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ASYMPTOTIC ESTIMATION FOR A p-GINZBURG-LANDAU
TYPE MINIMIZER IN HIGHER DIMENSIONS

YUTIAN LEI

This paper is concerned with the asymptotic behavior of the minimizers u,
of a p-Ginzburg-Landau type functional when ¢ — 0. First the author
discusses the location of zeros of u, qualitatively. Then the W7 estimation
of u, is set up. Finally, the author proves the C>* convergence of u,.

1. Introduction

Let B, = {x € R"; |x| < r}, where n > 2. Denote by u, the minimizer of the
functional

E _l \V4 2 1 1— 252 1 2
=g [ IVl [ Al |
1 1 o 4

in the function space H; (By, R"), where the mapping g : 9B — S"~! is smooth
and satisfies deg(g, 0B1) = d # 0. The functional E.(u) with n = 2 is related to
the Ginzburg-Landau model of superconductivity with normal impurity inclusion
such as superconducting-normal junctions [Chapman et al. 1995]. To represent the
domains occupied by the superconducting materials and the normal conducting
materials, we use Bj \ EQ and B,, respectively. The minimizer u, is the order
parameter. In the physics literature, u, is called a Higgs field. The parameter ¢,
which has the dimension of length, depends on the material and its temperature.
When the temperature is not too close to the critical temperature, ¢ is extremely
small. The zeros of u, exist in By since d # 0. They are known as the Ginzburg—
Landau vortices which are of significance in the theory of superconductivity [Du
et al. 1992; Tinkham 1975]. The asymptotic behavior of the minimizer u, was stud-
ied when both ¢ and g converge to 0, and the vortex-pinning effect was discussed
[Ding et al. 1998].
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Now, we consider the minimizer of

Ec(u, By) =— [Vull + — (I =ul)" + — |ue]
p Jp 4¢P Jp\B, 2P Jp,

with p > 1 and p # n in the class W = W;’p(Bl, R™). By means of the calculus
of variations, we can see the existence of minimizers u.. As in [Ding et al. 1998],
we are concerned with the asymptotic behavior of u, when ¢ and o tend to 0. In
this paper, we discuss the problem in the following cases:

Casel: p<e or 0=0(¢)ase— 0;
Casell: ¢>¢ and Ilim,.oe/0=0.

In Case I, by the same argument proving Theorem III.1 in [Bethuel et al. 1994],
we can easily see that

(1-1) Ec(ug, B;) <C(14¢&"7F).

However, in Case II, the proof of (1-1) seems to be difficult. In Section 2, we
will establish the estimation for E¢(u,, By \ By,) with y > 1; see Proposition 2.4.
Based on these results, in Section 3 we describe the vortex-pinning effect, i.e., the
location of the zeros of the minimizer.

Theorem 1.1. Assume u, is a minimizer. Then there are finitely many points
ai, as, ...,ay € By, such that for any n € (0, 1/2), there is h = h(n) > 0 which
is independent of ¢, o € (0, &9) with g sufficiently small, satisfying the following
propetrties:

In Case I,

(1-2) {x € By; lue(x)] < 1 —n}y c U, B(ai, he) U (Bue U By).

Ifhe <o <e, then

(1-3) {x € Bo; lug(x)| =n} C Bpe and |ug(x)| <n,Vx € By \ Bpe.
In Case Il with p > n, there exists y > 1 such that

1-4) {x € By; lus(x)| < 1—n} C U,N:1 B(a;, he) UB,,.

In Case Il withn —t < p <n, fort a constant in (0, min{1/2, 4/n}), we have
(1-5) {x € By; lus(x)| < 1—n) c UYL, Blai, o™ V/m&l/myu B,,,.

Remark 1. If the vortices (zeros of |u.|) concentrate in some region, we talk of the
pinning effect. According to Theorem 1.1, the vortices converge to {0, ay, ..., ay}
when both o and ¢ tend to zero. When he < o < ¢, we investigate a fixed point
X0 € By \ {0} satisfying |u.(xo)| > n. In this situation, the superconductive state
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at xo appears. Letting & go to zero, when & becomes so small that xg € B, \ By,
the normal conductive state at xy may appear, since |u.(xg)| < 1. As & becomes
extremely small, xo € B2 \ By, s0 |ug(xo)| > 1 —n. Again the superconductive
state at xo appears. This shows the conductive state is complicated and may change
near the origin when ¢ and o tend to zero.

Next, we will set up the uniform estimation of ||u, || w1.,. When p > n, the idea in
[Ding et al. 1998] (coming from [Bethuel et al. 1994]) is not valid, since the coeffi-
cients C» and C3 of "7 in the upper bounds for E; (u, By) and E;(us, B1\ By,),
respectively, are not sufficiently accurate. (See Propositions 2.3 and 2.4.) The
reason is that the conformal transformation of f |Vu.|? dx is lost when p # n.
Although E;(u., [B(a;, R) \ B(a;, he)]U[Bg \ By,]) can be bounded below by
C4(e"7P—1), the constant C4 may be smaller than C; and C3. Thus, it is impossible
to get the uniform estimation of E.(u., K) as we do in the case p = n [Bethuel
etal. 1994; Ding et al. 1998; Han and Li 1996; Hong 1996], where K is an arbitrary
compact subset of B; \ {0, aj, az, ..., ayn}. In Section 4, we establish the uniform
estimation by means of induction. However in the proof, there are few results
linking the degrees of the zeros of u, and the singularities of the p-harmonic maps.
Hence, the relation between d and N is still open.

Theorem 1.2. Assume u, is a minimizer. Then |u.| < 1 a.e. on By. In addition,
in Case I with p € (1, n), there exists a constant C > 0 which is independent of
g, 0 € (0, &), such that

(1-6) E¢(ue, By) < C.

In Case I with p > n or in Case I, for any compact K C B1\ {0, a1, az, ..., an},
there exists C = C(K) > 0 such that

(1I-7) Ec(ug, K) <C.

Remark 2. Based on these results, we will set up the following convergences of
the minimizer as ¢ and ¢ go to 0:

(1) In Case I with p € (1, n), obviously, E.(u., B1) < E¢(u,, By), where u, is a
least map of the energy fB. [Vul? dx on Wg]’p(Bl, §"=1). In addition, we have

n

.1 2 . .o
lim — lug|“dx = C(m) lim — = 0.
B, e—0 &P

Thus, by the weak lower semicontinuity of [ |Vul|”, there is a subsequence u,, of
ug such that as ¢ — 0, the subsequence u,, converges strongly to u ,in wbhr(B)),

where ), is a least map of the energy [, |Vul|” dx on W (By, " ).
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(2) In Case I with p > n or in Case II, according to Theorem 1 in [Misawa
2001], we can conclude that for some subsequence u,,, as k — oo, the subse-
quence u,, converges weakly to u, in WLP(K), where u p 18 a p-harmonic map on
Bi1\{0,ay,as,...,an}. Its proof is also similar to that of Theorem 1.2 in [Hong
1996, pp632-633].

(3) When p > 2n — 2, from [Lei and Wu 2000, §6] we can deduce that for some
subsequence iy of the regularized minimizer i, introduced in [Hong 1996], if k
tends to oo, then ity — u, in CY*(K), a € (0, 1), where u, is a p-harmonic map
on B] \{O,G],az, ...,aN}.

Now, we shall loosen the constraint p > 2n — 2. The following theorem will be
proved in Section 5.

Theorem 1.3. Assume i, is a regularized minimizer and let K be any compact
subset of B1 \ {0, ay,ay,...,ayn}. When p #n and p > n —t, for t a constant in
(0, min{1/2, 4/n}), if e — 0, then there is a subsequence uy. of i, such that

iy — u,inCH*(K), ae(0,1),
where up, is a p-harmonic map on B1\ {0, ai, az, ..., an}.

Remark 3. Via the uniform estimation in this paper, we prove the convergence
of u,. The compactness only leads to the convergence for some subsequence. If
the limit u, is unique, the convergence can be verified for the whole sequence.
However, the uniqueness of u, is yet to be established.

When p = n, all the results above can still be deduced by analogous arguments
in [Ding et al. 1998; Han and Li 1996; Hong 1996; Lei 2004].

