows from (A-19) and (A-20) that
Pm+1 = 0(e; bo(Ing)" ' g*" ).

Formula (A—17) implies
A+ o3~ 3¢0fo | = fmmt1 + 5 /1 T (1) dt
1 S
= (i)' = =5 / Thm (1) dT + .
1

Since, by (A-34),
1
fr:l,m—H = U'm,m+1 — Efm,m—l—lv
it follows from formulas (A-27)-(A-29) for ¢6 and (j)(/)’ , Lemma A.1.4, Corollary
A.1.5, (A-35) and (A-30) that
Pt
(1+¢2)7

It remains to show Lemma A.1.3 in the case [ = 1. Since fy,1 =0, we find from
(A-21) that

= 0(e; bo(Ing)" g +D2),

o) = (1423 % /1 T¢o(7) dT.

This equation implies Lemma A.1.3 in the case / = 1 by using the properties of ¢y,
see the formulas (A-27)-(A-29).

The continuity of ¢; in € follows from formula (A-26) for ¢6 iteratively from
(A-21), (A-20) and (A-19). O

Proof of Proposition 2.1. Because of Lemma A.1.3 it remains to show inequality
(9) of Proposition 2.1, where vy, = v,. From Lemma A.1.4, (A-30) and the
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differential equations (A-8) for ¢y and (A7) for ¢;, where m :=1—1 in (A-7), it
follows that

. 1 soy \
dwTvm—va:E( 0 )+2ka3 + Fpymi1 B™!

\% 1+¢62 k=1
- B(E +¢o+---+¢mB’")
= (Fum+1— ) B™"!
= (0(bo(Ing)"'g*") + O (by(Ing)" ¢*")) B"*!
= 0 (bo(Ing)" ' g>m B+, O

A.2. Expansion far from the needle. Set, for0 < B < 1,q >3 and |p| < po,

e =y Yrls)p™t,

k=0

where the Y (s) = ¥« (B, ¢q; s) are twice continuously differentiable functions in
g <s < oc. Suppose that ¥, (¢) satisfies the condition (13) and that p is a solution
of (14) for a given b;. We will set by = bo(1 + €)/q, where |¢| is small and ¢ is
large. Thus, p will be small. Then v, satisfies the boundary condition (11).

The sum v, is said to be an approximate solution of (10)—(11) if v, satisfies the
boundary condition (11) and if

|div Tv, — Bv,| <c|p|*"

on [g, 00), where the constant ¢ = c(n, pg) is independent on B, p and s. We will
see that i satisfies a linear second order boundary value problem, provided v, is
an approximate solution. In particular, v is a solution of the linearized equation
to (10) about the zero solution.

Definition of .. Assume for k € NU {0} that

(A-36) sup [y (s)| < o0,

s€(g,00)

uniformly in0 < B < 1 and g > 3.
Then, for given N € N and |p| < pg with pg sufficiently small, we have

\/%—%2 (ZW 2k+1>(1+(2¢/ 2k+1) >1/2

=pYo+ Z Faik @ - U 4 fo 10N

k=1
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Set gn(p) :=v),/4/1+v,2. Then
ok =% ™0)/k+1)! and  fox = g%V (tp)/ 2k +1)! forO <t <1.

From assumption (A-36) on v, it follows that

[ fukl <cni(g) <oo and |fu N1l < Cunyi1(g) < oo.

Above we have used that v, (1 + (v;)z)*l/ 2 is an odd function in p.
Thus

. 1 =~
(A37)  divTuy =S¥ p+ 1 Z(sfm’ P4 (s fun) PPN

As in the previous section we need estimates on the derivatives (f, ) and
(fu.n+1)'. Assume for k € NU {0} that

(A-38) sup [/ (s)] < oo,

se(q,00)

uniformly in0 < B < 1 and ¢ > 3.
Applying identity (A—4) and the assumptions (A-36) and (A—38) on v, and 1/,
we get

N
. 1 ~
div Tvy = ~(s90)' P+ ) Faap™ ' + oy p™V
k=1
and F}, x, F,, v+1 are bounded on [g, 00). Set

/

,_l Uy " 12\=3/2
hu(p) := s 1+v;2+vn(1+vn ) :
Then
hISZk—i-l) (0) . h22N+3) (lp)
Fa=2r 9 and Boy=2 P pr0<i<1.
R L e )Y IR

Lemma A.2.6. Assume that 1//[ ,1=0,...,n+ 1 satisfies (A-36). Then

/ /
Vn+1 _ Un /2Dl g p
9

= + Y0
Vit 2 JTry2

where |R| < ¢(q)p*" D43 and 0 < p < po(q) for po sufficiently small.
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Proof.

/
vn—H

Vito, 2

—-1/2
— (v;l + lpr/H_l'02(714-1)4-1)(1 4 U,//l2 + 2U;wr/l+1p2(n+l)+2 4 (wr/l+1)2p4(n+l)+2)

_ (U;, + W,;HPZ(HDH)(I + vrzzz)fl/Z

1 w/ (w/ )2 —1/2
. <1 42 v, n+1 2(n+1)+1 + n+1 p4(n+1)+2
V1+v2 /1402 1+v,2

v _
— n /2+(1+U;2) 3/2((1+vl/12)w’/1+1_v;12 ;H_l>p2(l’l+1)+l

v I+ Un +0 (p4(n+l)+2)

v, wr/H—l 2(n+1)+1 4(n+1)+2
= + +0
it Aty (™)
v/

— n + %+1P2("+1)+1 + 0(p2(n+l)+3).