2. Preliminaries
Proposition 2.1. The minimizer u, € W satisfies
(2-1)
2 1 2 1 2
[VulP~*VuVe dx — — ud(l —|u|)dx + — ug lu|“dx =0,
B eP Jp\B, eP Jp,
forall g € WHP(By, R") where @lap, = 0. Moreover, |u.| <1 a.e. on Bi.

Proof. Using calculus of variations, set u = u, in (2-1) and ¢ = u(ju|> — 1),,
where (Ju|? — 1), = min(k, max(0, |u|> — 1)), for k a positive constant. We then
have

/ IVulP(ul> = Dydx+2 | |VulP"2uVu)? dx
B] B]

1 1
+— lul?(ul* = D3 dx +— | lul*(ul* = )4 dx =0,
el Jp\B, el Jp,
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from which it follows that

1 1
— ulP(ul> = D3 dx +— | Jul*(ul® = D4 dx =0.
€P JB\B, &P Jg,
Thus |u| =0 or (Ju|> —1); =0 a.e. on By, and hence |u| < 1 a.e. on Bi. ]

Proposition 2.2. Assume that u, € W satisfies (2-1). Then for any p > 0, there
exists a positive constant Cy independent of o and ¢, such that for x € B(0, 1 — p¢),

IVite (X) | 22 (Bx,peyy < Cre "
Proof Let y =xe~!in (2-1) and set v(y) = u(x). Then for any ¢ € Wol’p(Be, R™),

we have

(2-2) f |Vv|P2VuVe dy
B

871
_ 2 2
—f o(1 = ol >¢dy—/ vdlvl dy.
B, \B(0,0e™1) B(0,0e™ 1)

Taking ¢ = v¢? for some ¢ € CJ°(B;, R), we obtain the inequality

)

|Vv|f’§f’dy5p/ VolP e Ve o] dy
B,

+/ WP - |v|2>¢f’dy+f w*ic? dy.
B__1\B(0,0e7") B(0,0e™)

Choose y € B(0, e~ —p) such that B(y, 4p) C B.-1. Taking ¢ =1 in B(y, 2p)
and ¢ =0in B,-1 \ B(y, 4p) satisfying |V¢| < C(p), we have

/ |Vo|Pg? §C/ |Vo|P~ el 4 c.
B(y.,4p) B(y.4p)

Using Holder’s inequality, we can derive that || B(y.2p) [Vu|? < C. Combining this
with [1983, p. 244, lines 19-23] yields that

o—1

Vol <€ [ aIvup<C.
B(y,2p)

Setting x = ye¢ in this inequality completes the proof. ([l

Proposition 2.3. Let u, be a minimizer. Then there is a constant C, > 0 which is
independent of o, € € (0, 1), such that

Ec(ug, By) < Co(1+£"77) in Case I,
E.(ug, B)) < Co(1+&"P 40" 1el=P) in CaseII.
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Proof In Case I, let y = xg~!. Then

1
Es(ue, Bl) = 5/
B

Clearly, there exists #; € W minimizing

1 1
|we|f’dy+—/ (1—|ue|2>2dy+—/ lue|? dy.
4 B.—1\B,—1 2 B -1

e—1

1 » 1 20 1 2
Fu, By =7 [ [VulPdy+ | (L=[u])7dy+ | [ul"dy.
By B By

Define
uy, if0<l|yl<l;

“EVL i<y <
|yl

Noticing that u, is a minimizer of E.(u, By), we have

1 p
E¢(ue, By) < Ec(u2, By) = F(uy, By) + —/ ‘Vl‘ dy < Cr(1+€"7P).
2 B, _1\B [yl
In Case II, assume o < 1/4. For any integer 1 < j < |d|, take disjoint balls
{B(xi, Ro)} for 1 <i < jin By \ By, where Ry is a sufficiently small constant.
Set

v(x), if x € (B1\ Bi;2) \ (U, B(xi, Ro));
(x —xi)/1x — xil, if x € B(x;, Ro)\ B(x;, €Rp), 1 <i < j;
v (x), ifx € B(xj,eRp), 1 <i <j;

w(x) = di_i ]
(x/IxDM=7, if x € B2\ Boye;
(Ix| —o/e) (x/1xD'"™/, if x € Byye \ Bo;
0, if x € By,

where (x/|x|)™, for m a positive integer, is the $"~'-valued map given in n-
dimensional ball coordinates by

(x/]xD™ = (cos mby, sinm6 cosmbs, ...,

sinm@ - - - sinmb,,_, cosm6,_1, sinmb - --sinmb,_1),
where v € WI’P((Bl \ Bi2)\ ( {:1 B(x;, Ro)), S”_l) satisfies
v|dB1 =g, v|dBip=(x/|IxD"/ and v|dB(x;, Ro) =x/|x|, 1 <i <],

and where v; is a minimizer of E,(u, B(x;, €Rg)) in W'P(B(x;, €Rp), R") satis-
fying
vi|0B(xi, €Ro)) = (x —x;)/Ix —xi[, 1=<i=<j.
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By calculating, we have
E.(v. (B1\ Bi)\ (UJ_, B(xi. R))) < C;
E.(w, B(xi, Ro) \ B(xi, €Ro)) < C(1+¢"77);

E¢(vi, B(xi, €Rp)) < C(1+¢&"7P).
In addition,

1 x \ldl=jp
Eo(w, Bija\ Boye) = — V() ax

B12\By+e

p |x]

B (I’l— l)p/Z 1/2

(|d|—j)1’|S”“|/ r"Phdr < C(146"7P).
o+e

Since 0 < (r —p)/e <1 on [p, 0 + €], we obtain

1 xl—o2 (Ix|— x \ldl—j 2\ P/?
Eg(w,BM\BQ):_/ (‘VH_Q‘ +<||_Q‘V(_) ’) i
s m I e e I'\jx

QS\Q
C

<— r"ldr <Ce P((o+e)" —¢") < Co" e! P,
& &€

Combining these estimates and noting that u, is a minimizer, we have
Es(us’ Bl)ng(w,B])Scz(gnfp_i_gn*lglfp)‘ 0

Proposition 2.4. In Case II, for any given y > 1, there exists Cz > 0 which is
independent of o, € € (0, 1), such that

E¢(ue, B1\ By,) < Cs(1 +&"7P)y.

Proof. We prove the proposition by means of induction. Set

w, ifxeBl\Bl/z;
wy =3 (x/|x]) ldl_j, ifx e 31/2 \ Be¢;
dl—j .
(1x1/e) (x/1x1)"/,if x € B..

For any y > 1, there exists § > 0 such that y — § > 1. According to Proposition
2.3, we have

(2-3) Ec(ue, Bi\ By 51 —1n-15)0) < C(L+" P +o"*ek™P)

with k = 1. Suppose (2-3) holds for k = m withm =2,3,...,n — 1. Then we
shall verify it for k =m + 1.
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By the mean value theorem, there is o,, € (y—8 + (m—1)n"'8, y—8 + mn='8)
such that

Yo
/ (1—|ug|2>2dx=/ (/ (1—|u8(r,¢)|2>2d§)r"—1 dr
Byo\B(y-s)g (y—8o sn—1

Yo
- /; —1(1 — |ug(omo, §)|2)2d§’ . =1 gy

(y—3d)o

= C“Q"/ (= lu(ome, OH*de.
Sn—=
This means that

(2-4) gip / (1 — |ug(omo, £)|*)2d¢ = Co™"e™F / (1 — |ue|®?* dx
Snfl

Byo\B(y-s)0
< Co™" (146" 40" e ),

by applying (2-3) with kK = m. Define

1 1/2
zz(r):( _1f |u(r,§)|2d§) for r € [0, 1].
|S"= ] ot

Using Holder’s inequality, we easily get

(2-5) (1—|ﬁ<r)|2>25@/ (1= lu(r, )1 ds forr €0, 1],
Sn—l

— 2 2
(2-6) db;(rr) < |S"11| o a”;rr’ &) d¢ ae.rel0,1].
Let
wi, if x € B\ By, 0+
Wi = { (x| —omo/e) (1 —ii(0,0)) +u(omo)wi, if x € By, o4e \ Bo,o;
uwip, if x € Bg,,.
Obviously,
(2-7) . |Vwi|? + E¢ (w1, Bi \ By, o+e) < C(1+"7P).
!