V1+v?

The last line follows since 1+ v;lz =14 0(p). O

Lemma A.2.7. Suppose the assumptions (A-36) and (A-38) on Y and | are
satisfied. Then

div Tvn—‘,-l =div TUn —+ %(S‘(//r/l_"_l)/pz(n""l)"'l + 0(p2(n+1)+3)

as p — 0, uniformly in s € [q, 00).

Proof. From (A—4) and Lemma A.2.6 it follows that

1 ,U/ U//
div Tv L=- n+1 + n+1
T s T2 ()32
1y, L./ 2meD+1 Vot 2(n+1)+3
=T T Va1 + s T O )-
s14v?2 s (1+v, DY
Since
U// v//
n+1 _ n + wr/l/+1p2(n+1)+1 + O(pZ(n+1)+3)

(1 _+_v;l+12)3/2 - (1 +v;12)3/2
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(see the proof of Lemma A.2.6), we find that

/ "
v

div Tv,41 = = L

n 1, .
s yTro T T sV
=div Tv, + %(SW,QH)’;)Z("H)“ + 0(p2(n+1)+3).

/p2(n+1)+1 + 0(,02(n+l)+3)

Lemma A.2.7 implies

div Tv,41 — Buyy

. 1
— div Tv, + E(swr/z+1)/p2(n+l)+l _ B(Un + 1//H_HIOZ(n-i-l)-i-l) + O(pZ(n+l)+3)

. 1
=div Tv, — Bv, + <§(S‘/fr/z+1)/ _ Blﬁn+1) p2(n+1)+1 + 0(p2(n+1)+3).
Then from the expansion (A-37) of div T'v,, with N :=n + 1, and the condition
2(n+1)+3)

div Tvy41 — Bvyy1 = O (p
as p — 0, it follows on g < s < oo that
(A-39) L) — By =0
and forn > 0

1 1
;(SK//,/IH)/ - Bwn—ﬁ—l = _E(an,n—',-l)/-

Thus (see Section 3) we define ¥, k € N, iteratively by the boundary value problem

A40) 16U — Bk =~ (s k W W) on (g,00),
_1
(A-41) «/f,i<q>=<—1>"( lj) lim sup [ (s)| < 0. O

Boundary value problem for ;. The solution of the homogeneous equation (A-39)
that satisfies the boundary conditions (A—41) is given by

- VB K)(vVBg)

We obtain 1, ¥, .. . iteratively from the boundary value problem (A—40)—(A—41).
The estimates (A-36), (A-38) on v, V¥, and formula (16) of Y (B, q; q), see
Proposition 3.2, follow iteratively from a formula for the solution ¥ by using the
properties of fy_1x (¥, ..., ¥;_,). Once we have shown (A-36) and (A-38), we
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arrive at the estimate (15) of Proposition 3.2, since

div Tvy — Bvyy = —(sw()) P+~ Z(sfn O PP+ By 1 p™F

S
i — Bop+-- -+ Yup™ )
The proof of Theorem 1.1 requires Proposition 3.2 in the case n = 0 only. That

is, we have to confirm the estimates (A-36), (A-38) for v/, v and the property

(16) of Proposition 3.2. Since

Ko(\/_s)
, 8=+/Bgq,
VB K)©®) 1

the expansion of w(8) (see Proposition 3.2) follows from the expansions of K (5)
and K((8) as § — 0. Since lim,_, o ¥(s) = 0, where B > 0 is fixed, and since
K{(z) > 0 for, z > 0, it follows that |1/(s)| < 1 on [g, c0). From the differential
equation (A-39) we conclude that

Yo(B,q;s)=

Ko(WB) _ /5 Ko®

- f ,
Vo (s)'< VB W TR e S K]

where we have used that K{)(z) < 0, where z > 0. Thus

1
sup [Y(s)| < —++/B 0O@1Ins) ass— 0.
q

se(q,00)

We will now prove iteratively the existence of ¥, the estimates (A-36) and
(A-38), and the formula (16) for ¥ if k > 1.

Let Ko(z) and Ip(z) be the modified Bessel functions of second kind of or-
der zero. Concerning properties of the Bessel functions Ko(z) and Ip(z), see
[Abramowitz and Stegun 1964] and the considerations in [Siegel 1980].