From (2-4), (2-5), and sg_l < 1, it follows that
1 on0+e
Ini=— (1= la(one)»)>r" " dr

&P Jo,0

omo+e
<Co " (14&"P 40" " P) / r"ldr
om@

<CoT(146"P 4" " P)eg" T < C(1+ " 4" IR,
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So since 0 < (r —o,,0)/e < 1 forr € [o0, omo + €], by (2-7) we have

(2_8) Ee(me Ba,,lQ-i-S \ Bamg)

X|— O,
SC/ (|le|p(|ﬁ(al1lg)|+||—mg
B”le+€\B(TmQ £

(1= latowo)))

§ (T Home)] 'ﬁg(“mg)')pwwp) dx

1 |x| —omo
&

2
+ 0 (11— |ﬁ<omg>|>)2)

(1 — (la(omo)| +

Bangrs \Bamg

BleQ+€\Br7mg

Next, by the definition of w; and W, and from (2-5) and (2-6), it follows that
(2_9) Es(Wm» BO'mQ \ Bs) =< Es(us, Bamg \ Bs)-
Finally, on B,

X ldl—j 1 _
(2-10) (VaP+apIVun Py = (Val+ a5 g v(i)" [

Using the mean value theorem, we see that on B,
2 .
X x \ldl—j|2 1 p/2
(var a2 v (5T Sap)™ - gvapye
g2 x| g2

I I N Gl A a—ip 1
=+ T ) (e v v () [+ )

(p—2)/2
+(1—s)(|v12|2)> ds

_ plal 14+ (d| = j)?

> 2 1.

From Proposition 2.2 and (2-6), it follows that / < Ce>~?. Substituting this into
the preceding equality and combining with (2—-10), we obtain

! 1
Ee(ﬁwl’Ba):_f (W”_"ZJF'L_"Q'W'z)p/Z"”_/ w?i|? dx
P JB 2eP Jp,
¢ 1
< Ec (@, B;) +Ce™ f P~ dr.
0 &

By the definition of u and (2-6), we have at last that

2-11) E.(uwy, Be) < Ec(ue, B;) + Ce" P,
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Since u, is a minimizer, it follows from (2-7)-(2-9) and (2-11) that
Eo(te, B1) < Ec(Wy, B) < C(14""7 4+ 0" """ "P) 4 E,(u, Bo,o).

Observing that E¢(ue, B1\ B(y_s1mn-15)0) < Ee(te, B1\ Bg, ), We see that (2-3)
holds with K = m + 1. Proposition 2.4 follows by taking k = n in (2-3). U
3. Location of zeros

At first, we will show that there is no zero of u, near the boundary 0 B;.

Theorem 3.1. There is a constant p > 0, such that for x € By \ B1_2p,
lug(x)] = 1/2.

Proof. Scaling y = xe~! in (2-1) yields (2-2). According to the results of the C%-
estimation of v (see, for example, Theorem 1 and lines 19-21 on p. 104 of [Chen
and DiBenedetto 1989]), there exist C >0 and « € (0, 1), such that for any p € (0, 1)
and yg € dB,-1, we have [v(y) —v(yg)| < C|ly — yo|* for all y € B,-1 N\ B(yo, 4p).
Taking p = 1/(8C), we obtain |v(y)| > |v(yo)| —C|y —yo| = 1/2. Letting x = ye,
easily implies the theorem. 0

Proposition 3.2. Let u, be a minimizer of E.(u, By). There exists a constant C > 0
which is independent of o, € € (0, gg) with &g sufficiently small, such that

1 272 1 2 .
(3-1) — (I =luel)*+— [ lue|l~<C inCasel,
e" JB\B, e" JB,

(3-2)

1 2,2 1 2 .
(= |ug|”) + —— lug| < C in CaseIl.
n—l n—1
€0 Bi\B, €0 B,

Furthermore, in Case Il with p > n, for any y > 1, there is C > 0 independent of
0, € € (0, g9) such that

(3-3) (1—|ue|?)? < C.

& BI\BYQ
Proof. When p > n, (3—1)-(3-3) are corollaries of Proposition 2.3 and Proposition
2.4 by multiplying by e”~" or e”~!o!™". When 1 < p < n, the idea of the proof
comes from [Struwe 1993]. Set v[e] = inf{E.(u, B;); u € W}. For fixed u €¢ W,
the map ¢ — E.(u, By) is nonincreasing, and

J p 2y2 p / 2
——FE.(u, B)) = 1— — .
og Bl By = o /Bl\gf e P+ o J, 1
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Noting v[e + 8] < E¢y5(ue, B1) < E¢(ug, By) = v[e], we have

(34) — / (1— lu |2>2+#/ e
4ep+l BI\B, € 2ep+1 8, €

. Ec(ue, B1) — Ecq5(ue, BY) _—  v[e]—v[e+3]
= lim <limg_og—— =
§—0 1) )
We claim that there exists a constant M > 0 independent of ¢ and ¢ such that when
both ¢ and ¢ tend to zero,

—V'[e].

—ePt1=")/[e] <M in Case I;

(3-5) :
—ePo'™™V'[e] <M in Case IL

Otherwise, we can find &1 > 0, such thatif €, o € (0, &), then —v'[¢] > Me" P~ in
Case I, and —v'[e] > Me~Po"~ ! in Case II. Now, let M =2(n— p)(C2+ el " in
Caseland M =2(C>+1)(p—1) in Case II. Here, C; is the constant in Proposition
2.3. Integrating from ¢ to &, we obtain

el
vie] > v[er] —f V[elde > v[e]]+2C, +1 in Case I;

v[e] > v[el]l— /81 Velde > v[e]+ 2Cy + D! P! in Case II.
€
These contradict Proposition 2.3. Substituting (3-5) into (3—4), we can find a
sufficiently small ¢g > 0, such that (3—1) and (3-2) hold with C = M + 1. ]
Hereafter, we assume ¢, g € (0, g9). For any y > 1, set

A=B|_y:\ By, inCasell,

A=B;_,\B, inCasel.
Proposition 3.3. Let u. be a minimizer of E.(u, By). Then for any n € (0, 1/2),
there exist positive constants X, i which are independent of o, €, such that
(1) In Case I or in Case Il with p > n, if
1
en ANB(- ,2l¢)

for B(-,2le) a ball of radius 2le with | > X, then |ug,(x)| = 1 —n for all x €
ANB(-,le).

(3-6) (1 —ueH* < u,

(2) In Case I, if
1

(3-7) — luel® < e,
€% JB,nB(-,2e)

then |ug(x)| <nforallx € B,N B(-,le).
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Proof. Observe that there exists a constant C3z > 0 which is independent of ¢ and
g, such that forO <r <1, if x isin By, then |[BiNB(x,r)| > |[ANB(x,r)| > C3r".
Let A = n/(2Cy) and . = C3n°1" /4.

Suppose that there is a point xg € A N B(-,l¢) such that |u.(xg)| < 1 — 7.
According to Proposition 2.2, we have

(B-8) |ug(x) —ugs(xp)| < Cls_llx —xo| =CiA=n/2 forall x € B(xg, A&),
and hence (1 — |us(x)]?)? > n2/4 for all x € B(xg, Ag). Thus

/ (1= ue)? > (P2/4) 1A N B(xo, 26| = Can(he)" J4 = pus”.
B(xp,A8)NA

Since xg € B(-,le) N A and (B(xp, Ae) NA) C (B(-,2le) N A), it follows that

/ (1— |ug|*)? > pe”,
B(-,2le)NA

which contradicts (3—6). This proves (1), and the proof of (2) is analogous. Il

In Case II with p € (1, n), Proposition 2.2 is not sufficient to deduce Propo-
sition 3.3. The reason is that in Case II, the estimation (3-2) is not accurate as
(3-1), which forces us to investigate (3—8) on the larger ball B(xg, Ae!/"o'~1/m).
Proposition 2.2 is invalid since it only holds on the smaller ball B(xg, Ae). To
obtain Proposition 3.3, we instead use Proposition 3.4, though it only holds for p
sufficiently close to the dimension 7.

Proposition 3.4. Assume u, is a minimizer of E.(u, By). Then in Case Il with
p € (n—t,n)wheret € (0, min{1/2, 4/n}), there exists a constant C > 0 such that
forany x, xg € A,

le (x) —ue(x0)| < Clx —xp|*  for some o € (0, l—n/(p—i-t)).

Proof. By the Reverse Holder inequality (Proposition 3.5) and Proposition 2.4, we
have || Vug|lpr+a) < CllVugllra) < C for some t € (0, min{1/2, 4/n}).

Since |us| < 1 a.e. on B, we obtain ||u.| w1+ 4y < C. When p € (n —1t, n), by
the embedding theorem we see that |u. (x) —u. (xg)| < C|x —xo|* for any x, xg € A,
for some @ € (0,1 —n/(p +1)). 0

Proposition 3.5 (Reverse Holder inequality). Assume p > 1 and u, is a minimizer
of E.(u, By). Then there exist constants t € (0, min{1/2,4/n}), Ry € (0, 1/2) and
C > 0 which are independent of ¢ and o such that for any B(-, R) C By with
2R < Ro,

1/q 1/p
(/ |Vitg|? dx) gc(/ (|Vue|?+1)P/? dx) for g [ p, p+21).
B(-,R) B(-,2R)

The proof is completely analogous to that of Proposition 2.1 in [Lei 2004].
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Proposition 3.6. Assume u. is a minimizer. Then in Case Il with p € (n —t, n)
where t is the constant in Proposition 3.5, for any n € (0, 1/2), there exist positive
constants A, |0 which are independent of o, €, such that if

1

2\2
n_]/ (1_|u€| ) E/"l”
o ANB(-,2lg!/npn=1/m)

where B( -, 21e'/"o"=D/") is some ball of radius 21"/ o"=D/" with | > A, then
lug(x)|>1—n forallx € ANB(-,le"/"on=D/ny,
The proof is like that of Proposition 3.3; the only difference is that we apply

Proposition 3.4. instead of Proposition 2.2.

To find the zeros of u. in Case I or in Case II with p > n, we may take (2-1) as
a ruler to distinguish the ball of radius Ae which contains the zeros. Given y > 1,

let A, ; be the same constants as in Proposition 3.3. If

1
— (1 —lue)? <,
€7 JB(xe,2xe)NA

then B(x®, Ae) is called a good ball. Otherwise it is called a bad ball. Now suppose
that {B(x7, Le), i € I} is a family of balls satisfying the following conditions:

(i) x; e Aforiel.

(i) AC U, B(x}, re).
(iii) B(x;, Ae/4) N B(x%, Ae/4) =& fori # j.
Set Jo ={i € I; B(x], X&) is a bad ball}.

Proposition 3.7. There exists an integer N independent of € exceeding the number
Card J; of bad balls.

Proof. Since (iii) implies that every point in A can be covered by a finite number m
of balls where m is independent of ¢ and g, from (3—1) or (3—3) and the definition
of bad ball, we have

ue" Card J, < / (1 — Jug [*)?
’ Z B(xf.226)NA ’

iel,

< |
Uie.lg

Hence Card J, <mC/u < N. O

a—meSm/’ (1 — P2 < mCe",

B(xf,2h6)NA Bi\B,

Proof of Theorem 1.1. Based on Proposition 3.7, by applying Theorem IV.1 of
[Bethuel et al. 1994], we may modify the family of bad balls so that the new
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family, denoted {B(x}, he); i € J}, satisfies

Uiejs B(x?, Ae) CJ;ey B(x{, he), CardJ < Card Jg,
and
(3-9) |xf —x51>8he, i, jel, i#],

where £ is a constant satisfying A < h = h(n) <A9Y =9Vy/(2C}). Choose > 0
sufficiently small so that 4 < 1. Condition (3-9) implies that no two balls in the
new family intersect. Thus the points x where |u.(x)| < 1 — 5 are contained in
these finite, disjoint bad balls { B(x;, he)}f.\’: , and By U B,,,. Combining this with
Theorem 3.1, we obtain (1-2).

Similarly, (1-3) is obtained by applying (3—1) and Proposition 3.3(2); (1-4) is
obtained by applying (3-3) and Proposition 3.3(1); lastly, (1-5) is obtained by
applying (3-2) and Proposition 3.6. 0

Foreachi = 1,2,...,Card J, there exists a sequence & — 0 such that the
centers x;“ approach either 0 or some g; € B. There may be more than one such

subsequence x;* converging to the same point. We denote by 0, aj, az, ..., ay the
distinct points in {0, a,-}?:a‘rldj .
From the discussion above, we also see that for any o > 0,

Card J
(3-10) e (x)| > 1/2 forallerl\( U B(aj,G)UBU>.
j=1

4. Uniform estimation

Let u. be a minimizer of E.(u#, B;). When p € (1, n), Propositions 2.3 and 2.4
imply (1-6) and (1-7), respectively. In this section we shall prove (1-7) when
p > n.

Theorem 4.1. Let R > 0 be small enough that B(x,2R) € B1\{0, a1, az, ..., an}.
Then there are constants C > 0 and R; = 2R — jR/([p] + 1) such that

(4-1) Ec(us, Bj) <Ce’™?
for j=n,n+1,...,[pl, where ¢ € (0, &9) and B; = B(x, R}).

For j = n, the inequality (4-1) is a corollary of Proposition 2.4. Suppose that
(4-1) holds for all j < m. Then, in particular,

(4-2) E¢(ug, By) < Ce"™P.

Suppose m < [p]. We want to prove (4-1) for j =m + 1.
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According to Proposition 2.1 and (3—-10), we have 1/2 < |u.(x)| < 1 for all
x € B(x,2R). As in the derivation of (2-4), by (4-2) and the mean value theorem,
there is r € [Ry4+1/2, Rin] such that

1
(4-3) / |Vie|? ds+—/ (1— |ug|*)? dg < Ce™P.
IB(x.r) el JoB(x.r)

Here £ is the integration variable on d B(x, r).

Proposition 4.2. Denote B(x, r) by B. If p,, is a minimizer of the functional
1 1
E(p, B) = — / (IVol? + P2+ — f (1-p)?
rJs 2eP Jp

on W|}4;-[|)(B’ R*TU {0})7 then E(pm, B) < Cgm—p-',-l.

Proof. Obviously, the minimizer p,, exists and satisfies

(4-4) —divw"?"?/2Vp) = 1/e’(1—p) on B,
and
(4-5) plap = |uel,

where v =|Vp|?+1. Since 1/2 < |u,| < 1, from the maximum principle it follows
that

(4-6) 1/2<p, <1 on B.
Applying (4-2) we see easily that
(4-7) E(pm, B) < E(lus|, B) < CE¢(us, B) < Ce"™ 7.

Multiplying (4-4) by (v- Vp), where p denotes p,,, and integrating over B, we
have

(4-8) —/ VP 212(y . V) de +f VP 2G5 .V (v-Vp)
9B B |
= —/(1 —p)(v-Vp),
ep B
where v denotes the unit outside norm vector on d B. Using (4-7) we obtain

1
(4-9) ‘f v(p_z)/ZVp-V(v-Vp)‘ §C8m_”+;|/ v-V(vP/z)‘
B B

§Ce’""’+l/ vl dg.
P JaB
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Combining (4-3), (4-5), and (4-7) we also have

1 1 2 4 2 m—
(—f(l—p)(u-vm|s—\/(1—p> dwv—f (1 - p)* di| < Cem .
el Jp 2eP 1 Jp 9B

Substituting this and (4-9) into (4-8) yields

1
(4-10) | f v (. Vp>2ds| <Ce" P 4 — / w2 .
9B P Jas
Applying (4-5), (4-3) and (4-10), we obtain for any § € (0, 1),

n—1
[ orrde= [ o214 @ Vo2 + 0 Vo) ds
9B B o1
5C(5)e’”‘ﬂ+(1/p+25)f VP2 dg,
0B

where 7;, i =1,2,...,n — 1, denotes the unit tangent vector on B and 7; L7;
when i # j. Choosing § > 0 sufficiently small yields

(4-11) / VP2 dg < CeM P,
9B
Multiplying both sides of (4—4) by (1 — p) and integrating over B, we have
1
f v RV 4 — / (1-p)=- / PP Vp)(l - p)dé.
B el Jp B
Thus, applying Holder’s inequality, (4-3), (4-5), (4-6) and (4-11), we obtain
1/
(4-12)  E(op, B) = Cemr0=017) / (1 —luc?dg| " <cem ot O
9B

Remark 4. Comparing (4-12) with (4-7), we see that the exponent of ¢ in the
upper bound of E(p,,, B) is improved. We shall use p,, as a comparison function
to improve the exponent of ¢ in the upper bound of E,(u., B).