For k € N, set

_1
[ = femrk@Wgs o Vi), F::_%(sf)/’ n::(_l)k( kz)

Any solution of the differential equation (A—40) can be written as

(A—42) Y(s) = <c1 — f ' tIo(«/Et)F(t)dt> Ko(v/Bs)
q
+ <c2+/ rKO(JEt)F(z)dz> Io(v/Bs),
q
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where ¢, ¢; € R. From the boundary conditions (A—41) it follows that

(A-43) czz—/ootKo(«/Et)F(t) dt,

q

1 o0
A—44 - «/EI/B/ Ko(v/Bt)F d).
( ) 1 JEK,®) (n+ 0(8) ; tKo(v Bt)F (1) dt
Since

3 1 -3 3
foarg) = 3 (w5 (0)" = (Ko@) (Ko(v/Bn),
we expect that fy_; x is a sum of such products too.
Definition. A function f(¢) is said to be of type (SP) if

(1) there exists an M € N such that f can be written as

M
f@)=>_ Ai8)BI(VBr),
=1

where A;, By € C*°(0, 00),

(ii) there is a k; € NU{0} such that A;(8) = 8% P(8,1n8), B;(8) =8 % P(8,1né)
as 6 — 0, where the expression P (5, Iné) is explained in Definition 3.1, and

(iii) B;(u) = O(e~ ) as u — oo.

Suppose f is of type (SP). Applying (A-42)—-(A—44), we find

(A—45) V(s) = J_(Fl(a VBs)Ko(v/Bs) + F>(8, ¥/ Bs)Io(VBs)),
where

»(8)
Fy = K(/)"(a) KO((S) <Z A(8) / uKO(u)B,(u)du+5K0(5)2A,(5)B,(5))

) / v wlj(u)By(u) du +~Bs Io(v'Bs) Y A1(8)Bi(vBs)
1 8 !

—810(8) Y Ai(8)By(8)
l

and

) /f uK((u)B;(u) du —~/Bs Ko(v'Bs) Y A/(8) Bi(v/Bs).
1 Bs 1

The derivative ¥/’ is given by

(A-46) ¥'(s) = Fi (8, VBs)K{(v/Bs) + F>(8, v/ Bs) I)(v/Bs).
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We conclude from (A—46) that v is of type (SP), provided the function f :=
Se—1.k(¥g, ..., ¥_,) is of type (SP). Property (i) of the definition follows imme-
diately from formula (A—46). We omit here the considerations that (ii) and (iii) are
also satisfied. Then fi x11(V, . .. ;) is of type (SP) since

1 d2k+3gk

St W V) = (2k +3)! dp2*+3
= Z rk’a*t(w(;())to A (w(;k)tks

Sk Qo+ 1) =2k+3

)

where o = (ag, ..., o), t=(to, ..., &), oy, 1 € NU{0} and r¢ o, € R. We recall

that g (p) = v,/\/1+ (v})2 and v}, = 3"\, ¥/ p?+".
Finally, we find iteratively from (A—45), (A—46) and the differential equation
(A—40) that the estimates (A-36), (A—38) for v, ¥, hold and that

VBY(B, q; q) = P(5,1n3)
(see Proposition 3.2).

A.3. Composing of the inner and outer solutions. Set ¢ := B~" for some 7 €
(0, %). Then we will show that there is a solution € € (—i, 4—11) of equation (17),
that is of G(¢) = 0, where

26b0 - k 1 - 2k+1
Gle)i=——+ or(q,b,€;q)B" — — wi(8)p .
B(q2 D g k(g q ﬁ g k

Here is § = \/Eq, by = bo(1 +¢€)/q and p = p(by, q, €) is given by (14). In

particular,
2n+3 0 0
,O_b1+0(b1n )—T_i_O(zn 3)

as ¢ — oo. The existence of a zero of the continuous function G (¢) follows from
the intermediate value theorem. Propositions 2.1 and 3.2 imply

G( )_ 2€b0
‘T B2 -1

+0(q, bo, €; ) + O(bog*(Ing)*B)

! 5 b0 510 8!
‘ﬁ(“’“ ”*0(; i >))

for some / € NU{0}. Since, by Proposition 2.1 and the formula for ¢¢ ¢ (page 307),

we have
do(q, bo, €; q) = ¢0,0(q, bo; q) + O (boe Ingq)

| Ing
= jb() + 0 b07 + O(b()é ll’lq)
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and
Ko (8
wo(8) = 20O _ 8(Ind+y —In2+ 0(8*(In5)*))
Ky(8)
as § — 0, it follows that
B Zébo bo €1 lnq
G(e)_8—2+3—bo(1n5+y—1n2)+0(b05;)+0(b0?)+0(boe Inq)

+ 0 (bog?(Inq)2 B) + O(hps*(In 8)2) + O (bpe In ) + O(bo(ln a)lqiz)

For R real, |R| <1, set
€(R):=18%In8+ 1(y —In2— 3)6% + Ré>.

then |e| < % if § < 8y, for &g sufficiently small. We have G(e(1)) > 0 and
G(e(—1)) <0if 0 < & < dg, for &y sufficiently small.
Finally, we obtain from G (e(R)) = 0 an estimate of R. Since

. 1 Ing 2 2 2 1 !
R=0(5ms)+0(—)+0@*Imsng)+ 08> +0 (s ),
q q q

we find

R=R(bo, B,B™") =0 (InB)*'B*") + 0 ((In B)*’B' ™)

uniformly in bg € [—1, 1]. Thus, Proposition 4.1 is shown.
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