Proposition 4.3. Set h = |u,|. Then for any é € (0, 1/2), there is C > 0 such that
1 1 2\2 m—p+1

— | IVAP+— [ A=K <Ce" P +68 | |Vuel?

PJB 4¢P Jp B

t/(p+t)
+c(/ |w€|f’+1></<1—h2)2) .
B(x,2r) B

Here t is the constant in Proposition 3.5.

Proof. Let Uy = pjw on B and U, = u, on By \ B, where w = u./|u.|. Since u,
is a minimizer of E;(u, G), we have

Ec.(ug, G) < Ec(Ug, By) = Ec(pnw, B) + Ec(u, By \ B).
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This means E.(u., B) < E¢(pnw, B). Noting that
/(lem|2+p3,|Vw|2)”/2dx—f(p,iWwF)””dx=
B B
1
p _ _
? / / (Y P92 1w P) 225102 [T w )P D/2(1—5)) ds|V p P dx
B JO
scf<|me|”+|me|2|Vw|”—2>dx,
B
and using Holder’s inequality, (4-6), and (4-12), we have, for any § € (0, 1),
E.(ug, B) < Ec(pnw, B)
1 _ 1
< —/(p,i|Vw|2>P/2+cf (1Y pul” + IV o PV 0] 2)+—f(1 Pt
P Je B 4el Jp
1
5—/ |Vw|P+Ce’"“—P+5/ |Vug|?.
P JB B

Combining this with Jensen’s inequality we obtain

1 1 1
(4-13) —/ |Vh|p+—/(h"—1)|Vw|p+—/(1—h2)2
P Js P Js deP Jp
1
< B B) = [ Vol <cen s [ v,
P JB B

In view of (3—10) and Proposition 3.5, we get
(4-14)

1 20
—/(l—h”)IVwal”S—/(1—h”)h”|VwaI”
P JB P JB

t/(p+t)
§C(R)(fB( y |w8|”+1)</3(1 —hz)z) )

Substituting this into (4-13) yields

1 1
(4-15) —/ |Vh|”+—/(1—h2)2§C8'”_p+l—|—6f |Vug|?
pJB del Jp B

t/(p+1)
+c(/ |Vu8|p+1)(f(l—h2)2> . O
B(x,2r) B

Proof of Theorem 4.1. Step 1. Using (3—10) we may write w =u./|u.| on B(x, 3R).
Substituting this into (2—-1) yields that

1
/ IVulP"2(wVh +hVw) Vi = —/ hwyr (1 — h?)
B(x,3R) eP JBx,3R)



120 YUTIAN LEI
or div(|Vu|P~>(wVh + hVw)) 4+ 1/e?hw(1 — h*) = 0 in the distribution sense.

Taking ¢ = w¢ where ¢ € Wol’p(B(x, 3R)), and noting that wVw = %V(|w|2) =0,
we obtain

1
(4-16) — h(1—h?)¢ = |Vu|P~2(VhVE 4+ h|Vw|??).
&P JBx.3R) B(x,3R)

In addition, we also have div(|Vu|?~2(wVh +hVw)) A w = 0 in the distribution
sense. Together with |w| = 1, this implies

/ IVulP~2h(w A V)V = 0.
B(x,3R)

Using this with Theorem 6.1 (which will be proved in Section 6), we can deduce
that

1-2/p
(4-17) f IVu|P2h? | Vuw|? < C(/ |Vu|”> .
B B(x,2r)
Applying (4-17) and Hoélder’s inequality we have, for any é € (0, 1),
(4-18) / |VulP = / |VulP~2(h?|Vw|* +|Vh|?)
B B

1-2/p
SC(/ |Vu|p) +8/ |Vu|p+C(8)</ |Vh|p>.
B(x,2r) B B

Substituting (4-15) into (4-18) and choosing § > 0 sufficiently small we see that

1-2/p
(4-19) / |VulP < c(/ |Vu|P> + Cemrtl
B B(x,2r)

t/(p+1)
+c(/ |Vu8|”+1></(1—h2)2) .
B(x,2r) B

From (4-2) it follows that |’ B(x.2r) |Vul|P < Ce™~P. Substituting this into (4-19)
yields

(4-20) / |VulP < C(e™P)!=2/P 4 Cem=PH Pt/ (0t — [y 4 ) + I,
B

Step2. fm < p/2,thenm+1—p <(m—p)(1—2/p). Now, I} < I,. Let kg be
an integer such thatm+1 < (1+¢/(p + ))*om.
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Assume ¢ is in C3°(B(x, 2R), [0, 1]) and satisfies [V¢| < C and ¢ = 1 on
By, 1+1,2. Taking the test function as h¢(1 — h) in (4-16), we have

1
—/ (1 -hrHed —h)+f |Vu|P~2|Vh|®ht
el Jp B
:/ |Vu|P~2VhVh(l —h)-l—/ [VulPc(1—h) < C/ [Vul?.
B B B
Noting that { =1 on B,,41,2 and applying (4-20), we obtain
(4-21) / (1 —h?)? < ce™IH/HD) - for g € (0, o).
Bi+i1/2

On the other hand, as in the derivation of (4-13), for B,,11/> we rewrite Propo-
sition 4.3 and still conclude that for any § > 0,

1 1 2.2
4-22) — IVh|P + — (1—-h%)
P JByiip 4eP Bin+12

1
5Csm—1’“+—/ (l—hp)|Vw|”—|—5/ |Viug|P.
p Buy1)2 Buy1)2

To estimate the second term of the right-hand side of (4-22), we apply (4-21) to
obtain
_t

) / (1= hP)|Vw|? < CelmHpFm P+ pRm=p _ cgm+/(p+0)'=p
P JBuiip

by a similar derivation to (4—14). Substituting this into (4-22) yields

1
—f |Vh|? SC(S’”_”H+8m(1+’/(p+’)>2_p)+8f Vue|”.
Bim+1/2

Bint1/2

Using this instead of (4—15) and choosing § > O sufficiently small we can improve
(4-20) to

/ |Vu8|p = C + C(Sm_p+l +gm(1+t/(p+[))2_l7) < Cgm(1+[/(p+t))2_p.
Bm+l/2

We have improved the exponent m(1+4t/(p+1))—p of e tom(1+t/(p+1))*— p,
though the integral domain B has shrunk to B, 1,2. By induction, it can be derived
in ko steps that

|[Vug|? < C+ C(gm—lH-l +8m(1+t/(p+t))1"0_p).

Bm+171/2k071
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Noting the definition of kg, we obtain (4-2) for j =m + 1:

/ |Vug|f’s/ Vi |? < CE™ P 4 1),
Bm+l B

m+1—1/2k0~1

Step 3. If m > p/2, then im — p)(1 —2/p) <m+1— p. Let kK > 3 be an integer
such that (m — p)(1 =2/p)k <m+1—p < (m — p)(1 —2/p)**T!. Now (4-20)
becomes

/ |VulP < C(gm—P)l—Z/P + Cgm—ptmt/(p+1)

B

Proceeding as in Step 2, we improve the exponent m — p +mt/(p +1t) of € to
(m — p)(1 —2/p), since we can find ko € Z such that m(1 +¢/(p + 1)) — p

is greater than (m — p)(1 —2/p). At the same time, the integral domain B(x, r)
shrinks. Namely, there is a constant r; € (R;,+1, r) such that

(4-23) f |Vug|P < Cetm=1=2/p),
B(x,ry)

Hence as in the derivation of (4-21),
f (1— h2)2 < Cem=—p)(1=2/p)+p
B(x,r)

Substituting these into (4-19) we have
[ v
B(x,r1/2)

1-2 it
p FEE;
< Cemtio +c</ |ws|f’> +c/ |Vug|f’(/ a —W)
B(x,r) B(x,r) B(x,r)

< CeMtl-r Cg(m—p)(l—Z/p)2 4 Cgm=pP)A=2/p)+((m=p)(A=2/p)+p)t/(p+1))
< (/wg(rﬂ—P)(l—Z/p)2 + Cgm=P)1=2/p)+((m=p)A=2/p)+p)t/(p+1)
Again by an argument analogous to Step 2, we improve the exponent of ¢ in the

last term to (m — p)(1 —2/p)>. Namely, there is a constant r, € (R,11, r1/2) such
that

/ |V, |P < Cem=p1=2/p)?
B(x,rp)
By induction, it follows that

/ Vi | < Cem=p -2/
B(x,re-1)
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Combining this with (4-19), and noting the definition of k£, we obtain

/ VP
B(x,rk-1/2)

< CeMmH1P 1 Cpm=p)1=2/p)*T | oo (m=p)(1=2/p)+(m—p)(1=2/p)*+p)(t/(p+1)

< CeMH1=P 1 Cpm=p)1=2/p)+(m=p)(1=2/p)*+p)t/(p+1))

By the same discussion as in Step 2, we may also improve the exponent of ¢ to
m+1— p, and the integral domain shrinks. Namely, we have (4-2) with j =m+1:

/ |Vug|P < Ce™t1=P, O
B(x,rk-1/2)

Theorem 4.4 (Uniform estimation). For any compact K C B1\{0, a1, az, ..., an},
there exists a constant C > 0 independent of & such that E;(u., K) <C.

Proof. We only prove the theorem for the ball B(x, R) in B1\ {0, a;, az, ..., an}.
Theorem 4.1 shows that

(4-24) Ee(ug, Byp)) < CelP1=7,

The integral mean value theorem and (4-24) imply that there exists a constant
re [R[p], R[p]+1/2] such that

1
(4-25) / |Vug|P dé + — / (1 — |u|H)? de < CelP=P.
IB(x,r) &P JaB(x.r)

Consider the functional
1 1
E(p.B)=— / (VP + 1P / (- ).
P JB 2eP Jp

where B = B(x, r). Itis easy to see the existence of the minimizer pf,) of E(p, B)
on WP (B, RTU{0}). Similar to the proof of Proposition 4.2, from (4-24) and

[ue|

(4-25) we can deduce E(p[,), B) < CelPl=P+1 Thus, for any 8 € (0, 1),
1
Eelue, B) < E-pu, B) < o [ (90l 4 CelP17 46 [ 9.
P JB B
As in the derivation of (4-8), it follows that
1 1
(4-26) —/ |Vh|P 4+ — / (1 —h??
P JB deP Jp
1
< CglPIt1-»r +5/ |Vug | + — f (1—h")|Vwl|”.
B P JB

To estimate the third term of the right-hand side, we shall do as in the proof of
(4-14) and (4-15) and apply (1/e”) [ (1 —h*)?* < CelP1=P, which is implied by
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(4-24). As a result, there exists ¢ € (0, 1/2) such that
l / (1 — hP)|Vw|P < CelPHplt/(p+D=p
pPJs B

Substituting this into (4-26) yields

/ |Vh|P + / (1—h )2 < C(s[le Py glp+lplt/(p+n— Py +3/ |V |P.
Combining this with (4-18) and choosing § sufficiently small, we obtain
f Vi |P < CelPl-p+1 4 celpl=ptm/ () | 0o (pl-p)1-2/p) | .
B

By a same argument of Steps 2 and 3, we may improve the exponents of ¢ in the
second and the third terms of the right hand side to [p] — p + 1. Thus, for some
shrinking domain By,)41 C B, there exists C > 0 independent of ¢ € (0, &), such
that

/ |Vu|? < C+ CelPt1-r < . 0
B

[p]+1
5. Convergence

There may be several minimizers of E.(u, By). One of them, denoted by ., can be
obtained as the limit of a subsequence u7* of the minimizers u; of the regularized
functionals

T 1 2 /2 2
El(u,G)=— | (IVul"+1)? dx+— (1 |u| ) dx, forte(0,]1)
pPJG

in ng’p(Bl, R™) as 1, — 0, namely

(5-1) lim u®™ = di.in W'7(By, R").

7. —0

We call u, the regularized minimizer of E.(u, B1). For the regularized minimizer
we shall establish the C!% convergence when p > n —t and p # n.
It is not difficult to see that the minimizer u; of E] (u, B;) solves

1
(5-2) —div((IVul* + )P *Vu) = —u(l— lu>) on B
&

and satisfies [u7| <1 on B. As (3-10) and Theorem 1.2 hold for u;, the following
results are also true: for any compact subset K of B\ {0, aj, as, ..., ay}, there is
C > 0 such that

(5-3) lu; (x)|>1/2 forallx e K
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and
54 El(u;,K)<C.

Proposition 5.1. Assume p >n—t and p #n, where t is the constant in Proposition
3.5. Then for any compact subset K C B1\{0, a1, ay, ..., ay} and arbitrary | > 1,
there exists a constant C > 0 which is independent of ¢, T, such that

(5-5) IVutll ik rry < € = C(K. D).
Proof. Step 1. Write v = [Vul? + t in (5-2). Differentiating (5-2) with respect to
Xj, we obtain
_ 1
(5-6) —PP ) = — (1= ).

Take R>0sothat B=B(-,3R)EB\{0, ai, az, ...,ay}. Let{ €C3°(B, [0, 1])
be a function such that { =1 on B(-, R) and { =0on B(-,3R)\ B(-,2R), with
IV¢| <C on B(-,3R). Now integrate over B( -, 3R) the inner product of the both
sides of (5-6) with u,,v°¢?(b > 0) to obtain

[0, @ = [P [ b
B J J gp B J 28p B J

Summing over j =1, 2, ..., n and computing the term of the left hand side yields

- p+2b—2
5-7) /gzv("”bz)/zZWuij > /§2v(p+2b4)/2|vv|2
B . B
]:]

+b(]72—2>/v(p+2h—6)/2(vu'vv)2
B

1 n

. / (1= lu?e>o" 2| Y / <v(1’—2>/2vbt)xjux,v”zv;‘.
B . B

j=l1

From (5-2) and (5-3), it follows that
1 2y — % iyp(P-22

(5-8) — (1 —u|") = —5 div(v"” Vu).
2 |u|?

Applying Young’s inequality, we derive that for any § € (0, 1),

1
(5-9) —/(1 — lu?) ! 50(3)/ 2P H26+2)/2
ep B B

n
+8/ €2U(p+2b_4)/2|vv|2+8/ §ZZ|VMX‘ 2v(p+2b—2)/2’
B B =1 !
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where ¢, T € (0, &y). Using the Young inequality again, for any é € (0, 1)

(5-10)

n
> [ @i, ey
j=1"8

<5 / p(PH2=D/2 17 12:2 4 () / p P22 )72,
B B
Substituting (5-9)— (5-10) into (5-7) and choosing § small enough yields

2b—12

n
_ P+
1) [ PRy v g P

/ sz(p+2b—4)/2|vv|2
4 B

j=1

=D [ oy oy
B

SC/ €2U(p+2b+2)/2+C/ P27 2.
B B

Step 2. When p > 2, all the terms of the left-hand side of (5-11) are nonnegative.
When 1 < p < 2, first observe that

n
p(PH2b=2)/2 Z |V’/lx_,~ |2 > }Tv(p+2b*4)/2|Vv|2.

j=1

Next, the third term of the left-hand side of (5-11) is not positive. However,
b(p—2) / P62y Ty > b(p—2) / 2P/ gy 2,
2 B 2 B
Hence, we can derive from (5-11) that

B B B

To estimate [j, £2vP+2H2/2 we take ¢ = ¢2/9p(P+20F2/24 in the interpolation
inequality

(5-13) Iplle < CIVOIGNPNL g € (Lni/(n—x)),

o= (1 - 611)(1 - ”,;{")_1 € (0, 1).

where
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Thus,

5 p2b+2
(5-14) /{ v 2
B

9 p2b42\ 4(1-a)
§C</ tdv 24 ) X
B
2 p+2b+2 2b+2 p+ b—4 %
ch(q Vivepo 2 +u(/;2 Vo
B 2q B

(/ 2 (2_]) 2 p+22b+2 p+2h))l '§>
§2= q

Step 3. Since p > n —t and p # n, we can choose k such that 1 < k < 2 and
ke 2n—-1)/2(p+2b+2)—nt),2n/(n+2)). Using «, fix g in the interval
QRt(p+2b+2)/2(p+2b+1t)—«t),nk/(n—x)) C(1,2). Thus, gar/2 < 1 and

p+20+2 k(p+20+2) 2k <p+2b+2 p+2b)<p+2b+t

(5_15) ) )
2q 2q 2—«k 2q 4 2

Let b = 0. From Holder’s inequality, Proposition 3.5 and (5—4) it follows that

(p+2)/((p+0)q)
/ (214 (422 / £ C/a=D [y ¢ € P2/ Ca) §C< f v(p+r)/2>
B B B

(p+2)/(pq)
< C(f vp/2> <C.
B

Substituting this into (5-14), and again using Holder’s inequality, Proposition 3.5
and (5—4), we obtain that for any § € (0, 1),

qa/2
f§2 <P+2>/2<c+c</ ¢2v<P—4>/2|w|2> <c<a>+a[ ¢ IV,
B

since gor/2 < 1. Substituting this into (5-12), we see that [, £2vP~9/2|Vy|> < C
or [, g“ ?|Vw|? < C, where w = vP/*. Since (5-4) implies [, ¢*|w|*> < C, we have
lcwl? HUB.R) S C, and thus the embedding inequality implies (5—5) when n = 2.
If n > 3, the embedding inequality gives

1/r
(5-16) </B(§w)r) = Cl¢wllgip,r =C,

where r < 2n/n —2. Now we set G; = B(xg, R + R/2'). Take ¢ such that ¢ =1
on G and ¢ = 0 on B(xg, 3R) \ B(xp,2R). Noting that p > n —t and t < 4/n,
choose r =2+ 8/(np) in (5-16). Since ¢ =1 on G, we see that Vu € L’ (G)
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where s; = p+4/n, and

(5-17) / [Vul' <C.
G

Step 4. To prove (5-5), we will choose b > 0 and proceed in the same way as in
Steps 1,2 and 3. However, Proposition 3.5 can not be applied, since it is only a
result on the regularized functional | B, vP/? dx and is not valid on / B, v*/? dx for
s > p. On the other hand, if we take b >2/n from now on, the inequalities p >n—t
and r < 4/n imply that « can be taken in 2Q2—#)n/2p+4b+4—nt),2n/(n+2))
with t+ = 0. In view of this, suppose ¢t = 0 in the following calculation when
proceeding as in Step 3.

Write w = vP+?)/4 Set b =2/n and take { =1 on G, and ¢ =0 on B; \ G;.
Then from (5-17),

/ w2:/ v<P+4/”>/2=/ |Vul*' < C.
Gy G Gy

Noting (5-15) with + = 0, we use Holder’s inequality to estimate the terms of the
right-hand side of (5—14). Combining with (5-12), we have, for any 6 € (0, 1),

A
€2U(p+2b—4)/2|vv|2 S C((S)(l +/ U)2> +8 é-zv(p+2b—4)/2lvv|2’
G Gy G

where A > 0 only depends on n, p and b. Choosing § sufficiently small, we obtain

||§w||§11(G1) <C{+ fGl w?)* < C. Applying the embedding theorem to ¢w and

using that ¢ =1 on G, we obtain
(5-18) / |Vul* < C,
G>

where s =51 +4(n+2)/n>=p+4/n+4m+2)/n*> = p+8/n+8/n%.

Step 5. Reset b and ¢ again. Applying (5-18) and following the same logic as Step
4, we can improve s to s3 > sp. For any [ > 1, proceeding inductively, we may at
last find s; for some i such that s; > [ and

f IVul™ < C,
G;

where G; C Bg. Thus (5-5) is proved. O
We can extend Proposition 5.1 by means of Moser iteration.

Proposition 5.2. Assume p > n —t and p # n. Then for any compact subset
K C B1\{0,ai,ay,...,an}, there exists a constant C = C(K) > 0 independent
of e, T, such that

IVug |l ek, ry < C.
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Proof. Given any xg € B(-,3R) C B1\{0, a1, ap, ..., an}, letr > 0 be small such
that B(xg, 2r) C B(-, 2R). Denote Q,, = B(xg, r;y) where r,, =r+r/2". Choose
Lm € Cgo(Qm, R) such that ¢,, =1 on Q.41 and |V¢y,| < Cr/i2" m=1,2,....
Integrate over Q,, the inner product of the both sides of (5-6) with {,121 vPu Xj b>1.
Then, as in the derivation of (5-12), we see that

(5-19) [ guut 02 VP <C / VPR, P [ 2o,
Q”l m Qﬂl

To estimate | o, g2vPH20+2/2  we take ¢ = ¢/ y(P+26+2/24 in the interpolation
inequality (5—13). We then obtain

q(1—a)
(5-20) /Q g2y P24/ < c< fQ ;ri/qv(p+2h+2)/(2q))

2\ K
% <(_) £E@la=D |y, <y (264D C0)
q QITI
qo/k
+<%5+2)” é—r%lK/qu((p—i-Zb—l—Z)/(Zq)—l)|VU|K> .
in

Now, we estimate the right-hand side. Choose r € (0, 1) sufficiently small such
that |Q,,| < 1. Take k € 2n/(p+4),2n/(n+2))N (1, 2); hence, g can be chosen
in ((K(p +4)/(p+2),nk/(n— K)). This implies that (5-15) with t = 0 is also
true since b > 1. By using Holder’s inequality, we have

f (210 (P+2+2)/2 ( / (P22
On "

2/q—1 2b42) /(2. 22m b/ k(p+2b+2)/(q(p+2b))
f ;;;(1( e )|V§m|’<v’<(1’+ +2/Ca) = I"_K</ v(l’+ ! ) P
Om y

’

) (p+2b+2)/(q(p+2b))

and

£ 2Oy (P22 =1 7y ¢

Om
/2 «((p+2b+2)/(q(p+2b))—1/2)
< </ ;r%lv(p+2b—4)/2|vv|2> (f U(p+2b)/2> .
Qm m

Combining these inequalities with (5-19) and (5-20) yields

m

2"\ 2 4M N qa
5-21) L1 < C(<_> L+ <_) 121+2/(p+2b)
r r

2b + 2\ q« _
+<P +2q+ ) [9e/2 142/ (420 qa/2>’
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where
/ gz (p+2b— 4)/2|Vv|2 and 12:/ p(P2D)/2

Let p+2b = s and w = vP+20/* = v*"/4 with s > 1 to be determined later.
Using the Young inequality to treat the last term on the right side of (5-21), we
obtain

<Sm +2)qallqa/2121+2/(57’1)7qa/2
2

Sm 2 2(1‘1/(2_(10‘) Y _
<5l +C(5)< + ) [/ =g0 D =g

Substituting this into (5-21), we get
2m 4M N qa m
) L+ ( ) 121+2/s
N (s’" + 2)Zq"/(z—‘l"‘>12(1+2/s"’—qa/z)/(z—qa)
2q 2 '
By the embedding theorem, for any s € (1, n/(n — 2)],

(5-22) I, < C(5) ((

(Cnw)® < C<s)(

Om

G+ / |V<cmw>|2)

< C((l +(E) (%)zll>s.

Combining this with (5-22) yields

(5 23) / (é.mw)ZS <C(S rq, K)((1+4m +s2m4M)12+SZWl4qDlmll+2/s
_|_s2m 2qgam/(2— qa)1(1+2/s —qo/2)2/(2— 1104))

If there is a subsequence of positive integers {m;} tending to infinity such that

L= / o <,
Oy

then letting m; — oo immediately yields
(5-24) [vll2(Que, k) = C(r).

Otherwise, there must be a positive integer m such that
b :/ V2 >1 form > my.

Since (14+2/s™ —qa/2)2/2—qa))=14+2/s™) (2/(2—qa)) > 1, the exponent
of the last term in (5-23) is higher than those of the other terms. Now we compare
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the coefficients of the terms in (5-23). If we choose s € (1, min{n/(n—2), 2292},
then 4 and s299/(2=4%) gre less than 41 199™  Thus,

y 14(2/s™) (2/(2— P
/Q (Cmw)™ SC((s241+qa)m12+( /s™) 2/( qot)))s.

- . (+Cy/s™)s
/ v < (coca"f( / v’ /2) :
Qm+1 m

where C| = (s24!T9%)s C, = 4/(2—qa), and Cy is a positive constant. Using the
iteration lemma [Lei 2004, Proposition 2.3] and Proposition 5.1, we also obtain
the estimate (5-24), completing the proof of Proposition 5.2. U

This means

Proposition 5.3. Assume p > n —t and p # n. Suppose u. is a regularized
minimizer. Then for any compact subset K C B1\ {0, ay, az, ..., ay}, there exists
a constant C = C(K) > 0 which is independent of € such that

(5-25) I1(1/7) (1= Jize [*) || () < C.

Proof. Assume B = B € B\ {0, a1, as, ..., ay}. Consider the inner product of
the both sides of (5-2) with u = u[,

—divw P P2 Vuyu = (1/eP) ul*(1 — |u|*) = [ul*y,

where = yf = (1/¢?) (1 — |u§|2). Combining this and Vi = —(2/eP)u - Vu
with the equality — div(v?~2/2Vu)u = — div(v? =22y - Vu) +vP=2/2|Vy|?, and
noting (5-3), we then obtain

(5-26) 1/4) ¢ < v P D2Vu? + (¢7/2) div(v?~?/2Vy)  on B.

At the point x¢ where i achieves its maximum on B, we have Vi (xg) = 0 and
Ay (xg) < 0. Hence at x,

div(u P22V = vP DAY 4 ((p —2)/2) VP V2VuVY < 0.
Combining this with (5-26) and using Proposition 5.2, we derive that
(5-27) 1(1/&7) (1 = [ul P L8y < ¥ (x0) < C.

When p > n, from (5-1) it follows that
(5-28) lim u® =i, in C(By).

7t—0
When p € (n—t, n), Proposition 3.5 still holds for u}. As in the proof of Proposition
3.4, combining (5-1) with the embedding theorem we deduce (5-28). Letting
T — 0in (5-27) and using (5-28), we reach (5-25) by a finite-covering argument.
O
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Proof of Theorem 1.3. According to Proposition 5.3, the right-hand side of the
Euler—Lagrange equation

—div(|VulP2Vu) = (1/e?) u(1 — ul?)

satisfied by u is bounded on every compact subset K C By \ {0, a1, az, ..., an}.
Thus Tolksdorf’s theorem [1983, p. 244, lines 19-23] yields that [|it¢[|c1.6(x) <C =
C(K) for some B € (0, 1), where the constant C does not depend on ¢. Letting
¢ — 0, we find a subsequence ity of i1, and a map u, such that ii, — u, in Clh*(K)
for all @ € (0, B). In addition, Remark 2 implies u, = u ,, completing the proof. []

6. Proof of (4-17)

Theorem 6.1. Assume h=|u|>1/2 and let w=u|u|~". Ifue W-?(B(x, 3R), R")
satisfies

(6-1) / |Vu|p_2h(w AVwW)Ve =0 forallt € Wol’p(B(x, 3R)),
B(x,3R)
then for any p € (0,3R/2), there is C > 0 such that
[ warwep el van,
B(x,p)

B(x,2p)

Proof. Let {e;}_, be an orthogonal basis of R". Since |w| =1 over B(x, 3R), we
have the formula in n-dimension ball coordinates

w = cosbe; +sin B cos brep + sin G sin b, cosBze3 + . ..
+sin6;...sinb, »cosb, e, +sinb ...sinb,_,sinb,_je,.
As h > 1/2, there is no zero of u in B(x,3R). This implies deg(w, d€2) = 0 for
any 2 C B(x,3R). Hence, (01, ...,6,-2,0,—1) € [0, 7] x --- x [0, 7] x [0, 2],
and each 6; is single-valued. Thus,
Vw = —sinbf; Ve + (cos ) cos G, VO —sin O sinH,VO,)er
+ (cos 6; sin B, cos B3 VO 4 sin 01 cos 6, cos B3VH, — sin ) sin O, sin 63 VHs3)e;
+---+(cosBysinb,---sinb,_rcos6,_1VO; +---
+sin#; ---sinb,,_3cos6,_»cosB,_1VH,_o» —sinb; ---sinb,_1VO,_1)e,_1
+ (cos@; sinby - --sinb,,_ VO +---+sinb - --sinb,_, cos0,_1VO,_1)e,.

Hence,

(6-2) |Vw|? = |V6|? +sin® 61|V, |* + sin? 0; sin 05| VO3> + - - -

+sin? 6 - - - sin® 6,2 |VO,_1|?,
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and there are n(n — 1)/2 vectors in the formula
w A Vw = ((cos 0,V — cos b sin6; sin V) (e Aex) + -+ -
+([T7=/ sin6; V6 +cos 6y [T/=/ sin6; Vs + - - -
+cos O [T/27 sin6; cos 6,1 V0,_1)(e1 Aen))
+((sin? 6; cos B3V, — sin? 6 sin 6, cos 0, sin 3VO3)(e2 Ae3) + - - -
+(sin?0; [[/=3 sin6; Vo, 4 - --
+ sin® 0; cos 6, ]_[;:22 sin6; cos 6,1 VOy_1)(e2 Aey)) + - -
+( ]_[1";13 sin’ 0;(cos O 1 VOy_2 — sin 0,2 coS Op_2 sin Oy 1 VOy_1)(€n—2 Aen_1)
+ ]_[7:_13 sin® 6; (sin 6,1 VO, _n +sin 6, cos 0,2 c0s 0,1 VOp_1)(€n_2 A en))

+sin% 0 - - - sin® 0p_2VOu_1(en_1 A €p).

The equality corresponding to e,_; A e, in the integral system (6-1) is

/ |Vu|P~2h* 117} sin® 6; V6,1 V¢ = 0.
B(x,3R)
Letting ¢ = 0,_£% where & € Wol’p(B(x, 3R)), we obtain

n—2
/ |Vu|P~2h? ] sin® 6;|V6,_|%E>
B(x,3R) 1

i=1

n—2
< ‘ f |VulP2h* T] sin® 6;(£6,-1) V0,1 VE|.
B(x,3R) i=1

Using Holder’s inequality, we have, for any é € (0, 1),
n—2
/ |Vu|P~2h? T] sin®6;|V6,_|*E>
B(x,3R) i=1

n—2
< 3/ |Vu|P~2h? ] sin® 6;| V6, |2€>
B(x,3R)

i=1

n—2
+C©) |Vu|P=2h% [T sin® 0;|VE*(£6,_1)%.
B(x,3R) i=1

Taking £ =1 over B(x, p) and £ =0 over B(x,3R)\ B(x, 2p) and letting é be
sufficiently small, we get

n—2
(6-3) / |Vu|P~2h? ] sin®6;|V6,_11> < C / |Vu|P~2
B(x,p) B(x,2p)

i=1
1-2/p
< C(/ |Vu|p) .
B(x,2p)
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Next, we use the equalities corresponding to e,—» A e,—1 and e,—» A e, in (6-1):
the integrals over B(x, 3R) of

n—3
|Vul|P~2h? T] sin®6;(cos 0,_1V6,_2 — cos b,_2 sinb,_, sinb,_;Vl,_)V¢

i=1

and

n—3
|Vu|P~2h? T] sin®0;(sin6,_V6,_» + cosb,_»sin6,_; cos,_1V6,_1)V¢
i=1
both equal zero. Taking ¢ = Op_2&E2cosB,_; and 6,_,E%sin6,_; in these two
integrals, respectively, we obtain

n—3
/ |Vu|P~2h? T] sin® 6;(|V6y 2|6 + 6,2V, VE?) = 0.
B(x,3R) i=1

Similar to the derivation of (6-3), we have, for any p € (0, 3R/2),

n=3 1-2/p

(6-4) / |Vu|P~2h? ] sin® 6;|V6,_»|* < c(/ |Vu|”> .
B(x,p) i=1 B(x,2p)

By means of induction, applying the equalities corresponding to ex Aegy1, €x Aegy2,

..., ex ANeyin (6-1), we find that

k—1 1-2/p
(6-5) f |Vu|P~2h* ] sin’ 6;|V6; | < c(/ |Vu|”> ,
B(x,p) B(x,2p)

i=1

fork=2,...,n—1. At last, we can deduce

1-2/p
(6-6) f IVulP2h%|ve, > < c(/ IVulp) .
B(x,p) B(x,2p)

Combining the estimations (6—3)—(6—6) and using (6-2) completes the proof. []
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